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Compactness of the generalized Volterra type integral operator
between the Bergman spaces with logarithmic weights

Hamid Vaezi**, Soran Mahmoud Fakhe

?Faculty of Mathematics, Statistics and Computre Sciences, University of Tabriz, Tabriz, Iran.

Abstract. By using the Carleson measures, we characterize the compactness of the generalized Volterra
type integral operator between the Bergman spaces with logarithmic weights

1. Introduction

Let0 <p < o0, -1 <y <ooand $ < 0. We define the weighted Bergman space with logarithmic weight
by AZ,M, consisting of analytic functions f on the unit disc D = {z : |z| < 1} of the complex plane C for which

I/l

o = fD |f @)V wy,s5(2)dm(z) < eo,

where the weight w, s is defined by

1y 1470
wy,5(z) = (log E) [log (1 —log H)]
and dm is the Lebesgue measure on ID normalized to be m(ID) = 1. When 6 = 0, this space will be the

weighted Bergman space A? and for y = 0 and 6 = 0, it is the Bergman space A?. We refer the interested
reader to [19] for the details on the Bergman spaces.

Definition 1.1. (See, for example [7]) A continuous function w on ID is called normal weight if

(1) w is a radial weight, that is w(z) = w(|z|) for every z;
(ii) there exist t > s > 0 such that
w(r) w(r)

1-ry N0, 1-nt 7 oo

asr — 1°.

We say w is admissible weight if it non-increasing and w(r)(1 — r)** is non-decreasing for some a > 0.
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The notation U(z) < V(z) (or respectively U(z) > V(z)) means that there is a constant C such that U(z) < CV(z)
(or respectively CU(z) > V(z)) holds for all z in the set in question. We write U(z) = V(z) if both U(z) < V(z)
and V(z) = U(z) hold.

Let 0 < p < co and w be a normal weight function on ID. Then the space A(p, w) is defined as follows:

[0y,

1
Apw) = {f HD): Wiy, = [ 1FEP {04 <o),

where dA(z) is the area measure on ID normalized so that the area of D is 1. For 1 < p < o0, A(p, w) is a
Banach space equipped with the norm ||| 7o) When 0 < p < 1, ||.[lap,w) is @ quasinorm on A(p, w) and
A(p, w) is a Frechet space, but not a Banach space. Moreover, the following asymptotic relation holds

w’lz|

n-1 1
Wllagar = 1P+ [ el a-epm L aey . )

This relation is well known and can be found for standard power weights in [6].
For r € (0,1) and a € D the pseudohyperbolic metric p on D is defined as p(z,4) = |¢,(z)|, where
¢a(z) = {£%. Moreover, the pseudohyperbolic disc is defined as

1-az*

E(a,r)={zeD:p(z,a) <r}.
For every z € D we have
m(E(@, 1) ~ (1l = (1 = |2P)* = |1 - azl* » m(E(z, 1)).

Carleson measures were first introduced by Carleson [3], who studied positive Borel measures y on the
unit disk that satisfy for any function f in the Hardy space H?(ID) the condition

277 )
[ r@raua <c [T irerra,
D 0

where C is positive constant. Following similar notation, we define (vanishing) w, s-Carleson measures on
the weighted Hilbert spaces.

Definition 1.2. Let u be a positive Borel measure. We say u is a w, s-Carleson measure if there exists a constant
C > 0 such that for all f € Al

Wy,5”

INCEICECTA

Moreover, we say u is a vanishing w, s-Carleson measure if

tim [ I@Rdue =0,
- Jp

for any bounded sequence { f} € A’z,; that converges to zero uniformly on compact subsets of ID as k — co.

y,0

Definition 1.3. Let f,g € H(D). If g(z) = O(f(2)), lz| = 1 and f(z) = O(9(z)) , |z| — 1 simultaneous, then
we denote this concept by O(f(z)) = O(9(2)) , |zIl = 1. Namely, there exists ry € [0,1) such that g(z) = f(z) for
ro < |z < 1.

Let X and Y be Banach spaces of analytic functions on a domain Q in C, # an analytic function on Q and ¢
be an analytic function mapping Q) into itself. The weighted composition operator with symbols u and ¢
from X to Y is the operator uC,, with range in Y defined by

UCpf = MCof =u(fog), feX,
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where M, is the multiplication operator with symbol u and C,, is the composition operator with symbol ¢.
We refer the interested reader to [5] and [15] for the theory of composition operators.
There exists some generalizations of the above operator as an integral type operator, by many researchers,
for example see [1, 9-12, 16-18].

Let X and Y be two Banach spaces. The essential norm of a bounded linear operator T : X — Y is its
distance to the set of compact operators K mapping X into Y, that is,

ITllex—y = inf{|[T — K||x—y : Kis compact}.

The operator is compact if and only if ||T||,x—y = 0.

