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Characterization of generalized strong convergence
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Abstract. In this paper, introducing the concept of B—uniform integrability of sequences, we prove
that a sequence is B—strongly convergent if and only if it is B—statistically convergent and B—uniformly

integrable where 8 = (B j) = (b (j)) is a sequence of nonnegative regular summability matrices. We also
give a criterion for B-statistical convergence.

1. Introduction and Preliminaries

The main theme of using summability methods is to make a non-convergent sequence to converge.
This leads us to study generalized strong convergence ([14]) and generalized statistical convergence ([16]).
We recall that the generalization is made by means of a sequence 8 = (B ]-) of nonnegative regular matrices
B; = (bux (j)) - Kolk [12] proved some inclusion results between generalized strong convergence and gener-
alized statistical convergence by using modulus functions under some restrictions. In the present paper,
introducing the concept of 8—uniform integrability of sequences, we prove that the sequence x = (x) is
B-strongly convergent if and only if it is B—statistically convergent and 8- uniformly integrable. This
result is an extension of those of Kolk [12], Connor [2] and [3] and, Khan and Orhan [11]. In order to prove
our main result we first characterize 8—uniform integrability. In the final section we give a criterion for

B—statistical convergence which is an analog of Shoenberg’s result [20]. We also refine our result by using
the idea of Salat [19], (see, also [5], [9]).

2. B-Strong Convergence and B—Uniform Integrability

LetB = (B ]-) be a sequence of infinite matrices Bj = (bu (j)) . A sequence x = (xx) is called B—summable to

L, briefly 8—lim x = L ([21]) if lim ank (j) xx = L, uniformly in j. Of course we assume here that the series
is convergent for each 7 and j. Sometimes such a method 8 is called a sequential method of summability. A
sequential method of summability 8 is called regular if every convergent sequence x = (xx) is 5—summable

and B-lim x = lim x. It is well-known ([1], [21]) that the method B = (B j) with Bj = (b (f)) is regular if and
only if

i) limy, by (j) = 0 for all k, uniformly in j,
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if) lim,, ank (j) = 1, uniformly in j,

jEN, n=m

k
iff) 2 |bnk ( ])( < oo for all n and j; and there exists an integer m such that sup Z }bnk ( ])l < oo,
k k

Throughout the paper we write

[ A|l := sup Z
n,j k

to mean that, there exists a constant M such that Z )bnk ( ])| < M (for all n, for all j) and the series
k

9

< 00

ank (j) converges for each n, uniformly in j.We note in passing that 8—summability is closely related to

k
almost convergence [13] and ergodic theory [18].

By R* we denote the set of all regular sequential methods 8 with b, (j) > 0 for all 1, k, j. Throughout
the paper we assume that 8 € R". By an index set we mean a set K = {kj} C N, where k; < kjy; for all j. An
index set K has B density provided that 8 € R" and

lim E buk (j) = d, uniformly in j
n
keK

(see Kolk [12], for details). In this case we write 6g (K) = d.
Let B € R". A sequence x = (xi) is called B—statistically convergent to number L, if for every ¢ > 0

0g(fke N:|x,—Ll>¢})=0

(see, e.g., Kolk [12], Mursaleen and Edely [16]). For statistical convergence see, e.g. Miller [15], Fridy
[6], Fridy and Orhan [7], [8], Connor [2] and [3].

Maddox [14], Mursaleen [17] introduced the concept of B—strong summability: a sequence x = (x) is
called 8-strongly summable to a number L if

li’rln ank (j) lxk — L| = 0, uniformly in j.
k

In this section we assume that 8 € R" and ank (/) = 1forall n and j. Such class of sequential methods
k

will be denoted by M*.
We now present a definition concerning 8—uniform integrability which is an analog of Khan and Orhan’s
definition [11].

Definition 2.1. Let B € M". A sequence x = (xy) is called B—uniformly integrable if

lim sup Z buk () Ixk| = 0, uniformly in j.
7% n kel | >t
By Ug we denote the space of all B—uniformly integrable sequences. Observe that any bounded
sequence is B—uniformly integrable.
Next we give some conditions which are equivalent to 8—uniform integrability.

We note that the following result is motivated by the Summer Seminar lectures given by M. K. Khan
[10].

