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Schur complement-based error bounds for linear complementarity
problems of BX-matrices
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Abstract. An error bound for BR-matrices linear complementarity problems (LCPs) is given by Garcia-
Esnaola and Pefia in the paper (Calcolo, 54(3), 813-822, 2017). However, this bound is not effective for
BR-matrices with a non-positive vector m. In this paper, based on the Schur complement, some error
bounds involving a parameter for LCPs of BR-matrices with a non-positive vector 7t are presented, and the
optimal values of these error bounds are also determined. Numerical examples are performed to illustrate
the effectiveness of the obtained bounds.

1. Introduction

A real square matrix A is called a P-matrix if all its principal minors are positive [1]. It is well-known
that the class of P-matrices has important applications in many practical problems, especially in linear
complementarity problems [2]. Here, the linear complementarity problem is to find a vector x € R" such
that

Mx+g>0, x>0, (Mx+q)Tx:O 1)

or to show that no such vector x exists, where M € R™" and g4 € R". The problem (1) is usually denoted by
LCP(M, q), and often arises from the various scientific computing, economics, and engineering areas such
as quadratic programming, the Nash equilibrium point of a bimatrix game, traffic equilibriums, for details,
see [1, 2].

For the LCP(}, g), it has a unique solution for any g € IR" if and only if M is a P-matrix, and the estimation
problem of the corresponding error bound has received great attention in recent years and has been studied
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extensively [3, 4, 8, 10, 11, 13-16, 18, 21, 22, 24]. Among them, an important error bound for the LCP(M, q)
is discovered by Chen and Xiang in [3]:

¥ = x"lle < max (I = D + DM)™loolIr(x)llco,
def[01]"

where x* is the solution of the LCP(M,, g), D = diag(d;) with 0 < d; <1foralli € N :={1,...,n}, and the min
operator r(x) = min(x, Mx + q) denotes the componentwise minimum of two vectors. Later, to avoid the
high-cost computations of the inverse matrix, many researchers focused on the estimation of

I-D+DM) Y|, 2
ﬁ%ﬂ )l ()

and derived various refined error bounds for the LCP(M, g) when M is a subclass of P-matrices, see [5-
7,9,12,19, 23, 25] and references therein.

In [17], Neumann et al., motivated by conditions that arise from results on mean first passage times
matrices in Markov chains, defined the so-called class of BR-matrices, which is a subclass of P-matrices and
contains B-matrices.

Definition 1.1. Let @ = [rty, ..., 7,]" be a vector satisfying 0 < 27=1 n; <1, M = [mj;] € R™" be a matrix with

positive row sums, and let R = [Ry, ..., R, 1T be the vector formed by the row sums of M. Then M is a B’;—matrix if,
foreachi€ N,

TR > myj, forall j # i.

Subsequently, Garcfa-Esnaola and Pefia in [10] provided an error bound for the LCP(M, ) when M is a

BR-matrix.

Theorem 1.2. [10] Let M = [m;j] € R™" be a BR-matrix for a positive vector m = [m,...,7,]" and let M =
B*(¢) + C(¢), where

mun—mRy o omy=(=Ry - M =Ry
B*(e)= : : : =: [by]

My —TuR, - mn/'_(nj_g)Rn c My = TR,
with ¢ is a positive integer satisfying 1; — ¢ > 0 and

mi]‘—(ﬁ]‘—g)Ri<Or Vii]’r fOI’SOI’I’lEjEN-

Then
max{z — 1}
T—D + DM)! o < ;,
max =D+ DMl < -2 1) ©

where (&) := min{f;} and f; := b;; — )., |bjj|.
ieN j#i

Observe that the bound (3) in Theorem 1.2 works only for BR-matrices with a positive vector 7, that
is, the bound (3) is not effective for BR-matrices with a non-positive vector 71, and to the best of the
authors’ knowledge, for the later case, the corresponding error bound for the LCP(M, q) remains unclear.
In this paper, by using the Schur complement, we derive error bounds involving a parameter w for linear
complementarity problems when the matrix involved is a BR-matrix for a non-positive vector 7, and then
determine completely the optimal values of these error bounds by using the monotonicity of functions of
this parameter. Numerical examples demonstrate the effectiveness of our theoretical results.
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2. Error bounds for LCPs of Bﬁ-matrices with a non-positive vector 7

We start with some definitions. Let I be the identity matrix of order n. A Z-matrix is a real matrix whose
off-diagonal elements are non-positive. A matrix M = [m;;] € C"™" is a strictly diagonally dominant (SDD)
matrix if |m;;| > Z#i [mjj| for all i, j € N [1].

Given a BR-matrix with a non-positive vector 7, since 0 < Y ; 7; < 1, it follows that there exists an index
j € N such that 7t; > 0. Therefore, we divide the following three cases to bound (2) when M is a BR-matrix,
and for other cases of a non-positive 7, the corresponding error bounds can similarly be analyzed.

Case (@) = [my,...,m,]" is a vector with only m; <Oforalli€{1,2,...,s} CN;
Case (b) 7 =[ny,...,m,]" is a vector with only i; < 0 for somei € N;
Case (¢) 7t = [my,...,m,]" is a vector with only 7, <0, 7i; <0 fors,t € Nand s < t.

2.1. Error bounds for case (a)
Consider a BR-matrix M = [m;;] € R™" for a vector m = [ny,...,7,]" only with 7; < 0 for all i €
{1,2,...,s} C N, we can decompose M as

M = B*(w) + C(w), 4)
where
[ my e Mg M1 51 —TeqRy  +-+ my,j, -wRy -0 my 1Ry
B'w)=| : : : : :
L Myr - My mn,sﬂ _TCS-HRH e mn,jo _a)Rn o Myy _nan
and
[0 -+ 0 TRy - wWRy - MRy
Cw)=| P : :
| 0o .- 0 T[S+1Rn . a)Rn e nan

with w is an adjustable parameter.
The following lemma provides that B* (w) is an SDD Z-matrix with positive diagonal entries by selecting
w.

