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Abstract. The main object of the study of this paper is the notion of 3-Lie superalgebras with superderiva-
tions. We consider a representation (O, P) of a 3-Lie superalgebra Q on P and construct first-order coho-
mologies by using superderivations of £ and Q which induce a Lie superalgebra 74 and its representation
W. Then, we consider an abelian extension of 3-Lie superalgebras of the form 0 — £ 5 L£5Q— 0and
construct an obstruction class to the extensibility of a compatible pair of superderivations. Moreover, we

prove that a pair of superderivations is extensible if and only if its obstruction class is trivial under some
suitable conditions.

1. Introduction

Filippov introduced n-Lie algebras in 1985 [5]. n-Lie algebras, in particular 3-Lie algebras are important
in mathematical physics. Lie superalgebras are the Z,-graded Lie algebras which was introduced by Kac
[6]. These are too interesting from a purely mathematical point of view. The notion of 3-Lie superalgebras
are generalization of 3-Lie algebras extending to a Z,-graded case. n-Lie superalgebras are more general
structures that include n-Lie algebras and Lie superalgebras whose definition was introduced by Cantarini
etal. [1].

Derivation algebra is an important topic in Lie algebras, which has widespread applications in physics
and geometry. A superderivation of a Lie superalgebra is a certain generalization of the derivation of a Lie
algebra. The structure of the superderivation of Lie superalgebras was studied in [10, 13]. Cohomology is
an important tool in modern mathematics and theoretical physics; its range of applications includes algebra
and topology, as well as the theory of smooth manifolds and holomorphic functions. The cohomology of
Lie algebras was defined by Chevalley et al. [2]. Leites introduced the cohomology of Lie superalgebras
and extended some of the basic structures and results of classical theories to Lie superalgebras [7]. Further,
cohomology for n-Lie superalgebras was discussed in [9].

Recently, Tang et al. studied a Lie algebra with a derivation from the cohomological point of view
and constructed a cohomology theory that controls, among other things, simultaneous deformations of a
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Lie algebra with a derivation [12]. These results have been extended to associative algebras [3], Leibniz
algebras [4], 3-Lie colour algebras [16], 3-Lie algebras [15], Lie triple systems [14], and n-Lie algebras [11].
Generalized representations of 3-Lie algebras and 3-Lie superalgebras were introduced in [8, 18]. Zhao
et al. studied a representation of a Lie superalgebra with a superderivation pair and its corresponding
cohomologies [17].

The aim of this paper is to generalize the results of Xu [15] to the 3-Lie superalgebra case. First, we take
a representation (®, P) of a 3-Lie superalgebra Q on # and construct 2-cocycles by using superderivations
of  and Q and hence first-order cohomologies. This construction develops a Lie superalgebra 7¢ by the
representation @ and the space H'(Q; P) of the first-order cohomology class gives a representation W of the
Lie superalgebra 7¢. Furthermore, we consider the representation of 3-Lie superalgebras given by abelian

extensions of 3-Lie superalgebras of the form 0 — # % £ 5 Q@ - 0 and construct an obstruction class to
the extensibility of a compatible pair of superderivations of £ and Q to those of L.

2. Preliminaries

In this section, we recall representations and cohomologies of 3-Lie superalgebras and their relations to

abelian extension of 3-Lie superalgebras of the form 0 — P % £ 5 Q — 0 with [P,P, L] = 0. We show
that HY(Q; P) = 0, then the extension splits.

Let Z, = {0, 1} be the field of two elements. Throughout the paper, we denote IF as a field of characteristic
zero. A superspace is a Z,-graded vector space V = V; @ Vy. A subsuperspace is a Z,-graded vector space
which is closed under bracket operation. The nonzero elements of V5 U V7 are said to be homogeneous
and whenever the degree function occurs in a formula, the corresponding elements are supposed to be
homogeneous. A superalgebra is a superspace L = L; ® L7 endowed with an algebra structure such that
LoLy C Logfora,peZ,.

Definition 2.1. A 3-Lie superalgebra is a Z-graded vector space L = L5 & Ly equipped with a trilinear map
[,.,.]: N3L > L satisfying:

1. [x1, x2, 23] = |x1| + || + [x3],
2. [x1, %, x3] = —(=1)Ml[xy, x7, x3] = —(=1)"2Pal[xy, x5, x5],
3. [x1, %2, [x3, x4, x51] = [[x1, X2, X3], 24, x5 ]+ (=)D x5 [y, xa, x4], 2514 (= 1) RaPRaDxs bl ey ey [, x5, x5]],

for x1,x2,x3, x4, x5 € L and |x;| is the degree of homogeneous element x;, where |x;| € Z.

