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1. Introduction, Definitions and Preliminaries

LetH = H(U) be the class of functions which are analytic in the open unit disk

U := {z : z ∈ C and |z| < 1} .

We also denote byH(U ×U) the class of functions which are analytic inU ×U, whereU is the closure of
U given by

U := {z : z ∈ C and |z| ≦ 1} =: U ∪ ∂U.

Thus, for n ∈N := {1, 2, 3, · · · }, ξ ∈ U and z ∈N, we have

A(ξ; n) := { f : f (z, ξ) = z + an+1(ξ)zn+1 + · · · } ⊂ H(U ×U),

where, and in what follows, the coefficients ak(ξ) are holomorphic functions inU for integers k ≧ n + 1.

For n ∈N, a ∈ C, ξ ∈ U and z ∈ U, we also set

Hξ[a,n] :=
{

f : f (z, ξ) ∈ H(U ×U) and f (z, ξ) = a + an(ξ)zn + · · ·
}
.

For the classA of functions f, which are analytic inU and normalized by

f(z) = z +
∞∑

k=0

akzk,

it is easily observed that

A = A(1; 1) and A = H1[0, 1],

provided that
a1(1) = 1 and ak(1) = ak (k ∈N \ {1}).

Finally, let S denote the subclass ofA consisting of functions which are univalent inU.

Given two functions f , 1 ∈ H , we say that the f is subordinate to the function 1, and we write f (z) ≺ 1(z),
if there exists a Schwarz function w, which is analytic inUwith

w(0) = 0 and |w(z)| ≦ |z| (z ∈ U),

such that
f (z) = 1

(
w(z)

)
(z ∈ U).

If the function 1 is univalent inU, then the following equivalence holds true (see also some related recent
works in [3, 12, 37]):

f (z) ≺ 1(z) (z ∈ U) ⇐⇒ f (0) = 1(0) and f (U) ⊂ 1(U).

Our motivation for the present investigation is derived from several recent works that are based upon
strong differential subordination and strong differential superordination and their applications in the Geo-
metric Function Theory of Complex Analysis. Antonino and Romaguera [7] studied the strong differential
subordination which extends the concept of differential subordination from the function class H to the
function class Hξ(U ×U). They first studied on the Briot-Bouquet strong differential subordination. Sub-
sequently, in the year 2006, Antonino and Romaguera [6] introduced this concept as an extension of the
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classical differential subordination of Miller and Mocanu [23]. The dual notions of differential subordina-
tion and differential superordination were extended and completely established by Oros (see, for example,
[25] and [28]). Several examples of strong differential subordinations and strong differential superordina-
tions of analytic functions were presented by Jeyaraman et al. (see, for details, [13] and [14]). In recent
years, many researchers have contributed significantly in this direction by using various known operators
[1, 2, 4, 5, 8, 17–20, 22, 27, 33, 40, 41]. Furthermore, in their pioneering work, Jung et al. [15] introduced and
investigated the theory and applications of a family of multiplier transformations in their study of normal-
ized analytic and univalent functions in the open unit diskU. Their work has motivated and encouraged
many further developments, which are based upon various families of multiplier transformations, (see, for
example, [9, 10, 18, 20, 40]).

Henceforth we find it to be convenient to denote byAp(ξ) the subclass of the functions f (z, ξ) ∈ H(U×U),
which are normalized by

f (z, ξ) = zp +

∞∑
k=1

ak+p(ξ) zk+p (z ∈ U; ξ ∈ U; p ∈N).

We also writeA1(ξ) := A(ξ; 1).

Each of the following definitions will be used in our present investigation.

Definition 1. (see [35]) For f ∈ Ap, the general two-parameter operator Ct,m (t ≧ 0; m ∈ N0 := N ∪ {0}) is
defined as follows:

C(0,0) f (z) = f (z) =: C0,

C(t,1) f (z) = (1 − t) f (z) +
tz f ′(z)

p

= zp +

∞∑
k=1

(
p + kt

p

)
ak+pzk+p

=: Ct f (z) (t ≧ 0)

and

C(t,m) f (z) = CtC(t,m−1) f (z)

= zp +

∞∑
k=1

(
p + kt

p

)m

ak+pzk+p (t ≧ 0; m ∈N0).

Definition 2. (see [32]) Let Ω(λ,p,n)
z (−∞ < λ < p; n ∈ N0) denote the n-times superimposition of the

operator Ω(λ,p)
z . It is defined for f ∈ Ap by

Ω
(λ,p,0)
z f (z) = f (z),

Ω
(λ,p,1)
z f (z) =: Ω(λ,p)

z f (z)

and

Ω
(λ,p,n)
z f (z) = Ω(λ,p)

z Ω
(λ,p,n−1)
z f (z)

= zp +

∞∑
k=1

(
Γ(p + k + 1)Γ(p + 1 − λ)
Γ(p + 1)Γ(p + k + 1 − λ)

)n

ak+pzk+p (n ∈N).



