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BP-almost periodic solutions in finite-dimensional distributions to
semilinear stochastic differential equations
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Abstract. In this paper, we consider a class of semilinear stochastic differential equations in real separable
Hilbert spaces. Based on the theory of evolutionary operator family, Banach fixed point theorem and
inequality technique, we obtain the existence and uniqueness of p-th Besicovitch almost periodic (B"-
almost periodic) solutions in finite-dimensional distributions of this class of semilinear stochastic differential
equations. Finally, we provide an example to demonstrate the effectiveness of our results.

1. Introduction

Stochastic differential equations have been developed for more than 80 years [15, [16} 21} 24, 27H29].
Since the Japanese mathematician Kiyoshi It6 established the theory of stochastic calculus in the 1940s, the
theory of stochastic differential equations has developed rapidly and has been widely used in economics,
biology, physics, automation and other fields. In these applications, the dynamics of stochastic differential
equations plays a very important role. Therefore, it is of great theoretical and practical significance to study
and reveal the dynamics of stochastic differential equations.

The concept of almost periodic functions was first proposed by H. Bohr [8H10], a famous Danish
mathematician, in 1924-1926, and has developed rapidly in the following decades, and the concept of almost
periodic functions in various senses has been constantly proposed. Such as the concepts of Stepanov almost
periodic, Weyl almost periodic and Besicovitch almost periodic functions [6,[12}[13]. In a sense, the concept
of Besicovitch almost periodic functions is the most generalized and complex concept [4]. At the same
time, since the almost periodic function theory was proposed, the existence of almost periodic equations in
various senses of differential equations has become one of the important objects of qualitative research of
differential equations [14,[18]. The same is true for stochastic differential equations [7, [30H32]. At present,
there are many results about almost periodic solutions of stochastic differential equations. However, most
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of the results about almost periodic solutions of stochastic differential equations are about almost periodic
solutions in the sense of p-th mean. It is worth mentioning that, as pointed out in [17, 25|, it is more
reasonable to study almost periodic solutions in distribution for stochastic differential equations. Although
there are some results about almost periodic solutions of stochastic differential equations in distribution,
these results are almost results in the sense of one-dimensional distribution [19},20]]. As is known to all, the
one-dimensional distribution of random processes cannot reflect their behavior well. However, random
processes can be completely determined by their finite-dimensional distributions. In addition, up to date,
the results of Besicovitch almost periodic solutions of stochastic differential equations are few, and the
results of Besicovitch almost periodic solutions in finite-dimensional distributions of stochastic differential
equations in infinite dimensional Hilbert space have not been reported.

Inspired by the above discussion, the main purpose of this paper is to study the existence and uniqueness
of BP-almost periodic solutions of the following semilinear stochastic equation driven by Brownian motion
in a separable Hilbert space H:

AX(t) = A()X(Bdt + F(t, X(1))dt + G(t, X(t)dw(t), t € R, (1)

where A(t) : Dom(A(t)) ¢ LP(Q,H) — LP(Q,H) is a family of densely defined closed linear operator
satisfying the so-called “Acquistapace-Terreni” conditions, functions F: RxH - Hand G: Rx H — L),
where L) = IL)(H, H) is a separable Hilbert space with respect to the Hilbert-Schmidt norm || - llo satisfying
some additional conditions will be stated lader, and w(t) is a two-sided standard one-dimensional Brownian
motion with values in H defined on the filtered probability space (Q, 7, {Fi}i0, P), where F; = o{w(s) —
w(T);s,T <t

The rest of the paper is organized as follows. In Section 2, we introduce some definitions and preliminary
lemmas. In Section 3, we state and prove the existence and uniqueness of BP-almost periodic solutions in
finite-dimensional distributions of system (I). In Section 4, an example is given to demonstrate our results.

2. Preliminaries

For arandom variable X : (Q, 7, P) — H, let law(X) := Po X! be its distribution and E(X) its expectation.
Denote by L7(€), H) the space of all measurable, [H-valued random variables with E(||X|[F) = fQ [|X||PdP < oo.