A subsuperspace N of a 3-Lie superalgebra £ is said to be 3 -Lie subsuperalgebra if it is closed under the
superbracket. If £ and M are 3-Lie superalgebras, then a 3-Lie superalgebra homomorphism 0 : L — M s an
even linear map satisfying 0([x, v, z]) = [0(x), O(y), O(z)] for x, y,z € L.

Let V be a Z,-graded vector space and End(V) be the set of all F-linear mappings of V into itself.
In End(V), define a Z,-gradation by Endg(V) = {¢ € End(V)Ip(Va) C Vpya for a, p € Z,}. Then End(V)
becomes an associative superalgebra. For each € Z,, Endg(V) consists of linear mappings of a Z,-graded
vector space V into itself which are homogeneous of degree 5. If L is an associative superalgebra and
we define a commutator on L by [[,I'] = II' — (=1l forl € L,, I € Ly, a, p € Zy. Then, Lis a Lie
superalgebra. The Lie superalgebra connected with the associative superalgebra End(“V) is called general
linear Lie superalgebra of V which is denoted by g/(V).

Definition 2.2. A superderivation of a 3-Lie superalgebra L is a linear map D : L — L of degree f satisfying:
D([x,y,2)) = [DE), y, 21 + (1) [x, D(y), 21 + (-1, y, D(2)],

forx,y,ze€ Land p € Z,.
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We denote Der(L) as the space of superderivations of L. Define an even skew-supersymmetric bilinear
map ad : AL — gl(£) by
ad(x1, x2)x3 = [x1,x2, x3],

for x1,x2,x3 € L.
Definition 2.3. A representation of a 3-Lie superalgebra (L, 1., .,.]) on a superspace V is a bilinear map ® : AL —
gl(‘V) such that the following equalities hold:

1. |D(x1, x2)| = x| + [x2l,
2. D(xy,xp) = —(-1)FIID(xy, xy),
3. D(x1, x2)D(x3, x5) = D([x1, X2, x3], x4)+(=1)PICFDD (x5, [y, 209, 204])+(—1) PN D (x5, x04) Dy, x2),
4. CD(xlr [x2, x3, X4]) — (_1)(|x1|+|xZ|)(|x3|+|x4|)q)(x3, X4)(D(X1,XQ) _ (_1)\3(1 |(\X2\+|x4|)+\X3||x4|q)(x2’ X4)CD(X1,X3)
+ (=1l D (xy, x3)D(x1, x4),

for x1,x2,x3,x4 € L.

We denote a representation of £ on a superspace V by (®, V).
Now onwards, we always assume that (L, [.,.,.]) is a 3-Lie superalgebra and we shall write, for any
X=x1Nx E/\ZL,x3 el

[X, x3] := [x1,x2,x3] € L. (1)
We shall use the following bilinear operation [., .,.Jr on NL given by
X, YIr = [X y1] A y2 + (1) ¥y A[X 0] € £, )

for X = x1 Ax2, Y = y1 Ay, and |X| = |x1] + |x2|. One can see that A% L is a Leibniz superalgebra with respect
to [ y -]]F-

Let (®, V) be a representation of L. Cohomology groups of £ with coefficients in V are defined as in
[9]. At first, the space CP~1(L; V) of p-cochains is the set of multilinear maps of the form

fFiNLONLR® - @NLILV, (©)

p-1
while the coboundary operator 6 : CP1(L; V) — CP(L; V) is given by

(6q3f)(X1/ XZ/ ceey Xp/ Z)
= Z (1) ()bt b £, R X, [, 23, 0] A X, X, -, X, X)

]/
1<j<k<p
+ Z (_1)j(_1)|X7|(|Xj+1|+~-.+|Xk—l |)+|x11c|IXj|f(X1, ey Xj, e ,Xk_l,x,l A [x},x]z,xi], Kit1, -+, Xp, X)
1<j<k<p
p .
# ) (DRIl £y R X, [X, ) @
=1

P
# ) (PRI ) F(Xs, - R X, X)
j=1

+ (_1)P+1(_1)(Ix§|+|x|)(\f|+IX1|+...+|Xp71|+|x,£\)(p(x§, X)f(Xl, ., prl, x;)

