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Fuzzification of the category of (L, M)-fuzzy convex spaces
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Abstract. In this paper, a fuzzy approach to the category of (L, M)-fuzzy convex spaces (denoted by LM-
FCon) is introduced. To be specific, the objects and morphisms of LM-FCon are given some degree value,
denoted by w(X, ¢) and pu(f) respectively, which extends the LM-FCon to the fuzzy case. What is more, we
show that the set €,(L, M, X) = {% : LX > M | (X, %) > a} is a bounded complete lattice and discuss the
relationships among €, (L, M, X), L-convex structures and (L, M)-fuzzy convex structures. Finally, subspace,
product space, join space and quotient space of €, (L, M, X) are studied and related properties are obtained.

1. Introduction

Originally influenced by geometry, the concept of convex sets was introduced in the last century and
now has become an important research direction of mathematics [4, 22]. Inspired by axiomatic methods,
some scholars abstractly generalized convex sets to convex structures (or called abstract convexities in
[2, 11]). A convex structure is a subset of powerset £(X) which includes both X and 0, and which is closed
for arbitrary intersections and up-directed unions (see [28]).

The development of fuzzy mathematics has opened up the scope of mathematical research and lots
of fuzzy mathematical branches have been studied, such as fuzzy category [16, 17, 23, 32], fuzzy metric
spaces and fuzzy norm spaces [25, 3740, 42, 43] fuzzy topological structures [5, 24, 30, 41] fuzzy posets
and fuzzy convergence structures [9, 15, 34]. Naturally, the abstract convex structure has been generalized
to the fuzzy case. Many researchers did various works from different directions in fuzzy convex structures
[6,7,10, 14, 20, 21, 26, 31, 33, 35, 36].

In [12, 18], Rosa and Maruyama presented the concept of L-fuzzy convex structures (now called L-
convex structures) in the scope of the [0, 1] interval and the completely distributive lattice L, respectively.
Under the preliminary work of L-convex spaces, Jin et al. [3] and Pang et al. [16] introduced several
kinds of subcategories of the category of L-convex spaces and studied the categorical interrelationships
between stratified L-convex spaces and convex spaces. From a totally different perspective, Shi and Xiu [20]
introduced the concept of M-fuzzifying convex structures and the category of M-fuzzifying convex spaces.
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Subsequently, Shi and Xiu [21] presented the notion of (L, M)-convex structures, which further generalized
the fuzzification method for convex structures by containing L-convex structures and M-fuzzifying convex
structures as their special cases.

What's more, the relationship between the category of M-fuzzifying convex spaces and the category of
(L, M)-fuzzy convex spaces (denoted by LM-FCon) has been discussed in [32]. It shows that there exists a
coreflectively embedding functor from the category of M-fuzzyfying convex spaces to LM-FCon. And, Wu
and Li [32] discussed different subcategories of (L, M)-fuzzy convex spaces. Li [8] expounded a subcategory
of the category of (L, M)-fuzzy convex spaces, called the category of enriched (L, M)-fuzzy convex spaces
and studied its properties. Up to now, there are three kinds of categories of fuzzy convex spaces, including
the category of L-convex spaces, the category of M-fuzzifying convex spaces, and the category of (L, M)-
fuzzy convex spaces. The category of (L, M)-fuzzy convex space is the most general one, as it includes
the others. Although the objects and morphisms in LM-FCon are fuzzy, the category is crisp. A natural
question arise: whether can we generalize the crisp LM-FCon to the fuzzy case?

Inspired by the ideas of fuzzy category [5, 23, 24], the main purpose of this paper is to endow the objects
and morphisms of LM-FCon with some degrees. And try to give a fuzzy approach to the category of
(L, M)-convex spaces.

The paper is structured as follows. In Section 2, some essential concepts and notations of a frame,
an (L, M)-fuzzy convex space, and an L-fuzzy category are recalled. In Section 3, the degree to which
a mapping w is an (L, M)-fuzzy convex space and the degree to which a mapping u is an (L, M)-fuzzy
convexity-preserving mapping are defined. Based on these, we give a fuzzification method of LM-FCon
and obtain a corresponding M-fuzzy category. In Section 4, it is show that the set €,(L, M, X) = {¢ : X -
M| w(X,€) > a} is a bounded complete lattice and the relationship among €, (L, M, X), L-convex structures
and (L, M)-fuzzy convex structures are discussed. In Section 5, by means of fuzzy powerset operators on
MY and ML, the concept of subspace, join space, quotient space and product space of €,(L, M, X) are
proposed and their related properties are studied.

2. Preliminaries

Throughout this paper, we assume the underlying lattice is a frame. Firstly, we recall the definition of a
frame.

Definition 2.1 ([27]). A frame (or called a complete Heyting algebra) is a complete lattice satisfying xA(\;e; vi) =
Vier(x A vi)-

Unless otherwise noted, L and M denote frames. The smallest elements and the largest elements in L
and M are denoted by 1, T and Ly, Tp, respectively.

For a frame L, the related implication operator »»: L X L — L can be defined by Vx,y € L, x > y =
VizeLlx Az <y

Some properties of the implication are listed below.

Lemma 2.2 ([5]). Let L be a frame and > be the related implication operator. Then forany x,y,z € L, {xi}ie1, {yj}je) C
L, the following properties hold.

G xAy<zox<y» 2z

G)x—>y=Trex<y.
(G3) Tr—>x=x.

(G4)
)

(G5) (Vier xi) = y = Nigt(xi ™ y), in particular, x <z => x> y 2z > y.

x = (Njep ¥j) = Njej(x = y)), in particular, y <z = x —> y <x >z

GO x> yz(xr>2)A(z>Y).

