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Generalized semidirect sums of Lie superalgebras and their modules:
The osp(1,2) case

Rui Lu?, Youjun Tan®*

?College of Mathematics, Chengdu Normal University, Chengdu 611130, China
bCollege of Mathematics, Sichuan University, Chengdu 610064, China

Abstract. We introduce the notion of generalized semidirect sums of Lie superalgebras and their modules,
which is applicable to construction of Lie superalgebras. Then we classify up to isomorphisms of Lie
superalgebras all generalized semidirect sums of osp(1,2) and its finite-dimensional irreducible modules.

1. Introduction

Structures and representations of Lie superalgebras form important parts of Lie theory, which have been
extensively studied since 1970s. See, for example, [1] [4] [9] [10] [11] [12] [16]. For more references one may
consult seminal monographs [2] [13] [15]. Lie superalgebras and Lie algebras are related in the following
basic way. Given a Lie superalgebra, the even part a is a Lie algebra and the odd part is a module of the
even part via the adjoint action. Conversely, given a Lie algebra and a module, under some conditions one
can construct a Lie superalgebra (see (1.1.3) in [9) §1.1.2]).

This paper is motivated by constructions or realizations of Lie superalgebras from some prescribed Lie
superalgebras (not necessarily Lie algebras) and their modules. Recall that, given Lie superalgebras g and
h with an action of g on I), we have the semidirect sum g x I), which contains ) as an ideal. More generally, it
would be interesting to classify all non-abelian extensions of g by b via some suitable cohomological groups,
which has been studied recently for Lie algebras in [5] [7]. On the other hand, some Lie superalgebras,
for example, semisimple Lie superalgebras in the module-theoretic sense (see the semsimplicity theorem
[4, Theorem 2.1] of Djokovic and Hochschild), can be reconstructed from semisimple Lie superalgebras
and their modules. See Corollary and Example [3.3|below. This type of constructions can not be put
into the framework of non-abelian extensions, especially for the case of classical simple Lie superalgebras.
Therefore, we consider here some generalization of semidirect sums of Lie superalgebras and their modules.

Let g be a Lie superalgebra and M a g-module. Let op: M®M — g and ¢: M ® M — M be super skew-
symmetric bilinear maps preserving Z,-gradings. We define a superbracket [—, —](,,y) on the superspace
g ® M with (g ® M), := g, ® M, (a € Z,) as follows.

[(x1, m1), (X2, m2) g,y := ([x1, X2] + (11 ® M), x1.1m5 — (=1)*WM1lxy 111 + Yp(my @ my)), (1.1)
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where x; € g, m; € M are homogeneous elements. One can show that (&M, [, —](,,y)) is a Lie superalgebra
if and only if the following three conditions are satisfied (see Proposition [2.3|below).

(i) Both ¢ and ¢ are g-module homomorphisms.
i) (— 1l my @my) @msz) + c.p. = olds for any homogeneous elements m; € M.
(i) (=1)"mW™lg(( ) ® m3) + c.p. = 0 holds for any homog 1 M
(iii) (=1)!mlmsl(o(my @ my).ms + P(P(m; ® my) ® m3)) + c.p. = 0 holds for any homogeneous elements m; € M.
¢ p y &

In this case, we call the Lie superalgebra (3 ® M, [—, —],y)) the generalized semidirect sum of g and M.
Clearly, the semidirect sum g < M is a generalized semidirect sum of g and M with respect to (¢, ¢) = (0, 0).
Moreover, the direct sum of two Lie superalgebras is also a generalized semidirect sum (see Example [2.6).
For nontrivial generalized semidirect sums see Corollary which is applicable to all semisimple Lie
superalgebras due to the semisimplicty theorm of Djokovic and Hochschild [4, Theorem 2.1].

To classify all generalized semidirect sums of g and M up to isomorphism one may compute the set
Z(g,M) of all pairs (¢, ) satisfying above conditions, which is involved in general (for examples see
Examples and[2.9). In this paper we classify all generalized semidirect sums of g = osp(1,2) and its
finite-dimensional irreducible modules.

Let S*(n) be the 2n + 1-dimensional irreducible module of osp(1,2). For details see and
below. First, we obtain complete descriptions of all even osp(1,2)-module homomorphisms which are super
skew-symmetric from S*(n) ® S*(n) to S*(n) and from S*(n) ® S*(n) to osp(1,2) (the adjoint module). See
Corollaryand Corollaryrespectively. Then we compute .Z(osp(1,2), S*(n)) to give the classification
of generalized semidirect sums of osp(l, 2) and S*(n) in Proposition which states that, if n # 1,3
then there are no nontrivial generalized semidirect sums; if n = 1,3 then there are only two isoclasses of
generalized semidirect sums. Our computation depends heavily on semisimplicity of osp(1,2) (especially
decompositions of tensor products of irreducible osp(1,2)-modules) and the complete classification of
finite-dimensional irreducible osp(1,2)-modules. It is difficult for us to consider other semisimple Lie
superalgebras at present.

The paper is organized as follows. In Section 2] we give the definition of generalized semidirect sums
of Lie superalgebras and their modules with some examples, and prove Corollary In Section 3| we
review osp(1,2) and its finite-dimensional irreducible modules to determine all super skew-symmetric
even osp(1,2)-module homomorphisms. In Section |4 we prove the classification result on all generalized
semidirect sums of osp(1,2) and its finite-dimensional irreducible modules. Throughout the field is the
complex number field C for brevity.

2. Preliminaries

2.1. Basic notations

Let g = g5 ® g1 be a Lie superalgebra with superbracket [-, —]. By definition [9], [-, -] satisfies that
[9a, 98] € ga+p and

(super skew-symmetry) [x,y] = —(-1)""[y,x], x,yeg, 2.1)
(super Jacobi identity) [x, [y,z]] = [[x, y], 2] + (-1)"™[y, [x,z]], x,y,z€g, '

where |x||ly| is the multiplication in Z,. As usual, |v| always means the degree of a homogeneous element v
in a graded space. Since [—, —] is super skew-symmetric, one may rewrite the super Jacobi identity in the
following form [15]:

(D) Lxy, x0], 23] + c.p. = (1) [y, 0], 23] + (=12 [xa, 3], 21] + (1)) [[x3, x1 ], x2] = 0. (2.2)

Hereafter c.p. denotes the permutation sum over the indices 1,2, 3.
Let M = My ® M be a g-module. Denote by x.m the action of x € g on m € M. By definition [9], we have

00-Mp € Mg, [x,ylan = x.(ym) = (<1 Wy.(em), x,y € g,m € M. (2.3)



R. Lu, Y. Tan / Filomat 39:15 (2025), 5157-5176 5159

Let M be a g-module. Then M ® M becomes a g-module [15, p. 38], with the Z,-gradation and g-module
structure given by

(Me M) = (My ® Mp) & (M; @ Mi), (M®M); = (M ®M;i) @ (Mg ® My), (24)
and

x.(my ® my) = x.mq @ my + (=)l @ xamy, x € q,mi € M, (2.5)
respectively.

2.2. A super skew-symmetric superbracket

Let p: M®M — gand i: M®M — M be super skew-symmetric bilinear maps preserving Z,-gradations,
i.e., for any homogeneous m; € M,

i, m2) = =(=1)" "l (ma, 1m11) € Quugeisy, Pl 1) = =(=1)" Oz, 1) € Moy (26)
Hereafter we use the following notation for brevity.
Notation 2.1. For any map y: M® M — N denote y(my ® my) by y(my, my), my, mp € M.
Consider the bilinear operation [—, —],y) on g ® M defined by

[(x1, m1), (x2,m2)] (g, 0)

= ([x1, %2] + @(my, my), x1.ma — (=1)2W™lxy 1my + P(my, my)), (2.7)

where x; € g, m; € M are homogeneous. Consider the Z,-gradation on g ® M given by
(g®M)j := g5 ® My, (8@ M) := g1 ® M. (2.8)
Since @ and 1) preserve Z,-gradations, by (2.4), and it follows that

[(g S M)ar (g @ M)ﬁ]((;),l#) c (g S M)a+ﬁ/ (X,ﬁ € ZZ'

So, [=.=](p,v) is a superbracket on the superspace g ® M. To give a sufficient and necessary condition for
(8®M, [-, —](p,y)) to be a Lie superalgebra, we need the following technical lemma on the bracket [—, —](¢,y)-

Lemma 2.2. Keep notations as above. Then the following results hold.