Lemma 2.1. Let M = [m;j] € R™" be a B’;—matrix for a vector T = [mt1, ..., 7" only with ; < 0 for all
i€fl,2,...,s} €N, and B*(w) be the matrix of (4). If there exists an index jo € {s+1,...,n} such that

n

mi
max{ /O}<1— Z T,
izjo \ R;

! i=s+1,i#jg

. n
then, for each w € [max{%}, 1- Y m),BY(w)isan SDD Z-matrix with positive diagonal entries.
#Jo ' i=s+1,i# o

Proof. By the assumptions and Definition 1.1, it follows that for each i € N,
ﬂjR,‘ > mjj, Vji i jeNandmik <0, Vk+#i,ke{l,2,...,s},

L. n
which together with w > max{"}’%} implies that B*(w) is a Z-matrix. Sincew <1—- ), m;, it follows that
#jo i=s+1,i%jo

foreachie N,
n n
ml-1+-~-+mis+m,-,s+1—7'(s+1R,-+---+mi,j0—a)Ri+-~-+m,-,,—7z,lRi:R,-—( Z T[]'+0))Ri:R,'(1— Z T[]'—Q))>0,
j=s+1,j#jo j=s+1,j#jo

and thus the row sums of B*(w) are positive. Hence, B*(w) is an SDD matrix with positive diagonal entries.
The proof is complete. [
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In what follows, we list some notations and lemmas which will be used later. Given a BR-matrix
M = [m;j] € R™" and a parameter w, denote

0, . :=max{0 max{—mi'jo} = ax {l B 1}. ;
max “izjo U R; U i€fs+1,..n\{jo} \ 7T '
1+ j=s+1,j#fo ieN { il 1} ©
= — s M3 = max I
2 min{B(0), 1} 13 e Tt

and

( i T + cu) - max{R;}
(@)1= 14 0 = %)
v min(f@), 1

where f(w) = min{R}(1- Y n—w).
ieN i=s+1,i#jo

Lemma 2.2. [14, Lemma 3] Let y > 0. Then for any x € [0, 1],

1 < 1
1-x+yx ™ min{y, 1}

Lemma 2.3. [9]IfP := [pl,...,pn]Te, wheree =[1,...,1]1and p1,...,pn = 0, then

11— P1 _ P _
1+_Z1 pi 1+Z'1 pi 1+_Z'a pi
1= = =
1 P q__P . __P
(I+pP)y = WY pi WY pi WY, pi
i=1 i=1 i=1
P P P
1+Za pi 1+Z:1 pi 1+Z:1 pi
i= i= i= |

Lemma 2.4. [26] Let A be the partitioned matrix:

An An
A= ,
[ An Az ]

where A1y and Ay, are square matrices. If Ay is nonsingular, then the Schur complement of the matrix A1y in the
partitioned matrix A is defined by AJA1 = Ay — A21AIfA12, and

ALl + AT Ap(AJAN) T An ALl —AAn(A/An) T

_(A/All)_1A21AI11 (A/A11)_1 (8)

g

The following theorem is our main result, which gives some error bounds for the LCP(M, ) when M is
a BE-matrix for Case (a).

Theorem 2.5. Let M = [m;;] € R™" be a BR-matrix for a vector m = [ry,...,m,]" only with 7; < 0 for all

n
ie{l,...,s;CN,and Oy <1— Y, miforsome jo€{s+1,...,n}, where O,y is given by (5).
i=s+1i%j
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n

o If Opax # 0, then for each w€[Opar, 1= Y, ),

i=s+1,i#jo
max [0 = D + DM) |, < DaXI@@),ml, ©)
d€[0,1]" min{f(w), 1}
] Ifemax =0, thenfor @ = Oy,
max{nz, N3}

[—D+DM) oo < —— 2B 10

max [0~ D+ DMl < Zoms {10
and for each @ € (Ogx, 1 - i ),
i=s+1,i#jo

max [0 = D + DM) [, < DoXIP@), m} a1
de[0,1] min{f(w), 1}

where 11,12 and 13 are given by (5) and (6), respectively, p(w) is given by (7), and B(w) = min{B;} with f; =
Ri(l - i TG — cu),

i=s+1,i#jo

Proof. Denote Mp := I — D + DM, where D = diag(d;) with 0 < d; < 1foralli € N, and M = B*(w) + C(w)
given as in (4). Then

Mp =1-D +D(B*(w) + C(w)) = B}, + Cp,

where Bf, = [ - D + DB*(w) and Cp = DC(w). It follows from Lemma 2.1 that B*(w) is an SDD Z-matrix
with positive diagonal entries, and so is Bj,. Thus, B}, is a nonsingular M-matrix, and

= B+ (By) o)™ = (1+ (B Co) By,
implymg that
IM5 lleo < ||(1+(B )" 1CD) 1||oo‘||(B1+))_1||oo- (12)
We first bound [|(B})) !lleo. Let B*(w) =: [b;j] and B}, =: [b;;]. Notice that

E"_ 1—d,'+d1'b,‘]‘, i=j,
v dibij, i %],

and B, is an SDD Z-matrix with positive diagonal entries. Then, for each i € N,

n
bi— ) byl =1- d+d[ —Z|b,,|]—1 di+d; { Y —a)](by(z;))
j#i J#L j=s+1,j#jo
=1- dl' + d,‘ﬁ_{
> 0.
By Lemma 2.2 and Theorem 1 of [20], we can see that
_ 1 1 1 1
1B5) oo < = — < s, (13)

min{b; — Y, |b,]| min{l —d; +d;f;} ~ min{min{;,1}} min{f(w), 1}
ieN j#i ieEN
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where f(w) = mm{ﬁ ).

-1 ~
We next bound ||(I + (BB)_ch) llo- Since B}, is a nonsingular M-matrix, it holds that (BE)‘1 =: [b;j] 2 0.
Observe that Cp = DC(w). Then,

(1 -+ 0} T - @A o T
0 -+ 1! menas - was - A By B
[+ (By) ' Cp=| gt Tt nnr @y oer T R B e (14)
0 -+ 01+ o111 WAs41 Tts+1 Bn B
L0 -+ 0! T4, - wa, - 1+mua,l

where a; := Z;’zl Eijd]-R,- >0forallie N.
According to (14) and w

bound [[(I + (Bf,) ™ Cp) ™" fl-
The first case. Suppose that w > 0. Note that

> Opax = max{0, max{T}} we next divide two cases: w > 0 and w = 0 to
1#]o

T, 3 .
By =1+ [as1,...,4a5,...,a4,] e- diag(nss1, ..., ,...,m,) =1+ CD,

where [ag11,...,aj,. .. ,a,]Te and D = diag(rts+1,...,@,...,m,). Clearly, D is nonsingular, and so [ + CD =
D~Y(I+ DC)D and