Let (E, d) indicate a metric space. Consider the metric space (IE",d,,), where d,,(u,v) = 1m<i;2<1{d(xi, vl
for u = (x1,x2,...,x,) € E". Denote by P(E™) the collection of Borel probability measures on E". Let
BC(E™, R) stand for the space of all bounded and continuous functions from E" to R with the norm
llfllo := sup |f ()] < oo.

uelEm

For f € BC(E™, R),(,n € P(E™), we define
IfllLiy = sup % Iflla = max{l|fllo, [l fllip}, dB(C, 1) = sup f fd(C - 17)‘.
uro  Om(l, Iflas1 | JEn

According to [1]], the space (P(E™), dg(-, -)) is a Polish space.
Definition 2.1. [22] A stochastic process X : R — LP(Q, H) is said to be LP-continuous if for any s € R,
tim EIX(t) - X@)I = 0.
It is LP-bounded ifsuﬂg E|IX(8)|]F < oo.
te

The definition of the Besicovitch almost periodic stochastic process in p-th mean is as follows:

Definition 2.2. [20] A stochastic process X € Lfoc(]R, LP(Q,H)) is said to be Besicovitch almost periodic in p-th
mean if for every € > 0, there exists a positive number € such that every interval of length € contains a number T such
that

I 1
limsup(%f E|IX(t+ 1) - X(t)ll”dt)P <eé.
-

[—>00
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We give the following definition of a Besicovitch almost periodic stochastic process in p-th that depends
on a parameter:

Definition 2.3. A process f : RxH — Hwith f(-,x) € .LZ)C(]R, LP(Q,H)) is said to be Besicovitch almost periodic
in p-th mean in t € R uniformly with respect to x € H if for every & > 0 and each compact subset K of H, there exists
a positive number €(e, K) such that every interval of length {(e, K) contains a number t satisfying

11msup(211fE||f(t+T,x) f(t, x)II”dt) <g teR,xeK.

[—00

The following is the definition of p-th Besicovitch almost periodic stochastic processes in finite-dimensional
distributions.

Definition 2.4. A stochastic process X : R — LP(Q,H) is said to be BP-almost periodic in finite-dimensional
distributions if for any € > 0 and every finite points ty,to, ..., tm € R, there exists an £ > 0 such that every interval
with length € contains a T satisfying

! 1
hmsup(zll f d’;(i)x(t+'c),2)x(t))dt)p <&,

[—>+0c0
where the mapping Dx : R — (P(X™) is defined by
Dx(t) = law(X(t + t), X(t + t2), ..., X(t + ty)).

By the definition of dp and the fact that integrals can be computed in the original domain or in the image
domain, one can readily get that

Lemma 2.5. Let X : R — LF(Q, H) beastochastic process. Then for any T € Rand every finite pointsty, ty, ..., tm €
R, we have

dy(Dx(t + 1), Dx(t) < max {EIIX(t + t + 1) - X(t: + DI,
1<i<m

where Dx(t) is defined in Definition

Lemma 2.6. [17] Let h : R — R be a continuous function such that, for every t € R,

t

O<h(t)y<sa+b f e~ =Ip(s)ds,

—00
where a, b, c > 0 are constants and ¢ > b. Then,

4
h(f) Sac—b'

Lemma 2.7. [Z] (Burkholder-Davis-Gundy inequality) For arbitrary LS —valued predictable process h(-) and for any

p = 2, one has
f h(s)da(s)|| f IhEE, ds

4
2

where C, = (;ame) .

E( sup

s€[0,¢]

Lemma 2.8. [26] (Holder’s inequality) Letp > 1, . + ; = 1. If f € L(QY) and g € L(Q), then

f" fgeane= (fg i/ (x)'pdx);( fg |9(X)qux);
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The following condition is called Acquistapace-Terreni condition [3]:

(AT) There exist constants Ag > 0,0 € (5, 1), L,K > 0and a, 8 € (0,1] with @ + > 1 such that

2,10} € p(A® = Ao), IR, AW) = A0l < 17
6

and
I(A(t) = A)R(A, A(t) — Ao)[R(Ao, A(t)) — R(Ag, A())]Il < LIt — s|*|A[f
fort,se R,Ae}), :={1eC—{0}:|argA| < O}.
0

Lemma 2.9. [2]] If condition (AT) is fulfilled, then there exists a unique evolution family {U(t,s) : —oo <5 <t < +00}
on LP(Q, H), which governs the linear part of the equation (T).