Suppose X is a non-empty set. Denote LX be the mappings from X to L. As all algebraic operators
on L could be point-wisely extended to LX , so LX is also a frame and a residual implication operator
: LX x LX — LX can be defined by (A » B)(x) = A(x) > B(x) forany A, B € LX and x € X.
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In [23, 24], the authors proposed the concept of a fuzzy category. A fuzzy category is that the potential
objects and potential morphisms are to some certain degree. Next, let us recall the definition of an L-valued
or an L-fuzzy category.

Definition 2.3 ([23, 24]). Let € = (Obg, Morg,dom,cod, o) be an ordinary (or a classical) category. Let
w : Obg — L and p : Mor¢ — L be L-fuzzy subclasses of the classes of its objects and morphisms,
respectively. Then we call the triple (€, w, i) is an L-valued (or an L-fuzzy category) if it satisfies the following
conditions:

(LCA1) VX, Y € Obg, Vf € Mors(X,Y), u(f) < wo(X) A w(Y);
(LCA2) u(f) A u(g) < u(g o f), where o is the composite operation;
(LCA3) u(ex) = w(X), where ex : X — X denotes the identity morphism.

Remark 2.4. In[23, 24], the corresponding lattice of the original definition is a GL-monoid and the condition
(LCAZ2) is replaced by u(f) * u(g) < p(g o f).

The authors had discussed the method of how to fuzzify the category of (L, M)-fuzzy topological spaces
and presented a notion of M-fuzzy category FTOP(L, M).

Now, we should naturally consider the question how to fuzzify the category of (L, M)-fuzzy convex
spaces? Before solving the problem, we need to recall the definitions of convex spaces and fuzzy convex
spaces in the following.

In the standard case, a set in an n-dimensional Euclidean space is convex if and only if it contains the
whole segments joining each two of its points. By axiomatizing the properties of convex sets in Euclidean
spaces, the concept of a convex structure was introduced in the following definition.

Definition 2.5 ([2, 4, 28]). A subset C of 2% is called a convex structure (or called a convexity), if it satisfies
the following conditions.
CNO XeC
(C2) If {A; | i € I} € C is non-empty, then (;; Ai € C;
(C3) If {A; | j € J} € C is non-empty and up-directed, then U;lg] AjecC.
And the pair (X, C) is called a convex space. The members of A € C are called convex sets.
Convex structures exists extensively, including vector spaces, partially ordered sets, metric spaces,
lattices, graphs, matroids and so on.

Example 2.6. (Standard convex structure [28]) Let (X, +, ) be a vector space and A € X. We say A is convex
if x, y € A implies tx + (1 — t)y € A for each t € [0,1].

Example 2.7. (Order convex structure [28]) Let (X, <) be a partially ordered set and A C X. We say A is
convexif Vze X,Vx,y € A,x <z < yimplies z € A.

Example 2.8. (Geodesic convex structure [28]) Let (X, d) be a metric space and A € X. We say A is convex
ifVze X,Vx,y € A, d(x,y) = d(x,z) + d(z, y) implies z € A.

The notion of a fuzzy convex structure is introduced by M.V.Rosa in [18]. In 2009, Y. Maruyama
generalized it to the L-fuzzy setting in [12] and gave the definition of an L-convex structure as follows.

Definition 2.9 ([12]). A subset ¢ of L* is called an L-convex structure (or called an L-convexity) if it satisfies
the following conditions.

(LCl) J_LX, TLX [S %,

(LC2) If {A; : i € I} € ¥ is non-empty, then A\, A;i € €;

(LC3) If {A; : j € J} € € is non-empty and up-directed, then \/72] AjeC.

And the pair (X, €) is called an L-convex space.
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In 2014, the definition of an M-fuzzifying convex structure (or an M-fuzzifying convexity) is presented
in [20]. Recently, FG. Shi and Z.Y. Xiu [21] further extended it to an M-fuzzy subset of LX (called an
(L, M)-fuzzy convex structure) as follows.

Definition 2.10 ([21]). An (L, M)-fuzzy convex structure (or called an (L, M)-fuzzy convexity) is a mapping
% : LX — M which satisfies the following conditions.

(LMEC1) €(L;x) = €(T1x) = Tas;
(LMFC2) If {A; : i € I} € L¥ is non-empty, then € (Ajc; Ai) = Niet €(A);

(LMFC3)If{A;:je ]t C L¥ is non-empty and up-directed, then ¢’ (\/‘]ig] A j) > Njey C(A)).

And the pair (X, €) is called an (L, M)-fuzzy convex space.
Remark 2.11. If we denote {0,1} = 2 and denote L/M = [0,1], then a convexity in [28] is a (2,2)-fuzzy
convexity and an L-convexity in [12] is an (L, 2)-fuzzy convexity, an M-fuzzifying convexity in [20] is a
(2, M)-fuzzy convexity.

The concave structure is closely related to the convex structure and also plays an important role in
mathematics. In 2021, I. Alshammari, A. M. Alghamdi and A. Ghareeb [1] generalized it to the (L, M)-fuzzy
situation as follows.

Definition 2.12 ([1]). An (L, M)-fuzzy concave structure on X is a mapping ¢ : LX — M which satisfies the
following conditions.

(LMFCAI) %(J_LX) = %(TLX) = TM/

(LMFCA2) If {A; : i € I} C L¥ is non-empty, then € (Vc; Ai) > Niet €(A);

(LMFCA3) If {A; : j € ]} € L¥ is co-directed, then ¢ ( Ny A ,») > \jey €(A;). And the pair (X, ©) is called an
(L, M)-fuzzy concave space.

Foramapping f : X — Y, define f,” : X — 1LY and f~ : LY — X by f7(A)(y) = \/f(x):yA(x), f(B)(x) =
B(f(x)) for any A € LX and B € LY. For a mapping g : Y — Z, we get (g o NI O = f (g7 O)x) =
C(g9(f(x))) for any C € L? in [19].

Definition 2.13 ([21]). A mapping f : X — Y between (L, M)-fuzzy convex spaces (X, ¢x) and (Y, 6y) is
called (L, M)-fuzzy convexity-preserving if y(B) < €x(f;(B)) for any B € LY.