B, =(I+CD)'=D'1+DC)'D=D'1+0)"'D, (15)
where C = DC = [ds,1, . oyl - g Tewith a; = ma; > O foralli € {s+1,...,n}\ {jo} and @, = wa;, > 0.
Hence, by Lemma 2.3 and (15) 1t holds that

1— A4 . _w_ (_ As41 ) nr::l 1+Zg::11 T

——tl . = —
I i=s+1 7 Tts+1 1+Zx‘:s+1 i

a:

B_Z1 = n”l( 1+Z, 7 ) e 1- 1{{’:]?“ 7 T ( 1+21 L ) (16)
nézl ( 1+Zr =s+1 4 ) o ( 1+Z: s+17 ) o 1_ 1+Z£:+1 a
Since Bl’ll = I and By, = 0, it follows from (8) and (16) that
I —-BpyB;l
(I+(Bp)'Cp)" = [0 g 2 ] (17)
2
where
S i N R B
T(s+1 1+Z —5+1 aj 1+ZI >+1 i nn 1+Z" s+1 ai
-1 s+ 1+Zz =541, o 1"'21 s+1 i T 1"'21 2<+1 aj
—B1aBy, =
s+l 1+Zz =517 T i=s+1 @i “Tn 1"'21 s+1 i
By (17) and a; > O foralli =s+1,...,n, it follows that
a; -
I+ (BE) ™ Cp) Ml =1+ i — o) (18)
1 + Z?:s+1 ai Z

]’=S+1,]’¢j0
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forsomei€{l,...,s}, or

n

_ _ a i w
I+ (B Co) Moo = —— L Zq}i (19)
L+ Yot 4 jestlyzijy T
forsomeie{s+1,...,n}\ {jo}, or
0+ @ oy e =1e — i Y o). 0)
1+ Zi=s+1 ai j=s+1,j#jo

We are now in a position to bound ||(I + (B};)™'Cp)™![le. Notice that a; := Y bijd;R; > 0 forallie N. It
is straightforward to see that formula (18) can be bounded above by

n n n n n
1+ ( Z T+ a))ai = 1+( Z T+ w)z Eijdej < 1+( Z T+ a))- Eij - max{R;}
j=s+1,j#jo j=s+1,j#jo j=1 j=s+1,j#jo j=1 <N
n
( Y, mi+ a))-max{Ri}
< 140 T byas)
. min{f(w), 1) Y
= ¢(w),
formula (19) can be bounded above by
n n n
" Z 7'(]‘—7'(,'+a) Z ﬂj+1— Z T — T
ij @ j=s+1,j#jo j=s+1,j#jo j=s+1,j#jo
z f+f)+1= +1< ' =—-1,
jesiTyeijy 0 T Tt T T
and that formula (20) can be bounded above by
n
n n n (j—s+§j¢j ﬂ])l'{g\l]X{Rl}
=~ = ’ 0
14( Py i Ju=14( Py nj)Z By Ry < e e =0,
j=s+1,j#jo j=s+1,j#jo j=1
n
Obverse that p(w) < @(w) for any w€[Opar, 1— Y, m)andm = max {% —1}. Hence,
i=s+1,i% o ie{s+1, nh\o} ™
I+ (B) ™ Cp) o < max {p(w), plw), m} = max{p(w), m}. 21)

Due to (12), (13) and (21), we get (9) and (11).
The second case. Suppose that w = 0. Then,

_ B B
e |

where Bi1; =1, By; =0,

Ts+1d1 -+ Tlj—141 0 Ty+1d1 =+ Tipdl
By = : :

Tse1ls -+ To1ds 0 Toar - Tl



and

By =

To get (I + (B},)"'Cp)~", we first compute B;,. Similar to the skills for computing (16), we know that

-1 _
11—

and thus

By /Ci1 = Cpp — C1Cy}C1p =

L

|

[1+ 7418541 -~

Tls+10n

Cu Cp
Cy Cn |-

1_ 541
jo-1
1+ Y, a;
i=s+1
ns_ﬂ( s
Tls+2 Jo1
1+ Y, a;

i=s+1

jo=1
1+ Y a

i=s+1

Tjg-1

Tls41 (_ 2jo-1

1+ Tjp—18jp-1 0

L. Gao, Q. Liu / Filomat 39:14 (2025), 47354756

To-18s+1 10

By (14) and (17), it follows that

(Bx/C11)! =

TCjo+18s+1

Tls42 ( _ 541 ) Tg-1
Tls+1 Jo=t _ Tls+1
1+ Z a;
i=s+1
1— w2 Tjp-1
o1 Tis42
1+ Z a;
i=s+1
Tssn (g1 1
7110_1 Jjo—1
1+ Y, a
i=s+1
(1 %
' -
1+
-
'
'
0 : 1 1+Zio‘l i
H i=s+1 "1
'
'
'
.
i :
'
0 i n/o_”a”
| Jo1 ~
I SOV
T +1%jo Tig+24jo
n n
1+ Y a 1+ Y a
i=s+Li%jo i=s+Litjg
Tjg+14jg+1 __Tjp+29jg+1
n n
1+ Y a 1+ Y a
i=s+1,i#jo i=s+1,i#jg
Tjo+14n TLjo+14n
n n
1+ Y a 1+ Y a
i=s+1,i#jy i=s+1,i#jg

Then, from (8), we can see that

-1 _
BZZ -

Cit + € Cia(B22/Cin) ' Cn G

1

_ Sl -1
1
(B22/C11) Can Cyy

USTE

(_ 511 ) 1
jo-1
1+ Y, a
i=s+1
( _ 542 )
jo~1
1+ Y a

i=s+1

B e
jo=1
1+ Y a

i=s+1 -

Ty 1
in-1 _
1+y/0

i=s+1 ai

1+Zjo_l aj

i=s+1

Tnln
io-1 _
1+y07 4

i=s+1 "1 |

Tty

[0
1+ Y 4
i=s+1,i%jo
Tnfjp+1
-
1+ Y a
i=s+1,i%jo

o
1 — "n il
1+ Y a

i=s+Li%jo

~C;/C12(B22/C11) ™!
(B2/C1)™ ’

4742

(22)