Throughout the rest of this paper, we make the following assumptions:

(H1) A(t) : Dom(A(t)) c LP(QQ,H) — LP(Q, H) generates a uniformly exponentially stable evolution family
{U(t,s) : —co < s <t < 400}, that is, there exist constants M > 0 and 6 > 0 such that

U, s)| < Me™9), —co <5 < t < +09,
l l =
wherep > 2, » o 1.

(Hz) For any ¢ > 0, there exists £ = {(¢) > 0 such that every interval of length ¢ contains at least a number
T with the property that

WUt + 7,5+ 7) — Ut 9)|| < ee™ 209

forallt,s € rwith t > s.

(Hs) Forallx,y € Hand t € R, there exist constants LF, LY, L}, LS such that

IFCE, x)I| < LY+ I, GG, %)y < LT+ [lxl),

IF(t,2) = F(t, I < Lyllx = wll, G, x) = G(t, Yllyg < LS lx = yll-
(H4) Let

: N
(L§)P(;Lé) q+2cpMP(LzG)P(’”p—5) ] <1, (p>2),

a+p
q

1
=t —[M
r Pé

M2[2
P SR+ 92| <1, =)
P p g p-2 7 po
1T._gp-1 a(LEy| £ p-1 Gyll_Z —_
o =6 M[Mﬁ(Lz) (qé) M C,,(Lz)( . ) ]< =

1
PP =6MP| (5 + A9R] <o

(Hs) The mappings F and G are BP-almost periodic in p-th mean in t € R uniformly with respect to x in IH.

Remark 2.10. Condition (Hy) is a critical condition that ensures both the convergence of the integrals involved in
the integral representation of the solution to system (1) and the contraction property of the operator ® to be defined in
the net section. Condition (Hy) requires the evolution family to satisfy a certain type of almost periodicity. Condition
(H3) imposes that the nonlinear functions F and G fulfill Lipschitz conditions and linear growth conditions. Condition
(Hy) is a technical condition. Condition (Hs) guarantees that system (1) is a Besicovitch almost periodic system.
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3. Main results

We denote by CB(IR, £F(€2,IH)) the space of all bounded and continuous functions from R to £7(€, H).
Let X = CB(IR, £P(Q), H)) with the norm [|¢[lx = Sup{Ellqb(t)Ilp}%, where ¢ € X. Then X is a Banach space.
teR

Definition 3.1. An F;-progressively measurable stochastic process X(t) is called a solution of system (1), if X(t)
satisfies the following stochastic integral equation:

X)) = U(t,a)X(a) + f U(t, s)F(s, X(s))ds + f U(t, s)G(s, X(s))dw(s)
forallt > aand eacha € R.

Theorem 3.2. If (H1) — (Hs) and (AT) hold. Then system (1) has a unique BP-almost periodic solution in finite-
dimensional distributions in the space X.

Proof. From Definition 3.1 and assumption (H;), letting a — —oo yields the following stochastic integral
equation

t

¢
X(t)=£ U(t,s)F(s,X(s))ds+f U(t, s)G(s, X(s))dw(s). 2)

00 —00

We define a nonlinear operator @ : X — X by setting

t

@) = f U(t, F(s, b(s)ds + f U(t, )G(s, b(6)des)

00 —

=(@19)(F) + (P20)(1),
where ¢ € X, t € R.
Firstly, we will show that @ is a self-mapping from X to X. For any ¢ € X, one finds

p

14
El@¢)(®)IP <27'E +2E

t t
’ j: U(t, s)F(s, P(s))ds j: U(t, s)G(s, p(s))dw(s)
=My + M. (3)

By the Holder inequality, (H;) and (H3), one derives that

t bt
My <2 | f e sias| | f U, IFG, oIPds||

a+p ! 15 g ' LS
< f 1 9us) e f YA + oY ds]

q+p 9 |4
iy (K] [ e ionya

N
1, L2 7
2 MEEY((5) g5+ I < e @
By Lemma[2.7, (H;) and (H3), when p > 2, one gets

: ;
M, szﬂ-lc,,E( f IIU(t,s)G(s,(p(s))IIzds)
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P2 p
]TXE

t t
<26 [t ita] "] [ i sitice oo

t g2 t
Szp—lcpMP[f =LCEFN E[f e_%b(t_s>(L?)p(1 + ||<P(S)||)pd5]
p2
2

—2
szp-lc,,MP(Lf)P(p—)

75 p%(l +lglx)’ < +oo (5)

and when p = 2, since C; = 1, one has
t
My <2GaE| [ UG IPIGE 9

t
<2ME| f RGP + ()P
SZMZ(Lf)Z%(l + lIplix)* < +o0. (6)

Substituting @)—(6) into (3), we obtain [|P||x = sup{E||D(#)|]’ }% < 400 which implies that @ is bounded. The
teR
continuity of (®1¢)(f) can be shown as in [5]. The continuity of (®,¢)(t) follows from Property 7.3 in [28].