Theorem 2.2. Let B € M". A sequence x = (xi) is B—uniformly integrable if and only if
i) sup Y_bu ()bl < oo,

nJ k=1
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if) given any € > 0, there exists a 6 > 0 so that for any subset E of positive integers for which

sup ank (j)<o

] keE

we have

sup ank () el < e.
n,j k

Proof. Let x € Ug. Then for € > 0, choose a positive real number to such that for every t > t,

sup Y buc ()il < 5 @1)

Wi kx>t

Hence we have

Y b Gbd < Y b G bl + Y b () el (22)
k

kelxel<to kx>t

Now using (2.1) and (2.2) we see that

i N
Sup ;bnk () el < to Sup ;bnk () + 5 < oo.
This proves (i). We now prove (ii) . To get this, take 0 = %, (ty # 0), and for any subset E C N, we let
0
sup ank (j) <o 03

"] keE

Observe now that

Y bubad < Y bw(Dhd+ Y bu (i)l

keE keE:|x|>to keE:|x|<ty

Applying the operator “sup” on both sides and considering (2.3) we get

n,j

sup ank () Il < g +ty sup zbnk

] keE ] keE

<

from which (ii) follows.
We now prove sufficiency. By (i) we let

M := sup ank () k] < 0.
n,j k

Now we have

sup Y buc () il < sup ) b () bl = M.
n,j k

] fell>t
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Hence we get boundedness in t. By (ii) , for any € > 0 there exists a 0 > 0 such that

sup ank (j) < 6 implies sup ank () Il < e.

] keE ] keE

So for this € > 0, take ty = %/I Now define the set E (t) := {k : |x¢| > t}. Observe that for any t > ty we have

sup ) bu(j) < 7 sup ank (7) b

"j keE(t)

Hence (ii) holds for this choice of E (t) and we conclude that
sup Z bk () Ixk| < €, for t > ty.
nj keE(H)
This yields that x € Ug. 0O

We now characterize 8—strong convergence via 8—uniform integrability and 8—statistical convergence.
It also extends Kolk’s result [12] (see also, [9], [11]).

Theorem 2.3. Let B € M and let x = (xi) be a sequence of real numbers. The sequence x is B—strongly convergent
to zero if and only if stg — limx = 0 and x € Usg.

Proof. Assume stg —limx = 0 and x € Ug. For every € > 0 and t > 0 we have

Y bl < Y b (Dled+ Y bue ()

kel |<t kie<|xi|<t k:|xg|[<min(t,e)

<ty bnk(])+eank(])

k: |xg|>e

<t bu(j)+e

k:lxe|>¢
Applying the operator “lim sup sup” on both sides we conclude that
n j
lim sup sup Z bk () lxkl < 0 + €. (2.4)
n I kel<t

Omn the other hand one can have

ank G)bed < ) buc () bl + ) b () el

Felxe >t kelx|<t
By (2.4) we have
lim sup sup ank () x| < € + lim sup sup Z b () |kl
] k|| >t
< ¢&+sup Z buk (j) |k
>t
< € + lim sup Z bk () el
n ] kel >t

=e¢+0=c¢.
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Since € > 0 is arbitrary we conclude that
lim sup ank () el = 0,
ik

i.e., x is B—strongly convergent to zero.
To prove the converse, assume that

lirrln sup ank (j) Il = 0.
i %

Hence given € > 0, we immediately have

Z bu (7) = Z buk (j) < %ibnk () el
=1

k:lxg|>e X
k:w>
&

1
It follows from (2.5) that

lilgn sup Z bu (j) =0,

I klxl>e
ie.,
stg —limx = 0.

By (2.5), given € > 0 get a natural number N = N (&) so that,

sup ank (x| < &, foralln > N.
I

4661

(2.5

Since sup ].ank () Ikl < oo for each n = 1,2,..,N — 1, choose a positive integer K large enough so that
k

sup ank (j) lxx| < € for all n < N. Hence,

]

k>K

sup Z bk (j) Ixil < €

] elx>t

provided that t > max{[x1|, ..., |xx|} . This proves that x is B—uniformly integrable.

3. A Criterion for B—statistical convergence

Schoenberg [20] proved a criterion for ordinary statistical convergence (see, also [5], [9], [22]).In the
same vein this section presents a criterion for B—statistical convergence. We will also improve this result
later on.

The next result uses the same technique as in [20], so we omit its proof (see, also [4]).