H. M. Srivastava, M. M. Soren / Filomat 39:14 (2025), 4635–4656 4638

Definition 3. For a function f ∈ Ap, the multiplier transformationDλ,tp (n,m) : Ap −→ Ap is defined by

D
λ,t
p (n,m) f (z) = Ω(λ,p,n)

z C(t,m) f (z)

= zp +

∞∑
k=1

(
Γ(p + k + 1)Γ(p + 1 − λ)
Γ(p + 1)Γ(p + k + 1 − λ)

)n (
p + kt

p

)m

ap+kzp+k

(
m,n ∈N0; t ≧ 0; −∞ < λ < p; z ∈ U).

Definition 4 extends the multiplier transformation Dλ,tp (n,m) f (z) of Definition 3 to the functions f ∈
Ap(ξ).

Definition 4. (see [35]) For m,n ∈ N0, t ≧ 0, q ≧ 1, −∞ < λ < p and f ∈ Ap(ξ), the general multiplier
transformationDλ,tp (n,m) f (z, ξ) is defined as follows:

D
λ,t
p (n,m) f (z, ξ) = Ω(λ,p,n)

z C(t,m) f (z, ξ)

= zp +

∞∑
k=1

(
Γ(p + k + 1)Γ(p + 1 − λ)
Γ(p + 1)Γ(p + k + 1 − λ)

)n

·

(
p + kt

p

)m

ap+k(ξ)zp+k (z ∈ U; ξ ∈ U). (1)

Remark 1. The multiplier transformationDλ,tp (n,m) f (z, ξ) satisfies the following identity:

z
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′

=
p
t

[
D
λ,t
p (n + q,m) f (z, ξ)

− (1 − t)Dλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ)

]
. (2)

In our present investigation, we shall also make use of the following definitions and lemmas.

Definition 5. (see [25] and [27]) Assume that f (z, ξ) and F(z, ξ) are analytic functions inU×U. The function
f (z, ξ) is said to be strongly subordinate to F(z, ξ) or the function F(z, ξ) is said to be strongly superordinate
to f (z, ξ),which is written as follows:

f (z, ξ) ≺≺ F(z, ξ),

if there exists an analytic function w inU,with

w(0) = 0 and |w(z)| < 1 (z ∈ U),

such that
f (z, ξ) = F

(
w(z), ξ

)
(∀ ξ ∈ U).

Remark 2. [27] If the function F(z, ξ) is univalent inU for all ξ ∈ U, then

f (z, ξ) ≺≺ F(z, ξ)⇐⇒ f (0, ξ) = F(0, ξ) and f
(
U ×U

)
⊂ F

(
U ×U

)
.

In the particular case when the function F(z, ξ) ≡ F(z) and f (z, ξ) ≡ f (z) are functions of z only, then the
strong subordination is reduced to the usual subordination.
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Definition 6. (see [19]) Denote byQξ the set of all analytic and injective functions s(·, ξ) onU×U\E
(
s(z, ξ)

)
,

where

E
(
s(z, ξ)

)
=

{
ζ : ζ ∈ ∂U and lim

z→ζ
s(z, ξ) = ∞

}
,

and are such that
s′(ζ, ξ) , 0

(
ζ ∈ ∂U \ E(s); ξ ∈ U

)
.

The subclass of Qξ for which s(0, ξ) = a is represented by Qξ(a).

Lemma 1. (see [28]) Assume that the fuction s(z, ξ) is univalent in z ∈ U for all ξ ∈ U with s(0, ξ) = a. Also let
the functions θ and ϕ be analytic in a domainD containing s(U ×U) with

ϕ(w) , 0 (w ∈ s(U ×U).

Set
Q(z, ξ) = zs′(z, ξ) · ϕ[s(z, ξ)] and h(z, ξ) = θ[s(z, ξ)] +Q(z, ξ)

and suppose that

1. Q(z, ξ) is starlike univalent inU for all ξ ∈ U;

2. ℜ
(

zh′(z,ξ)
Q(z,ξ)

)
> 0 for all z ∈ U and for all ξ ∈ U.

If r(z, ξ) ∈ Hξ(a, 1) with r(U ×U) ⊆ D and

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
≺≺ θ

(
s(z, ξ)

)
+ zs′(z, ξ)ϕ

(
s(z, ξ)

)
,

then

r(z, ξ) ≺≺ s(z, ξ) (z ∈ U; ξ ∈ U)

and s(z, ξ) is the best dominant.

By setting θ(w) = αw and ϕ(w) = β in Lemma 1, we get the following consequence.

Lemma 2. Assume that the function s(z, ξ) is convex univalent for all z ∈ U and for all ξ ∈ U and α, β ∈ C with

ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

)
> max

{
0,−ℜ

(
α
β

)}
.