Therefore, we have ®(X) c X.
Secondly, we will prove that @ is a contraction mapping. For any ¢, ¢ € X, similar to @)-(5), for p > 2,
we have

Ell(@g)(t) — (@U)BIP
I U(t, 9)EGs, p(s)) — Els, $(s)1ds
qtp t q g t P t 14
SZ’HMT[ f e_?’é(t_s)ds] E[ f e‘ﬁé(t‘S)(Li)”H@(s)—yb(s)ll”ds]+2P*1C,,MP[ f e‘ﬁé“‘”ds]

xE| f e BIIGY lpte) — poFes|

(o]

p
<2V E

¥ or-1E f Ut, 5)[G(s, p(s)) — G(s, P(s))dew(s)

p-2

» p-2
41 p P\ p—2\7
e L ey P
<2 p(SMa(Lz) " q+2C,M"(L) p% llp =l
Similar to (6), for p = 2, we obtain

2
1P — DY s%[%(ﬁ)z + (LzG)Z]”(P ~ Vi

Therefore, we obtain
lop — oyllx < Vrillp - vlix, (> 2),

[P — PYllx < Vg - Yllx, (= 2).

Hence, according to (Hy), @ is a contraction mapping. So, @ has a unique fixed point x in € X, that is (1) has
a unique solution x in X.

Finally, let us show that x is a BP-almost periodic solution in finite-dimensional distributions. Since
x € CB(R, £P(Q, H)), we know that x is bounded. From (H;) and (Hs), for any ¢ > 0, there exists a positive
number ¢ and a compact subset K that contains x such that every interval of length ¢ contains a number t
such that

|FC+79) = FCy)||, < & and ||G(t+ 7, y) - Gt )|, < ?)
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forall y € Kand
Ut + 7,5 + ) = U(,5)]| < ee™ 3¢ (8)
forallt,s e rwitht >s.

According to , for any t; € R, we have

ti+t+T

ti+t+T
x(ti+t+1)= f U(t; + t + 1,5)F(s, x(s))ds + f U(ti + t + 1,5)G(s, x(s))dw(s)

(o8] —00

firt
= f Ui +t+ 1,5+ 1T)F(s + 7,x(s + 7))ds

(o)

ti+t
+ f U(ti + £+ 17,5 + T)G(s + T, x(s + T))d[a)(s +7) - w(T)],

0

where w(s + 7) — w(7) is a Brownian motion with the same distribution as w(s).
We consider

ti+t
x(t+t+1)= f Ui +t+ 1,5+ 1)F(s + 7, x(s + 1))ds

ti+t
+ f Ui +t+ 1,5+ 17)G(s + 7, x(s + 7))dw(s).
Then, we have
1 (!

57 | Ellei+ £+ 0) = xt +B|Pdt

ti+t

[U(ti+t+7,s+1)— Ut +t,5)]F(s + T,x(s + 7))ds

i+t
+ f U(t; + t,s)[F(s + T, x(s + 1)) — F(s, x(s + 71))]ds

0o

ti+t
+ f U(t; + t,8)[F(s,x(s + 7)) — F(s, x(s))]ds

00

o+t
+ f [Ut;+t+1,s+71)—U(t; +1,5)]G(s + T, x(s + T))dw(s)

00

i+t
+ f U(t; + t,5)[G(s + T, x(s + 1)) — G(s, x(s + 1)) ]dw(s)

00

+ fﬁ U(t; + t,5)[G(s, x(s + 1)) — G(s, x(s))]dw(s) pdt

p

t,+t
—f Hf Ui +t+1,s+1)— U(t; +£,5)]F(s + 7, x(s + 7))ds|| dt

+ 67~ 1—f fl U(t + t,5)[F(s + T, x(s + 7)) — F(s, x(s + 7))]ds dt
i+t
+ 67 1E E f U(t; + t,8)[F(s, x(s + 7)) — F(s, x(s))]ds pdt
- —00