(1) (a® M, [—, =]y is a skew-symmetric superalgebra.
(2) Forany x; € g, m; € M with |x;| = |my| € Z», i =1,2,3, it holds that
(=Dl (xy, 0), (x2, 0)lp,0), (0, m3) (g0 + C.P-
+(=1)msl[(xy, 0), (0, m2) (g, (63, 0) () + C-P-
+(=1)mImI[[0, m1), (x2, 0)](pu), (X3, 0w + cp. = 0. 2.9)

(3) Both @ and 1 are g-module homomorphisms if and only if
(=1)M™=I[[(x, 0), (0, m1)]ig,0), (0, )]y + €:p- = O

holds for any homogeneous elements x € g, my, m € M.
(4) For any homogeneous elements m; € M,

(_1)|ml|WBI[[(0/ ml)r (0/ mZ)]((p,l/))/ (0/ m3)]((/),1,0) tcp. = 0
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holds if and only if ¢ and 1 satisfy

(=Dl (my, ma), ms) + c.p. = 0, (2.10)
(=)Wl (@ (ma, ma).mz + Y@ (1, ma), m3)) + c.p. = 0. (2.11)

Proof. (1) It suffices to check that [—, —](y,y) is super skew-symmetric. We may assume that x; € gand m; € M
satisfy that |x;| = |m;| due to the Z,-gradation of g ® M given by (2.8). Then, by and (2.6) it follows that

[(x1, m1), (x2,m2) ] (0,0
= ([x1, 2] + @1, ma), x1.my = (=) xy g+ (m, my))
= (=(=D)lxy, xi] = (1)l (m1y, my), x1.ma — (=1)2Mlxy 1y — (1)l (11, 11y ))
= —(=D)Ml([xy, x1] + @(ma, m1), x2.m1 — (=1)P1W™2lxy 1y + Y(m, my))
= —(-D)Ml[(xy, my), (x1, m1)](p0)
as required.
(2) By we have
[[(x1,0), (x2,0)](,p), (0, m3) I,y = (0, [x1,x2].1m3),
[[(x1,0), (0, m2)lp,u9, (X3, 00y = (0, —(=1)slalHmaDy () sy,
[[(0, m1), (x2, 0)] g, (23, )] (g9 = (0, (=1)elimibboslbeltimbyy () my)).
Then, L.H.S. of =(0,51) + (0, S,) + (0, S3), where

S, = (—1)'”“””‘3'[x1,x2].m3 _ (_1)|m2Hm1|+|Xl\(|X2|+|ms|)x1.(x2_m3) + (_1)|m2||m3|+\x1||m3|+\le(\xl\+|m3|)x2.(x1_m3)
= ()Ml xo]ms — x1.(x0.mg) + (—1)M Ry, (xp.m3))
€3
= O,
S, = (—1)|m3|‘m2|[x3,x1].m2 _ (_1)Im1HM3|+IX3\(IX1|+|mzl)x3.(x1_mz) + (_1)Imzllm1I+\X3||mz|+\X1 |(‘x3‘+|'”2|)x1.(x3.m2)
= (_1)|m3|\m2|([x3, xl].mz - x3.(x1.m2) + (—1)|X3HX1|X1.(X3.71’[2))
€3
= O,
Sy = (_1)|mZ”m1|[x2’ x3].my — (_1)|m3Hm2|+|X2\(|X3|+|m1|)x2.(x3_m1) + (—1)'"11”m3|+‘x2”m1|+‘X3|(‘x2‘+|m1|)X3.(x2.m1)
= (=Dl (xy, x3]my — xp.(xz.m1) + (1) (xp.m1))
2.3)
— O,
and hence is proved.

(3) By it follows that
(—=D)M[[(x, 0), (0, m1)](p,8), (O, M2) gy + C.P-
= (D), m), P, ma)) + (D) ([@(m, ma), x], ~(=1)IM R Y(my, my))
—(—1)'"““mﬂﬂxumz‘((p(x.mz,ml), Y(xamy, my)).
So, by and comparing components we get that
(—=DMI[[(x, 0), (0, m1)]p,5), (O, m2) g0y + Cp. = 0
holds if and only if

x.p(my, my) = [x, p(my, my)] = p(x.my, my) + (=1) " (my, x.mp) = p(x.(my ® my)) (2.12)

and

xp(my, mp) = P(xmy, mp) + (1) (my, x.mz) = P(x.(my ® my)) (2.13)
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are satisfied. Now the statement follows by the fact that (2.12)) (resp. (2.13)) is equivalent to that ¢ (resp. )
is a g-module homomorphism.

(4) By 2.7) we have
(_1)|m]||m3| [[(0/ ml)/ (0/ mZ)]((p,l,U)/ (O/ m3)](qﬂ,¢) +cCp.
= (=1l p(pmy, ma), ms), @(ma, ma).ms + p(P(ma, mo), mz)) + c.p.,

and hence the statement follows. [

2.3. Generalized semidirect sums
We begin with the following result.

Proposition 2.3. Let g be a Lie superalgebra and M a g-module. Let o: M® M — g and {: M ® M — M be super
skew-symmetric bilinear maps preserving Z,-gradations. Then, with respect to and , @OM,[—,~lpu)is
a Lie superalgebra if and only if ¢ and { are g-module homomorphisms satisfying and @2.11).

Proof. By Lemma 2.2|(1) it suffices to check that [, —](,,y) satisfies the super Jacobi identity if and only if ¢

and ¢ are g-module homomorphisms satisfying (2.10) and (2.11).
Assume that [—, —](,,y) satisfies the super Jacobi identity. By (3) and (4) of Lemma ¢ and i are

g-module homomorphisms satisfying (2.10) and (2.11).
Conversely, assume that ¢ and 1P are g-module homomorphisms satisfying (2.10) and (2.11). It remains

to verify that
(=)W (g, m1), (2, m2) L), (3, 13) i) + €p- = 0.
Without loss of generality we assume that x; € g, m; € M with |x;| = |m;|. Then we have
(=1)mlmsl[[ ey, ma), (2, M) (), (3, 113) () + C-P-
= (=DmMImsl[(x1,0), (x2,0)](p,u), (X3, 0)pp) + cp-+ {(—1)|"““m3|[[(x1,0), (x2,0)](p,u), (0, m3)] (4,09
=0 (by @7
+(=1)™mI[(xey, 0), (0, m2) g9, (63, 0y +(=DI™WI[[0, 1), (x2, 0)]g,u), (X3, )] () + C~P'}
+(=1)""8I[[(x1, 0), (0, m2) (9, (0, 13) g, + (=)™ I[[(0, 1m1), (x2, 0) ], (0, 113))9) + €
+(=1)"™WI[1(0, m1), (0, m2))ig,), (x3, 0wy + (=™ I™I[[(0, m1), (0, m2)1g,), (0, m3) |, + €.
So, by it follows that
(=)l (er, ma), (2, M2) (o), (3, 113) () + €-P-
= DI, 0), (0, M), (0,m3)lipg) + cp.
+(=1)™MWI[[(0, m1), (x2, 0)]p,), (0, m3) () + C.P-
+(=1)"™ [0, m1), (0, m2) (g, (63, O) ]y + -}
+(=1)"WI[[(0, m1), (0, m2))(g,0), (0, m3) (o0 + C-p-

L (3)
emmaAO) g mlsif(0, my), (0, m2) )y, (O 1m3) g + €.
Lemm3(4) 0

and the proof is completed. [
Let g be a Lie superalgebra and M a g-module. Set

ZL@g,M) = {(p,) € Hom(M®M, g) Xx Hom(M @ M, M) |
¢ and 1 satisfy conditions in Proposition [2.3]} (2.14)
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We make the following definition.

Definition 2.4. Let g be a Lie superalgebra and M a g-module. If (p,) € £(9, M) then the Lie superalgebra
(8@ M, [, —lp,y)) is called a generalized semidirect sum of g and M.

We have the following examples.

Example 2.5. Let g be a Lie superalgebra and M a g-module. Then (0,0) € £(g, M), and the corresponding
generalized semidirect sum of g and M is the semidirect sum g = M.

