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Abstract. This paper concerns the dynamics of a reaction—diffusion equation with an exponential nonlocal
reaction term and free boundaries in one-dimensional space. We first give some sulfficient conditions
of the finite time blow-up and vanishing of the solution. Then, a sharp threshold trichotomy result for
distinguishing blow-up, vanishing, and transition solutions is established.

1. Introduction

Numerous physical and biological processes are well known to be explained by the following reaction—
diffusion equation:

Up = Uy + F(u(x, t))/

where u(x, t) indicates the population density of a biological species or the chemical reaction temperature
[4, 5], F represents the net birth rate or net heat source, and u,, denotes diffusion. The results in previous
literature show that if the initial temperature is high enough, it will increase to a very high temperature
in a finite time, which is referred to as the blow-up phenomenon. Analogously, a high initial population
density can lead to the blow-up phenomenon.

Fujita [8] proposed “critical exponent” to solve the problem of blow-up to solutions. Following this

work, the problem has received a lot of attention. In [14], Meier considered the problem with temporal
weight

U — U = PP, xeQ, t>0,
u=0, x€dQ, t>0,
u = up(x) >0, xeQ, t=0,
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admits the critical exponent P, = 1 + /A1, in which A; indicates the first Dirichlet eigenvalue to the
Laplace operator in a bounded domain Q. Then, some results on the critical exponent of Fujita type were
investigated, such as nonlocal diffusion equations [9, 21] and parabolic systems [1, 15, 23].

In recent years, scholars have been interested in the free boundary problem of the reaction—diffusion
equation and have achieved fruitful results[3, 14, 17, 18, 24]. In particular, Zhou and Lin [25] considered a
double fronts free boundary problem with a nonlocal reaction term in one-dimensional space, they showed
the blow-up happens if the initial value is large enough and gave the existence of a global fast solution with
small enough initial data and a slow solution with suitably large initial data. Yang [20] obtained similar
results based on [25]. The blow-up and global existence of the solutions to several nonlocal diffusion
problems with critical exponent are analyzed in [13]. Wang et al. [19] studied the free boundary problem
with a spatially exponential time-weighted source, mainly considering the asymptotic behavior of the
solution, and showed a sharp threshold trichotomy result based on the initial data.

By the inspiration of the above papers, the purpose of this paper is mainly to present an analysis of the
free boundary with an exponential nonlocal reaction term for the reaction-diffusion equation shown below:

Uy — dty, = au + bePt frfg) uPdx, r(t) <x <s(t), t>0,
u(s(t), t) =0, s’(t) = —uux(s(t), t), t>0,

u(r(t),t) =0, r(t) = —uu.(r(t),t), t>0,

—r(0) =s(0) = sg, u(x,0) = ug(x), —sp <x<sp,

where s, 11, d, and b are some given positive constants, a € R, p > 1, and x = r(t), s(f) are spreading fronts.
For sy € (0, o), up € X(sp), where

X(s0) := {ug € C¥([—s0,50]) : g > 0 in (=50, 50) with 11(—s0) = 1(s0) = 0} . )

The intra-species growth rate and dispersal coefficient of the species are represented aand d > 0, respectively.
u(x, t) denotes the population density for the species in one-dimensional space and the population size of
a invasive or new species is expressed by u(x), which has an initial region [—so, so]. We further enrich the
results of [25] by considering the effect of the critical exponent on the blow-up for the solution based on
[25].

In this paper, we will be concerned with the blow-up of the solution for (1). Since the solution may blow
up in finite time, the maximum existence time is denoted by the following;:

Tmax :=sup {T > 0: the classical solution to (1) exists on [0, T) for the initial data 1o} .

If Trax < o0 and , li%n [ee(, OllL=((ge,n(ry) = ©0, which implies that the solution u of (1) blows up in finite time

and Tmax is the blow-up time. Theorem 3.4 shows that when Tax < oo the solution blows up in finite time.

The structure of this paper is shown below. We first present some basic results that will be applied later
in this paper in Section 2. Section 3 gives some sufficient conditions for blow-up and vanishing by utilizing
the comparison principle and constructing an appropriate upper solution or lower solution. Section 4 is
devoted to showing a sharp threshold trichotomy of the initial data size by using the indirect demonstration
and comparison principle to distinguish the blow-up, vanishing, and transition solutions.