14
dt

! ti+t
+ 6”‘1% f E f [U(ti + t + 1,5 + 1) — U(t; + £,5)]G(s + T, x(s + 7))dew(s)
_] _

o0

P
dt

. 1 ! tit+t
+ 6/~ 2 E f U(t; + t,5)[G(s + T, x(s + 1)) — G(s, x(s + 7)) ]dw(s)
—1 _

o0
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ti+t p
+ 6/ 1_f Hf U(ti + t,5)[G(s, x(s + 7)) — G(s, x(s))[dw(s)|| dt

6
:ZZNI‘. (9)

i=1

In view of (8), (Hs) and the Holder inequality, we obtain

1 ! ti+t q %
-Ef E{[f UGk + £+ 1,5 +7) — ll(ti+t,s)||?’ds]
-1 —oo

x[f UG + £+ 1,5 +7) — U + £ 9)|IF ||F(s+r,x(s+1))||pds]}dt

ti+t p
gL f f ~%o- S>d5] [ f —z%Mf—S)(Lf)Pa+||x(s+r)||)r’ds]dt

; 2 :
s6”‘1e%(L§)” p 1 f f "5 (1 4 |xllx)Pdsdt

<6 e (LW’( ) 211+ Il (10)

According to (7) and the Holder inequality, we get

b+t 4 b+t
N, <6/ 1—f Ut + t,s)||3ds]”[f UG + £, 9T IEG + 7, x(s + 7)) — E(s, x(s + T))IIpds]}dt

—00

! ti+t 14 ti+t
s&“zvﬁzll f [ f e‘gé“‘”ds]“ f HEIENE(s + 7, x(s + 1)) — F(s, x(s + 7))|P dsd
_[ —00 —00
14

367‘1MT f 5521fE||Ft +t+s+T,x(ti+t+s+1)—F(ti+t+s,x(t;+t+s+1))|Pdtds

J

<6P 1M f "Szlf E|F(t; + t+ T, x(t; + t + 7)) — F(t; + £, x(t; + £ + 71))||Pdtds
»

L0
-1 m(ﬁ)a pss2(s|+1) 1
<6UMING) )L T D

s|+1
X f E|F(t; +t + T, x(t; + t + 7)) — F(t; + t, x(t; + t + 71))||Pdtds
—ls|-1

|4
<o M (B e (1D
Similarly, we can obtain

p—2

—2\ 72 2
p=1p 10 P_) Z P
Ns <6 M( 5 s 0>2) (12)
2
Ns <%s , (p=2). (13)

Similar to (4), one can get

b+t
N3 <6/~ M5 (LF)V ZIf f Ft-) E|lx(s + T) — x(s)|[Pdsdt.
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By a change of variables and Fubini’s theorem, we have

+ 14 ! 5 S
Ns s6pflM%(L§)r’(%)q f e—%ﬂ-”(% f Ellx(t; + £ + 1) — x(t; + t)||”dt)ds. (14)
—0co s=21

Likewise, when p > 2, we can get

—2 P2 ! 5 S
Ne s6”‘1M”Cp(LZG)V(pp—6) ’ f e-‘%ﬂ-S)(% f Ellx(t + £ + 1) — x(t: + t)||”dt)ds, (15)
—0c0 s=21

and when p = 2, we have

! S
Ni < 6MA(LS)? f e-%(’-s)(% f Ellx(t: + £+ 1) — x(t; + t)llzdt)ds. (16)
—o0 s-21

By Lemma[2.7, (8), (Hs) and the Holder inequality, we have

! ti+t 4
N, <6/ 1cp—l E[f UG + £+ 1,5+ 7) — Ut + £, )]GS + 1, x(5 + T))||2ds]2dt,

(o8]

< 6”‘%,,8”@?)”(%)2 21+, ¢p>2) (17)

po

and

1 ! tit+t
N <6C2o; E[f Ut +t+ 7,5 +7) = Ut + £, 8)PIG(s + T, x(s + ’L’))”iods dt

ti+t
<6c?~ f f ‘5“‘5)(L1G)2(1+||x(s+r)||)2ds]dt
<2RIFPA+ N, (p=2) (18)

Substituting (I0)-(18) into (9), when p > 2, we obtain

!