Example 2.6. Let g, b be Lie superalgebras. Regard V) as a trivial g-module, that is, x.h = 0 for any x € gand h € 1.
Then the direct sum of g and Y is a generalized semidirect sum of g and h: g ®bh = g ®(,y) b, where Y is the Lie
superbracket of .

Example 2.7. Let g be any Lie superalgebra with the superbracket [—, —]. Let M = g be the adjoint g-module. Define
@ € Hom(a®g,9) by o(x,y) = [x,yl and ¢ = 0 € Hom(g ® g, ). Then, by the super Jacobi identity for [—,—] it
follows that (¢, 0) € L(g, 9).

Example 2.8. Let g be a Lie superalgebra and M a g-module. If there is no nonzero skew-symmetric g-module
homomorphism from M ® M to g, then by it follows that

L(g,M) =1{(0,¢) | Y € Homy(M ® M, M) and 1 is a Lie superbracket on M}.

Example 2.9. Let g be a Lie superalgebra and M a g-module. Then, for any (¢,) € L(g,M) it holds that
(o, cp) € L(g,M) for any ¢ € C, which can be verified directly by . Moreover, in this case the Lie
superalgebras g @ y,yy M and § 2q,cy) M (c # 0) are isomorphic via (x,m) > (x,c™'m). In particular, if one of the
following two conditions is satisfied:

(1) (@, y) € L(g, M) implies that ¢ = 0.

(2) There is a constant c such that L(g, M) = {(c190, c2y) : cl/ci =c} U {(0,0)}.
Then there are at most two isoclasses of generalized semidirect sums of g and M.

The following corollary shows that, there are many Lie superalgebras which can be realized as general-
ized semidirect sums.

Corollary 2.10. Let £ be a Lie superalgebra and g is a proper subsuperalgebra of £. Assume that £ = g& M
as g-modules via the adjoint action such that £, = 6, ® My, a € Zy. Then L is a generalized semidirect sum
L = g®p,y) M of g and M for some (¢, 1) € L(g, M).

Proof. Letpr;: £ — gand pr);: £ — M be the projections. Let [—, —]lm: M X M — £ be the restriction of the
Lie superbracket [—, -] of £ to M. Then we get C-linear maps

¢ =pr, o[-, ~llu € Hom(M ® M, g), ¢ := pry, o[-, ~]lu € Hom(M ® M, M).
In particular,

[m1, my] = (p(my, m2), Y(my,my)) € L = g®M, m; € M.
Note that the Lie superbracket on £ is given by

[(x1, 1), (x2, m2)]

([x1, x2] + @(m1, my), [x1, ma] + [m1, x2] + P(my1, my))

(L1, 2] + (m, ), x1.mp — (=1 my + (ma, my)), (2.15)
xX; €9, m €M,

which is of the form given by (2.7). Since the superbracket [—, -] given by is a Lie superbracket, by

Proposition it follows that (¢, ) € L(g, M) as required. [

For an application of Corollary see Example [3.3|below.
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3. The Lie superalgebra osp(1,2) and its finite-dimensional simple modules

3.1. The Lie superalgebra osp(1,2)

Recall that osp(1,2) is the 5-dimensional complex Lie superalgebra of type B(0, 1), which is a subsuper-
algebra of the general linear Lie superalgebra gl(1, 2) [13, §2.3.1]. More precisely,

00 O 0 x vy
osp(1,2); = 8 a b |, abceC}=sh(C), osp(l,2); = -y 8 8 , x,yeCs. (3.1)
c —a X

Asin [13] A.4.4], if we set

0 0O 0 0 O 0 0O
e=0 0 1|, h:=101 0 [, f:=({0 0 0 |€osp(l,2),
0 0O 0 0 -1 010
(3.2)
0 0 -1 010
E={1 0 0 |,F:=[{0 0 0 |eosp(1,2),
0 0 O 1 00

then e, h, f,E, F form a basis of osp(1,2) such that osp(1,2); = Cle,h, f} and osp(1,2); = C{E, F} and the
multiplication table is given by

[h/e] =261 [hlf] = _zfl [e/f] =h/ [E/E] = _26/ [F/F] =2f/ [ErP] =h/

[h,El=E, [hFl=-F [e,E]1=0, [e, F1=E, [f,E]=F [f,F]1=0, (3:3)

where other obvious zero superbrackets are omitted.

Similar to sl(C), osp(1,2) can be embedded into some other classical Lie superalgebras. Here we shall
use the following two embeddings. First, since the Lie superalgebra sl(1,2) is the subsuperlagebra of gl(1,2)
consisting of matrices with supertrace being 0, osp(1,2) is itself a subsperalgebra of sl(1,2). Second, osp(1,
2) can be embedded into osp(3, 2) as follows, where osp(3, 2) is the subsuperalgebra of gl(3,2) given by ([13}
§2.3.1])

0 -u -v 0 O
v a 0 0 O
0sp(3,2)5 = u 0 -a 0 0 |,adefuveCy,
0 0 0 d e
0 0 0 f -d 4
0 0 0 X1 X2
0 0 0 i Y2
osp(3,2)1 = 0 0 0 Z1 Zp |, X1,X2,Y1,Y2,21,22 eC}.
—X2 —Z2 —2 0 0
X1 Z1 N 0 0

Then, by a direct check we have the embedding of osp(1, 2) into osp(3, 2) given by

00 0 0 O 0 0 0 0 O 00 0 0 O
00 0 0 O 0 0 0 0O 0 0 0 0 0
h—=] 0 0 0 0 O [,e»| 0 0O O O Of,f—={0 0 0 0 0],
00 01 O 0 0 0 01 00 0 0 O
00 0 0 -1 0 0 0 0O 00 010
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0 00 0 1 0 00 -1 0
0 0000 0 00 0 0

Ems| 0 000 O0|, Fs| 0 00 0 0 (3.5)
-1 0 0 0 0 0 00 0 0
0 0000 -1 00 0 0

3.2. Finite-dimensional irreducible modules of osp(1,2)

Classification of finite-dimensional irreducible osp(1,2)-modules is given in [9} p. 86] via Verma module
theory of Lie superalgebras, see also [2] p. 85] and [13] p. 457]. Since we shall use explicit osp(1,2)-actions
on its finite-dimensional irreducible modules, here we follow the idea in [3]] to construct such modules,
using only representation theory of sl;(C). Since 1-dimensional irreducible osp(1,2)-modules are trivial, for
convenience we consider irreducible osp(1,2)-modules of dimension greater than 1. We recall the following
known result, which has been generalized to the enveloping algebra of osp(1,2) in [14].

Lemma 3.1. If S = S5 & S1 is a finite-dimensional irreducible osp(1,2)-module, then Sy and St are irreducible
osp(1,2)y = sla(C)-modules with |dim Sy — dim S7| = 1.

This can be verified as follows. Both Sy and S; are osp(1,2); = sly(C)-modules due to (2.3). If S5 = 0
then, for any 0 # w € S;, we have Ew = Fw = 0 since S5 = 0. Therefore, ew = fw = 0 € S; due
to 2¢e = —[E,E] and 2f = [F, F], which means that 0 ® (w) is a submodule of S, and hence S is a trivial
osp(1,2)-module. So, we assume that S5 # 0. Let 0 # S5 be an osp(1,2)5-submodule of S5. By it
follows that S, := C{E.v,Fv,v € SE_)} C 57 is an osp(1, 2)5-submodule of S;. Therefore, S; @ S’ is a nonzero
osp(1,2)-submodule of S. But S is an irreducible osp(1,2)-module, which means that 5; @ S = 55 @ S3. So,
S; = Sp since S € S and S} C S;. Therefore, Sy must be an irreducible osp(1, 2);-module. Similarly, we can
show that Sj is an irreducible osp(1, 2)5-module.

Assume that the irreducible osp(1,2); = sl,(C)-module Sy has highest weight n — 1. Then dim S5 = n.
Let vy be a highest weight vector of S5. Note that e.E.vyp = 0 due to [¢,E] = 0 and e.vy = 0. There are the
following two exclusive cases.

Case a: E.vp # 0. By e.E.vp = 0 it follows that E.v is a highest weight vector of S; of weight 71, and hence
dim S; = n + 1 in this case.