+ (_1)P+1(_1)(Ix},|+lx|)(\f|+IX1|+...+|Xp71|)+|XpIIXIq)(xI xrl,)f(Xlz o X1, x}zj),

for X; = x; Ay; € A2L and z € L. The p cohomology group is H(L; V) = ZP(L;V)/BP(L;V), where
ZP(L; V) (respectively, B7(L;V)) is the space of (p + 1)-cocycles (respectively, (p + 1)-coboundaries). We
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denote (p + 1)-cocycles of even degree as (ZF(L; V));.
By using Eq. (4), for f € C%(L;V), X1 = x1 Axy € A2L and x3 € L, we have
o f)(X1,23) = —f([X1, x3]) + (~D)EFRDD(X) £ (x5) + (—1) DR (x, x3) (1)
+ (_1)|f|(IX1|+IX3I)+IX3I(IX1|+Ixz|)q)(x3, xl)f(xz)
= —f([x1, 22, x3]) + (D) FHDD(xy, x5) f(x5) + (—1) DD (2, x3) ()
+ (_1)|f|(IX1|+|x3|)+IX3I(IX1|+|xz|)q)(x3, Xl)f(xz),
and for f € CY(L;V), X1 =x1 Axa, Xa =x3 Axgand x5 € L,
(00 N)(X1, X2, x5) = =f([X1, Xalw, x5) — (=1)PFHDCD £, [0, x5]) + £(X0, [X2, x5])
+ (—1)‘f|(lx1|+‘x2‘)CD(X1)f(X2, X5) — (_1)(|f\+IX1|+|xz|)(IX3|+IX4|)q)(X2)f(X1, X5)
_ (_1)(If|+|xl|+IXz|+\X3I)(|x4l+lxsl)q)(x4, x5)f(X1, x3)
— (= 1)U s stk g s, ) F(X, )
= =f(lx1, %2, %3], %3, x5) = (=)D (g, [y, 25, 3], 35) 6)
- (_1)(|X1|+|XZ|)(‘X3‘+|X4|)f(x3/ X4, [xlr X2, x5]) + f(xll X2, [x3l X4, x5])
+ (_1)\f|(IX1|+\Xz\)(D(x1, Xz)f(xg, X4, Xs5) — (_1)(|f|+|—’<1|+\X2|)(|x3|+|x4|)q)(x3, x4)f(x1, X2, X5)
_ (_1)(If|+|x1I+IXz|+\X3I)(IX4I+IX5I)q)(x4, xs) f(x1, X2, %3)

— (1)) s s D (xs, 1) f(x1, X2, Xa),

)

where [, ., .]JF is given by Eq. (2).

Suppose L, £ and Q are 3-Lie superalgebras. If 0 — £ 5 £ 5 Q — 0is an exact sequence of 3-Lie
superalgebras and [P, P, L] = 0, then we call £ an abelian extension of Q by . An even linear map
s : Q — L is called a section if it satisfies ms = Idg. If there exists a section s of 7, which is a 3-Lie
superalgebra homomorphism, then we say that the abelian extension splits.

Now we construct a representation of Q on # and a cohomology class. Fix any sections : Q — Lof ©t
and define @ : A’Q — gl(P) by

O(x, y)(©) = [s(x),s(y), V], 7)
for x,y € Qand v € P. It is easy to check that ® is independent of the choice of s. Moreover, since

[s(x), s(y),5(2)]£ = s(lx, y, Z]) € P, (8)
for x, 1,z € Q we have amap Q : A’Q — gl(P) given by

Q(x, y,2) = [s(x),s(y), 5(2)]2 = s([x, y, zla) € P, ©)
forx,y,z€ Q.

Lemma 2.4. Let 0 — P £ 55 Q — 0 be an abelian extension of 3-Lie superalgebras. Then

1. ®as given in Eq. (7) is a representation of Q on P.
2. Qas given in Eq. (9) is a 2-cocycle associated to (D, P).

Proof. 1. By the equality
[s(x1), u, [s(y1), s(v2), s(ya)l el e = [[s(x1), u, s(y)l e, 5(y2), s(y3)l .
+ (=)D sy ), [s(x1), , 5(y2)l 2, (y3)l
+ (=) P =D s (y1), 5(y2), [5(01), 1, 5(y3) £l
= O(x1, [y1, 2, y3l@) = (~DEFDNENDD(yy, y3)D(xy, y1)
_ (_1)IX1I(|y1|+|y3|)+|yz||y3|(p(y1, y3)D(x1, 1)
+ (=)D Oy, y)D(x1, ya).