2. Preliminary

Several lemmas and theorems that will be used later in this paper are given in this section.

Theorem 2.1. For any given ug € X and a € (0,1), there exists a constant T > 0 such that the problem (1) admits a
unique positive solution

(M, 7, S) e C1+a,(1+a)/2(ET) % C1+a/2([0’ T]) % C1+a/2([0’ T])
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Furthermore,

el caswrnicaigyy + 1gllcrerngo,ry + llcrenqo,my < C, 3)
where Gt = {(x,t) € R? : x € [r(t),s(t)], t € (0, T1}, C and T depend only on sy, a, [lec0llc2 =0 501)-
Proof. As in [24], we first straighten the free boundary with the introduction of the transformation
250X So(s(t) + r(t))

y= s(t) — r(t) * s —r() ’ o(y, t) = u(x, t).

Then we get
v — Avy — Boy, = av + Def! f:o P (y,)dy, —so <y <sp, t>0,
— ’ — 2504 9 —
v—O,s(t)_—Wa—Z, t>0,y=sp, )
— — Sopt 9 —
v=0, r’(t)——w‘]r(t)ﬁ, t>0,y=—sp,
=7(0) = 5(0) = so, v(y,0) = vo(y) := uo(y), —so <y <so,
_ SOr®) SOl p _ _ 4std _ bs=r(®) T4 : :
where A =y RO G B = (s(t)j]r( e D = =" 1Itiseasy to show that this transformation makes

x =s(t) and x = r(t) into y = sp and y = —sy, respectively, and that this equation becomes more complicated
because the coefficients of the first equation in (4) include s(t) and r(t).

We omit the rest of the proof because it is based on [5, 25] by utilizing the contraction mapping theorem
with minor modifications. [J

Lemma 2.2. (The Comparison Principle) Let T € (0, Tmax), 7,5 € C'([0,T]), % € C(Dr) N C**(Dr) with Dr :=
{(x,t) € R? : x € ((t),5(t)), t € (0, T]} and

Uy — dily, > all + bef' fj)” Wdx, T <x<3(), t>0,

u@(t),t) =0, 5 (t) > —uu (), t), t>0, ®)
u(r(t), t) = 0, ¥ (t) < —uu,(r(t),t), t>0.

If (u, 1,s) is the solution to the problem (1), and satisfies
7(0) < —sg, s(0) = sg, and u(x,0) > up(x) in [—sg, Sol,
then
r(t) < r(t), s(t) =2 s(t)in (0, T,
and for (x, t) € (r(t),s(t)) X (0, T] there is u(x, t) > u(x, t).
Proof. Since the proof of Lemma 2.2 is the same as that of Lemma 3.5 in [5], we omit it here. [J

Remark 2.3. The triple (u,7,s) of Lemma 2.2 is frequently referred to as the upper solution of (1). Inverting all the
above inequalities defines the lower solution can be defined similarly.

Lemma 2.4. Let (u,1,s) is the solution to (1) defined in t € [0, Ty) for To € (0, Tmax), and there exists C1(Tp) > 0
such that
u(x,t) < Cq, for x € [r(t),s(t)] and ¢t € [0, Ty).

Then there exists a constant C(S) > 0, and S is a fixed number with Ty < S such that
0 <s'(t), —r'(t) < C(S), (6)

and

so <s(t), -r(t) <

w/ Vt e [O/ TO)/ (7)
np

where my = 8befTo yZC’jH.
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Proof. This proof of this Lemma is similar to [25], so we skip some steps and mainly write the modifications.
Let
D(x, 1) = C1 [2H(s() - x) — HA(s(t) — %)°]

for some suitable H over the region
Qu = {(x,t) 1 x € (s(t) - H™',5(t)), t € (0, To)}.