Caseb: E.vg = 0. Then Fug # 0. (Otherwise, by 2f = [F, F] it follows that f.vy = 0, and hence S is a trivial
osp(1,2)-module.) Also, we have e.F.vy = 0 due to [¢,F] = E and e.vy = 0. So, by Fvy # 0 and e.Fvg = 0 it
follows that F.og is a highest weight vector of S7 of weight #n — 2, and hence dim S; = # — 1 in this case.

Summing up we get Lemma|[3.1} which implies that, to obtain all finite-dimensional irreducible osp(1,2)-
modules, it suffices to define E, F-actions on superspaces of the form S*(n) = 5*(n); ® S*(n); with

§'(n)y=V(n-1), S'(m);=V(mn); S (n)g=Vm), S (n;=Vn-1), (3.6)

where V(-1) = 0 and V/(k) is a finite-dimensional irreducible osp(1, 2)5 = sl,(C)-module of highest weight k.
Note that dim 5*(n) = 2n + 1, and S™(n) is obtained from S*(n) by changing even and odd parts. Moreover,
5%(0) becomes an irreducible osp(1,2)-module with trivial actions of h, ¢, f, E, F.

To fix notation we choose a basis {vk,i}fzo of V(k) such that

hog; = (k= 2i)og;, e = (k—i+Dogio1, for: =@+ Dok, (3.7)

where vy _1 = U1 = 0. See, for example, [6, §7.2]. In particular, vy is a highest weight vector of V (k). Then
we have the following lemma.

Lemma 3.2. Keep notations as above. Assume that dim 5*(n) > 1.

(1) If S*(n) is an irreducible osp(1,2)-module then E.v,_19 # 0, and actions of E, F are uniquely determined by
E.v,_19. Conversely, if there are actions of E, F given by

Evy1;=m—1)vyi, Fv,_1, =G0+ 10y, 0<i<n-1, (3.8)
E«Un,j = —Up-1,j-1, F-Un,j = Un-1,j, 0< ] <n,
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then S*(n) is an irreducible osp(1, 2)-module.

(2) If S~(n) is an irreducible osp(1,2)-module then E.v,o = 0, Fv,9 # 0, and actions of E, F are uniquely
determined by F.v,o. Conversely, if there are actions of E,F given by (3.8), then S~(n) is an irreducible
osp(1, 2)-module.

Proof. (1) Assume that S*(n) is an irreducible osp(1,2)-module. Since [k, E] = E, E.S"(n); € S*(n); and the
weights of v,_1; and v,,; are n — 1 — 2i and n — 2i respectively, we must have E.v,_1; = 4;0,; for some a; € C,
0 <i<n-1. Then, by and [¢, E].v,—1; = e.E.v,_1;—E.e.v,_1; = Oitfollows thata;(n+1—i)—a,_1(n—i) = 0.
If a9 = 0 then all 4; = 0, and hence, by

Fv,1; =[f,Elvy-1i = f.Evu1; — E.fon_1; = (i + 1) — 2i41)0n i1

it follows that F.v,_1; = 0 for all i, a contradiction to irreducibility of S*(r) since dim S*(n) > 1. So, ag # 0,
and hence E.v,_1; and F.v,_;; are uniquely determined by a9. Moreover, by a similar weight argument we
must have E.v, ; = bjv,-1,j-1 for some b; € C. Then, by

—26.0,1,]‘ = [E, E].Un,j = ZE.(E.ZJn,]‘) = 2E.(bj2)n_1,]‘_1), Eﬂn—l,j—l = (lj_lvn,]‘_l

it follows that E.v,, ; is uniquely determined by ao. Finally, by F.v,, ; = [f, E].v,,; = f.E.v,; — E.f.v, ; it follows
that F.v,, ; is uniquely determined by ag as well. In particular, if ag = n thena; = n—i, b; = -1, then we obtain
B3).

Conversely, if is satisfied, then by the former part S*(n) becomes an osp(1,2)-module, since other
identities in can be verified directly. S*(n) is irreducible since the even (resp. odd) part of any nonzero
submodule must be V(n — 1) (resp. V(n)).

(2) If 5~(n) is an irreducible osp(1, 2)-module then E.v,, o = 0 since the highest weight of V(n —1)isn —1
and the weight of v, o in V(n) is n. The remaining argument is similar to that of (1). In particular, in this
case actions given in are determined uniquely by F.u,0 = v4-19. O

From now on we always assume that S*(n) and S™(n) are irreducible osp(1,2)-modules satisfying .
Then S*(n) = S™(n) as osp(1,2)-modules and any finite-dimensional irreducible osp(1,2)-module S is iso-
morphic to S* (k) for some k.

Example 3.3. (1) The Lie superalgebra sl(1, 2) is a generalized semidirect sum of osp(1,2) and S*(1).
(2) The Lie superalgebra osp(3, 2) is a generalized semidirect sum of osp(1,2) and S*(3).

Indeed, by the canonical embedding of osp(1, 2) into sl(1,2) and semisimplicity of osp(1,2) [4, Theorem
4.1], we have sl(1,2) = osp(1,2) & M as osp(1,2)-modules under the adjoint action. Note that dimM = 3
since dimsl(1,2) = 8 and dimosp(1,2) = 5. Therefore, by semisimplicity of osp(1,2) again it follows that,
either M = 5*(1) or M = 5%(0) & S*(0) ® S*(0). The latter can not happen since, otherwise, sl(1, 2) has 1-
dimensional ideals, which is impossible. So, (1) follows by Corollary[2.10} Similarly, due to the embedding
of osp(1, 2) into osp(3,2) given by and semisimplicity of osp(1,2), we have osp(3,2) = osp(1,2) ® N as
osp(1, 2)-modules under the adjoint action, where N is irreducible or a sum of irreducible osp(1,2)-modules
and dim N = 7. However, if N ¢ 5%(3) then N has a 1-dimensional direct summand since all irreducible
osp(1,2)-modules have odd dimension, and hence osp(3,2) has 1-dimensional ideals, which is impossible.
So, N = §*(3) and (2) follows by Corollary 2.10}

3.3. Some osp(1,2)-module homomorphisms

By Proposition[2.3|we consider only even homomorphisms of modules of Lie superalgebras.
Let Homosp(1,2(S* (1) ® S* (1), $* ()5 be the space of even osp(1,2)-module homomorphisms. By (2.4),

(ST m®S () =(Vin-1)®@V(n-1) & (V(n)® V(n),

3.9
(S* () ®S*(m); = (Vin— 1)@ V() & (V(m) ® V(1 — 1)), ()

which can be decomposed further as sums of irreducible osp(1,2); = sl,(C)-modules. Note that, as an
irreducible sl;(C)-module, V(n — 1) ® V(n — 1) (resp. V(1) ® V(n)) has weights of the form 2(n — 1) — 2i — 2j
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(resp. 2n—2i—2j), and weights of V(n—1) are of the form n—1-2k. Any 1) € Homgsp(1,2)(S*(n)®S57 (1), S*(n))g
is an osp(1, 2)5 = slx(C)-module homomorphism from 5*(n) ® S*(n) to S*(n) satisfying that

P((ST(M) ® S (n)y) € V(n—1), P((ST(n)® S (m)1) € V(n). (3.10)

Moreover, if ¢ # 0 then both inclusions in (3.10) must be equalities since S*(n) is an irreducible osp(1,
2)-module. At first we have the following observation.
Lemma 3.4. If n is even then Homesp(1,2)(S* (1) ® S* (1), S*(n))p = 0.