(10)
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Therefore, @ is a representation of Q on P.
2. By the equality
[s(x1), 5(x2), [s(y1), $(y2), s(y3)] £l = [[s(x1), s(x2), s(y1)lz, 5(y2), s(y3)] .
+ (DD [s(yy), [s(x1), 5(x2), 5(y2)] 2, 5(y3)] 2 (11)
+ (=1)blRDn D 5(y), 5(12), [s(x1), (x2), 5(y3) 2]z,

we have
[s(x1), 5(x2), Qy1, y2, y3)l £ + [5(x1), s(x2), s([y1, 2, y3l@)l £
= [Q(x1, x2, Y1), 8(y2), 5(y3)] £ + [s([x1, X2, y1l@), $(y2), s(y3)] .
+ (=)D s (yy), Qxy, 22, 12), 5(y3)] 2
+ (DD sy, (v, X2, yala), s(ys)] .
+ (= 1)belt D sy, ), 5(172), Q(x, x2, y3)] 2
+ (=1 PRl eD s yy), 5(12), s([x, %2, y3l)] 2

= D(x1, x2)Qy1, Y2, y3) + Qx1, x2, [y1, y2, y3la) + s([x1, X2, [y1, v2, y3lala)

= (=1)Imbhelybtt D y,, y3)Q(xy, x2, y1) + Qlx1, X2, yila, v2, y3)
+ 5([951/ Xa, yﬂa, 2, ]/3) + (_1)Iy1I(IX1|+\Xz\)+ly3I(IX1|+IXz|+\y1|+|sz)q)(y3, y1)Q(X1, Xa, yz)
+ (=)D Oy, (21, 30, 2l ya) + (D)W EHEREDs [y, [x1, %0, v2la, y3la)
+ (_1)(IX1I+IX2I)(Iy1\+|yz\)cp(y1/ ]/Z)Q(x1/ Xa, y3)
+ (_1)(IX1I+IXzI)(|y1\+Iyz\)Q(y1, 2, [x1, X2, y3](,2)
+ (_1)(IX1|+|xz|)(|y1\+lyz\)s([y1, 2, [x1, X2, }/3]@]@)

= D(x1,x%2)Qy1, Y2, ¥3) + Qx1, X2, [Y1, Y2, y3la)

— (_1)(|xl|+IXz|+\y1I)(\yzl+lyal)qp(y2/ ]/3)Q(x1, Xa, y1) +Q([x1, x2, y1]a, 2, }/3)
+ (_1)Iy1\(le|+|ch|)+|y3|(|xl|+IXz\+|y1I+|yzl)q)(y3, yl)Q(xl, Xo, yz)
+ (_1)Iy1\(lxll+lsz)Q(y1, [x1, X2, yz]a, y3) + (_1)(IX1\+IXz|)(|y1I+Isz)q)(y1, y2)Q(x1, Xa, ys)
+ (_1)(IX1I+|sz)(|y1\+|yz\)Q(y1, 2, [x1, x2, y3]a)‘

Hence, Q is a 2-cocycle associated to (®,P). O

Corollary 2.5. Let 0 — P 4 £ 5 Q - 0be an extension of 3-Lie superalgebras with [P, P, L] = 0. Then the
cohomology class [€2] does not depend on the choice of the section of .

Proof. Let s1 and s, be sections of 7w and (1,(); be defined by Eq. (9) which are corresponding to s1, sp,
respectively. For any x € Q, set A(x) = s1(x) — s2(x).
Now, (nA)(x) = x—x =0, A(x) € P, and A € (C°(L;V))5. Then

O(x,y,2) — Qo(x,y,2)

= [s1(%),51(y), s1(D)] £ — s1([x, ¥, zl@) — [52(%), 52(Y), 52(2)] £ + s2([x, v, z]@)

= [s2(x) + A(x), s2(y) + A(y), 52(2) + A(@2)] £ — s2([x, v, z]@) + A[x, v, z]@)

= [52(x), 52(y), 52(2)] £ + 52([x, ¥, z]@)

= [52(x), 52(y), A(@)] £ + [A(x), 52(v), 52(2) 1 £ + [52(%), A(y), 52(2)] £ — A[x, ¥, z]@)

= =Mlx, y,2la) + O(x, PA() + (DD Dy, 2)A(x) + (-1)FE Dz, ) (y)

= (60A)(x, ¥, 2),

which completes the proof. [
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Proposition 2.6. If (®,P) is a representation of Q and Q) is a 2-cocycle given by the representation (®,P), then
Lo = QO P is a 3-Lie superalgebra with the superbracket given by