For any given T < Ty, (x,1) € Qp, := {(x, ) : x € (s(t) = H™1,5(t), t € (0, T)}, we have

s(t)
aw + be* f @Pdx < 1alCy + bePPCEG(T),
r(t)

where G(T) := s(T) — 1(T) < +oo. If H* > 5 (la + beﬁTOC?_l), one has
s(t)

Wy — Aty > 2dC1H? > aw + b f @wPdx in Qpy,,
)

Without loss of generality, we suppose that C; is sufficiently large such that

1 _ A[uollcr o
1 BT P G(T)) > ([0,50])
2d(lal +be°C)G(T)) 2 —3C1 .

Hence, setting
1 _ 1 uoller(jo,sop
H:= /= BTo P |? > ——= %)
Vg [0+ b G)] > =B,
it holds that

>~ W

N 3 _
w(x,0) > ch/ uo(x) < lluollcrqospH ™" < =C

for x € [so — H™!, 5o — (2H)™']. Hence, uo(x) < @(x,0) for x € [so — H™, s0].
By (7), we know

s'(f) = —uuy(s(t), t) < 2HCyu for t € [0, T]. (8)
Analogously, one can yield
—1'(t) = puy(r(t),t) < 2HCyu fort € [0, T].

We next combine s’(t) and —#'(t) to get

Nl=

G'(T) < (my + myG(T))?,

where my = 8471alu?C2, my = 8befTu2C*". Which implies

[om +moG(r)?] < 2, 9)
and

(1 + myG(T))* < Z2To + (my + ma(250))* for T € [0, To). (10)
Since Ty < S, by (8), (9) and (10), we easily derive

0 <s'(t), - () < C(S),
where C(S) = 2Ty + 1 (m1 + m(2s))? and

Sp < s(t), —r(t) < w.
na

We finish the proof for this theorem based on the arbitrariness of T. [
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Theorem 2.5. The double free frontiers s(t) and r(t) of problem (1) are strictly monotone increasing and decreasing,
respectively. It means that
<0, >0 forO<t<T.

for any solution in (0, T].
Proof. We ignore the details because the proof of this theorem is analogous to the proof for Theorem 2.2 in
[25]. OO

We conclude that #(f) and s(t) are not only monotonic but also bounded.

3. Conditions of blow-up and vanishing

We primarily provide several sufficient conditions of blow-up or vanishing in this section. We first
employ Kaplan’s first eigenvalue approach [11] to give some sufficient conditions for the finite-time blow-
up of the solution to (1). Now let’s consider the associated eigenvalue problem:

~dipye = AU, —s9 < X < sp, (11)
P(=s0) = Y(s0) = 0

Let ¢1(x) = ksin—5—= n(x+s°) be the first eigenfunction with respect to the first eigenvalue A; = ZZZ for (11). Itis
0

B
A1—L‘l'

possible to select k such that f_ ! (x)dx = 1. If p > 1, then (1) allows a critical exponent Pyi=1+
Theorem 3.1. Assumep > 1,50 >0, B >0, ¢ € X(so). Then the solution to problem (1) with uy(x) = od(x) will
blow up in finite time while satisfying one of the following conditions
(1) 1<p§P;anda>O,
-r

(i) p>Pyand o > 0" : [% ’”Kl wherer—(f gb””dx)l p>q>1, Ko—f Pprdx.

Furthermore, Tpax < Co~ = with C > 0 and depends on the value of o, a, p, B, so and ¢.

Proof. We present an auxiliary problem as follows

— Ay = ad + beft fsoo Pdx, —sg<x<sp 0<t< Tmax,
#(—s0,t) = (s, £) = 0, 0 < t < Toax, (12)
9(x,0) = 0(x), —sp < x <50,

where Tmax is the maximum existence time that makes 9(x, f) exists in (0, inax). We use the comparison

principle to derive Tmax < Tmax and u(x, t) > 3(x, t) on [—sg, So] X [0, Tmax)- It is sufficient to demonstrate that
when @ blows up in finite time, u will also blow up. Inspired by [12], we build the auxiliary functional
below

I((t):fj0 b(x, )1 (x)dx.

Next, we use Jensen’s integral inequality, Green’s identity and Holder inequality to deduce

S0 S0 50 50
K = f Opndx = f (A0 + ad)irdx + beft (f ¢1dx) (f z?”dx)
=S50 =50 —S0 =S50

S0
=(@- MK+ beﬁtf Pdx
=S50 (13)

-r P
o » \T [ % g
> (a — A1)K + bef! (f P dx) (f Tﬂl,bldx)
=50 =S50

>(a—A)K+ beﬁtAoKp,
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q-r

P
where Ap = (f_sso (O dx) ! is a constant, and p > g > 1.