Lemma 3.1. Let B € R" and let x = (xx) be a sequence of real numbers and stg—lim x = L. If the function g : R — R
is continuous at y = L, then stg —lim g (x) = g (L).

Below we give an analog of Schoenberg’s criterion. The main tool in proving this result is the Fourier
transformation.
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Theorem 3.2. Let B € R" and let x = (xi) be a sequence. Then stg — limx = L if and only if

lim sup ank (j) ™ = €™, for every real t. (3.1)
R A=)

Proof. Let stg —limx = L, and let g (x) = '™ for a fixed t € R. Notice that g is a continuous function of x. then we
have by Lemma 3.1 that stg — lim e = ¢, Since (ei“‘k) is a bounded sequence, it follows from Theorem 2.2 that

(eit"k) is B—strongly summable. As the sequence B = (by (})) satisfies the conditions of Maddox [14] we conclude
that (eit"k) is B—summable , i.e.,

lim sup ank (j) et = e,
n ] T

Conversely assume that (3.1) holds. Following [20] we define a continuous function M by

0 ;if y<-1
1+y;if -1<y<0
-y if 0<y<1
0 if y>1

M(y) =

Since the function M is a Lebesgue integrable function, its Fourier transformation is given by

1 r ;
f()=— fM(y)e‘”de, — 00 <t < oo,
V2n

.t
1 |sin (E)

V21 f
2

Furthermore, inverse Fourier transformation of the function f is

1 (o
M(y)—@_[f(t)eydt

(1))
1 sin (E) )
= — evdt. (3.2)
V2nf E
vl 5

In order to complete the proof, we need to show that stg — lim x = L in which L = 0. It is enough to consider the

case K := K(¢) := {k € IN : |xx| > €} . Substituting g = u, we get

P sin(g—t) ’

NN_ & 2 ity

M(e)_2nf | e
w3

Hence

2
. (et
P sm(—

Vom0 ()= 57 [ [Zk:bnk ) e“"k}dt-

—00

et
2
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Observe that (3.2) is an absolutely convergent integral. Now the Lebesgue dominated convergence theorem yields
that

li,lqn sup ank (M (%)
i

X sin(it) ’
2

=5 |—= Fw¢2mwm%

o E k

P sin(g—t) ’
& 2 i

= E of e tLdt

~\ 2
= M (0)
=1. (3.3)

On the other hand by the definition of M, we have

Lowtou()= 3 saom(F)r T oaom(2)

k—1<ka<0 :05‘%’<1
<Y b ()= Y _buc (-
keIN keK

Using the regularity of B and (3.3) we conclude that

lim sup Y bu(i) =0,

] keK

this proves the theorem. []

We now show that the condition (3.1) can be weakened when x is in the class

Sy = {x = (xp) : [sup ank () |xk|] € lm}.
nj g

The next result is an analogue of Salat’s result [19] (see also, [5], [9]).

Theorem 3.3. Let B € R* and let x € Syy. Then stg — limx = L if and only if
lim sup ank (j) ™ = ¢t (3.4)
n .
ik

for each rational number t.

Proof. By Theorem 3.2 we get the necessity. Assume now that (3.4) holds for each rational number t. Let ty be an
arbitrary real number. We are going to prove that

lim sup Z‘b”k (j) g% = el (3.5)
i

Let
Cyj(to, 1) = ank () pitox _ ank () otk
k k
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Observe that

|an (to, t)| < ank () \/(cos toxx — cos ika)2 + (sin fpxy — sin txk)z.
k

The mean value theorem yields that

[Caj (to, D] < 1t = tol Y bk () bl
k

Asx € S*B, there is M > 0 so that
|Cj (o, B)] < It = tol M. (3.6)
Hence we see that
ank ( ]') etk _ gitoL| < ank ( ]-) it _ pitl
k k
+ )eitL _ eit0L| + |Cn] (to, t)| .

Let € > 0. By the continuity of g (x) = €™, we get a rational number t so that

|€itL _ eit0L| < g/ (3.7)
and by (3.6) we have
€
|Caj (b0, )| < 3 (3.8)

It follows from (3.4), (3.7) and (3.8) that (3.5) holds. Since ty € R is arbitrary (3.4) holds for every real number t.
So, by Theorem 3.2, we have that

stg —limx = L.

O
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