(23)



where

Cy} + Cy/C1a(Baa/Cr1) ' Cun Gy =

~C11 Ci2(B2/Ci) ™! =

and

—(Bx/Ci) ' CuCy) =

(I+(Bp)'Cp) ™" =

where

~B1B;, =

L. Gao, Q. Liu / Filomat 39:14 (2025), 47354756

1-

1 _ Tls+10s5+1 Ts+205+1
n n
1+ a; 1+ Y a
i=s+1i%j) i=s+1,i% g
__ Ts+1fs42 1 _ Ts+205+2
n n
1+ Y 4 1+ Y @
i=s+1i%jg i=s+Li%jy
Tls+1jy—1 Tls+20j)—1
n n
1+ Y a 1+ Y a
| i=s+1,i#jg i=s+1,i#jg
[ Tjg+1as+1 Tlnfs+1 )
- @ n
1+ Y a 1+ Y a
i=s+1,i%jg i=s+1,i%jg
Tjg+18s+2 Ttnfls+2
- -
1+ Y a 1+ Y a
i=s+1,i%jg i=s+1,i%jg ,
Tjg+14jo-1 Tnljo-1
- @ - n
1+ Y a 1+ Y a
i i=s+1,i#jg i=stlizj
r Ts+14jy Tis+2djg Tjo-14jo 1
[ [ - @
1+ Z a; 1+ Z a; 1+ Z a;
i=s+1i%j) i=s+1i%j) i=s+1,i#jg
Tls+18j)+1 Tls+20 ) +1 Tjog-14jy+1
[ [ - [
1+ Y @ 1+ Y @ 1+ Y @
i=s+1i%j) i=s+1i%j) i=s+1,i#jg
Tls+10n T2y g1
n n n
1+ Y @ 1+ Y a4 1+ Y @
L i=s+1,i%jo i=s+1,i%jo i=s+1,i%]g |
Since B1; =1, By; = 0, we know from (8) and (23) that
-1
I -BiBy]
0 B! ’
22
T Tjp-11 0 Tjg+141 01
n n n n
1+ Y a 1+ Y a 1+ Y a 1+
i=s+1,i#jg i=s+1,i#jg i=s+1,i#jg i=s+1,i#jg
— Tenly T g __Ten®2 U
n n n n
1+ Y a 1+ Y a 1+ Y a 1+ Y
i=s+1,i#jq i=s+1,i#jg i=s+1,i#jg i=s+1,i#jg
Ts+14s Tjo—14s 0 Tjp+14s Ttnls
n n n n
1+ Y @ 1+ Y a4 1+ Y & 1+ Y
i=s+1,i%jo i=s+1,i%jo i=s+1,i%jq i=s+1,i%jg

By (24),a; > 0forallie Nanda; > Oforalli =s+1,...,n, it follows that

I+ (BS) ™ Cp) Mleo = 1 +

a;

1+ Y a

i=s+1,i%jo

)

i

j=s+1,j#jo

_ Tjg—14s+1 J

n
1+ Y @
i=s+Litjo

_ Tjg—10s+2

n
1+ Y @
i=s+ i

g1y

n
1+ Y a

i=s+1,i#jg

4743

(24)

(25)
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forsomei€{l,...,s}, or

n

a; T
0+ B Co) M = —— (Y, ~L-1)+1 (26)
1+ Z a; j=s+1,j#i,jo !
i=s+1,i%jo

forsomeie{s+1,...,n}\ {jo}, or

1.
I+ (B 'Cp) Mleo = 1+ —]Z ( Z nj). 27)
1+ Y a j=s+Li#jp
i=s+T,i%jo

Now, we turn to bound ||(I+(Bf;)~ 1Cp) Yleo. Because a; = Z;’:l Eijdej >0anda; >0foralli=s+1,...,n,
it holds that formula (25) and (27) can be bounded above by

B j=s+1,j#jo .
1+ai~( '_Z | ﬂj)—1+( Z n])Zb”dR <1+ min{3(0), 1} —ie
j=s+1, j#]o j=s+1,j#jo

and that formula (26) can be bounded above by

n n

n =T Y |
T[] j:s+l,j$]'[) j=5+1,j$]'0
g mmle T e
jestTyijo Tt iefs+1, n}\ljo} T
Hence,
||(I+ (B ) 1CD) 1||oo < max {T]Z, 173} (28)

and (10) follows from (12), (13) and (28). This completes the proof. [

The following theorem gives the optimal values of bounds (9), (10) and (11), which depend only on the
entries of BR-matrices.

Theorem 2.6. Let M = [m;j] € R™" be a BR-matrix for a vector n = [my,...,m,]" only with 7; < 0 for all

n
ief{l,...,s} € N, and Oper < 1—- Y, T for some jo € {s+1,...,n}, where Oy is given by (5). Let
i=s+1,i%
n

L = [ngx, 1- Z 7'(1') and Itl) =1 \ {Qmax}~

i=s+1,i#jo

® If Opux # 0, then

1 . (max{p(w), mb| _ max{Q(Omax), m}
dre?(?lxﬂ T =D+ DM) "l < welrll{ min{B(w), 1} } B min{f(Omar), 1} @9)
® If Opux =0, then
max I = D + DM)"| n{w . {max{(P(a)), Th}}} _ max{na, N3} (30)
de[0,1]" = min{3(0),1}” el | min{B(w), 1} min{3(0), 1}’

where 11,1, and 13 are given by (5) and (6), respectively, p(w) is given by (7), and P(w) = mini{B;} with p; =
Ril- Y mi-w)

i=S+1,i¢jo
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Proof. Note that

( Zn: T+ cu) - max{R;}

(@)1= 14 L0 =
prr= min{B(w), 1) ’
n
and f(w) = min{R;}}(1 - Y, 7 — w)is decreasing for w € I;. Then,
ieN i=S+1,i¢jo

min (@) = P(Omax),
which implies that (29) holds. In addition, observe that for any w € I,

( )E T(j)-max{Ri}

j=s+1,j#jo ieN
bl = N = S () 7
1 min{f(0), 1] ()
and
n
Lo )
=s+1,j#
N3 = max {$ - 1} < max {— - 1} = 11.
iefs+1, n\ (o) e iefs+1, n\{jo) L7t
Hence,

max{n, N3} < min {max{w(w), m}}
min{f(0),1} ~ wely | min{f(w), 1} J°

This means that (30) follows. The proof is complete. [

Example 2.7. Consider matrices

12 -7 15 08 14 04 —-06 06
8 20 8§ 4 04 1 -02 06
Mi=| g _g 36 4 |"M2=| 4 04 12 06

-8 -8 4 32 -04 -04 -02 2

It is easy to verify that My is a BR-matrix with 7 = [-0.25,-0.25,1,0.2]" and R = [20,24,24,20]". By some
calculations, for jo = 3, we have

m; j I
Opax = max { max {—2),0 =075 <08 =1- T,
{ i#jo { Ri } } izéjg
B(0.75) = 1, (0.75) = 23.8, and 01 = 4, which satisfy the hypotheses of Theorem 2.6. Therefore, by the bound (29) it
holds that

max |[(I - D + DM;) |l < maxip(0.75), m} _ 23.8.