Utilizing the basic theory of ODE, we derive
bAy(1 - p)
B—p -1 ~a)

K7 < {Ol—p K(l)—ﬁ - [1 - e[ﬁ—(p—l)()\l—a)]t]} P~ Dhi-0t (14)

which indicates that

1

1pg P _ __b4(p) _ lB~-D-a)) pp-D)(Ar—a)t
(o1 PK T — 2A0D) 1 elf=(p-1i-0l]} =D

K1 >

(15)

Thus, we conclude the following two cases:

@ Ul<p < PE, we get f— (p —1)(A1 —a) > 0 and % < 0. Forall ¢ >0, al‘pK(l)_p > 0, and (15)

yields that (¢, x) blows up in finite time. Analogously, when p = Py < oo, (15) with L'Hopital Rule
together gives
1

K> - ’
[01PK, " — bA(p — 1)t]elr- D=0

(16)

this yields that blowup happens again.
(ii) If p > P;, it holds that
bA(1 —p)

B =D =0) <0, 5= A =

Therefore, when
bAo(1 -p)

B-(p-Dh-a)

_p -
ol PKO P_

ie.,
. |p-DA—a)-B]T
o>0" = bao(l—p) 0

We observe that @(x, t) blows up in finite time by using (15).

(14) and (15) imply that Tmax < Ea‘(’"l), where constant C > 0 is dependent on 4, p, B, so and ¢, and
conclude the same estimate by the comparison principle. It concludes the argument. [

Remark 3.2. Define

01=0, ifl<p<P,

A=A = 17
(50,9) {@:w,ﬁp>ﬁ, a7)

with A = A1(so). A is bounded. Then the solution of problem (11) with uy = o¢ will blow up when ¢ > A.

d(p-1)
p+a(p-1)

Furthermore, we can deduce that 1 <p < P} is equivalent to 5o > 3 = L (where p > 1). Hence, we

get the result below.

Corollary 3.3. Supposep >1,a > 0and > 0. If sy > L, then the solution to the problem (1) will blow up in finite
time.

The proof of the below theorem is almost identical to [25, Theorem 3.2], i.e., when the maximal existence
interval is bounded, the solution blows up in L* norm.
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Theorem 3.4. Suppose [0, Tmax) is the maximum existence time interval of the solution (u,r,s) for the problem (1).
If Trmax < 0, then

tllg‘l (s Oll ), sy = oo- (18)

Theorem 3.5. Assumep > 1, a € R, B >0, so > 0, and uy € X(s9). Then Tmax = 0, L := (Foeo,500) 15 a finite
interval and tlim le2(-, D)l o), sy = O when satisfying one of the following conditions

() <0, lluoli= < 4 min{[d/(128bs3)]77, d/8y),
(ii) a>0, so <L and |lugllr~ is sufficiently small.

Furthermore, se, < 00, o > —00 and there exist several real numbers C and 6 > 0 depending on uq such that
[u(®)lle < Ce™, t 2 0. (19)

Proof. This theorem is a direct result of the comparison principle. We first prove condition (i). It is sufficient to
construct an appropriate global supersolution. Inspired by [6], we let

v(t) = 2502 — e, () =-v(t), t=20, M(y)=1-y% -1<y<]1,
and
v(x, t) = e ™M(x/v), C(t) <x<v(t), t>0,

here y, e, > 0 will be given later. A direct calculation shows that

v(t)
vy — dvy, — av — bePt f wdx
€0))

v(t)
=g ™ [—aM —xv' v 2M’ = dv M — aM — belf~er-DIt f e”‘lM”dx]
()

>ee | —a + A _ 8sobeP ™
8s?

forallt > 0and C(t) < x < v(t).
Moreover, we get v' = 2yspe™”" > 0 and —v,(v(t),t) = 2ee”™v7I(t). Weselect y = a = 45,6 < & =

min {[d/(128bs3)177,d/8u} to obtain

U — dvyy, > av + bef! f;t()t) wPdx, Uty <x <wv(t),
o), B) = 0, V'(t) > —uux(v(t), B, >0,

o(C(t),t) =0, C'(t) < —pur(C(t), 1), t>0,

C(0) = —2s9 < —sg, v(0) = 259 > s0.