Proof. If niseven, then2(n—1)—2i—2j = n—1and 2n—-2i—2j = n—1 can not happen, which means that, for
any 1 € Homggsp(1,2) (S (1) ® $*(n), $*(n))y we must have ¢ = 0 since the highest weight of V(n — 1) = 5*(n),
ism—1. O

Now we assume that 7 is odd. For any 1) € Homesp(1,2)(S* (1) ® 5*(1), 5 (n))y, by (3.10) and weight
argument we have (recall Notation

Y(0n-1,i, Up-1j) = Aijon-1x € ST(1)y,  a; €C, k=(i+j)—(n-1)/2,

Y(Oni, Unj) = XifOn-10 € S++(n)(-), xij€C, t =_(i +) = m+1)/2 (3.11)
Y(On-1i, Un,j) = YijOnm € ST ()1, v €C,m=(+j)—-n-1)/2,
Y(Vn,i, Un-1,j) = Zijonyp € ST(n)1, zij€C, p=(+j)—-(n-1)/2
By and applying the action of E to both sides of Y(v,-1,, V) = yijoum We get
—yij = (n = )xij — aj j-1. (3.12)
Similarly, by applying the action of E to both sides of {(v,,, vn_l,j) = ZijUn,p We get
—zij = —(n — xij — ai-1,j, (3.13)
and, by applying the action of F to both sides of (v, ;, vy, j) = XijUp-1, We get
(€ + Dxij = yij — zij. (3.14)

Since {+1+2n—i—j=2n-(n-1)/2 # 0, by (3.12)-(3.14) it follows that x;; is uniquely determined by a; 1 ;
and a; ;-1 via
@ij-1 = Ai-1,j

X,’j = m, (315)

and hence y;; and z;; are also uniquely determined by a; 1; and a;; 1. Based on this we shall prove the
following

Lemma 3.5. Homp(1,2) (S (1) ® S*(n), S*(n))g # 0 if and only if n is odd. In this case it holds that
dim Homesp(1,2)(S* (1) ® S*(n), S (n))g = 1.

Proof. By Lemma it suffices to check the “if” part. Assume that n is odd. First we show that
Homysp(1,2)(S7 (1) ® §*(n), 5" (1)) # 0. Choose any 0 # ag,-1)2. We obtain a nonzero osp(1,2); = sl,-
module homomorphism ¢ from V(n—1) ® V(n —1) to V(n — 1). Then, extend ¢ to a map from S*(n) ® S*(n)
to 5*(n) by using (3.11), where x;;, yij, z;j are given by (3.12)-(3.14). Finally, it is direct to check that such a ¢
commutes with the actions of i, ¢, f, E and F.

It remains to show that, any 1) € Homgsp(1,2)(S* (1) ® §*(n), S* (1)) is uniquely determined by

Y(Vn-1,0, Un-1,(n-1)/2) = A0Un-1,0, Ao € C.

By argument as above, it suffices to verify that all 4;’s in (3.11) are uniquely determined by ay, which is
ao,(m-1)/2- But this is clear due to the Clebsch-Gordon formula for the osp(1, 2); = sl,-module V(n-1)®V(n-1),
which implies that dim Homg,(V(n - 1)@ V(n -1),V(n-1))=1. O
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Remark 3.6. One may apply the Clebsch-Gordon decomposition of the osp(1,2)-module S*(n) ® S*(n), which is
unique up to isomorphism, to derive directly Lemma (3.4 and Lemma However, the approach as above gives
explicit constructions which will be important to our further computations.

Now we describe super skew-symmetric and even homomorphisms from S* (1) ® S*(n) to S*(n). Recall the
following decompositions of sl,-modules

ANV@Rt+1) = el VAl -1), AV(21) = ea;;})vm(t -)-2), (3.16)

where t > 0 is an integer and A’M = M A M is the exterior product of M. So, by (3.16) and Schur Lemma
we have

{ Homg, (A2V(n),V(in—1)) #0 © n=4t+1,

Homg, (A2V(1 — 1), V(1 - 1)) £ 0 < n = 4t + 3, (3.17)

Lemma 3.7. There are nonzero super skew-symmetric even homomorphisms from S*(n) ® S*(n) to S*(n) if and only
ifn =4t +3(t >0). In this case, such super skew-symmetric even homomorphisms are uniquely determined up to
scalar.

Proof. Assume that there are nonzero super skew-symmetric even homomorphisms from S*(n) ® S*(n)
to §*(n). In particular, Homesp(1,2)(S™ (1) ® S*(1), 57 (n))y # 0. Then n is odd due to Lemma Fix any
0 # ¥ € Homesp(1,2)(S*(n) ® S*(1), S*(n))y. Then ¢ is surjective and Y|y(-1yev(u-1) # 0. (Otherwise, it follows
that Y|veeve = 0 due to and (3.15), and hence {(S*(1n) ® S*(n)) € S*(n); = V(n), a contradiction to
the fact that ¢ is surjective.) Note that |yu-1)eve-1) € Homg,(A?V(n — 1), V(n — 1)) since ¢ is even and
V(n —1) € S*(n)g. Therefore, by we must have n = 4t + 3 for some integer ¢ > 0.

Conversely, assume that n = 4t + 3. Then, by we may choose

0 # g € Homg,(A*V(n — 1), V(n — 1))

and extend it uniquely to ¢ € Homysp(1,2)(S* (1) ® S*(n), §*(n))p via (3.11), where coefficients a;j, x;j, y;; and

z;j are related by (3.12)-(3.14). It’s routine to check that ¢ is super skew-symmetric. For example, by (3.15)

and Y(vn-1,i, Un-1,j-1) + Y(On-1,j-1, Un-1,i) = (@i j-1 + aj-1,)Vp-1x = O it follows that

@ij1 = i) = @i —aj1) 0
2n—(n—1)/2 o

which implies that Y(vy,i, vy,j) — P(vj, v4i) = 0, and hence

x,-]- - X]‘,‘ =

s i ) 1) = .. .. m= (= —q R Y i i—1,i m=
Y(0y-1,i vn]) + l,L’(vnj/ Un-1,i) (yzj + Z]z)vnm =(-(n l)(xlj x]z) + (al] 1t4a; 1,))0nm =0

as desired. O

Based on Lemma all skew-symmetric even homomorphisms from S*(n) ® S*(n) to S*(n) can be
described further as follows, which will be used in Section 4]

Corollary 3.8. Assume that n = 4t+3. Let J be the super skew-symmetric even homomorphisms from S*(n)®S*(n)
to §*(n) which is uniquely determined by

1L\(Un—l,OI Z711,(11—1)/2) = van,o- (318)

Then any skew-symmetric even homomorphism from S*(n)®S* (n) to S*(n) is a multiple of {b\ Moreover, the following
identities hold.

Y(0n,0, Vn-1,(n-1)/2) = —P(VUn-1,(n-1)/2, Un,0) = 210y 0, (3.19)

{P\(Un,o, Un,(n+1)/2) = 20n-1,0, (3.20)
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—~ —~ 2 (((n + 1)/2)1)

Y(0n-1,0, Vnn-1) = =P(Opu-1,Vn-1,0) = %Zﬁl,(ml)/b (3.21)
—~ —~ 2(((n = 1)/2)1)

Y(04,0, Onn) = P(Onn, Unp) = %Un—l,(n—l)/b (3.22)
~ ~ 1

1,b(vn,(n—l)/Z/ Un,n—l) = ¢(vn,n—l/ Un,(n—l)/Z) = _E(n - 1)Un—1,n—2- (323)

Proof. It remains to verify — by using , , . At first we consider . Since g’l)\ is

weight-preserving and maps V(n — 1) ® V(n — 1) to S*(n); = V(n — 1), we have that, if {(v,-1,0, Un—1, (n-1)/2-1)
were nonzero then it has weight

n-1+n-1-2(n-1)/2-1)=n-1+2=n+1.

But n + 1 is not a weight of V(n — 1). So, 1’/)\(0,1_1,0,0,4_1, m-12-1) = 0. Applying the action of F to
Y(Vn-1,0, Un-1, (n-1)/2-1) = 0 we get that
0 = E(F-Un—l,Orvn—l,(n—l)/Z—l) + (—1)|F”v”’1'°|1’,b\(0n—1,o,F-Un—l,(n—l)/2—1)
- 1 -
&2 Y(On1, Un-1,(n-1)/2-1) + 5(” — D)Y(vn-1,0, Un,(n-1)/2)

G —
= P(Un1, Unat,(u-1)/2-1) + (1 = 1)vy,0,

which implies 1,,[)\(0,,,1, Uy1,1(n-1)-1) = —1(1n = 1)vn0. By applying this identity and the action of f to

Y(n0, Un—l,%(n—l)—l) =0
we get that
0 = P(f-ou0 Vntm-1y2-1) + (D)0 Y(, 0, £.0,1 (4-1)/2-1)

— 1 _

= Y(0n,1,On-1,(n-1)/2-1) + 5(71 = DY (vn0, Un-1,(-1)/2)
1 —

= —n(n-"1v,0+ z(ﬂ = DY (0n0, Vn-1,-1)/2),

from which we get l) by super skew-symmetry of 1;7

—

By weight argument we have {(v;,0, Uy (n+1)/2) = XUn-1,0 for some x € C. Applying the action of E we get

XEUp-10 = X050 = Y(E0n0, Onmeny2) + (1)@, 0, E0, (111y2)

(3.8) -~ -3.19
- 0+ w(vn,Or z7;’1—1,(;1—1)/2) - van,o‘

So x =2, and (3:20) follows.