5 Ellx(t +H+T) - x(t+t)||”dt<Als+pf (- 5>(211f E||x(ti+t+T)_x(ti+t)||pdt)d5/
s=21

where

p2

) o

2 14
Al :6*"%%[&@{)?(%)% + 2c,,ep-1(L16)P(
14 P2
1, L[, enfpNa p—z)?]
p=lcep — 7 (= P
16 epé[Mi(qé)q+2M(p6 .

By (Hs), we know p! < %‘S. Thus, we conclude by Lemma that

!

o
Ellx(t +t4+ 1) —x(t + H|PdE < Ale P

21 po — 2p1'

Hence, according to Lemma[2.5] we have

pd

—_ 1
p5—2p1 (19)

!
5 d”(Dx(t +7), Dy(t))dt < max {211 f Ellx(ti + t +7) — x(t: + t)IIPdt} <Ale
-1
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Whenp =g =2, we get

/ S
Bl £+ 1) =+ DIPdES N+ p f ¢00- S>( 211 f Ellx(t + £ + 1) — x(t; + t)||2dt)ds
s-21

2
where
6 /4 M2 (2
A2 :552(5@{)2 + (L?)Z)u + ldlln)? + TEZ(S + 1).

By (H,), we know p? < 6. Thus, we conclude by Lemma [2.6|that

1 !
2le||x(t +t4+1T) - x(ti+t)||2dt<A266_6

Hence,

!
! f A2 (Dy(t + 1), Dy(t))dt < max { 211 f Ellx(t; + t + 1) — x(t; + t)IIZdt} < A% (20)
-1

0
21 1<i<m 6—p?

From (19) and (20) it follows that x(t) is B’-almost periodic in infinite-dimensional distributions. The proof
is completed.

O
4. Example

Example 4.1. We consider the following stochastic differential equation:

a”f;f) ;; u(t, &) —2u(t, &) + %(sint+cos V3)u(t, &)
+}1 [cost+ sin V3t + 1;42( sinu(t, &)
w(t

+§[cos u(t,x) +sinb5t]—7=, t e R, £ €[0, 7],
ut,0)=u(t,n)=0, telkR

(21)

Take H = L2[0, t] with norm || - || and inner product (-, ),. Define operator A : D(A) ¢ H — H by setting

_ Px(&)
Ax = e - 2x

with domain

D(A) ={x(-) e H: x” e H, x" € H are absolutely continuous on
[0, 7], x(0) = x(m) = O}.

According to [23], we know that A is the infinitesimal generator of an analytic semigroup {T(t)};»0 on H
satisfying
ITH <e™ for t>0.

In addition,

+00

T(Hx = Z e(-n+2)t (X, Yn)yyn, >0, xe H,

n=1
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where y,(x) = \/% sin(nx). Define a family of linear operators A(t) : D(A(t)) = D(A) — H by

AGM@)=C4+%$mt+amV@ﬂx@LVéemﬂﬂ,xeDQU

Then, the system
x'(t) = A(t)x(t), t >,
x(s)=xeH

has an associated evolution family {U(t, 5)};»s on IH, which can be explicitly written as
U, sy = (T = spel Heincreos V50
Obviously, for any 7 € R, one has

U@t + 7,5+ 1) — Ut s)|| < et %(sin(u + T) + cos \/g(y + 1)) — %(siny + cos ‘/gy) ,

where s < u < t. Since the function %(sint + cos V3t) is almost periodic, (H>) is fulfilled. Moreover,
U@, s) <e ) for t>s.

Hence, condition (H;) is verified. In addition, in virtue of [11]], we see that A(t) satisfies condition (AT).
Let

F(t,x(&)) = 31 cost + sin V3t +

1+ﬂkmu@a

and
G(t, x(&)) = %[cos u(t, x) + sin 5¢].

Then (21) can be transformed into the abstract equation (T).
Moreover, for p = 2, it is easy to see that (H3)-(Hs) are also satisfied with M =1, 0 = 2, Lf = Lg =1,
G_7G6_-1
LY=Ly =3.
Therefore, by Theorem system has a unique B*-almost periodic solution in finite-dimensional

distributions.
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