[x+u,y+0,2+w]g,, =[x, y,zlq + Q, y,2) + O, )W) + (-1)"FD(z, x)(v) + () EDD(y, 2)(w),  (12)
where x,y,z € Qand u,v,w € P.
Proof. We have

[x1 + 11, X2 + Uz, [Y1 + 01, Y2 + 02, Y3 + U3l Lol £

= [x1, %2, [y1, y2, yslala + Q(x1, X2, [y1, Y2, y3la) + @(x1, 22)(Qy1, Y2, y3)
+ D(y1, 12)(03) + (1)¥IBD(y3, y1)(02) + (1) V1D (5, y3)(07)) (13)
+ ()Pl ([, 175, y3]a, 21)(12)
+ (_1)IX1I(IXz|+|y1|+|yz|+|y3\)(p(x2/ 1, v, y3l@) (1),

[[x1 + w1, x0 + up, y1 + Ul].[cp,&z/ Yo+ 02, Y3+ Ua]ch,u

= [[x1, x2, yala, y2, y3la + Q[x1, x2, y1la, 2, y3)
+ (_1)(|X1|+\X2\+|y1|)(|y2|+|y3|)q)(y2, ys)(Q(xl, Xa, yl) (14)
+ D(x1, Xx0)(01) + (—1)"“2”%@(]/1,361)(142) + (_1)le\(IXz\+|y1\)cp(x2, ]/1)(“1))
+ @([x1, %2, y1l@, Y2)©3) + (=D)WlDd(y5, [x1, 20, 11]@)(02),

(DD [y oy, [y + 10, %0 + 1z, Yo + V2] 00 Y3 + V3] L0
= (=) FRDTyy [, x5, vl ysla + (DY ROy, [x1, 02, Y210, 13)
+ (—1elubheklpb it ey, 1) QG x2, y2) + D(x1, X2)(02)
+ (=Dl yy, x1) (1) + (=1) DDy, o) (1))
+ (=)D Dy, [x1, x5, 12]0) (03)
+ (1) D([xy, x5, y2la, ya) (1),

(15)

and
(_1)(\x1|+|xz|)(|y1|+|yz\)[y1 +01, Y2 + 0y, [x1 + U1, X2 + U, Y3 + 03]£M]£mlQ
= ()P o, [xy, 20, y3lala
+ (_1)(le|+\xz\)(|y1|+|yz|)Q(y1, o, [x1, %2, Y31Q)
+ (=) Dy, 1) (Q(x, x2, v3) + D(x1, X2)(03) (16)
+ ()P, 1) (12) + ()N, ) )
+ (=Dl ([, x, ysla, v1)(02)
+ (_1)|yz|(\x1\+|Xz|)+\y1I(Iyz\+|y3|)q>(y2, [x1, %2, yS]Q)(Ul)-
We will see that Eq. (13)=Eqgs. (14 + 15 + 16), if @ is a representation and Q is a 2-cocycle. Hence, we have
[x1 +uy, X2 +up, [y1 + 01, Y2 + 02, y3 + '03]1(1),0]&1)/0
= [[x1 + 1, X0 + Uz, Y1 + V1] g, Y2 + V2, Y3 + U3l

+ (=Dl oo [+ ug, X0 + up, Yo + V2] £o0, Y3 + U3l L0

+ (_1)(|X1|+‘X2‘)(|]/1|+|}/2|)[yl + 1, ]/2 + Uy, [xl + Uy, X2 + U, y3 + U3]£®,§1]£®,g1/

(17)

which implies Lo ) is a 3-Lie superalgebra. [
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Proposition 2.7. If HY(Q; P) = 0, then the extension is split.

Proof. It is sufficient to show that there is a section of 7= which is a 3-Lie superalgebra homomorphism. It
is known that the representation (®, ) given by Eq. (7) is independent of the choice of the sections of 7.
Consider the 2-cocycle Q given by Lemma 2.4. Since H'(Q; P) = 0, there exists an & € (C*(Q; P)) such that
Q = 6¢&. For any x, y,z € Q, it follows that

Q(x,y,2) = —&([x, y,2]Q) + D(x, )E@) + (~D)MWHEDD(Y, 2)E(x) + (1) D(Z, x)E(y). (18)

Define an even linear map s  : Q — P by s (x) := s(x) — &(x). Note that s’ is also a section of 7. Then, for any
X, Y,z € Q, we have