By weight argument we have {b\(vn_w, Vupn-1) = YOnn-1)2 for some y € C. Applying the action of e~/

and using (e.v,-1,0, —) = 0 we get that
n!

I+ 1720
1’,11\(071—1,0, 6("_1)/2~Un,n—1)

D (14 11200010, 0mry2) =2 20 (1 + 1)/2)0m0.

ye(n—l)/z

On(n-1)/2 = = e("_l)/z-l,b(vn—l,o, Unn—1)
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Soy = %, and (3.21) follows by using the super skew-symmetry of l:l)\ In a complete similar way,

by using the action of ¢""/2 to (0,0, V) = 20,1 1(4-1) (2 € €) and using Plevn,-) = 0 we get lb
To check (3.23) we shall need the following identity

-~ -~ ((n+1)/2
1P(Un,(n—l)/2+j/ Z)n,n—j) = lgl}(UVl,l’l—j/ zJn,(n—l)/2+j) = 2(_1)](( j ) )Un—l,n—l (3.24)
for0 < j < (n-1)/2, where (s) = #iq)! denotes the binomial coefficient. Indeed, by weight argument we

have y’ZJ\(vn,(,,,l)/er jr Unp-j) = UjOy-1,,-1 for some u; € C. Applying the action of e to y’b\(vn,(nﬂ) J24jr Onn—j) = 0 we
get

0 = {p\(e-vn,(n+l)/2+]’/ Upn—j) + (_1)|e||v”’(n+l)/2+l|Q}\(Un,(n+l)/2+j/€-vn,n7j)

€2 (n+1)/2-) a(vn,(n-l)/zﬂ, Onn—j) + (j + 1)4’;(Un,(n+1)/2+jrUn,n—j—l)

= (((+1)/2= uj+ G+ Dtjor) o1,

uj n+1)/2—
from which we deduce that i —(.#. Then
u]‘ ] +1
j

u; u; uj +1)/2-k+1 . 1)/2
R H(_%) _ (_1)]((n+' )/ )
Up Uitz Ho 4 k j

that is u; = uo(-1)/ ((”+]D/ %), where 1 can be calculated as follows. Applying the action of f*"1/2 to (3.22)
and using 1//1\(—, fonn) = 0 we get that
2(((n = 1)/2)1°
(n-1)
= f(n_l)/z-:ﬁ(vn,()/ Z)n,n) = l:b\(f(n_l)/z-vn,O/ Un,n)

((n = 1)/2)'(Vn,(1-1)/2, Un) = tio (1 = 1)/2)!0y-1, 1.

So, up = 2 and || follows by super skew-symmetry of 1//)\
By weight argument we have ¢(v, 1(,_1), Un,n-1) = W0p-1,,2 for some w € C. By applying the action of f
we get that

FOD2 g &2, ((n = 1)/2)!0p-1,11

wf-vn—l,n—Z @ ZU(i’l - 1)vn—1,n—1

= l:.D\(f-vn,(n—l)/Zr Un,n—l) + (_1)|f||v"'<n_l)/z|;D\(vn,(n—1)/21 f-vn,n—l)
1 — —

= E(” + DY (0n,(1-1)/2+1, Unu-1) + 1P (O (0-1)/2) Vn,n)

629

1 1
—5(7’1 + 1205151 + 21001 o1 = —5(71 = 1)?Vp-1 01

So,w = —1(n—1),and 1i follows by super skew-symmetry of 1’/; O

Motivated by Proposition [2.3| we consider super skew-symmetric even homomorphisms from S*(n) ®
5*(n) to the adjoint module osp(1,2), which can be identified with S7(2) via

{ osp(1,2)p =5~y = V(2) : € —vag, I vy, f 1> 0aa, (3.25)
T =

0sp(1,2)1 =S (21 =V(Q): E- vy, F—>01,.

(see (3-2), B.9), and Lemma3.2]) Let Homosp(1,2)(S* (1) ® 5*(11), S7(2))5 be the space of even homomor-
phisms of osp(1,2)-modules. At first we have the following lemma (recall Notation 2.T).
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Lemma 3.9. Let ¢ € Homysp1,2)(S*(n) ® S*(n), S™(2))g. Then ¢ is uniquely determined by @(vy,0, Vnn-1)-
Proof. By (3.9) and weight argument we may set

@(Vn-1,i, Un—l,j) = a,’-jvz,k' e V(2), ﬂ;j eC kK =(>1+))—-n-2),
P(Oni, Onj) = xlfjvz,gf e V(2), xl’.]. €eC U'=(G{+j)-(n-1),

/ / r (i 3.26
POu-1is 00)) = Yyor €V), Y, €C, m =i+ )~ (1), (3.26)
(P(vn,i/ vn—l,]') = Zz{jvl,p' € V(l)/ Zz,] €C, P’ = (l + ]) - (11 - 1)
By and applying the action of F to both sides of ¢(v,-1,;, v,;) = y;jm,mf we get
(i+j—-(n- 2))%‘ = al’.j + @+ 1)x,f+1/j. (3.27)
Similarly, by applying the action of F to both sides of ¢(v;,i, vy-1,;) = zlf].vl,p/ we get
i+ )= =2)z; = aj; = (j+1)x] .y, (3.28)
and, by applying the action of E to both sides of ¢(v,-1,;, V4-1,)) = a0y we get
_azl'j =n- i)zl’.]. +(n— j)ylf].. (3.29)
By 1)1} it follows that a;; is uniquely determined by x; ; and x7,, ; via
. (=D + D], = (= P+, 530
i n+2 ’ '
and hence y!. and z;; are also uniquely determined by xl',,]. . and X4+ It remains to check that all xl’,j

are uniquely determined by ¢(v,0, vUnu-1). Since the restriction of ¢ to V(n) ® V(n) is an sl-module
homomorphism from V(1) ® V(n) to V(2), the result follows by Schur Lemma and the Clebsch-Gordon
decomposition of V(1) ® V(n), which implies that dim Homy,(V(n) ® V(n), V(2)) =1. O

Now we prove the following result.

Lemma 3.10. There are nonzero super skew-symmetric even homomorphisms from S*(n) ® S*(n) to osp(1,2) (i.e.,
the module S™(2)) if and only if n is odd. In this case, such super skew-symmetric even homomorphisms are uniquely
determined up to scalar.

Proof. =: Let ¢ be a nonzero super skew-symmetric even homomorphism from S* (1) ® S*(n) to osp(1,2) =
57(2). Set @o := Plvmev(m. Then @y # 0 by Lemma 3.9} Since S*(n); = V(n), it follows that @y is a symmetric
sl-module homomorphism from V(1) ® V(n) to V(2). Thus, Homyg,(S*V(n), V(2)) # 0, where S?V(n) is the
submodule of symmetric tensors in V(1) ® V(n). By (3.16) and V(n) ® V(n) = S>V(n) & A2V (n) we get
SV =e_ V@At -1), SVEt+1)= & VAt - ) +2), (3.31)

from which we deduce that # is odd by Schur Lemma.
&: Assume that 7 is odd. By (3.31) we may choose 0 # ¢y € Homg, (S*V (1), V(2)) and extend it uniquely

via (3.26) to
¢ € Homegp(1,2(S™(n), S™(n), S7(2))g = Homuosp(1,2)(S™(n), S™(n), 0sp(1,2))s,

where coefficients a, X Y and z/; are related by lH) It’s direct to check that ¢ is super skew-

symmetric. For example, by (3.26) and ¢(vy,i, vs;) = @(0y,, Uyi) we have xlf]. = x;.l., and hence by 1i
we have al’.j + a}i = 0, which implies that ¢(v,-1,, Up-1;) + @(Un-1,j, Vn-1,) = 0. Moreover, to see that

@(On-1,i, Un,j)+P(0n,j, Uy-1,;) = 0, we may assume that (i + j) — (n—2) # 0 without loss of generality (otherwise
P(On-1,i, On,j) = P(0n,j, Vn-1,) = 0 by (3.26)). Then, by (3.26), (3:27) and (3.28) we have
P(Vn-1,, Z)n,j) + (P(Un,jr Up-1,i) = (]/1', + Z;‘i)vl,m'
1 ,

= m((H:] + a}i) + (l + l)(xi+1,j - X},i+1))01,m/ =0
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as desired. [

Similar to Corollary by Lemma all skew-symmetric even homomorphisms from S* (1) ® S*(n)
to osp(1,2) = 57(2) can be described further as follows, which will be used in Section E}

Corollary 3.11. Assume that n is odd. Let @ be the super skew-symmetric homomorphisms from S*(n) ® S*(n) to
osp(1,2) = S™(2) which is uniquely determined by

P00, Vn 1) = 2(=1)""e. (3.32)

Then any skew-symmetric even homomorphism from S*(n)® S*(n) to osp(1,2) = S™(2) is a multiple of . Moreover,
the following identities hold.