If the function r(z, ξ) is analytic in z ∈ U for all ξ ∈ U and

αr(z, ξ) + βzr′(z, ξ) ≺≺ αs(z, ξ) + βzs′(z, ξ),

then r(z, ξ) ≺≺ s(z, ξ) and s(z, ξ) is the best dominant.

Lemma 3. (see [28]) Assume that the function s(z, ξ) is convex univalent inU for all ξ ∈ U. Also let the functions
ϑ and φ be analytic in a domainD containing s(U ×U). Suppose that

1. ℜ

ϑ′
(

s(z,ξ)
)

φ

(
s(z,ξ)

)  > 0 for all z ∈ U and for all ξ ∈ U;

2. The function Q(z, ξ) = zs′(z, ξ)φ
(
s(z, ξ)

)
is starlike univalent inU for allU.
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If r(z, ξ) ∈ Hξ(a, 1) with r(U ×U) ⊆ D, and ϑ
(
r(z, ξ)

)
+ zr′(z, ξ)φ

(
r(z, ξ)

)
is univalent inU for allU, and

ϑ
(
s(z, ξ)

)
+ zs′(z, ξ)φ

(
s(z, ξ)

)
≺≺ ϑ

(
r(z, ξ)

)
+ zr′(z, ξ)φ

(
r(z, ξ)

)
,

then

r(z, ξ) ≺≺ s(z, ξ) (z ∈ U; ξ ∈ U)

and s(z, ξ) is the best subordinant.

By setting ϑ(w) := αw and φ(w) := β in Lemma 3, we get the following consequence.

Lemma 4. Assume that the function q(z, ξ) is convex univalent in U for all U and α, β ∈ C with ℜ
(
α
β

)
> 0. If

r(z, ξ) ∈ Hξ(s(0), 1) ∩Q, r(z) + βzr′(z) is univalent inU for allU and

αs(z, ξ) + βzs′(z, ξ) ≺≺ αr(z, ξ) + βzr′(z, ξ) (z ∈ U; ξ ∈ U),

then s(z, ξ) ≺≺ r(z, ξ) and s(z, ξ) is the best subordinant.

In recent years, many authors carried out researches leading to interesting results which are asso-
ciated with strong differential subordination and strong differential superordination (see, for example,
[11, 13, 14, 21, 28, 30, 35, 39, 43]). The main objective of the present paper is to investigate several strong
differential subordination and strong differential superordination properties of analytic functions associ-
ated with some general multiplier transformations which include above-mentioned combinations with the
iterations of the Owa-Srivastava operator (see [32]). Furthermore, we derive a number of sandwich-type
results for these general multiplier transformations.

The organization of this paper is given as follows. In Section 1, we present the introduction, definitions
and preliminaries that provide the foundation of our paper as well as that are needed to prove our
main results and their consequences. In Section 2, we prove our main results associated with strong
differential subordination by using the general multiplier transformations and deduce some corollaries and
consequences of our main results. In Section 3, we present strong superordination results along with and,
by suitably combining them with the results of Section 2, we obtain a number of sandwich-type results in
Section 4. Finally, in the concluding section (Section 5), we present our remarks and observations which
are based upon the subject-matter of this paper.

2. Results Associated with Strong Subordination

Unless mentioned otherwise, we assume hereafter that m, n ∈N0, t ≧ 0, q ≧ 1 and∞ < λ < p. Our first
strong subordination result is asserted by Theorem 1 below.

Theorem 1. Let the function s(z, ξ) ∈ Ap(ξ) be univalent inU ×U with s(0, ξ) = 1 and

ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

)
> max

{
0,−

p
t
ℜ

(1
δ

)}
(δ > 0). (3)

If the function f ∈ Ap(ξ) satisfies the following strong subordination condition:

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

≺≺ s(z, ξ) +
δt
p

zs′(z, ξ), (4)
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whereDλ,tp (n,m) f (z, ξ) is defined in (1), then

D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ≺≺ s(z, ξ) (z ∈ U; ξ ∈ U) (5)

and s(z, ξ) is the best dominant.

Proof. Let

r(z, ξ) =
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp (z ∈ U; ξ ∈ U). (6)

Then, upon differentiating (6) with respect to z, we find that

pzpr(z, ξ) + zp+1r′(z, ξ) = z
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
,

which, by applying the identity (2) and after some simplification, yields

r(z, ξ) +
t
p

zr′(z, ξ) =
D
λ,t
p (n + q,m) f (z, ξ)

zp . (7)

Therefore, by the hypothesis (4), we have

r(z, ξ) +
δt
p

zr′(z, ξ) ≺≺ s(z, ξ) +
δt
p

zs′(z, ξ).

Finally, we apply Lemma 2 with α = 1 and β = δtp . We are thus led to the required result (5) of Theorem
1. The proof of Theorem 1 is completed.