(20)

We select ¢ = 2||uplle < €0 and suppose |[uplle < %min{[d/(lZSbsS)]rﬁ,d/Sy}, then we get ug(x) < v(x,0) for

—sp < x < 5. As long as u exists, it is obvious to derive s(t) < v(t), r(t) > C(f) and u(x, t) < v(x, t) for r(t) < x < s(t)

by applying the comparison principle. In particular, by the continuation property (18), we determine u exists globally.
We follow up by proving condition (ii). Because sy < L, there exists some small p, x > 0 such that

dm?

-1 2.2
m > a+2s0bx? (1 + p) + p and mux < p“sg. (21)

Set

- _ P o o Pt ™
g(t) =so(1+p 2e ), w(x, t) := ke COS(Zg(t))'
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Obviously w(—g(t), t) = w(g(t),t) = 0. For t > 0 and x € [—g(t), g(t)], a direct calculation yields

g(t)
Wy — dwy, — aw — bePt f
—9(t)

2

wPdx > ( —a—2sobx*" V(1 + p)|w > 0.

o dn
VTEI
By choosing s we get

2
_ - = TR o) « THE oy o P750 —pt) _
pwy(—=g(t), t) = —uw(g(t), t) = Zg(t)e < 250 e < > e =g'().

Thus, if w(x, 0) > ug(x), (w(x,t), —g(t), g(t)) is a supersolution of (1) in [—so, So]-
We select 01 := 1 cos ﬁ depending on 1, s¢. It follows that when |Jug||.~ < o1 since sp < g(0) = sp(1 + g), we
know uy(x) < 01 < w(x,0) in [—so, s9]. Using Lemma 2.2, we obtain

s(t) < g(t) < so(1 + p), 50 < 0.
As a result, u — 0as t — co locally uniformly in I, which is a finite interval. This proof is thus complete. [

We need the following lemma to elaborate on the asymptotic behavior of the problem (1), which gives a
comprehensive description of the solution to (1). It can be proved to combine with the theorem 3.5 and
then using [Lemma 4.1, [25]] in the same way, so we ignore it here.

Lemma 3.6. Supposep > 1,a > 0,and p > 0. Let Trax be the maximum existence time of the global solution (u,1,s)
to (1). If Tmax = oo, then u is bounded, and 1, is a finite interval of length not bigger than 2L. Furthermore, it holds
that

lim max wu(x,f) =0.
t—00 r(t)<x<s(t)

4. Sharp threshold trichotomy

Based on the conclusions in the previous sections, a sharp threshold trichotomy theorem is proved by
us in this section.

Theorem 4.1. Assume that sy > 0, ¢ € X(so), and (u,,s) is the solution to (1) with uy = o¢(x) for some o > 0, and
Tmax is the maximal existence time. Then there exists 0* = o*(p, @) € [0, 00) in which the following holds:

(i) When ¢ > ¢*, (u,1,s) blows up in finite time.
(ii) When 0 < ¢ < 0%, (u,1,s) is a global vanishing solution, which implies that Tmax = 00, I is a finite interval
not bigger than the length of 2L and

lim max wu(x,t)=0. (22)

t—00 r(t)<x<s(t)

(iii) When o = o7, (u,1,s) is a global transition solution, which implies that Tmax = 00, I is a finite interval of
length exact equal to 2L, and (22) follows.

Proof. We find that blow-up happens when sy > L by Corollary 3.3. Hence in this case for any ¢ € X(sg) we
have ¢* = 0. In what follows we consider the case 5o < L. Additionally, (u°,7,s%) is denoted as the solution,
%, 8% and T, that allows emphasis on the dependence of the solution to the initial data if necessary.
Define the following set:
®:={c>0:Tg

max

= oo and [J, is a finite interval not bigger than the length of 2L}.