The essential norm of the composition operator on A% (D) in terms of the generalized Nevanlinna counting
function was studied by Shapiro in [14]. Also, Kwon and Lee in [8] have studied the similar argument for
the composition operators on Bergman spaces of logarithmic weights in terms of the modified Nevanlinna
counting function. Pérez-Gonzdlez, Rattyd and Vukoti¢, in [13] gave several quantities for the essential
norm of the composition operators acting between Hardy and weighted Bergman spaces.

Let H(ID) be the space of all analytic functions on ID. The generalized Volterra type integral operator
induced by the function g € H(ID) and the self-map ¢ of ID, is defined as follows:

]?MD%MM,M%LﬂWW@% zeD.

Voltra-type operators on Zygmond spaces are investigated by Li and Stevic in [9]. In this article, we
characterize compactness of the above generalized Volterra type integral operator between the Bergman
spaces with logarithmic weights, by using the Carleson measures.

2. Preliminaries

Now, we quote several lemmas which will be used in the proofs of the main results in this paper.

Lemma 2.1. [4, Lemma 3.1]

1 1
10g(1—@)~logl_x 1/2<x<1. )
Lemma 2.2. [5, Lemma 3.2] For a fixed ry € [0, 1),
I, ~ [ ere.seiae. 6
@y, D\roID

Lemma 2.3. [5,Lemma 3.3] Let 0 <p < 00, =1 <y < o0and 6 <0. IffEAw o then

wmfm%uwm@]wmw @)

. 1
forz € Dwith |z > 5.

In order to prove the Lemma 2.6, we need the following well-known estimate (see [19]).

Lemma 2.4. Ifd > 0and c > -1, then

f (1 = |zP)dm(z) N 1

)\Z|2+c+d (1 - |Z|2)d '

Lemma 2.5. For =1 <y <ooand 6 <0, the weight w, 5 is an admissible weight.
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Proof. The proof can be done by straight calculations, using the Lemma 2.1. [
Lemma 2.6. Let0 <p < o0, =1 <y < o0 and 6 < 0. For an analytic function f € H(D),

1y = [ 1 @Fagpaiap@an)
(U),/é ]D

Proof. We put

6,5(2) = (1-12l)’ 1og(lL)6.

- |zl
Since we know that 1 — |A| and log ﬁ are comparable for % <zl <1, so,
0,,5(z) ® wy5(2), 1/2<|z| < 1.
For a fixed rg € [%, 1) we can see

f If(2)IF0,,5(z)dA(z) < f lf(2)IP0,,5(z)dA(z)
D\rD D

and from (7),

f QP w,s@dAR) ~ f PO, 5(AR).
D\ryID

]D\VO]D

Now, by Lemma 2.2 and (9), we get

i, ~ [ v e
< [ irere,seiae
D\ryID

< L If(2)IPO,,5(z)dA(z).

On the other hand we have,

wh(lzl)

T fD e S aae

forall f € Ay,w). If we put w(z) = (67,+1,(5(Z))%, by the relations (10) and (11) we get,

(1 - [z (log 1=)°
14 — 14 |z]
i, = | P A

- f F@PO,5(2)AE)
D\roID
~IAIE,

If we put n = 1 in the relation (1) and since f(0) =0,

_ , k)
i, ([ irera-eyiae)

zj.|f/(Z)|pCU()/+1)/;n-%—p—l,éi/p(Z)drn(z)-
D

The theorem is proved. O

4278

(10)

(11)

(12)

(13)
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Lemma 2.7. If g is non-negative measurable function on D, then

f (90 D’ @, s(HAR) = f GON, 5 (1)dA().
D D

3. Compactness of the generalized Volterra type integral operators

In this section, we characterize compactness of the generalized Volterra type integral operator between

y+1

—+p-1
p

and o = 6/p. Let A be sufficiently close to the boundary of ID. So, |A| > 1. We consider the test function

the Bergman spaces with logarithmic weights by using the wg,-Carleson measures, where g =

—AR)?
(o) (L=1AD)

g1 - A7)

By Lemma 2.4 we get ki (z) € A, 50 Ve have

(14)

BEG)  aEG)
(log ﬁ)za)ﬁ,a(/\) a)lg,g(/\)(l _ |/\|2)2

_ (] — |/\|2)a

B jE‘(A,r) wﬁ,o(/\)(l — |A]R)a+2 du(z)

s (15)
E

(A,r) a)‘B’D'(/‘>|1 - XZ|0H'2

_ 2\«
< f (1 Ml_)
D a)ﬁ/g(A)|]. — Az|a+2

- [ k@Pduc
D

du(z)

For convenience, we will use the notation

H(E(A, 7))

fop () = —22
(log |}‘—l)zcuﬁ,o(/\)

The following theorem characterizes the vanishing wg,-Carleson measure on Bergman spaces with loga-
rithmic weights. The proof of this theorem is similar to [2], Theorem 6, and so we have eliminated its proof.

Theorem 3.1. Let r € (0, 1) and u be a positive Borel measure on ID. Then the followings are equivalent.
1. The measure u is a vanishing wpg .-Carleson measure.