If, in Theorem 1, we set

s(z, ξ) =
1 + Aξz
1 + Bξz

, −1 ≦ B < A ≦ 1 and s(z, ξ) =
1 + ξz
1 − ξz

,

then we have the following corollaries.

Corollary 1. Let δ ∈ C \ {0} (1 ≦ B < A ≦ 1) and

|B| − 1
|B| + 1

<
p
t
ℜ

(1
δ

)
.

If f ∈ Ap(ξ) satisfies the following strong subordination:

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

≺≺
1 + Aξz
1 + Bξz

+
δt
p

(A − B)ξz
(1 + Bξz)2 ,

whereDλ,tp (n,m) f (z, ξ) is defined in (1), then

D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ≺≺
1 + Aξz
1 + Bξz

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best dominant.
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Corollary 2. Let δ ∈ C \ {0} withℜ
(

1
δ

)
> 0. If f ∈ Ap(ξ) satisfies the following strong subordination:

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

≺≺
1 + ξz
1 − ξz

+
δt
p

2ξz
(1 − ξz)2 ,

then

D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ≺≺
1 + ξz
1 − ξz

(z ∈ U; ξ ∈ U)

and 1+ξz
1−ξz is the best dominant.

Theorem 2. Let the function s(z, ξ) be univalent inU for allU with s(0, ξ) = 1 and

ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

−
zs′(z, ξ)
s(z, ξ)

)
> 0. (8)

Also let η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. If f ∈ Ap(ξ) satisfies the following strong subordination:

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0 (z ∈ U; ξ ∈ U)

and

η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p


≺≺

zs′(z, ξ)
s(z, ξ)

, (9)

then νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

≺≺ s(z, ξ)

and s(z, ξ) is the best dominant.

Proof. Let the function r(z, ξ) be defined by

r(z, ξ) :=

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

. (10)

It is clear that r(z, ξ) is analytic inU for all ξ ∈ U. Now, by logarithmic differentiation in (10), we obtain

zr′(z, ξ)
r(z, ξ)

= η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p

 . (11)

We now set
θ(w) = 1 and ϕ(w) =

1
w
,
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Φ(z, ξ) = zs′(z, ξ)ϕ
(
s(z, ξ)

)
=

zs′(z, ξ)
s(z, ξ)

and

h(z, ξ) = θ
(
s(z, ξ)

)
+ Φ(z, ξ) = 1 +

zs′(z, ξ)
s(z, ξ)

.

Thus, from the hypothesis (8), we see that the function Φ(z, ξ) is starlike inU for all ξ ∈ U and

ℜ

(
zh′(z, ξ)
Φ(z, ξ)

)
=ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

−
zs′(z, ξ)
s(z, ξ)

)
> 0.

Therefore, the relation (11) can be written as follows:

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
= 1 + η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p

 ,
which, in view of (9), yields

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
≺≺ 1 +

zs′(z, ξ)
s(z, ξ)

= θ
(
s(z, ξ)

)
+ zs′(z, ξ)ϕ

(
s(z, ξ)

)
.

Finally, by applying Lemma 1, we obtain

r(z, ξ) ≺≺ s(z, ξ),

and s(z, ξ) is the best dominant. This completes the proof of Theorem 2.

Setting

ν = 0, µ = 1 and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 2 and assuming that (8) holds true, we can deduce the following result.

Corollary 3. Let η ∈ C \ {0} and −1 ≦ B < A ≦ 1. If f ∈ Ap(ξ) satisfies the following strong subordination:

η

z
(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p

 ≺≺ (A − B)ξz
(1 + Aξz)(1 + Bξz)

,

then Dλ,tp (n + q,m) f (z, ξ)

zp


η

≺≺
1 + Aξz
1 + Bξz

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best dominant.

Theorem 3. Let the function s(z, ξ) be univalent inU for allU with s(0, ξ) = 1 and

ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

−
zs′(z, ξ)
s(z, ξ)

)
> 0. (12)
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Also let η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Suppose that f ∈ Ap(ξ) satisfies the following condition:

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0 (z ∈ U; ξ ∈ U)

and set

∆(z, ξ) =

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

+ η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p

 . (13)

If

∆(z, ξ) ≺≺ s(z, ξ) +
zs′(z, ξ)
s(z, ξ)

(z ∈ U; ξ ∈ U), (14)

then νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

≺≺ s(z, ξ)

and s(z, ξ) is the best dominant.

Proof. Following the lines of the proof of Theorem 2, let r(z, ξ) be defined in (10) and

θ(w) = w and ϕ(w) =
1
w
,

Φ(z, ξ) = zs′(z, ξ)ϕ
(
s(z, ξ)

)
=

zs′(z, ξ)
s(z, ξ)

and

h(z, ξ) = θ
(
s(z, ξ)

)
+ Φ(z, ξ) = s(z, ξ) +

zs′(z, ξ)
s(z, ξ)

.