It is easy to check that all (L, M)-fuzzy convex spaces as objects and all (L, M)-fuzzy convexity-preserving

mappings as morphisms constitute a category. It is named as a category of (L, M)-fuzzy convex spaces,
denoted by LM-FCon.

3. M-fuzzy category LM-FCon

Although the objects and morphisms of LM-FCon are fuzzy, the category itself is a classic category. A
natural question arises, can we generalize this crisp category to the fuzzy case?

In this section, we will give a fuzzy method for LM-FCon. When we attempt to generalize LM-FCon to
fuzzy cases, the first and important problem is that how to define the degree to objects and morphisms of
a classical category.

Definition 3.1. let € be a classical category whose objects are pairs (X, ), where X is a non-empty set and
% : LX — M is a mapping, and whose morphisms are arbitrary mappings f : X — Y. Then the mapping
w : Obg — M defined by

A4

WX, €) = %(LLX)A%(TLX)A[ A [A%(Ai)H%

{AilierCLX \ i€l iel
dir
S AR FARGCO RS A AV I B
A eLx \ jel jel
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is called the degree to which (X, €) is an (L, M)-fuzzy convex space. And the mapping u : Mors — M defined by

u(f) = | /\ (@ (B) = Gx(fi(B)) | A (X, G) A (Y, %),

BeLY
is called the degree to which f is an (L, M)-fuzzy convexity preserving mapping.

For convenience, we denote
(X, €) = C(Lx) ANEC(Trx),

w6 = N | \e@)—e| \alll
{Aj}ierCLX \ i€l iel
dir

wxe)=| N\ | N\cap-e|\/4l|]
(A erx \ el i€l

v(f) = N\ (@ (B) = Cx(fi(B))).

BelLY

Then
W =wi1 N\wy AN w3

1) = V() A (X, G) A (Y, G).

When the degree of objects and morphisms are given, we will obtain the important conclusion in the
following theorem.

Theorem 3.2. The triple (€, w, u) is an M-valued (or an M-fuzzy) category.

Proof. (LCA1) and (LCA3) are easily to be proved. We only need to check the condition (LCA2). By Lemma
2.2, we know

wgof)= /\ (¢2D) — %x((g° Hr (D))

DelZ

N\ (%2(D) = &x (f (g7 (D))

DelLZ

>\ (€UD) = (gi (D) A (g (D) = 6k (fi~ (g7 (D))
DelZ

> A%@H%%@D%A%@HWKW)
DelLZ BeLY

= v(g) Av(f)

This shows v(g o f) > v(g) Av(f). Further u(g o f) > u(f) A u(g), which means (LCA2) holds. Hence (€, w, u)
is an M-fuzzy category. [

Remark 3.3. (1) If a)(X, €) = Tm, then €(Lix) = €(Tix) = T, Nieg €(A) < € (i Ai) for all {A;}ier € LX
; Nigg€(A) <€ (\/‘]ig] A]-) for all {A j}?g] C L%, which means the pair of (X, %) is precisely an (L, M)-fuzzy
convex space.

(2) If u(f) = Tm, then (X, €x) = Tm, (Y, 6y) = Tm, v(f) = Tm, namely, ¢y(B) < €x(f;(B))) for any
B e LY. It shows f is precisely an (L, M)-fuzzy convexity-preserving mappings from (X, 6x) to (Y, y).

In addition, we can easily get the following conclusions.



Proposition 3.4. For each mapping € : LX — M. Let =% : LX — M be the mapping defined by VA € L%,

Then we have

(1) 61(X, ~€)Z~C (L1x) A ~€(Tpx) = 01(X, C);

(2) 52(X, =€)= Aycrx Niet ~C(U) = =C (Vi Ui) > (X, C);
(3) 05X, ~0)= Aypercax (Ajeg =€ (U)) = =6 (A Uj)) > ws(X, ).

Y. Zhong et al. / Filomat 39:14 (2025), 48574871

—~€(A) = C(A = Lix).
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Proof. (1) By the definition of =%, we have 61(X, ~%) = =€ (Lx) A € (Tx) = €(Lpx > Lix) A E(Tx =
1x) =6(Tx) A E(Lix) = 01(X, ).

(2) Depend on the definition of =%, we have

Vv

0X-0)= [\

{Uibier SLX

{Uiier CLX [ i€l

/\ CU; = Lix) = €

iel

A CU; > Lix) > €
i€l

A CU) — € A ﬁi]
iel i€l

A C(A) - € A Ai
i€l i€l

where fl,- =U; » Lyx.
(3) Similar to (2), we have

Vv

where ﬁj = U; » Lx and {U}}}e; is co-directed implies {flj} jej is up-directed. [J

(X6 =\

/\

UL

/\

i
(ujpedrcrx

§
(A} cLX

{uyetrerx \ jeJ

NEW; = 1)
jel

A%(uj — 1x) > €
jel

A&y — ¢

j€l

v ﬁf]

jel

dir

Ne@) e

i€l

\V 4

i€l

Aﬁ%(ui) —

N\ =€) = ¢

v

iel

Vu

iel

iel

= (X, %),

cdir

AU

J€l

cdir

AU

jel

dir
\/(U] — J_Lx)

jel

= Cl)3(}(/ Cg)/

)ﬁLHD

A(ui — LLX)]]

)ﬁlwn

}]
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Remark 3.5. In fact, 51(X, =%) A 62(X, =%) A 03(X, =€) could be used to define the degree to which (X, =%)
is an (L, M)-fuzzy concave space. If 61(X, =€) A 02(X, =€) A 63(X, =€) = Ty, then =€ (Lx) = =€(Tx) =

T Niet €(UD) < € (Vi Un), Y{Uidier € L% N jey €(U;) < (/\ji']r U; ) {u; }jd’r C LX, which means the pair
of (X, =) is precisely an (L, M)-fuzzy concave space.