© is nonempty and belongs to [0, A] from Theorem 3.1 and Remark 3.2, in which A is defined in (17). Let
0" = 0*(a,¢,p) = sup ©. In the following proof we let TS, = co. By the continuous dependence[16], we

ax
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yield that for any fixed t € [0, T9,,,), u° approaches to u° in L*(—oo, +c0) as 0 /* 0", with here u(x, t) extend

to 0 on (—oo, 7(t)) U (s(t), +o0). Because T¢,,, = oo for all 0 < ¢ < 0" by the Lemma 3.6, we deduce TS, = .
Next, we will prove that s, — r{, = 2L and I, is a finite interval. The continuous dependence of the

solution to (1) on the initial value yields that there exists T > 0 sufficiently large such that if ¢ > 0 is small

enough, the solution (u? *¢, 1"+, s9+¢) of (1) with ug = (0" + €)¢ satisfies
s7HE(T) — v +(T) < 2L.

Which implies that s ¢ — 7 *¢ < 2L. It is contradiction to the definition of o*.

Furthermore, we demonstrate that there exists only a unique 0" such that I7, is a finite interval whose
exact length is 2L and T, = co. If the conclusion does not hold, then there exists o7 > ¢} such that
for 0* = 07(i = 1,2) transition occurs, and this infers that the solution to (1) with uy = o}¢ denoted by
(u%, 1%, %) satisfies

.

st -1 =2L,i=1,2.
We find that for fixed Ty > 0 using the comparison principle, which yields
[%2(To), s™(To)] € (r"i(To), s%1(To)),

and
u”(x, To) < u”1(x, To).

for all r2(Tp) < x < s%2(Tp). Set
T ={e>0:u(x,To) > u”(x — £, Tp), ¥x € [2(To + £),5%(To + €)] € (1 (To), " (To))} .
I' is bounded is obvious. Write ¢ = sup I, and let
i(x, t) = u”(x — eo, t + T, ),

and
§(t) = SU;(t + To) + &o, f(t) = T’UE(t + To) + &o.

Therefore, (i1, 7, 3) is the unique solution of (1) with
g = u”(x = €0, To), 8(0) = s7(To) + €0, #(0) = 12(To) + .
According to the comparison principle and the definition of ¢y we deduce that

sO -0 > 8, -7 > 2L,
which contradicts the definition of ¢*. Therefore, it can be obtained that the transition occurs only when
o=o0".

Finally, conditions (i)-(iii) are derived by combining Corollary 3.3, Lemma 3.6 and all the results above.
The proof is completed. [

5. Discussion

In this paper, we analyze the blow-up problem of a free boundary problem with an exponential nonlocal
reaction term. Firstly, we establish some sufficient conditions to determine a finite time solution blasting
and the existence of a global extinction solution by using the comparison principle and constructing an
appropriate upper and lower solution in Section 3, which is to study the asymptotic behavior of the solution.
Furthermore, for a > 0 and a < 0, we proof that the two free boundaries converge in the finite limit when
the initial data is small, the results are different. In Section 4, on the basis of the initial data size, a sharp
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threshold trichotomy result is given. At that time, the solution vanishes when ¢ < ¢, blows up in finite
time when ¢ > ¢*, and transition occurs when o = ¢*.

The Laplace operator is known to be a local and symmetric operator. Nevertheless, in the real world,
there are some species movement mechanism based on nonlocal neighboring regions, and some species
move to favorable environments due to rivers, climate and other factors. For example, the nonlocal operator
in [2] and the Laplace operator with advection terms in [7, 10, 22] will emerge with more complex dynamics.
Therefore, we will also consider in future studies the nonlocal and nonsymmetric versions of the problem

).