Hence, from (10) and (11), the condition (14) can be written as follows:

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
≺≺ θ

(
s(z, ξ)

)
+ zs′(z, ξ)ϕ

(
s(z, ξ)

)
.

Therefore, by applying Lemma 1, we get the required result.

Setting

ν = 0, µ = 1 and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 3 and assuming that (12) holds true, we have the following result.

Corollary 4. Let f ∈ Ap(ξ) satisfy the following condition:

D
λ,t
p (n + q,m) f (z, ξ)

zp , 0 (z ∈ U; ξ ∈ U)
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and η ∈ C \ {0}. IfDλ,tp (n + q,m) f (z, ξ)

zp


η

+ η

z
(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p


≺≺

1 + Aξz
1 + Bξz

+
(A − B)ξz

(1 + Aξz)(1 + Bξz)
,

then Dλ,tp (n + q,m) f (z, ξ)

zp


η

≺≺
1 + Aξz
1 + Bξz

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best dominant.

Theorem 4. Let α, η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Also let the function s(z, ξ) be univalent inU for allU
with s(0, ξ) = 1 and

ℜ

(
1 +

zs′′(z, ξ)
s′(z, ξ)

)
> max{0,−ℜ(α)}. (15)

Suppose that f ∈ Ap(ξ) satisfies the following condition:

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0 (z ∈ U; ξ ∈ U)

and set

∇(z, ξ) =

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

·

α + η
νz

(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p


 . (16)

If

∇(z, ξ) ≺≺ αs(z, ξ) + zs′(z, ξ) (z ∈ U; ξ ∈ U), (17)

then νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

≺≺ s(z, ξ)

and s(z, ξ) is the best dominant.

Proof. The proof is similar to that of Theorem 2. Let r(z, ξ) be defined in (10). From (11), we have

zr′(z, ξ) = ηr(z, ξ)

·

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p

 . (18)
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Thus, if we set
θ(w) = αw and ϕ(w) = 1,

Φ(z, ξ) = zs′(z, ξ)ϕ
(
s(z, ξ)

)
= zs′(z, ξ)

and

h(z, ξ) = θ
(
s(z, ξ)

)
+ Φ(z, ξ) = αs(z, ξ) + zs′(z, ξ),

it is clear from (15) that the function Φ(z, ξ) is starlike inU for all ξ ∈ U and

ℜ

(
zh′(z, ξ)
Φ(z, ξ)

)
=ℜ

(
α + 1 +

zs′′(z, ξ)
s′(z, ξ)

)
> 0.

Now, from (10) and (18), we get

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
= αr(z, ξ) + zr′(z, ξ) = ∇(z, ξ),

where ∇(z, ξ) is defined in (16). The equation (17) can be written as follows:

θ
(
r(z, ξ)

)
+ zr′(z, ξ)ϕ

(
r(z, ξ)

)
≺≺ θ

(
s(z, ξ)

)
+ zs′(z, ξ)ϕ

(
s(z, ξ)

)
.

Therefore, by applying Lemma 1, we get

r(z, ξ) ≺≺ s(z, ξ),

and s(z, ξ) is the best dominant. The proof of Theorem 4 is completed.

Setting

ν = 0, µ = 1, α, η ∈ C \ {0} and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 4 and assuming that (15) holds true, we can deduce the following result.

Corollary 5. Let f ∈ Ap(ξ) satisfy the following condition:

D
λ,t
p (n + q,m) f (z, ξ)

zp , 0 (z ∈ U; ξ ∈ U).

If Dλ,tp (n + q,m) f (z, ξ)

zp


η

·

α + η
z

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p




≺≺
1 + Aξz
1 + Bξz

+
(A − B)ξz

(1 + Aξz)(1 + Bξz)
,

then Dλ,tp (n + q,m) f (z, ξ)

zp


η

≺≺
1 + Aξz
1 + Bξz

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best dominant.
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3. Results Associated with Strong Superordination

Here, in this section, we present the following strong superordination results.

Theorem 5. Let the function s(z, ξ) ∈ Ap(ξ) be convex univalent in U for all ξ ∈ U with s(0, ξ) = 1. Also let
f ∈ Ap(ξ),

D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ∈ Hξ(1, 1) ∩ Qξ

and

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

be univalent inU ×U, where Dλ,tp (n,m) f (z, ξ) is defined in (1). If

s(z, ξ) +
δt
p

zs′(z, ξ)

≺≺ (1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp , (19)

then

s(z, ξ) ≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp (z ∈ U; ξ ∈ U)

and s(z, ξ) is the best subordinant.

Proof. Let the function r(z, ξ) be defined in (6). Then, by using (7), we find from Theorem 1 that

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

= r(z, ξ) +
δt
p

zr′(z, ξ).