Based on Proposition 3.5, it is easy to get the following conclusions.

Proposition 3.6. Let ~—¢ : LX — M be the mapping defined by YA € L%,
A= B(A) = ~E(A > 11x) = C(A = Lyx) — Lpx).

Then we have

1) W1(X, 7€) £ ==~E(Lix) A ==E(T1x) = 51(X, =€) = 01(X, 7).

@w2(X,~=€)= N |N\-C(A) > ~=F (/\ Ai)) > 02(X, ~C) > (X, ).

{AitierCLX \i€l iel
dir

@w3(X,—=¢)= A | \N-2C(A)) > =E| VA || 2 63X =F) > ws(X, F),
(At cLX \ j€] j€J

jer=

4. The relationships among €,(L, M, X), L-convex structures and (L, M)-fuzzy convex structures

In this section, €(L, M, X) denote the set of all mappings ¢ : X - M satisfying w(X,¢) > a, it
is meaningful to further study the interrelation among €, (L, M, X), L-convex structures and (L, M)-fuzzy
convex structures.

For any @ € M. Denote €,(L, M, X) = {€ : LX - M | (X, ) > a}.
If w(X,€) 2 a, then w1(X, %) > a, w2(X,€) > a and w3(X, €) > a. Further,
(1) w1(X, €) = a, this shows € (L;x) > a, €(Tx) > a
(i) w2(X, €) > @, this shows Y{Ailier € L*, Aie; €(A) = € (N\iet Ai) > @, ie., (Nig €(A)) A < E(N\ieg Ai);

(ifi) w3(X, ) > a, this shows V(A% € LX, \ i G(A)) — G\ A) > a,ie, (Na CA) Aa<E(VGA).

Definition 4.1. If €1 < 6 for any €1, ¢, € C4(L, M, X), then ¥ is called coarser than %, (or %3 is finer than
€1).

Based on the order relation in Definition 4.1, we get the following conclusion.
Theorem 4.2. (€,(L, M, X), <) is a bounded complete lattice.

Proof. (1) Let Gyis : LX — M defined by VA € L%, €5(A) = Tu. It is obvious that 6 is the largest element
of €,(L, M, X). On the other hand, let €,y : LX — M defined by VA € LX,

(A a, AZJ_LXOI'AZTLX,'
Gina(A) = 1y, AeLX\{Lpx, Tix)
Then %, is the smallest element of €, (L, M, X).

(2) Next, we verify that €, (L, M, X) is closed for arbitrary intersection. For any {€3}1ea € Co(L, M, X), define
the mapping ¢ : LX — M by VA € L%, 65(A) = A 1ea €1(A). Then

X %) = \ @A \ T = \ eiX6) > a

AeA AeA AeA
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/\ {A%O(Ai)H%O /\Ai

(Al CLX \ i€l iel

- [ Ny - N\
{AiierCLX

i€l AeA AeA

A A [Aaar-a

AEA (AjligCLX \ i€l

/\

A} cLX

(0] (X/ %0 )

A

i€l

A

iel

WV

= N\oaA(X, %) > a

AeA

0)3(X, %0)

dir
/\ Go(A)) = o [v A;

jel jel

= A [/\/\%(A,-)H/\%

{AjdncLX \ jeJ AeA A€A

A A

.
AEA (A}t cLX

jel

0

\ 4

J€l

WV

/\ GA(A)) > 6y
j€l

= /\ w3(X,6)) =z

AeA

Hence w(X, 6p) = w1(X, 60) A w2(X, 6) A ws(X, 6p) = a. This shows & € €, (L, M, X) and %) is the smallest
element of {%)}1ea.

(3) For each {€x}aea C €4(L, M, X). By the conclusion of (2), we can establish the upper bound of {€)}ea is
sup{Grlren = /\{(f € Cu(L, M, X)IVE) € {Ch}aen, €1 < C).
Therefore (€,(L, M, X), <) is a bounded complete lattice. [

In what follows, we will discuss the relationships among L-convex structures, (L, M)-fuzzy convex
structures and C,(L, M, X).

Theorem 4.3. If ¢ € Cu(L,M,X) and y < a for any y € M, then %1y = {A € LX | €(A) > y} is an L-convex
structure. Conversely, if 61,y is an L-convex structure for any y < a, then ¢ € €,(L, M, X).

Proof. Firstly, we show %, is an L-convex structure.
(LC1) Since €' (L1x) > a > y and ¢(Trx) > a > y, we have Lix, Tix € €]y

(LC2) Take any {Aj}icr € %7y). Then €'(A;) > y, Vi € I. Since a < N\ C(A) = € (NiggAi), we get
a A (Nieg €(A) < E (Nt Ai) - Hence € (\jg; Ai) > a Ay = y. It shows A\ A; € 6.

(LC3) The proof is similar to that of (ii) and omitted here.

Conversely, if we want to show that ¢ € €,(L, M, X), we need to show w1(X, %) > a, wr(X, %) > a and
w3(X, €) >

(i) Take y = a. Since Lx, Tx € 6,, we have € (Lx) A €(Tx) > a, which means w1 (X, %) > o

(ii) Forany {A;}ic; € L%, takeany y € Msuchthaty < aA(Aq; €(A;)). Theny < aandy < €(A)),i.e., A; € Cly-
This means /\;;; A; € ]y}, i.e., ¥ <G (N Ai) - By the arbitrary of ¥, we have a A (A €(Ai) < € (Nier Ai) -
So a < ANigg €(A;) ™ € (N Ai). Hence wy(X, %) >

(iif) The proof of w3(X, €) > a is similar to w,(X, €) > a and omitted here. [J

Corollary 4.4. If € € €,(L, M, X), then 6ja) = {A € LX | €(A) > a} is an L-convex structure.
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Theorem 4.5. Let D € C4(L, M, X) and a < p. Define the mapping € : LX — M by VA € LX,
C(A) = a - DA).
Then ¢ is an (L, M)-fuzzy convex structure.