de[01]4 min{B(0.75), 1}
Obviously, My is a BR-matrix for m = [-0.2,-0.2,0.5,0.8]7, and R = [1,1,1,1]%. By computations,

mA . 1 n
Oax = max max{ﬂ},O =0<==1- Z 7 for jo =3,
o R 5 i=3,i%jo
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B0) = &, mp = 5, and n3 = 0, which satisfy the hypotheses of Theorem 2.6. Hence, from bound (30) it holds that
max |- D + DMy) o < 22 1)
de[0,1]* min{f(0), 1}

In contrast, since my < 0 and 1o < 0 for My and My, which does not satisfy hypothesises of Theorem 1.2, so we cannot

use the bound (3) to estimate dII[la); I = D + DM)™ Y| when M = M; or M = M.
€[0,1]*

2.2. Error bounds for case (b)

Consider a BR-matrix M = m;i| € R"™" for a vector 7T = T1,...,Ty T Ol’lly with Tis < 0 for some s € N,
T ]
we can decompose M as

M = B*(w) + C(w), (31)
where
mp—mRy -+ mp—-wRy - omyg - My — 1Ry
BY(w) = : : :
My — R, -+ mp—-wR, - my - My, — Ry,
and
mRy -+ wRy -+ 0 - 7Ry
Clw=| : : : 3
mR, -+ wR, -+ 0 -+ mR,

with w is an adjustable parameter.
A sufficient condition, similar to that in Lemma 2.1, can easily be obtained such that B*(w) is an SDD
matrix with positive diagonal entries.

Lemma 2.8. Let M = [m;;] € R™" isa BR-matrix for a vector m = [my, ..., m,]" only with g < 0 for some s € N,
and B*(w) be the matrix of (31). If there exists an index jo € N \ {s} such that

m;,j,
max{—;<1- U,
i#j() R A

1

l#jo,s
then, for each w € [max{%}, 1- ). m), B¥(w) is an SDD Z-matrix with positive diagonal entries.
#jo i#0,5

By Lemma 2.8, we next address error bounds for the linear complementarity problems of BX-matrices
under Case (b). First, some notations are needed. Denote

L 1
b= g, fi= max {_ B 1}' (32)
max{TIO} ieN\{jo,s} \ TT;
1#]o !
and
m%X{Ri}
= 1 + —le — , 33
t@) min{f(w), 1} (33)

where f(w) := n;gl{‘gi} and fi = Ri(1- Y, 7 —w).

i¢j0,S
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Theorem 2.9. Let M = [m;;] € R™" bea Bﬁ—matrixfor avectorm =[my,..., 7" only with 1, < 0 for some s € N,
and 0 # Opex < 1= Y, m, for some jo € N\ (s}, where O,y is given by (5). Then for each w € Iy := [Oax, 1 — Z 705,

i#jo,5 i#]o,5

max ||(I — D + DM) || < max‘{éligL cE(a))}’
de[0,1]" mln{ﬁ(w)/ 1}

where &1, & and E(w) are given by (32) and (33), respectively, and ﬁ(a)) :=min{R;}(1 - Y 7 — w). Furthermore,

i#jo,s

min {max {é:lr 52/ é(a))} } — maXx {él/ ‘SZ/ E(Gmux)}
wel min{ﬁ(a)), 1} min{f(O,ax), 1} .

Proof. Let M = B*(w) + C(w) given by (31). Analogous to the proof of Theorem 2.5, we have

10 =D+ DM) o <I(I+ (B5)'Co) llo - (B) e (34)
and
1B e € ————— 35)
P11 T min{f(w), 1)

where B, = = D + DB*(w) and Cp = DC(w).
-1
We next bound ||(I + (BB)‘1CD) llo- Let Q=1+ (BE)‘lCD. Without loss of generality, we assume that

there exists an index jo = 1 € N \ {s} such that

0¢em<1—zni.

i#l,s

Let (B}))™! =: [b;;] with b;; > 0 for all i, j € N. Note that Cp = DC(w). Then,

[ 1+wa;  ma1 -+ Teoa1 (0 W@ oo MM
widy 1+710ay -+ Ts_1a4p 0 Tep1ar - Tun
Q:= WAy Ty o 147085110 Tens o Tls Bu B
was Tds -+ Tsads (1 Tsds  ccr o Tluds By Bx
Whsy1  TAsy1 *++ Tls-10s41 0 1476418511 = Tplsi1
| way, Tha, - Ted, 0  Tema, -+ 1+mua,l

where g; := 27:1 E,-]-dej >0foralli=1,...,n.

We now compute Q1. Similarly to the computation of (16), we have

_ ai ﬂ(_ a ) .. T (_ a )

WELA @t L © 0 S
ﬂ(_ az ) _ a .. s (_ a )

s 1 - 51 2 0 P

B_1 _ T2 1+, a 1+, 4 T 1+Y5 ai

1~
@ (_ 51 s (_ As-1 ) . G
Te1 Y WYL a M1 WY 4 1+Y5 a;
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and

Q/Bi11 = By—By BBy =

where 41 = wa; and @; = m;a; fori € N \ {1, s}. By (14) and (17), we conclude that

Tls+14ds
s=1 —
1+Z‘-:1 a;

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

:

01+ Fettfenn .,
TS Sy [y
‘

Tls+14n
s=1 —
1+Z‘-:1 a;

Tnls
1+X @

Tlnfs+1

Tlnfn

1+
1+Y7] a4 |

1 — Tst1ls — Jist2fs — Tfs
1+y. a4 1+y. a; 1+ a;
i#s i#s i#s
_ _sn T2 (_ _Os41 . T (_ _Os41
(Q/ ) 1 0 1 1+). a; n5+1( 1+) 12,) n5+1( 1+) /z,)
B11 I i#s i#s i#s
Tt (__n |y Taa( Oy e —
0 Ty ( 1+ ﬁ,-) T, ( 1+) ﬁ,) 1 1+) a;
i#s i#s i#s