[s' (%), s (), s (2)]z

= [s(x) = &), s(y) — &), 5(2) — £@)]z

= [s1(x), 51(y), 51(2)] 2 — P(x, Y)E(2) — (-1)MWHEDD(y, 2)E(x) — (1) D(z, x)E(y)

= s([x, y,2l) + Qx, ¥, 2) — P(x, Y)E2) — (D)MW D(y, 2)E(x) - (1) D(z, 0)E(y)
= s([x, y,7l@) - &([x, ¥, zl0)

=5'([x, y,z]a)-

Hence, s’ is a 3-Lie superalgebra homomorphism. [J

3. Cohomology Classes and a Lie superalgebra

Let £, £ and Q be 3-Lie superalgebras. Let (O, P) be a representation of a 3-Lie superalgebra Q on #. In
this section, we use superderivations of  and Q to construct first-order cohomology class. By using this,
we construct a Lie superalgebra and its representation on H(Q; P).

Given a representation (®,P) of Q. Suppose Q € (C1(Q;P));. For any pair (D,, D,) € Der(P) x Der(Q),
define a 2-cochain Obg) D) € CYQP) as

pPr=q
Obg)p,z)q) = D,Q - QD, ®Idq® ldg) — Uldq ® D, ® Idq) — QUldq ® ldq ® D), (19)
where ”Idg denotes the identity map and the degree of identity map is always even. This is equivalent to

OB, (%, ,2) =Dy(Qx, ¥,2)) — QD ), 1, 2) — (~)™HIO(x, Dy (), 2) - (1O, y, Dy(@),  (20)
for x,y,z € Q and |Ob¢} | = |Dy| = |D,| = o, where a € Z,.

(Dyp,Dy)
We begin with the following lemma.

Lemma 3.1. Let (D, P) be a representation of Qand Q € (CH(Q; P))g associated to the representation (®,P). Assume
that a pair (Dy, D,) € Der(P) X Der(Q) satisfies that

Dy®(x, y) = (D) D(x, ) D), = DDy (), y) + (~1)™MO(x, Dy(y)), (21)

forx,y € Qand |D,| = |Dy| = a. If Qis a 2-cocycle, then Obg) 0, € CHQ; P) given by Eq. (20) is also a 2-cocycle.
(]

Proof. 1t is sufficent to show that (S(pObg)qu) = 0. Since, Q) is a 2-cocycle, so 09€2 = 0. By Eq. (6) it follows

that, for any x; € Q,

0 = — Q([x1, %2, x3l@, X1, x5) — (1) EHDO(xs [x1, x5, x4] 0, X5)
— (=)D Oy (g xy, [x1, X2, X5]Q) + Q(x1, X2, [X3, X4, X5]Q)
+ D(x1, x2) 3, X4, x5) — (=1)FIHDESHRDD (x5, 54)Q(x1, x2, x5) (22)
_ (_1)(|X1|+\X2\+|X3|)(|X4|+|X5\)q)(x4l XS)Q(xll Xo, Xs)

_ (_1)(IX1|+\Xz\)(IX3|+Ix5|)+(IX3I+\X4\)IXS\q)(xsl x3)Q(x1, X2, Xa).
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Now |Obg),,,1)q)| =|D,| = |D,| = @, we have

Q
5@017(2)]0/@17)(351, X2, X3, X4, x5)

= = Obip, p,)([x1,%2,33]Q, %4, x5) = (1)HDOB(G, ) (s, 21, 202, 34), %5)

(O] @
B Q
- (_1)(|X1|+IXZ|)(‘Y3|+|X4|)Ob(@p/@q)('x:")l x4/ [xll x2/ XS]Q) + Ob%p,_z)q)(xll xZ/ [x3/ x4/ x5]Q)

3 @
n (_1)a(\x1|+|x2|)q)(x1,xz)Ob%}“Dq)(X&JMI XS)

) (23)

— (_1)(a+|x1|+|xz|)(|xa|+|x4|)q)(x3, x4)Ob(%)p,Z)q)(x1’ X2, X5)

O
— (_1)(a+lx1|+Ixz|+|x3|)(lx4|+\xsl)q)(x4, x5)0b2)p,1)q) (x1,x2,x3)

@

— (L)l D, x3)OB, (11,32, %3).