Proof. We need to show that ¥ satisfies (LMFC1)-(LMFC3).
(LMFC1) Since o < , it follows from Lemma 2.2 that €(Lx) = a > D(Lx) 2 a > =2 a - a =Ty,
C(Tx)=ar>D(Tx)2a > f>a> > a=Ty Hence €(Lx) = €(Trx) = Tm.
(LMFC2) For any r € M, wehavea » y A =a » .
Infact, a >y = V{AIAAa <y} S VIAIAAaABLS Yy AB = VIMAAa <y AB} =a > y AB. On the other
hand, sincey AB <y, wehavea > y A <a>>y.

Next, take any {Aj}ier € L*. Since B < At D(A) = D (Aigr A, e, B A (Niet D(A)) < D(N\igr Ai), it

follows that
Nail=¢|/\ A

iel iel

<a-»>D

/\%A)—/\(a>—>1)(A))—oc>—>/\D(A)—ow—)ﬁ/\(/\D(A

iel iel iel iel

(LMFC3) The proof is similar to (LMFC2), and is omitted here. [

From Theorem 4.5, it is not difficult to get the following corollary.

Corollary 4.6. If D € €,(L, M, X), then the mapping € : LX — M defined by YA € L, ¢(A) = a = D(A) is an
(L, M)-fuzzy convex structures. Particularly, if D is an (L, M)-fuzzy convex structure, then the mapping € is also
an (L, M)-fuzzy convex structure.

The relationships among €,(L, M, X), L-convex structures and (L, M)-fuzzy convex structures can be
summarized in the following figure 1.

¢o(L, M, X)
Th.4.3 Th.4.3 Th.4.2 Cor.4.6
Th.2.1[
L-convex structures (L, M)-fuzzy convex structures
Th.2.1 [20]

Figure 1: Relationships among €,(L, M, X), L-convex structures, (L, M)-fuzzy convex structures

In what follows, we shall propose the concept of the subbase of €,(L, M, X), and discuss its properties.
Definition 4.7. Let S : LX — M be a mapping and let the mapping s : LX — M defined by

s = /\{% € Cu(L,MX)|S<E).

By Theorem 4.2, we get ¢s € €,(L, M, X). Then S is called a subbase of €.

Theorem 4.8. Let f : (X, 6x) — (Y, 6y) be a mapping. Let 6x € C4(L, M, X) and 6y € Co(L,M,Y) and a < B. If
the mapping Sy : LY — M is a subbase of €Y, then the following conditions are equivalent.

(1) VB e LY, 6y(B) = &x(f(B)) > a;

() VB e LY, Sy(B) — %x(f(B) >
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Proof. (1) = (2) It follows from %y(B) > Sy(B) that

a < ¢y(B) — Ex(ff (B)) < Sy(B) = €x(f; (B)).
(2) = (1) Firstly, define the mapping ¢} : LY — M by VB € LY, €/(B) = ¢x(f;"(B)). Then w(Y,¢"y) > «
In fact, 6x € C4(L, M, X), i.e., (X, €x) > B, we know w1(X, €x) > f, w2(X,€x) > p and w3(X, ¢x) > . Then
Cx(Lrx) = B, €x(Trx) = B, and (Njg; €x(Ai)) A B < Cx(N\ier Ai) and (/\je] %X(Aj)) AB < %{(\/'}ZA;)- Note that

fi (Lor) = Lpx, f7(Trr) = Trx. Then €7(Lpv) = Cx(f7 (Lry)) = €x(Lrx) 2 and €U(Trr) = Cx(f (Trr)) =
¢x(Tx) = . Since

€ /\ B) = %x [f:( A\ B»] = %x [ A\ f;(&)] > [ A %(f:(Bi))] nB,

iel iel iel iel

dir dir dir
%;(\/] B)) = %x f;(\/] B))|=%x V] f:(B,-)J > A}%(f;(&))] AB.
J€ IS IS IS

This means w1 (Y, 6Y) > B, wa(Y, 67) = B, ws(Y,€y) > B. Hence w(Y, 67) = w1(Y, 67) A w2(Y, 67) A ws(Y,67) >
B> a.

Secondly, define the mapping %y’ : LY — M by VB € LY, 6)/(B) = a »> %}(B). By Theorem 4.5,
we have 4’ is an (L, M)-fuzzy convex structures on Y. Since Sy(B) < a » ¢}(B) = 4}/ (B) and Sy(B)
is the subbase of %Y, it follows that Sy(B) < ¢y(B) < 4}/(B) = a » %}(B) = a » %x(f"(B)). Hence
a < 6y(B) — ¢x(f,(B). O

5. Subspace, Join space, Quotient space and Product space of €,(L, M, X)

In this section, we will use fuzzy powerset operators on MY and M"" to study the subspace, join space,
quotient space and product space of €, (L, M, X).

Let X and Y be non-empty sets and let f;~ : LY — L* be a mapping satisfying f;~(Vic; A) = Vier £ (A)
S (Nier B) = Nier f7(B). And f (L) = Lpx, f7(Tpr) = Tpx.

Now we shall use f;~ to define the fuzzy powerset operator on ML and ME*,

Definition 5.1 ([19]). The fuzzy powerset operator (f,7)~ : ML — ML is defined by V¢éy € ML, YA €
LX,VBelY,
()7 (@)A) = \/ (& B)If(B) = Al

Definition 5.2 ([19]). The fuzzy powerset operator (f;")~ : MY — M"" is defined by Y¢x € M, VB e LY,

(7)) (6x)(B) = €x(f,” (B)).

We show that the fuzzy powerset operators (f,7)~ and (f,7) do not decrease the degree of w(Y, ¢y) and
w(X, €x).