Hence, from (8) it holds that

_[ By + By Bua(Q/Bu) ' BuBy]

-1 1
Q -1 -1 -1
—(Q/B11)" Bxa B} (Q/B11)
where
r 1 _ W] _ Tl
1+). a; 1+). a;
i#s i#s
_ way 1 _ Tl
1 1 1 1 1+). a; 1+). @
— — - -1 _ i#s i#s
Bll + B11 BlZ(Q/Bll) B21B11 = " l
_ _Was— _ Tds—1
1+) a4 1+) a;
i#s i#s
r 0 _ Ty __Tum
T+ 4 +Ya
i#s i#s
0 —leuifa _ T2
1 1 1+Z a; 1+Z a;
—Bi; B12(Q/B11)” = = o,
0 _ Ts418s-1 _ Tnfs—1
1+ 4 +Ya
L i#s i#s
and
_ was _ TioAs
1+Z a; 1+Z a;
i#s i#s
_ W As+1 _ T _Os41 _
1 1 Tls+1 1+Z a; Tls41 1+Z a;
—(Q/B11)" BuBj; = s s
@ _M2_ —
T, 1+ @ T, 1+ 4
L i#s i#s

According to (36) and 4; > 0 for all i € N \ {s}, it follows that

I+ (B) ™' Cp) Hlew =

a_,
1+ d

i#s

1+ Y 4 w

Y

i#l,s

~BB12(Q/B1) ™!

7

_ Ts1aq

1+). a;
i#s

_ T2

1+) a;

i#s

1 _ Ts-10s5-1

1+). a;

i#s

Ts—14s
1+) a;
i#s
Ts-1 _Asi1
Tls41 1+Z a;
i#s

Ts—1 _ dn
T, 1+). d;
i#s

4748

(36)

(37)
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fori=1,or
a w+j¢§isnj
+3\-1 -1 { "
=1+ -1 38
I+ B3 Co) T (39)
i#s
forsomeie€{2,---,s—1},0or
-1~ N1 ai ,
I+ (B3)*Co) Ml = 14 g7 [w Y n,] (39)
iz i#1,s
fori=s, or
Y mitw
h i#1,i,s
I H-1cy Y, = ai e —-1[+1 40
I+ B ol = 3w | (40)
i#s

for somei€ {s+ 1,--- ,n}.
Since a; := Z;’zl bijdiR; > O foralli € Nand a; > 0 for alli € N \ {s}, it holds that formula (37) can be
bounded above by
Y Y T

i#l,s i#l,s
<

iy’

@  max{ R

i#1
formula (38) and (40) can be bounded above by

a)+‘Zl U 1—[}: 71j+'2' Uy
j#Lis < j#Ls j#Lis

= — — 1,
T T(; T

and that formula (39) can be bounded above by

no no ITE:;%]X{Ri}
1+[w+;mni]as <l+a,= 1+;bsjdj1z,- <1 +;bsj-%x{1z,-} S RS
Lo max(R;}
Notice that jo =1, & := ﬁm%o}, & = iEII\II{[ajf,(,s] {nl, - 1}, and &(w) :==1+ m Then,

i#jo i
I+ (BS) ™' Cp) Mleo < max {&1, &, E(w)},
which together with (34) and (35) imply that

max {&1, &y, E(w)}

-1
M e < B 1]

Besides, since B(a)) =min{R;}(1 - ), 7 — w)is decreasing for w € I := [Opar, 1 — )}, 7), it holds that
ieN i#jo,5 i#jo,S

TSX B(w) = E(emtlx) and ral}ellrzl 5((4)) = E(emax)/

which lead to
min {max {&1, &2, E(w)} } _ max {€1, &2, E(Omax))
welp min{ﬁ(a}), 1} min{ﬁ(emax)/ 1} .

This completes the proof. [
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Remark 2.10. Using the same technique as in Theorem 2.5, for the BR-matrix with Oy, = 0 in Theorem 2.9, the
corresponding error bound can also be analyzed. For reasons of space, we here limit our discussion to the case Oyyqx # 0.

Example 2.11. Consider the following matrix

91 0 -01 O
0 91 -01 O
29 29 03 29

0 0 =01 91

M; =

Observe that M is a BR-matrix with = [3,%,0,31" and R = [9,9,9,9]". Since ni3 = 0, which does not satisfy the

assumption of Theorem 1.2, so we cannot use the bound (3) to estimate max I = D + DM3)7Y|o. However, take
def0,1]

jo = 1 such that mj, = %, we have

_ Mij, 29 1 .

Gmux—rlr,}gox{ R; }—%<§—1_‘; T,

1#+]0,5

&1 = %, & =2, E(Gm,,x) = 11—0, and E(Opax) = 91, which satisfy the hypotheses of Theorem 2.9, so by Theorem 2.9 it
holds that

max ||(I—D+ DM3)71||00 < max{éllEZ/é(Gmax)} =910

def0,1]* min{B(6ax), 1}

2.3. Error bounds for case (c)
Consider a BR-matrix M = [m;;] € R™" for a vector m = [my,.. ., )7 only with m; <0, <0and s < t.
Then we can write

M = B*(w) + C(w), 41)
where
my—TRy o myj—wRy o0 Mys1— TRy Mg
B*(w) = :
My —1mR, - My, jy -wR, - My,s—1 —Tts_1Ry My
Myl —Tse1R1 o+ myp—maRe my myp—maRe -0 my—m,Ry
My s+1 _ns+1Rn e My -1 _nt—an Myt Myt _nt+1Rn e Myn —ﬂan
and
mRky -+ wRy - meaRy 0 mepRy - m Ry 0 Ry oo MRy
Clw)= : : : : : : : :
ann e C‘)Rn e ns—an 0 7-(s+1Rn o nt—an 0 nt+1Rn e ﬂan

with w is an adjustable parameter and jo € N\ {s, t}.
Similarly to the proof the Lemma 2.1, a sufficient condition can be obtained such that B*(w) is an SDD
matrix with positive diagonal entries.