®

Q

Applying the definition of Ob(Dp,Dq)

as in Eq. (20), we get

(1) = =Dp(Q[x1, x2, x3]@, X4, X5)) + Q([Dy(x1), X2, X3]Q, X4, X5)
+ (=1)*M1Q([x1, Dy(x2), 3], X4, X5)
+ (1) DO ([, xp, Dy(x3) ], x4, X5) (24)
+ (1) e DOy, X, 231, Dy(x4), x5)

+ (_1)01(\3(1 ‘+|X2|+|XB|+‘X4|)Q([X1/ X2, x3]QI X4, Dq (x5))/

(2) = ~(=1) D D, (O(xs, [x1, X2, x4]@, 45))
+ (=1)leD (D, (x3), [x1, %2, x4l 15)
+ (—1)leraltrD Oy (D, (x1), 2, X4]q, X5)
+ (_1)\XSI(IX1\+IXzI)+a(IX1\+IX3I)Q(X3/ [x1, Dq(x2)/ x4]Q, ¥5)
+ (_1)\X3I(IX1HIXzI)HX(IXl\+IX2I+IX3I)Q(X3I [x1, %2, Dq(x4)]Q/ X5)

4 (_1)\X3|(|x1 [+ ]2 ) +a (g \+|x2|+|x3|+\x4\)Q(x3, [X1, X, X4]Q, Dq(X5)),

(25)

(3) = ~(=D) PN D (s, x4, 11, %2, X51))
+ (=)D (D, (x3), x4, [11, 22, X5)0)
+ (_1)(|X1|+|x2|)(\x3\+|X4|)+alx3|Q(x3/ Dq(x4), [x1, X2, X5]Q)
+ (_1)(IX1I+Ile)(\X3\+IX4I)+a(\X3\+IX4I)Q(xsl X1, [Dq(xl)/ X2, %5]Q)
+ (_1)(|x1|+|xz|)(\X3\+|X4|)+a(\X1\+|X3|+|X4|)Q(x3, x4, [x1, Dy(x2), X51Q)

+ (_1)(|xl|+|le)(\X3\+IX4I)+a(\X1\+IXzI+IX3I+\X4I)Q(x3, Xa, [x1, X2, Dq(xs)]Q)/

(26)
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(4) = Dp(Qx1, x2, [x3, X4, X5]Q)) = UDy(x1), X2, [x3, X4, X5]Q)
— (-1)™MIQx1, Dy(x2), [x3, x4, X5]Q)
— (=1 DO (xy, 2, [Dy(x3), X4, X5]Q)
_ (_1)01(\X1\+IX2|+|X3I)Q(x1, x2, [x3, Dq(X4),X5]Q)

— (_1)11(\9(1\+IXzI+Ix3I+\X4I)Q(x1, X2, [x3, x4qu(x5)]Q)/

(5) = (~1)* "D D (xy, 2)(Dy(Qxs, x4, X5)) = Dy (x3), x4, X5)
- (_1)£X|X3|Q(x3, -Z)q(x4)/ x5) - (_1)0((|X3|+\X4\)Q(x3, X4, -Z)q(x5)))/

(6) = —(—1)elhberhaltbal gy, x,)( Dy (Qx1, x2, X5)) — Dy (x1), X2, X5)
— (-1)™MIQ(x1, Dy(x2), x5) — (-1)*PHRDQ(xy, x5, Dy (x5))),

(7) = ~(=1)elrhsberPe Dy, x5)(D)y (Qx1, X2, 13)) = Q(Dy(x1), X2, X3)
— (-1)"MIQ(x1, Dy(x2), x3) = (-1)*PHRDQ(xy, x5, Dy (x3))),

(8) = —( )b s D, ) (D Qe Xz, ) = QD (1), X2, )

= (=1)™1Q(x1, Dy(x2), x4) = (1) P HDO(xy, x5, Dy (x4))).

= Dy(QU[x1, X2, X3]@, X4, x5)) — (1) FHRD D (O (xs, [x1, x2, X4], x5))
— (—1)bbdd 9 (O(xs, x4, [x1, %2, X5]0)) + Dp(Qx1, X2, [X3, X4, X5]Q))
= —Dy(D(x1, x2)Q(x3, x4, x5)) + (1) DD D (x5, x4)Q(x1, x2, x5))
+ (_1)(IX1I+\Xz\+IX3I)(IX4I+IX5\)Dp((D(x4, XS)Q(XL Xa, XB))
+ (1)l itk 7 (@(xs, x3)Q(01, X, X4))-

For Egs. (24)-(32), by suitable combinations and with the aid of Eq. (22), we get