Theorem 5.3. Let %y € ML". If M is a completely distributive lattice, then w(X, (f;7)7(%Y)) > w(Y, €y).

Proof. In order to prove w(X, (f,7)~(6y)) > w(Y, 6y), we need to check that wi(X, (f;7)7(¢Y)) = wi(Y,6y),
w2(X, (f7)7 (%)) = wa(Y, 6y) and w3 (X, (f7)7(6Y)) = ws(Y, €Y).

(i) Since
(F)@)(Te) = \IGBIf(B) = Tix) 2 G(Tw),
(FO) @) = \IGBIf(B) = Lix) = Gr(ip),
it implies that w1 (X, (f;,7)7(%Y)) = w1 (Y, 6y).
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(ii) Take any {A;};c; € LX. Then

A\ @A) = (F) %)[AA] A\ @By~ \/ @)

iel iel i€l f(B)=A; FoB=Ni A

If there exists i € I, such that f77(B) # A; for any B € LY, then A f)7(6Y)(Ai) = Lym. This implies
w2 (X, (f)7(6Y)) = Tm 2 wa(Y, 6y).

Assume that for any i € I, there exists B; € LY such that f;~(B;) = A;. Then £~ (Aie; Bi)) = Nier 1 (Bi) =
Nier Ai- This shows

0 X, (@)= )\ [A(fL S(@)A) — () (%)[Afn

{Ai}ierSLX \ i€l i€l

- /\ {/\ \/ €y(B) = \/ ¢y(B)
{AidiercLX

iel  f(B)=A; frB)=Nier Ai

22 A A A~ ) &)

{Aidia €LY fi~ (Bi)=A; \ i€l fi- B)=NAier Ai

> A A [ /\ G (B) - € [ A B,-]]

[AderCLX fo(B)=A; \ iel iel

A [/\ @y(Bi) — Gy [ A\ B,-]] = wy(Y, %Y).
{BilierCLY \ i€l iel

Vv

(iii) Take any {A }d” C LX. Then

dir
NE @A) - @[\ A=\ @By~ \/ &0,
j€l j€l jel fi(Bj)=4; fB=VI A

As the previous process of proof (ii), it is sufficient to assume that for any j € J, there exists B; € LY such
that f(Bj) = A;. Then

fi [v Bf] =\/ fBy=\/4;

j€l jel je€l
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Since {Aj}je; C L% is up-directed, we know {B ilier € LY is also up-directed. This shows

@Af]

i€l

(X, (@) = )\ [ AU @A) = (F7)7 (%)

{A; }‘;g/ cLx \ jeJ

- A [A \/ &«®)~ \/ @o)

(A eLX\ j&l £ (B)=4; feB)=V1 A
By(G5)
=== NeB)— \/  “®B)
[AJEeLX £ (Bp=A;\ j&J fB=Vi A
dir
> A N | N\eB) - s |\ B
(Ajncrx fi-)=A; \ jel el
dir
> /\ /\ ¢v(Bj) = ¢y \/ Bi|| = ws(Y, 6y).
(Bl eLx \ jel jel

Combining (i),(ii), (iii), we get w(X, (f,7)7(¢Y)) = w(Y, 6y). O

Theorem 5.4. Let x € M. Then w (Y, (f) (%)) > w(X, %)

4868

Proof. In order to prove w(Y,(f7)"(¢x)) > w(X, €x), it suffices to check w1(Y,(f7)7(¢%)) > wi(X, €x),

w2(Y, (f7)7(€x)) 2 wa(X, €x) and ws(Y, (f7) 7 (€x)) = ws(X, 6Xx).

(@) (Y, (ff)7(€x)) = (f7) T (G (6x)(Trr) = Ex(ff (LoDACK(fi (Tor) = Cx(Lix)AGx(Trx) =

w1 (X/ (gX)
(ii) Take any {Bj}ier € LY. Then f;~ (At Bi) = Aier f;(Bi) and

0 (F) @) = /\ [A(ff)*(%)(&)H<ff>*<<fx>[ABi]]

[B“},'EIQLY i€l i€l

A [ N\ x(fi(B) — [ff { A Bi]]]

[B,‘},‘EIQLY iel i€l

A [ N\ i (B)) = %x [ A f;(&-)]J > wa(X, G).

[B,‘},‘EIQLY iel i€l

(iii) Take any {Bj}jg] C LY. Then f~ (\/ie] Bj) =V ey f7(Bj) and {f;(B))} e is also up-directed. This shows

o (L)@ = /\

(B} LY

@B = (F7) (%)

jel
dir
v
jel
dir

v f;(Bj)]J > w3(X, Cx).

jel

i

jel

/\

(B} LY

- A

;
(B LY

/\ Ex(fi () = %x

jel

h

J\ Gx(fi(B)) - %x

Jel
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Therefore w(Y, (f,7)(%%)) > w(X,¢x). O

Corollary 5.5. Assume ¢y € €,(L, M, Y). If M is completely distributive, then (f;~)” (¢y) € €4(L, M, X) and it is
the coarsest one making v(f) = Tu.

Proof. By Theorem 5.3, we have w(X, (f;7)7(¢Y)) > w(Y, ¢y) > a. This implies (X, (f,7)7(¢Y)) € Cu(L, M, X).
Since

@) (fmB) = \/ 15 B)Ifi=(B) = fi= (B)) > €(B),

we have v(f) = Aperr(6¥(B) — (f7)7(6Y)(f,(B)) = Tum. Assume that ¢x € €,(L, M, X) making v(f) = T,
we need to prove that (f7) 7 (¢y) < ¢x.Infact, YA € L%, (f)7(@E)(A) = V(Y (B)If(B) = A} < €x(f(B)) =
“x(A). O

Corollary 5.6. Suppose ¢x € €4(L, M, X). Then (")~ (¢x) € Cu(L, M, Y)and it is the finest one making v(f) = Ty

Proof. By Theorem 5.4, we have w(Y, (f7)™(¢%)) > w(X, 6x) > a. This means (Y, (f,7)"(%x)) € Ca(L,M,Y).
Since (f)~(x)(B) = %x(f(B)), we have v(f) = Apepr(f)"6)(B) — @x(f; (B) = Tar. Suppose
¢y € €(L,M,Y) making v(f) = Ty, we need to prove that ¢y < (f{7)"(%x). In fact, for each B € LY,
(f7)(€x)(B) = ¢v(B). O

Finally, we will use fuzzy powerset operators (f;)~, (f;)~, Corollary 5.5 and Corollary 5.6 to give
definitions of the subspace, join space, quotient space and product space of 6,(L, M, X) and get some
conclusions.