2. Foranya e D,
lim f lkr(z)Pdu(z) = 0.
-1 Jp

3. Foranya e D,

\%r_fll flws(A) = 0.
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We will use the modified Nevanlinna counting function defined in [8] as follows:
For an analytic self map p onID,0<r<1,0<y <o0,6 <0anda € D\ {p(0)},

zj(a)
N(p,y,é(rr a) = Z (4)%5(—7 )
zj(@)ep~'(a)
with |zj(a)| < r, counting multiplicities, and
Noyo(@ = Noys(a) = Y wys(zi(a).

zj(@)ep(a)

Ny,5(r,a) = 0 if a is not in @(rID) where rID = {z € 7D : [z| < r}. When 6 = 0 we denote, as introduced by

Shapiro ([14]),
T\
Npyra)= Y, (log )
zep1(a),lzI<r
and
T\
Nqo,y(a) = N(m,(l,ll) = Z (log H) :
z€p1(a)

Let dyiy(2) = Ny sa()dm(z), where f = 222 + p~ Tand o = 2.

Theorem 3.2. Let 0 < p < 00, -1 < < oo and 0 < 0. Also, Let g € H(D), ¢ be an analytic self-map of ID such
that O(l¢’ (2)*) = O(g’ (2)F), |z| = 1. Then the followings are equivalent:

1. The operator ];f f:A - A’Z,ﬁ,u is compact.

Wp

2. The measure iy is vanishing w,,,-Carleson measure.

3. Forany A € D, lim SUp|y o1 III;’kAIIZ,, =0.
g0

Proof. We show (2) implies (1). Suppose that uy is vanishing wg ;,-Carleson measure. Then, by Theorem 3.1
, we have

lim —VEA, )

AT o (16)
W1 (log &Y o)

p

Wp,o
k — oo. Then, there exists a constant M > 0 such hat || f||
C such that for any z € D,

Let {fx} be a bounded sequence in A}, which convergence to zero uniformly on compact subsets of D as

P

wso = M. Now by lemma 2.3, there exists a constant

e P p—— fE o (). a7)

(log é) wp,s(2)

By using Lemma 2.6, Lemma 2.7, Fubini’s Theorem and O(l¢’(z)I*) = O(l¢’(2)F), |zl = 17, there is 1 € (0,1)
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such that,
WA, = [ 10gAY Papa @
B,
= [ o p@PIf @Pop.En
D

= fD fi 0 p@Plp’ @)Pwpo(2)dmz)  Og’ 2)F) = O(g' 2)F)

~ [ @i -
- [ ih@rdune)
D

¢ [ ———— [ 1P e
D <log é) wpo(z) VEEN

1
<C | 1fM)Pwgs(A) —————dun(2) )dm(A).
[ v [ o o)

Since Xk = XE@n, for all z € E(A, r),we get
pn(E(A, 1))
2

log ﬁ) wg,o(A)

LA, SCl;ﬂMWwAM dm(A). (19)
”

Equation (16) implies that, for a given € > 0 there exists r € (0, 1) such that

in(EG, )
(log fm)za)ﬁ,gm)
SﬂLmMWwAMmM) 0)
~ ellfll,

Wg,g

< eM?.

Lﬁ|mwmmw dm(A)

On the other hand, since f; — 0 uniformly on compact subsets of ID, for some constant C; > 0 we obtain
un(E(A, 1))
12
log W) wp,(A)

‘ﬁ|mmwmw dm(l)

< ﬁ fD un(E(A, )dm(A) (21)

C un(EA, )

< -
T (1-r)?
< €C1.

So, by using the inequalities (19), (20) and (21), we have

Wy fll, < C(eM? + €Cy).
mﬁ/U



H. Vaezi, S. Fakhe / Filomat 39:13 (2025), 4275-4283 4282

Since, € is arbitrary, so, limy_,c III;f) fklli,, = 0. Therefore, ];) is compact operator.

Now, we show (2) is equivalent to (3). For any A € D, we have
gk, = fD 7Kk Paogo(2)dm(z)
- fD s 0 P15 )P s, 2)em(z)
= [ Ko gy @itz (22)
- fD ()P Ny ()l (2)

_ f k(@ dun ().
D

By Theorem 3.1, we get that (2) is equivalent to (3).
Finally, we show (1) implies (3). Since k) converges to zero uniformly on compact subsets of ID as
Al = 1, so, for a fixed compact operator I on AZ,M we have ||lkll,» — 0,|A] — 1. Hence, there exists a
z 0B

constant C > 0 such that

CllJy =l = limsup (7 = Dkall 47
P [Al-1 o

> limsup IJTkilly, — kally
A1 P o

= limsup [IJ§kall 7.
[Al-1 P

Taking infimum over all compact operators I, we get

CUY Nz, > limsup Ikl - (23)
o -1 o

p

Wp,o

Now, if we suppose that ]f is compact on Ay, , Then || ];f)lle 4 = 0. Hence, using relation (23), we get the
7 !“B/U

condition (3). The theorem is proved. O
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