(’p\(vn—l,O/ Un—l,n—Z) = 2(11 - 1)61 (333)
(’ﬁ(vn—l,OI vn,n—l) = _(’ﬁ(vn,n—l/ ZJn—l,O) =-E, (3-34)
(/P\(Un,O/ Un,n) = a(vn,n/ Un,O) = -h. (335)

Proof. Tt is similar to and simpler than the proof of Corollary 3.8 by using (3.32), (3.7), (3.8). As an example
we consider only (3.33), since (3.34) and (3.35) can be deduced similarly. Since @ is weight-preserving and

maps V(n) ® V(n — 1) to osp(1,2); = C(E, F), we have that, if (’ﬁ(vnlo,vn_m_z) is nonzero then it has weight
n+n—1-2(n—2)=3. But 3 is not a weight of the adjoint module osp(1,2), a contradiction. So, we must
have @(vy,0, Vy-1,4—2) = 0. Applying the action of F we get that

0 = Eﬁ(F-vn,Or Unfl,n—Z) + (_1)|F||v,,,0|a(vn/0, F-vnfl,rﬁZ)
58 - i P
&3 Q(Vn-1,0, Vn-1,n-2) — (1 — 1)p(Vp,0, Uy 1) @(Vn-1,0, Un-1,n-2) — 2(n = 1)e.

Hence ¢(vy-10, Vy-1,4-2) = 2(n — 1)e as required. [0

4. The classification of generalized semidirect sums of osp(1,2) and S*(n)

Keep notations as above. For all generalized semidirect sums of osp(1,2) and S*(n) (see Lemma
we have the following result. Recall that, (0,0) € Z(osp(1,2), 5*(n)) and the generalized semidirect sum
osp(1,2) ®,0) ST (n) is just the semidirect sum osp(1,2) =< S*(n) (see Example .

Proposition 4.1.

(1) Ifn +#1,3 then osp(1,2) < S*(n) is the unique generalized semidirect sum of osp(1,2) and S*(n).

(2) Ifn =1 then any generalized semidirect sum of osp(1,2) and S*(n) is isomorphic to either osp(1,2) = S*(1) or
sl(1,2).

(3) Ifn = 3 then any generalized semidirect sum of osp(1,2) and S*(n) is isomorphic to either osp(1,2) = S*(3) or
osp(3,2).

To give a proof we need to compute the set .Z(osp(1,2), 5*(1)) (see (2.14) and Proposition 2.3), which
involves super skew-symmetric even homomorphisms from S*(n)®S*(n) to S*(n) and osp(1, 2), respectively.
We need in the following lemmas.

Lemma 4.2. Any element of L(osp(1,2), S*(n)) has the form (ap, b{/)\), a,b € C, where @ is given by Corollary
and v is given by Corollary Moreover, if n > 1 and (ap,0) € L(osp(1,2),S*(n)) then a = 0.

Proof. The first statement follows by Corollary Corollary Assume that n > 1 and (ag,0) €
L(osp(1,2),5*(n)). Recall that ¢ maps V(1) ® V(n) into osp(1,2); = S~(2); = V(2) (see (3.25)). So, if
(00, 040) # 0 then it has weight n + n = 2n, which is impossible since 21 (n > 1) is not a weight of V(2).
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Hence we must have ¢(vy,0, v0) = 0. (This can not be deduced by , though @ is super skew-symmetric.)
Therefore, by (2.14) and Proposition[2.2)we have

0 = (D" lag(v,0,050)00 + cp. = 0= aP(On,1,0,0)-0n0 ~ AP(Vr,0, V) -Vno
@ —a(=h.v,o — h.v,0) @ 2anvy, o,

which implies that @ = 0. The second statement is proved. [

Lemma 4.3. Ifn # 1,3 then £(osp(1,2),5"(n)) = {(0,0)}.

Proof. If n is even then the result follows by Lemma|3.7jJand Lemma So, we assume that n > 3 is odd.
By Lemma it suffices to check that, if (ag, blf) € L(osp(1,2),S*(n)) thena = b = 0. Note that, if b = 0
then a = 0 due to Lemma So, it remains to verify that b = 0.

Assume contrarily that b # 0. (In this case we have n = 4t + 3 for t > 0 by Lemma[3.7)) By Example
we have (b‘z—z(’ﬁ, Y) € L(osp(1,2),5"(n)). To get a contradiction we compute ;; in two different ways by using
2.17).

By ¢(vn,0,vs0) = 0 (see the proof of Lemma we get that

a —
(_1)|vr1,0”vn,n| ﬁgo(vn/o, vn,O)-vn,n + C-p'

a_ a
= 0 - ﬁ(P(Un,n/ Un,O)-Un,O - b_Z(P(UTerI 'Un’n)-vn,()

B35) a 2a
= —b—z(—h.vn,o—h.vn,o) = ﬁnvn,o.

Note that y’b\(vn,o, vy,0) = 0 since 2n is not a weight of V(n — 1). So we have that

(_1)|vn'0”v"'nl':b\(ljb\(vn,ol Un,O)/ vn,n) +c.p.
= 0- l’l)\(l:b\(vn,nr Z711,0)/ Z711,0) - ljb\(;b\(vn,Or vn,n)l vn,O)
e 4((n-1)/2)) —~ 61 8n(((1-1)/2))’

= W‘P(Un—l,(n—l)/zr Uno) = an,o-

Therefore, by (2.11) we get that

a _ 4((n-1)/2))?
R (n-1)

Similarly, by @(vy-1, U n-1) = 0 we have

<0. 4.1)

a —
(_1)|vn71,0||vn,n71\ﬁ(p(vn_l,ol V1) Onn1 + cp.

a — a —
= E(P(vn—l,O/ vn,nfl)-vn,nfl - ﬁ(P(Un,nflz Z)n—l,O)-vn,n—l +0

@ 2a G® 2a

_ﬁE'vn,n—l - ﬁvn—l,n—Zr
and by (v -1, Vnn-1) = 0 we have

(_1)|vn71'0“vn'n71‘{#\(gb\(vn—l,Ol Un,n—l)/ Un,n—l) +c.p.
= I1b(lab(vn—1,01 Z71/L,n—1)/ Z)n,n—l) - l,b(lp(vn,n—lr Z71/1—1,0)/ z7n,n—1) +0

6z 4 1)/2))* ~ 6 2 1)/2)1)?
%w(vn,w—l)ﬂ/vn,n—l) _%vn—l,n—l

2
Therefore, by (2.11) we get that ;7 = % > 0, which contradicts to (4.1). O

Now we consider the case n = 1. In this case we have Table|[l|due to Corollary



R. Lu, Y. Tan / Filomat 39:15 (2025), 5157-5176 5173

Table 1 The values of ¢ on S*(1) ® S*(1)

o(=,-) | voo | V10 | V11
%o | 0 | -E | —F
(%) E 2e ~h
o | F | —h | —2f

Lemma 4.4. It holds that #(osp(1,2),S*(1)) = {(ap,0) : a € C}.