Definition 5.7. (Subspace) Let M be a completely distribute lattice and let ¥x € €,(L, M, X). For each
Xo € X, lete: Xg — X be the embedding mapping. Define

@ = ()7 (6x) e MM
Then we call the pair (X, %p) as the subspace of (X, ¢x).

Proposition 5.8. Let M be a completely distributive lattice and ¢x € Co(L, M, X), Xo C X and 6y = (e;7)~(%x).
Then the subspace (Xo, 6p) is the coarsest one that makes v(e) = T

Proof. 1t is easy to see from Corollary 5.5 and omitted here. [J

Definition 5.9. (Join space) Let €%, € C,(L,M, X;) for any i € [ and X = @;X; be the direct sum of the
corresponding sets. Suppose ¢; : X; — X is the embedding mapping. Define

Si= (@)~ (6x) e MY, G = )\ .
i€l
Then we call the pair (X, ¥x) as the join space of {(X;, €x,)}ier.

Proposition 5.10. Let ¢, € €,(L, M, X;) for any i € I, and €x € C,u(L, M, X), where X = @i Xi, €x = Nier Si-
Then the join space (X, 6x) is the finest one that makes v(e;) = Ty for any i € I.

Proof. 1t is easy to see from Corollary 5.6 and omitted here. [J

Definition 5.11. (Quotient space) Let ¢x € €,(L, M, X). Assume f : X — Y to be a surjective mapping.
Define v
G = (f7) " (¢x) e M".

Then we call the pair (Y, 6y) as the quotient space of (X, €x).

Proposition 5.12. Let €x € Cu(L, M, X) and 6y € €, (L, M,Y), where ¢y = (f)" (€x).Then the quotient space
(Y, 6y) is the finest one making v(f) = Tm
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As an important concept for further study, the conclusion about the product space is not self-explanatory,
so we give a detailed proof of it.

Definition 5.13. (Product space) Let M be a completely distributive lattice and %%, € €,(L, M, X;) for any
i € I. Let X = I X; be the product of the corresponding sets and p; : X — X; be the projections. Define

¢i=(p)y) (Gx)eM”, S=\/7%.
iel
©x is generated by the subbase S. Then we call the pair (X, ¥x) as the product space of {(X;, €x,)}ier-

Proposition 5.14. Let M be a completely distributive lattice and €x, € C,(L, M, X;) for any i € I. €x is generated
by the subbase S, S = \/; 6, X = i1 Xi. Then the product space (X, €x) is the coarsest one that makes v(p;) = Ty

foranyie L
Proof. In order to verify v(p;) = Tum for any i € I, we need to prove ¥x,(A;) < €x ((pi)‘L_(Ai)) foranyi €I

and A; € LX. According to Corollary 5.5, ‘2 € Cu(L,M, X) and v(p;) = Tm for any i € I. This implies
€x,(Ai) < € ((p) (A)- Then

@x () (A)) = [ A\ %] () (A)) > S((poi(Ap) =

€=S

\V %‘] (P (A9) > @x (4.

i€l

Next, we prove (X, €x) is the coarsest one making v(p;) = T for any i € I. Assume %; € Cu(L,M, X)
which makes v(p;) = Ty, for any i € I, we need to prove €x < . Since Vi € [, YA € L¥,

G = () @@=\ G <% (@) A) = ExA).

(pi); (A=A

It follows that ‘;’% < ‘g; for any i € I. Further S = \/id{é < ?X Hence ?X € €,(L, M, X) containing S.
Therefore ¢x < ¢x. O

6. Conclusions

In this paper, the degree of the mapping w : Obs — M to be an (L, M)-fuzzy convex space and the
degree of the mapping u : Mors — M to be an (L, M)-fuzzy convexity preserving mapping were defined.
Afterwards, we gave a fuzzification method of the ordinary category LM-FCon and prove that the triple
(€, w, u) is an M-fuzzy category. Besides, we introduced the notion of €,(L, M, X) and discussed its subspace,
join space, quotient space and especially product space of €, (L, M, X).

Driven by the above work, there are plenty of other research in the framework of M-fuzzy category
LM-FCon can be considered, such as restricted hull operators, convex hull operators, the JHC and CUP
property, etc., which will be the directions of our future works.

References

[1] I. Alshammari, A. M. Alghamdi, A. Ghareeb, A new approach to concavity fuzzification, J. Math. (2021), 6699295.

[2] W. A. Coppel, Axioms for convexity, Bull. Austral. Math. Soc. 47 (1993), 179-197.

[3] Q.Jin, L. Q. Li, On the embedding of L-convex spaces in stratified L-convex spaces, SpringerPlus 5 (2016), 1610.

[4] D.C.Kay, E. W.. Womble, Axiomatic convexity theory and relationships between the Carathéodory, Helly, and Radon numbers, Pacific J.
Math. 38 (1971), 471-485.

[5] T.Kubiak, A. PSostak, A fuzzification of the category of M-valued L-topological spaces, Appl. Gen. Topol. 5 (2004), 137-154.

[6] E.Q.Li, E G. Shi, Some properties of M-fuzzifying convexities induced by M-orders, Fuzzy Sets and Systems 350 (2018), 41-54.