Lemma 2.12. Let M = [m;j] € R™" be a BR-matrix for a vector m = [y, ..., m,]" only with mg < 0,1, < 0,5 < ¢,
and B*(w) be the matrix of (41). If there exists an index jo € N \ {s, t} such that

m;,j,
max{——;<1- T,
izjo U R;

1

then, for each w € [max{%}, 1- Y m), BY(w)is an SDD Z-matrix with positive diagonal entries.
#jo i#jo,5,
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Based on Lemma 2.12, we next address error bounds for the linear complementarity problems of BX-
matrices under Case (c). Before that, some notations are listed. For a Bﬁ—matrix, denote

Y m .
i#jo,8,t

Gi= =, o= max {_ _1}’ (42)

max{T]U} ieN\{jo,s,t} L TT;

i#jo !
and
m%}X{Ri}

C w) = 1 + —1€ - , 43
@) min{f(w), 1} )

where E(w) = min,-{‘@i} and ﬁi =R(1- Y m—w).

i#jo,5,t

Theorem 2.13. Suppose that M = [m;;] € R™" is a BR-matrix for a vector m = [mty, ..., 7T only with m; <
0, <0,5s <t and 0 # Opar < 1— Y, 7 for some jo € N\ {s,t}, where Oy is given by (5). Then for each

i#jo,s,t
w€l3:=[Opar, 1= X ),
i#jo,s,t

max (I = D + DM) Yo < max {Cy, G, C(a))},

def0,1] min{B(a}), 1}

where C1, Cp and C(w) are given by (42) and (43), respectively, and ﬁ(a)) = mm A - Y 7 — w). Furthermore,

i#jo,s5,t

min{maX{CLCz, C(CU)}} _ max {C1, C2, C(Ormax)}
wely | min{f(w), 1) min{f(Opa), 1}

Proof. Let M = B (w) + C(w) given by (41), Bf, = I - D + DB*(w) and Cp = DC(w). Then, similar to the proof
of Theorem 2.5, we can see that

I =D+ DM) ™ o < I+ (Bp)Co) e - 1B e, (44)
and
[G9  ep—— (45)
b " min{f(w), 1}

We next bound II(I + (Bh)” 1CD) lo. Let Q := I+ (B)"'Cp and (Bf)™! =: [b;j] with b;; > 0 for all
i,j € N. Without loss of generality, we assume that there exists an index jo = 1 € N\ {s,t} such that
0# Opx <1- Y m;. Then,

i#jg,s,t
0= Bii Bi2
By Bx |7
where
1+ way Tioa1 cee Tls—1a1
wdy 1+ ma, --- Tls—102
B = ) . . ,

Was_q Tods—1 - 1+ T 185



0 "o
0 7
Bp=
0 Tls4+105-1
[/ Tlods
Whsy1  TAs+1
By =
wa, Ty,
and
[ 1 Tls+14s
0 l"'7Ts+1as+1
0 71811
Byp=

0 Tls+10¢
0 Tls+10¢+1

0 Tls+10n
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om0 maar - Tuan
a0 mdr e Tuap

Tt—105-1 0 T10s-1 = Tlypls—1

Tts—14s
Tls—10s+1
7
Tls—10p
Ttt-104s 0 Ttt410s
18541 0 Tle1fs41
1+ma1 0 mpia
Tt—1at 1 Tl410t
T-10t4+1 0 1+7m1am4
1y 0 Taay

Ttpls
Ttnls+1

TtpAt-1
Tt At
TtuAt4+1

1+7,a,

with a; := 27:1 Eijde]- >0foralli e N. By Lemma 2.3 and 2.4, we have

1——0 Ay ... T B
4yl AT S CEETS
W #) S ce E(#)
pl-| ™ 14y a; 14X a; T N 1+
1= . . . ’
W (s ) Ty (s ) 1- s
TN 4L ) M1 4T g Y 4
and
1 Tl54+1Cs Tt—1Cs § 0 Tt41Cs Tt;Cs
01 +TTs+1Cs+1 Tti—1Cs+1 § 0 Tl+1Cs+1 TtnCs+1
Q/Byy = | Q- TemCmr ot IGO0 MaGen o TG
0 T o0 e (1 T o TG
0 71041 71041 10 1470410 T0Cer
| 0 Tls+1Cn 16y, 10 Tt41Cn 1+m,c,
| Cun Cr2
| C1 G2 |/
where ¢y = —2— >0forallk=s,...,nwithd; =aqywand a; = ma; fori =2, ...

145 a

4752

(46)
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We now compute (Q/B11)~!. According to (14) and (17), it holds that

r 1 _ _Ts+1GCs _ _Ts42Cs _ TG b
=1 -1 =1
1+ Y ¢ 1+ Y & 1+ Y ¢
i=s+1 i=s+1 i=s+1
0 1- Tls4+1Cs+1 _ Tis42Cs41 _ T1Gsi1
-1 -1 -1
-1 1+ Y & 1+ Y & 1+ Y &
Cll = i=ot1 i=ot1 i=st1 ,
_ Ts+1Ci1 _ Ts42Ci1 . _ Tu-1Ci1
0 =1 [ 1 -1
1+ Y ¢ 1+ Y, ¢ 1+ Y, G
L i=s+1 i=s+1 i=s+1 4
and
r 1 Tt+1Ct TUt42Ct Tt Ct
-1 -1 =1
1+ Z Ci 1+ Z Ci 1+ Z Ci
;'_75+1C n i:sg—l 7_Lz:CS-H
t+1CH+1 t+2C+1 nCt+l
Pt B
1+ G 1+ Ci 1+ Ci
(Q/B11)/C11 = i i et
Tl41Cn Ttt42Cn TtnCn
0 -1 -1 1+ [
1+ Z Ci 1+ Z Ci 1+ Z Ci
L i=s+1 i=s+1 i=s+1
where¢; = mijc; >0fori=s+1,...,t—1. So,
r1 TG o Tua2Cy
n n
1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i%t
0 1- 7Tz+1£t+1 71f+2£f+1
1+ Ci 1+ Ci
((Q/B11)/C11) ' = i=s st i=s+ st
TU41C, TU426;
0 - [0 . - n =
1+ Y & + Y &
L i=s+1,i#t i=s+1,i#t

——Tw& 9

Tl

_ TinCn

"

1+ Y &

i=s+1,i#t

n

1+ Y &

i=s+1,i#t

n
1+ Y G

i=s+1,i#t 4

where ¢; = mic; fori=s+1,...,t=1,t+1,...,n. Then, from (8), we can deduce that

-1_
(Q/Bu) "= ~((Q/B11)/C1n) ' Ca Gy}

Cit + Gyl Cial(Q/B11)/C11) ' Can Gy

~C;1Cra((Q/Bn1)/Cin) ™!