References

[1] X.L. Bai, S.N. Zheng, W. Wang, Critical exponent for parabolic system with time-weighted sources in bounded domain, J. Funct. Anal.
265 (1998), 941-952.
[2] J.E. Cao, Y.H. Du, E Li, W.T. Li, The dynamics of a Fisher-KPP nonlocal diffusion model with free boundaries, J. Funct. Anal. 277 (2019),
2772-2814.
[3] J.X. Cao, GJ. Song, J]. Wang, Q.H. Shi, S.J. Sun, Blow-up and global solutions for a class of time fractional nonlinear reaction—diffusion
equation with weakly spatial source, Appl. Math. Lett. 91 (2019), 201-206.
[4] YH, Du, ZM Guo, Spreading-vanishing dichotomy in a diffusive logistic model with a free boundary, IL. ]J. Differ. Equ. 250 (2011),
4336-4366.
[5] Y.H. Du, Z.G. Lin, Spreading-vanishing dichotomy in the diffusive logistic model with a free boundary, SIAM ]J. Math. Anal. 42 (2010),
377-405.
[6] Y.H, Du, B.D. Lou, R. Peng, M.L. Zhou, The Fisher-KPP equation over simple graphs: varied persistence states in river networks, J. Math.
Biol. 80 (2020), 1559-1616.
[7]1 B.Duan, Z.C. Zhang, A reaction-diffusion-advection two-species competition system with a free boundary in heterogeneous environment,
Discret Contin Dyn Syst Ser B. 27 (2022), 837-861.
[8] H Fujita, On the blowing up of solution of Cauchy problem for uy = Au + u+¢, J. Fac. Univ. Tokyo Sect 1. 13 (1966), 109-405.
[9] J. Garcia-Melian, E. Quirés, Fujita exponents for evolution problems with nonlocal diffusion, J. Evol. Equations. 10 (2010), 147-161.
[10] H. Gu, B.D. Lou, Spreading in advective environment modeled by a reaction diffusion equation with free boundaries, ] Differ Equ. 260
(2016), 3991-4015.
[11] S. Kaplan, On the growth of solutions of quasi-linear parabolic equations, Commun. Pure Appl. Math. 16 (1963), 305-330.
[12] T.Lee, WM. Ni, Global Existence, Large Time Behavior and Life Span of Solutions of a Semilinear Parabolic Cauchy Problem, Trans. Am.
Math. Soc. 333 (1992), 365-378.
[13] L. Li, M.X. Wang, Global existence and blow-up of solutions of nonlocal diffusion problems with free boundaries, Nonlinear Anal. Real
World Appl. 58 (2021), 103231.
[14] P. Meier, On the critical exponent for reaction-diffusion equations, Arch. Ration. Mech. Anal. 109 (1990), 63-71.
[15] Y.W. Qi, The critical exponents of parabolic equations and blow-up in R", Proc. Roy. Soc. Edinburgh Sect. A 128 (1998), 123-136.
[16] P. Souplet, Stability and continuous dependence of solutions of one-phase stefan problems for semilinear parabolic equations, Port. Math.
59 (2002),316-323.
[17] N.K. Sun, Blow-up and asymptotic behavior of solutions for reaction-diffusion equations with free boundaries, J. Math. Anal. Appl. 428
(2015), 838-854.
[18] J.B. Wang, J. Wang, ].E. Cao, Blow up and global existence of a free boundary problem with weak spatial source, Appl. Anal. 100 (2021),
964-974.
[19] J. Wang, J.F. Cao, Fujita type critical exponent for a free boundary problem with spatial-temporal source, Nonlinear Anal. Real World
Appl.51 (2020),103004.
[20] J. Yang, Blowup of a free boundary problem with a nonlocal reaction term, Nonlinear Anal. Real World Appl. 41 (2018), 529-537.
[21] G.S. Zhang, Y.F. Wang, Critical exponent for nonlocal diffusion equations with Dirichlet boundary condition, Math. Comput. Model. 54
(1998), 203-209.
[22] Q.Y. Zhang, M.X. Wang, Dynamics for the diffusive mutualist model with advection and different free boundaries, ] Math Anal Appl. 472
(2019), 1512-1535.
[23] Q.S.Zhang, A New Critical Phenomenon for Semilinear Parabolic Problems, ]. Math. Anal. Appl. 219 (1998), 125-139.
[24] P. Zhou, ]J. Bao, Z.G. Lin, Global existence and blowup of a localized problem with free boundary, Nonlinear Anal. Theory, Methods
Appl. 74 (2011), 2523-2533.
[25] P. Zhou, Z.G. Lin, Global existence and blowup of a nonlocal problem in space with free boundary, J. Funct. Anal.262 (2012), 3409-3429.