Since the hypothesis (19) reduces to the following form:

s(z, ξ) +
δt
p

zs′(z, ξ) ≺≺ r(z, ξ) +
δt
p

zr′(z, ξ).

Thus, by applying Lemma 4, we get

s(z, ξ) ≺≺ r(z, ξ)

or, equivalently,

s(z, ξ) ≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp (z ∈ U; ξ ∈ U)

and s(z, ξ) is the best subordinant. The proof of Theorem 5 is evidently completed.

Setting

s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

and
s(z, ξ) =

1 + ξz
1 − ξz

in Theorem 5, we have the following corollaries.



H. M. Srivastava, M. M. Soren / Filomat 39:14 (2025), 4635–4656 4648

Corollary 6. Let δ ∈ C \ {0} (−1 ≦ B < A ≦ 1) and

|B| − 1
|B| + 1

<
p
t
ℜ

(1
δ

)
.

If f ∈ Ap(ξ) satisfies the following condition:

1 + Aξz
1 + Bξz

+
δt
p

(A − B)ξz
(1 + Bξz)2

≺≺ (1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp ,

whereDλ,tp (n,m) f (z, ξ) is defined in (1), then

1 + Aξz
1 + Bξz

≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp (z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best subordinant.

Corollary 7. Let δ ∈ C \ {0} and p
tℜ

(
1
δ

)
> 0. If f ∈ Ap(ξ) satisfies the following condition:

1 + ξz
1 − ξz

+
δt
p

2ξz
(1 − ξz)2

≺≺ (1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

whereDλ,tp (n,m) f (z, ξ) is defined in (1), then

1 + ξz
1 − ξz

≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp (z ∈ U; ξ ∈ U)

and 1+ξz
1−ξz is the best subordinant.

Theorem 6. Let the function s(z, ξ) ∈ Ap(ξ) be convex univalent inU for all ξ ∈ U with s(0, ξ) = 1 and (8) holds
true. Also let η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Assume that f ∈ Ap(ξ) such thatνDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

∈ Hξ(1, 1) ∩ Qξ

and

η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p


is univalent inU for all ξ ∈ U. If

zs′(z, ξ)
s(z, ξ)

≺≺ η

νz
(
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)
)′
+ µz

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
νDλ,tp (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)
− p

 ,
then

s(z, ξ) ≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

and s(z, ξ) is the best subordinant.
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Proof. Set ϑ(w) = 1 and φ(w) = 1
w and note that ϑ(w) and φ(w) are analytic inC\ {0}.Hence, clearly, Theorem

6 immediately follows as an application of Lemma 3.

Setting

ν = 0, µ = 1 and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 6 and assuming that (8) holds true, we get the following result.

Corollary 8. Let η ∈ C \ {0}. If f ∈ Ap(ξ) satisfies the following strong superordination:

(A − B)ξz
(1 + Aξz)(1 + Bξz)

≺≺ η

z
(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p

 ,
then

1 + Aξz
1 + Bξz

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best subordinant.

Theorem 7. Let s(z, ξ) ∈ Ap(ξ) be a convex univalent function in U for all ξ ∈ U with s(0, ξ) = 1. Suppose that
s(z, ξ) satisfies (12) and ℜ

(
s(z, ξ)

)
> 0. Also let η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Assume that f ∈ Ap(ξ)

such thatνDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

∈ Hξ(1, 1) ∩ Qξ

and ∆(z, ξ) defined in (13) is univalent inU for all ξ ∈ U. If

s(z, ξ) +
zs′(z, ξ)
s(z, ξ)

≺≺ ∆(z, ξ) (z ∈ U; ξ ∈ U),

then

s(z, ξ) ≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

,

where s(z, ξ) is the best subordinant.

Proof. Our demonstration of Theorem 7 would run analogous to the proof of Theorem 6, so we omit the
details involved.

Setting

ν = 0, µ = 1 and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 7 and assuming that (12) holds true, we can deduce the following result.

Corollary 9. Let f ∈ Ap(ξ) satisfy the following condition:

D
λ,t
p (n + q,m) f (z, ξ)

zp , 0 (z ∈ U; ξ ∈ U)
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and let η ∈ C \ {0}. If

1 + Aξz
1 + Bξz

+
(A − B)ξz

(1 + Aξz)(1 + Bξz)

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

+ η

z
(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p

 ,
then

1 + Aξz
1 + Bξz

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best subordinant.

Theorem 8. Let α, η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Also let the function s(z, ξ) be univalent in U for all
ξ ∈ U with s(0, ξ) = 1 and

ℜ

(
α
η

)
> 0.