((Q/B11)/C11) ™"

where
r 1 Tls+1Cs Tls+2Cs
n n
1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i#t
Tls+1Cs+1 Tls+2Cs+1
0 1 — +Zn: + 9+i9+
1+ Ci 1+ Ci
-1 -1 -1 -1 _ s ! et i
Cll + Cll ClZ((Q/Bll)/Cll) C21C11 = i=s+1,i%t i=s+1,i#t
Tls41Ct-1 Tls+2Ct-1
0 +nt +nt
1+ Y & 1+ Y &
L i=s+1,i#t i=s+1,i#t
- 0 __ Tu41Gs Ttt4+2Cs TtnCs
n n n
1+ Y & 1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i#t i=s+1,i#t
0 T4+1Cs41 T142Cs+1 TtnCs+1
y 1+ 3 1+ ¥
1+ Ci + Ci + C;
—C[llCu((Q/Bn)/Cn)_l = ottt imorLint st
0o - T+1Ct-1 TU+2Ct-1 T0nCi-1
n n n
1+ Y & 1+ Y & 1+ Y G
L i=s+1,i#t i=s+1,i#t i=s+1,i#t

0
1+ Z Ci
i=s+1,i#t
0
1+ Y &

i=s+1,i#t

i=s+1,i#t

__ T-1Gs

_ _T-1Gs+1

4753

(47)



and

_((Q/Bll)/Cn)_lCZlCl_ll =

s—1
Denote g =: (1 + Y, a@;)(1 +
i=1
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0 - Ts+1Ct Tls+2Ct
n n
1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i#t
0 - Ts+1Ct+1 __Ts42Ct41
n n
1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i#t
0 __ Ts41Cn Ts+2Cn
n n
1+ Y & 1+ Y &
i=s+1,i#t i=s+1,i#t

TGt

T—1Ct
n

1+ Y &
i=s+1,i#t
[
1+ Y &
i=s+1,i#t

i=s+1,i#t

Y. &). By (8), (46) and (47), it follows that

i=s+1,i#t

0= B! + B! B12(Q/B11)'BuB;}  —BjB12(Q/B11)™
—(Q/B11)'Bxu By} (Q/Bu)™ ’
where
ay T2 a
1 +=7)
@ (&) 1=-%
_ _ _ _ s q q
By + By B12(Q/B11) "B By =
Tls-1 ( q ) Tls-1 ( q )
T 0 _ Tl _Tiam 0 _ Tse1y
_ ﬂsjlllz _ Tu1az _ 775?1“2
1 1 q q q
—B1;B12(Q/Bu)™ = )
_ Tst185-1 _ T-18s1 _ T+18s-1
0 q q 0 q
and
_was  _Toa _ Tt
__WZH _@ _@
_ - q q q
—(Q/B11)'Bxn By = . )
_en,  _ma ity
q q q

Owing to (48) and a; > 0 for alli € N \ {s, t}, we get that

I+ (B) "' Cp) Ml =
fori=1,or
I+ (B) ™" Cp) Mo =

forsomeie N\ {1,s,t}, or

I+ (B) ™' Cp) "l =

(X

a; | i#lst
1+— -1

q

a “r ‘¢1Z“ tn]-

1 JFLs,
1+ — -1
q Tt

%(a)+ Z n,~)+1

j#ELst

— Tty

_ Tnfly

_ Ttnds—1

4754

(48)

(49)

(50)

(51)
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for somei € {s, t}.
Sinceg > 0,a; > 0foralli € N,and 4; > 0 fori € N \ {s, t}, it follows that formula (49) can be bounded
above by

Y T X T YT
i#1,s,t i#1,s,t i#1,5,t
1+ -1]|= <
@ W max{R—l}
i#1

formula (50) can be bounded above by

w+ Y T w+ Yom 1= Y m+ Xow
JEList JEList jELs b J#List 1
1+|——-1]|= < =—-1
Tt Tt Tt Tt

and that formula (51) can be bounded above by

max{R;}

1€

< = < E _

(w + Z n])a, 1+a,=1+ Z bijdiR; <1+ b,] rgl\rx <1+ min| A(w) T

JELs t pw),

1#%9[71, 1 n’éN [

Notice that jo =1, §; := myo % G = N I\R}%ﬂ] {;f — 1}, and ((w) :=1+ peen T PRI . Then,
**10

(I + (Bf)'Cp) Yoo < max{Cy, o, Lw)},

which together with (44) and (45) imply that

_ max {(y, C, ((w)}
Mg < B G, @)
min{f(w), 1}
Additionally, because ﬁ(w) mm iJ(1- Y mi—w)isdecreasing for w € I3 := [Opar, 1= )Y, m;), it follows
1-;*-][] St llij[),S,t

that

mgxﬁ(w) = ﬁ(@mx) and melln C(w) = C(Omax)-

wel3 WEl3
Hence,

. {maX{CL CZ/ C(Cl))} } _ max {le CZ/ C(lelx)}
ety B '

min{f(w), 1} min{B(0uax), 1}

This completes the proof. [

Remark 2.14. Using the same skills in the proof of Theorem 2.5, for BR-matrices with 6,q, = 0 in Theorem 2.13, the
corresponding error bound can also be analyzed, for reasons of space, we here only discuss the case of Oyax # 0.

Example 2.15. Consider the following matrix

8

8§ 1 1

I 2 1 4
My=| 3 _31 § -1

1 11 2

3 3 3 3
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It is easy to validate that My is a BR-matrix with n = [£,-1,%,-31" and R = [1,1,1,1]". Note that 7 < 0
and 1y < 0, which does not satisfy the assumption of Theorem 1.2, so we cannot use the bound (3) to estimate

max [|(I - D + DM3) leo. However, take jo = 1 such that mj, = 13, we have
def0,1]

n’li,jo } 1 1
Omax = max 0, max{—=jp == < > =1~ ‘
e max{ ,TZIL?OX{ R; } 3 ) i;;‘z; "

G =32 0G=1p43) =1 and (%) = 7, which satisfy the hypotheses of Theorem 2.13. Then, due to Theorem 2.13,
we get

L max{G, 6,4
max ||(I = D + DM;) Yl < =42

del0,11¢ min {$(1),1}
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