[7] H.P.Liu, S. Wang, W. P. Fan, Convexity on fuzzy partially ordered sets, J. Intell. Fuzzy Syst. 36 (2019), 3607-3617.

[8] L.Q.Li, On the category of enriched (L, M)-convex spaces, ]. Intell. Fuzzy Syst. 33 (2017), 3209-3216.



[9]
[10]
[11]
[12]
[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]

[38]
[39]

[40]
[41]
[42]

[43]

Y. Zhong et al. / Filomat 39:14 (2025), 48574871 4871

L. Q. Li, Q. Jin, K. Hu, Lattice-valued convergence associated with CNS spaces, Fuzzy Sets Syst. 370 (2019), 91-98.

Q. Liu, F. G. Shi, M-fuzzifying median algebras and its induced convexities, J. Intell. Fuzzy Syst. 36 (2019), 1927-1935.

J. V. Llinares, Abstract convexity, some relations and applications, Optimization 51 (2002), 797-818.

Y. Maruyama, Lattice-valued fuzzy convex geometry, RIMS Kokyuroku 1641 (2009), 22-37.

B. Pang, Categorical properties of L-fuzzifying convergence spaces, Filomat 32 (2018), 4021-4036.

B. Pang, F. G. Shi, Fuzzy counterparts of hull operators and interval operators in the framework of L-convex spaces, Fuzzy Sets Syst. 369
(2019), 20-39.

B. Pang, Convergence structures in M-fuzzifying convex spaces, Quaest. Math. 43 (2019), 1541-1561.

B. Pang, F. G. Shi, Subcategories of the category of L-convex spaces, Fuzzy Sets Syst. 313 (2017), 61-74.

B. Pang, Y. Zhao, Characterizations of L-convex spaces, Iranian J. Fuzzy Syst. 13 (2016), 51-61.

M. V. Rosa, On fuzzy topology fuzzy convexity spaces and fuzzy local convexity, Fuzzy Sets Syst. 62 (1994), 97-100.

S. E. Rodabaugh, Powerset operator foundations for poslat fuzzy set theories and topologies, Springer US, 1999.

E. G. Shi, Z. Y. Xiu, A new approach to the fuzzification of convex structures, J. Appl. Math. 2014 (2014), 1-12.

F. G. Shi, Z. Y. Xiu, (L, M)-fuzzy convex structures, Journal of Nonlinear Sci. Appl. 10 (2017), 3655-3669.

V. P. Soltan, D-convexity in graphs, Soviet Math. Dokl. 28 (1983), 419-421.

A. P. Sostak, Towarda the concept of a fuzzy category, Acta Univ. Latv.(Ser. Math.) 562 (1991), 85-94.

A. P. Sostak, Fuzzy categories related to algebra and topology, Tatra Mount. Math. Publ. 16 (1999), 159-185.

A. P. Sostak, Some remarks on fuzzy k-pseudometric spaces, Filomat 32 (2018), 3567-3580.

C. Shen, E G. Shi, Characterizations of L-convex spaces via domain theory, Fuzzy Sets Syst. 380 (2020), 44-63.

Y. Zhong, F. G. Shi, Formulations of L-convex hulls on some algebraic structures, Journal of Intelligent and Fuzzy Systems 33 (2017),
1385-1395.

M. van de Vel, Theory of Convex Structures, North-Holland, Amsterdam, 1993.

B. Wang, Q. H. Li, Z. Y. Xiu, A categorical approach to abstract convex spaces and interval spaces, Open Math. 17 (2019), 374-384.

K. Wang, E. G. Shi, M-fuzzifying topological convex spaces, Iranian J. Fuzzy Syst. 15 (2018), 159-174.

K. Wang, F. G. Shi, Fuzzifying interval operators, fuzzifying convex structures and fuzzy pre-orders, Fuzzy Sets Syst. 390 (2020), 74-95.
X. Y. Wu, E. Q. Li, Category and subcategories of (L, M)-fuzzy convex spaces, Iranian J. Fuzzy Syst. 16 (2019), 173-190.

X.Y. Wu, C. Y. Liao, (L, M)-fuzzy topological-convex Spaces, Filomat 33 (2019), 6435-6451.

Z.Y. Xiu, Q. H. Li, B. Pang, Fuzzy convergence structures in the framework of L-convex spaces, Iranian J. Fuzzy Syst. 17 (2020), 139-150.
H. Yang, Separation axioms in fuzzy convex spaces, J. Intell. Fuzzy Syst. 40 (2021), 439447.

Y. Zhong, S. Lin, E. H. Chen, An L-fuzzy convex structure induced by L-subuniverse degrees, ]. Nonlinear Cconvex Anal. 21 (2020),
2795-2804.

Y. Zhong, A. P. Sostak, A new definition of fuzzy k-pseudo metric and its induced fuzzifying structures, Iranian J. Fuzzy Syst. 18 (2021),
55-66.

Y. Zhong, A. P. Sostak, F. G. Shi, Pointwise k-pseudo metric space, Mathematics 9 (2021), 2505.

Y. Zhong, S. Lin, M-fuzzifying k-pseudo metric space and its induced M-fuzzifying structures, Computational and Applied Mathematics
41 (2022), 41-70.

Y. Zhong, A. P. Sostak, F. G. Shi, (L, M)-fuzzy k-pseudo metric space, Mathematics 10 (2022), 1151.

Y. Zhong, S. Lin, J. Chang, Characterizations of M-fuzzifying topological operators and its applications, Filomat 39 (2025), 905-919.

Y. Zhong, X. Wu, M. Z. Wang, A novel definition of fuzzy derivatives based on non-increasing and left-continuous fuzzy real numbers,
Comput. Appl. Math. 44 (2025), 103.

Y. Zhong, Y. H. Guo, Z. H. Yang, Research on k-norms and fuzzy k-norms, Comput. Appl. Math. 44 (2025), 112.