Assume that f ∈ Ap(ξ) such that

νDλ,tp (n + q − 1,m − 1) f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0 (z ∈ U; ξ ∈ U)

and νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

∈ Hξ(1, 1) ∩ Qξ,

and that ∇(z, ξ) defined in (16) is univalent inU for all ξ ∈ U. If

s(z, ξ) +
zs′(z, ξ)
s(z, ξ)

≺≺ ∇(z, ξ) (z ∈ U; ξ ∈ U),

then

s(z, ξ) ≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

and s(z, ξ) is the best subordinant.

Proof. Just as in our proofs of Theorem 6 and Theorem 7, Theorem 8 follows from Lemma 3. The details are
being omitted here.

Setting

ν = 0, µ = 1, α, η ∈ C \ {0} and s(z, ξ) =
1 + Aξz
1 + Bξz

(−1 ≦ B < A ≦ 1)

in Theorem 8 and assuming that (15) holds true, we get the following result.
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Corollary 10. Let f ∈ Ap(ξ) satisfy the following condition:

D
λ,t
p (n + q,m) f (z, ξ)

zp , 0 (z ∈ U; ξ ∈ U).

If

1 + Aξz
1 + Bξz

+
(A − B)ξz

(1 + Aξz)(1 + Bξz)

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

·

α + η
z

(
D
λ,t
p (n + q,m) f (z, ξ)

)′
D
λ,t
p (n + q,m) f (z, ξ)

− p


 ,

then

1 + Aξz
1 + Bξz

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

(z ∈ U; ξ ∈ U)

and 1+Aξz
1+Bξz is the best subordinant.

4. Sandwich-Type Results

By combining Theorem 1 with Theorem 5, we have the following sandwich-type results.

Theorem 9. Let the functions s1(z, ξ) and s2(z, ξ) be convex univalent inU ×U with

s1(0, ξ) = s2(0, ξ) = 1 and
t
p
ℜ(δ) > 0.

Also let f ∈ Ap(ξ) and
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ∈ Hξ(1, 1) ∩ Qξ.

If the function

(1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

is univalent inU ×U, and

s1(z, ξ) +
δt
p

zs′1(z, ξ)

≺≺ (1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

≺≺ s2(z, ξ) +
δt
p

zs′2(z, ξ),

then

s1(z, ξ) ≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ≺≺ s2(z, ξ) (z ∈ U; ξ ∈ U),

where s1(z, ξ) and s2(z, ξ) are the best subordinant and the best dominant, respectively.
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If we set

s1(z, ξ) =
1 + A1ξz
1 + B1ξz

and s1(z, ξ) =
1 + A2ξz
1 + B2ξz

(−1 ≦ B2 < B1 < A1 ≦ A2 ≦ 1)

in Theorem 9, then we have the following corollary.

Corollary 11. If f ∈ Ap(ξ),

D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ∈ Hξ(1, 1) ∩ Qξ

and

1 + A1ξz
1 + B1ξz

+
δt
p

(A1 − B1)ξz
(1 + B1ξz)2

≺≺ (1 − δ)
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp + δ
D
λ,t
p (n + q,m) f (z, ξ)

zp

≺≺
1 + A2ξz
1 + B2ξz

+
δt
p

(A2 − B2)ξz
(1 + B2ξz)2 ,

then

1 + A1ξz
1 + B1ξz

≺≺
D
λ,t
p (n + q − 1,m − 1)Ω(λ,p)

z f (z, ξ)

zp ≺≺
1 + A2ξz
1 + B2ξz

,

where
1 + A1ξz
1 + B1ξz

and
1 + A2ξz
1 + B2ξz

are the best subordinant and the best dominant, respectively.

Next, by combining Theorem 3 with Theorem 7, we have the following sandwich-type results.

Theorem 10. Let the functions s1(z, ξ) and s2(z, ξ) be convex univalent inU ×U with

s1(0, ξ) = s2(0, ξ) = 1, ℜ
(
s1(z, ξ)

)
> 0 and s2(z, ξ) , 0

and

ℜ

1 +
zs′′j (z, ξ)

s′j(z, ξ)
−

zs′j(z, ξ)

s j(z, ξ)

 > 0 ( j := 1, 2).

Also let η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Suppose that the function f ∈ Ap(ξ) such that

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0

and νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

∈ Hξ(1, 1) ∩ Qξ.

Suppose also that ∆(z, ξ) defined in (13) is univalent inU for all ξ ∈ U. If

s1(z, ξ) +
zs′1(z, ξ)
s1(z, ξ)

≺≺ ∆(z, ξ) ≺≺ s2(z, ξ) +
zs′2(z, ξ)
s2(z, ξ)

,
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then

s1(z, ξ) ≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

≺≺ s2(z, ξ),

where s1(z, ξ) and s2(z, ξ) are the best subordinant and the best dominant, respectively.