Proof. By Lemma it remains to check that (ag,0) € Z(osp(1,2),S*(1)) for any a € C. The case a = 0 is
clear. So we assume thata # 0. By Example[2.9]it suffices to check (¢, 0) € . (osp(1,2), S*(1)). By (2.14) and
Proposition it suffices to check that ¢ satisfies (2.11), which reduces to

(=1)mlmslgny, ma).ms + cp. = 0 4.2)

for any homogeneous elements m; € S*(1) = V(0) ® V(1) (i = 1,2, 3). Clearly we may assume that m; is one

of vy, v1,0, V1,1 (see (3.7)). We check (4.2) case by case, using (3.8), and Table[T} The verification is long
but straightforward. We give only the following two cases as examples.

(i) For my = vgp, ma = v19,m3 = v1,1 € S*(1), holds since
(_1)|UO’OHUM|(/P\(UO,O/ 01,0)-01,1 + C.Pp.
= @(v0,0,010)-01,1 — P(V1,1,V00)-01,0 + P(V1,0,01,1)-000 = —E.v11 — Fv19—hvgg = 090 — 090 — 0 = 0.
(ii) For my = v1,0,my = v11,m3 = v11 € S*(1), holds since
(=)ol o, 01 1).011 + c.p.

—p(v10,v11)-011 — P(v1,1,010).011 — P(V1,1,01,1)-V10
h.ZJl,l + h-Ul,l + 2f.01,0 =-011—011+ 201,1 =0.

Other cases are similar and omitted. [

Finally we consider the case n = 3. In this case we have Table 2| and Table [3| due to Corollary and
Corollary 3.8] respectively.

Table 2 The values of ¢ on S*(3) ® S*(3)

Eﬁ (=) 20 | 021 V22 | U30 | U31 | U32 | U33
02,0 0 4e -2h 0 0 —E -F
V21 —4e 0 -4 f 0 2E 2F 0

wo | 20 | 4fF | 0 |-E[ -F ] 0] 0
v | O | 0 | E o] 0 [2] -n
31 0 |2E| F | 0 | —4e| h | —2f
vs2 | E |=2F| 0 |20 | n [ 4f | 0
vz | F | 0 | 0 | -n|[=2f] 0] 0
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Table 3 The values of 1,,[)\ on S*(3) ® S*(3)

IP(—/ -) 02,0 02,1 02,2 03,0 03,1 U32 U33
02,0 0 1 002/0 502/1 0 6?}3,0 403/1 2?)3,2
021 —107)2,0 0 10?]2,2 —67)3/0 —2?]3,1 203/2 6?)3,3
02,2 —5?)2/1 —1002/2 0 —27)3/1 —4?)3/2 —603/3 0
030 0 603,0 203]1 0 0 2?)2/0 021
03,1 =603 2031 4v3, 0 —4vy0 | —U21 | 2022
U3) —4v31 | —2v3p | 6Uz3 | 200 | —Up1 | —4vpp | O
033 —203/2 —6’03,3 0 021 2’02,2 0 0

Lemma 4.5. It holds that #(osp(1,2),5%(3)) = {(ap, bfﬁ) :a,beC, & =-20U{(0,0)}, where ¢ is given by

b2
Corollary and 1 is given by Corollary

Proof. By Lemma (0,0) € L(osp(1,2),5*(3)). If (ap,0) € .L(osp(1,2),5*(3)) then a = 0 by Lemma
Assume that (0, byp) € Z(osp(1,2),5*(3)). Due to (2.11),

V(= 1)l (my, ma), m3)) + cp. = 0 4.3)

holds for any homogeneous elements m; € S*(3). For my = vy, my = m3 = v3,, due to (4.3) and Table we
have

0= (—1)|v2’0”v3’2|b212;(QJ\(’OZ,(), ‘03,2), ’03,2) +Cp. = 12b22)2,1,
which implies that b = 0.

Assume that (ag, bfp\) € Z(osp(1,2),5*(3)) with a,b # 0. Then, by Example [2.9|it follows that (%@, 1’/)\) €
L(osp(1,2),5*(3)) . Applying (2.11) to my = v29,my = m3 = v3, € 5*(3) and using Table @ Table [3| we get
that

a — -~ 6a
0 = ((—1)‘02’(]"03’2'ﬁ@(vz,olvs,z)ﬂaz + (—1)‘02’(]"03’2'EU(IP(UZ,O,03,2),03,2)) top. = vt 12034,

which implies that ;7 = —2. Therefore, it remains to verify that

2~ 2} ¢ ZL(osp(1,2), $*(3)).

(@@, by) : a,beC, =

Furthermore, by Exampleit suffices to check that (—2¢, @) € L(osp(1,2),5*(3)). By 1i and Proposition
it suffices to check that @, i/ satisfies ll and ll which are equivalent to the following two identities.

(=)l G (my, my), ms) + cp. = 0, (4.4)
2((=1)m IS my, wo).ms + cp.) = (=1)™M WYy, my), mz) + cp., (4.5)

where m; € §*(3) is homogeneous. In fact, it suffices to check that both and hold for m; being

vkj € ST(3) = V(2) ® V(3) (see and (3.7)). Similar to the proof of Lemma we check and
for m; being vy, ; € §*(3) = V(2) ® V(3) case by case, using (3.8), (3.7), Table 2|and Table B} The verification is
long but straightforward. We give only the following two cases as examples.
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(i) For my = V0, My = V1, M3 = UVp € S+(3), both " and |) hold since

(—1)'”2'0“”2'2'6@(vz,o, 02,1),V22) + C.Pp.
= E5(1:0\(02,0, U21),V22) + Eﬁ({b\(vz,z, 020),021) + Eﬁ(lj;(vz,l, 022),V2,0)
= 109(v2,0, v22) — 5¢(02,1,V2,1) + 109(v2,2, V20)
= —20h—0+20h =0,
(_1)Iv2'0||v2'2|a(02,0/ 02,1).02,2 +cp.
= P(v20,021)-022 + P(V22,020).V21 + P(V21,V2,2)-020
= 46’.?)2/2 + 2]’[.02,1 - 4.f."02/0 = 47)2,1 +0-— 47)2/1 =0,
(—1)'”’0”02’2'1’/;(1’!1\(02,0, U21),V22) + C.P.
= D(W(v20,021),022) + V(W02 020), V21) + Y((v21,22), V20)
= 10¢(v20,v22) = 5Y(2,1, v2,1) + 101(v22, V2,0)
= 5002,1 +0- 50?)2,1 =0.

(11) Formy = 0U,1,My = Upp, M3 =031 € S+(3), both 1' and " hold since

(—1)Iv2’1”vS'lla(l,’b\(Uz,l, 022),03,1) + C.p.

= Eﬁ({ab\(vz,l, V22),031) + (/P;({/’\(Us,li 21),022) + (/P\(ljf\(vz,z, V31),702,1)

= 109(v22,v31) + 20(v3,1,022) — 49(v32,v21) = —10F +2F +8F =0,
(1)1, 1,02 2).031 + C.p.

= Q(U21,122).031 + P(U31,021)-022 + P(V22,031).021

= —4f.Z)3,1 - ZE.UZ,Q - F.Z)z/l = —803/2 - 21)3,2 - 22)3,2 = —1203[2,
(—1)Iv2’1“vS'lll’,U\(lj)\(Uz,l,Uz,z), 03.1) + C.p.

= 1:1’\(1:0\(02,1, 022),031) + Ijb\({)b\(vs,l, 02,1),V22) + Eb\(lj’\(vz,z, U31),02,1)

= 10':1’\(02,2, U31) + 2121\(03,1, Vp0) — 41711\(03,2, v21)
= —4003,2 + 8173,2 + 803,2 = —241)3,2.

Other cases are similar and omitted. [J
To close this section we give the proof of Proposition[4.1]as follows.

Proof. (1) Since n # 1,3, the result follows by Lemma[4.3/and Example

(2) Since n = 1, by Lemma[4.4and Example[2.9]there are exactly two isoclasses of generalized semidirect
sums of osp(1,2) by S*(1). So, the result follows by Example[2.5 and Example

(3) Since 1 = 3, by Lemma[4.5|and Example[2.9]there are exactly two isoclasses of generalized semidirect
sums of osp(1,2) by 5*(3). So, the result follows by Example[2.5/and Example O
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