Setting

ν = 0, µ = 1, s1(z, ξ) =
1 + A1ξz
1 + B1ξz

and s1(z, ξ) =
1 + A2ξz
1 + B2ξz

(−1 ≦ B2 < B1 < A1 ≦ A2 ≦ 1)

in Theorem 10, we are led to the following corollary.

Corollary 12. Let η ∈ C \ {0}. Suppose that the function f ∈ Ap(ξ) such that

Dλ,tp (n + q,m) f (z, ξ)

zp , 0

and Dλ,tp (n + q,m) f (z, ξ)

zp


η

∈ Hξ(1, 1) ∩ Qξ.

Suppose also that ∆(z, ξ) defined in (13) is univalent inU for all ξ ∈ U. If

1 + A1ξz
1 + B1ξz

+
(A1 − B1)ξz

(1 + A1ξz)(1 + B1ξz)
≺≺ ∆(z, ξ)

≺≺
1 + A2ξz
1 + B2ξz

+
(A2 − B2)ξz

(1 + A2ξz)(1 + B2ξz)
,

then

1 + A1ξz
1 + B1ξz

≺≺

Dλ,tp (n + q,m) f (z, ξ)

zp


η

≺≺
1 + A2ξz
1 + B2ξz

,

where
1 + A1ξz
1 + B1ξz

and
1 + A2ξz
1 + B2ξz

are the best subordinant and the best dominant, respectively.

Finally, by combining Theorem 4 with Theorem 8, we have the following sandwich-type results.

Theorem 11. Let α, η ∈ C \ {0} and ν, µ ∈ C with ν + µ , 0. Also let the functions s1(z, ξ) and s2(z, ξ) be convex
univalent inU ×U with

s1(0, ξ) = s2(0, ξ) = 1 and ℜ

(
α
η

)
> 0.

Suppose that the function s2(z, ξ) satisfies the following condition:

ℜ

(
1 +

zs′′2 (z, ξ)
s′2(z, ξ)

)
> max{0,−ℜ(α)}.
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Suppose that the function f ∈ Ap(ξ) such that

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0

and νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

∈ Hξ(1, 1) ∩ Qξ.

Suppose also that ∇(z, ξ) defined in (16) is univalent inU for all ξ ∈ U. If

αs1(z, ξ) + zs′1(z, ξ) ≺≺ ∇(z, ξ) ≺≺ s2(z, ξ) +
zs′2(z, ξ)
s2(z, ξ)

,

then

s1(z, ξ) ≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp


η

≺≺ s2(z, ξ),

where s1(z, ξ) and s2(z, ξ) are the best subordinant and the best dominant, respectively.

Setting

s1(z, ξ) =
1 + A1ξz
1 + B1ξz

and s1(z, ξ) =
1 + A2ξz
1 + B2ξz

(−1 ≦ B2 < B1 < A1 ≦ A2 ≦ 1)

in Theorem 11, we arrive at the following corollary.

Corollary 13. Let η ∈ C \ {0}. Suppose that the function f ∈ Ap(ξ) such that

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0

and νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0


η

∈ Hξ(1, 1) ∩ Qξ.

Suppose also that the function ∇(z, ξ) defined in (16) is univalent inU for all ξ ∈ U. If

1 + A1ξz
1 + B1ξz

+
(A1 − B1)ξz

(1 + A1ξz)(1 + B1ξz)
≺≺ ∇(z, ξ) ≺≺

1 + A2ξz
1 + B2ξz

+
(A2 − B2)ξz

(1 + A2ξz)(1 + B2ξz)
,

then

1 + A1ξz
1 + B1ξz

≺≺

νDλ,tp (n + q − 1,m − 1)Ω(λ,p)
z f (z, ξ) + µDλ,tp (n + q,m) f (z, ξ)

(ν + µ)zp , 0


η

≺≺
1 + A2ξz
1 + B2ξz

,

where
1 + A1ξz
1 + B1ξz

and
1 + A2ξz
1 + B2ξz

are the best subordinant and the best dominant, respectively.
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5. Concluding Remarks and Observations

In our present investigation, we have considered a number of applications of the principles of strong dif-
ferential subordination and strong differential superordination in Geometric Function Theory of Complex
Analysis. We have made use of a general multiplier transformation in order to obtain several new strong
differential subordination results and several new strong differential superordination results. In each of our
results, we have the best subordinant and best dominant. By using using such general multiplier transfor-
mations as those that we have applied in this paper in the analysis of strong differential subordination and
strong differential superordination, one can obtain many different properties of other subclasses of analytic
function and univalent functions.

For the purpose to mainly motivate and significantly prepare the interested researchers on the subjects
dealt with in this paper, we choose to conclude this presentation by referring them to several related
recent developments (see, for example, [16], [24], [29], [31], [36], [38], [42], [44] and [45]) on differential
subordinations and differential superordinations, multiplier transformations, as well as the associated
sandwich-type results.
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Math. 1 (2014), 28–34.
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