QUD,(x1), x2, x3]q, x4, x5) + (1)lHRIEREDO (3 [D(x7), %0, 241, X5)
+ (-1)lerhatbedbet b O s, xy, [Dy(x1), X2, X5]0)
= Q(Dy(x1), x2, [x3, X4, X5]Q) + (—1)(%‘”l+|x2|)(|x3l+‘x4l)q’(x3,x4)Q(@q(x1), X2, Xs)
+ (_1)(01+\X1|+IXZI+IX3|)(\X4\+IXS|)q)(x4, xs)Q(Dq(xl), X2, X3)
— (_1)(04+\X1|+IXz|)(IX3|+\X5\)+IX5|(IX3I+IX4\)(p(xsl xS)Q(Dq(xl), X2, X4)
= O(Dy(x1), x2)€x3, X4, X5),

(=D)™IQ([x1, Dy(x2), x3lQ, X4, x5) + (1) EIEDO (5. [x, Dy (x2), 241, X5)
+ (_1)a(lxl|+|X3|+|X4\)+(\X1\+|X2|)(|X3|+|X4\)Q(x3, Xs, [xl/ Z)q(xz), XS]Q)
— (-1)*™™1Q(x1, Dy(x2), [x3, x4, X5]Q)
+ (_1)0¢(IX1|+IX3|+|x4\)+(\X1\+IXz|)(IX3|+Ix4\)q)(x3/ x2)Q(x1, Dq(xZ)/ X5)
+ (_1)a(lxl|+|X4|+|X5\)+(\X1\+|X2|+|x3|)(|X4\+|X5|)q)(x4l x5)Q(x1, Dq(xz), x3)
+ (_1)04(|x1|+|x3|+lxs\)+(\xl\+|X2|)(|x3|+IX5\)+|X5|(|X3|+|X4\)q)(x5, X3)Q(x1, Dq(XQ),JC4)

= (=1)*™1D(x;, Dy(x2))x3, x4, x5),

5193

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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(1) D[y, xp, Dy (x3)]@, X4, X5) + (=1) DD (x5), [x1, %2, x4] 0, x5)
+ (1)l O Dy (x3), x4, [x1, X2, X51Q)
- (_1)a(|X1|+|XZ|)Q(x1/ X2, [Dq(XS)/ X4, X5]Q)
+ (1) DDy, 00) Dy (x3), 4, x5) (35)
+ (_1)a(IX1|+IXz|+IX4\+|xSI)+(IX1|+IXz|+\X3I)(IX4I+Ix5I)cD(x4, x5)Q(x1, X2, Z)q(JC3))
= ~(=D) WIS O(D, (x3), x4)(x, 32, 35)
_ (_1)(|X1|+\X2\)(lxa|+|x5|)+|X5|(0é+|x3|+|X4\)q)(x5, Dq(xa))Q(xl, X2, X4),

(_1)11(|X1 |+‘XZ|+|X3|)Q([X1/ X2, x3]Qr Dq (x4)/ x5)

+ (_1)IX3I(IX1|+|xz|)+a(IX1|+IXz|+IX3\)Q(x3, [x1, %2, Dq(Xz})]Q, X5)

+ (_1)(leI+\Xz\)(IX3I+IX4I)+aIX3\Q(x3l Dq(x4)/ [x1, %2, %5]Q)

_ (_1)a(lxlI+IXz|+IX3\)Q(xllx2, [x3, @q(x4), x5]q)

+ (=1) e D D (xy, x0) O3, Dy (xs), x5)

+ (_1)(IX3|+\X5\)(a+leI+\Xz\)+Ix5|(IX3|+IX4\)+a(leI+\Xz\)q)(x5, x3)Q(x1, X2, Dy(xa))
— _(_1)(IX1|+|xzI)(IX3\+IX4I)+aIX3Iq)(x3’ D,,(x4))Q(x1,x2, Xs)

_ (_1)(IX1|+\Xz\+IX3|)(IX4|+IX5\)(D(Dq(x4)’ x5)Q(x1, X2, X3),

(36)

and

(=1)abbels DO [x, x5, 131, X4, Dy(x5))
+ (=)l bl D O [y, 3y, 141, Dy(xs))
+ (1)l ratabl s Oy, [y, x5, Dy(x5)]Q)
— (1)l DOy, x, [x3, x4, Dy(x5)])
+ (1) D D, x0) Qx4 Dy (x5))
+ (_1)(a+\X1|+IXzI)(IX3|+\X4\)+a(IX1|+\Xz|)q)(x3/x4)Q(xll X2, Dq(xs))

— _(_1)(IX1I+IXZI+\X3\)(IX4I+IX5I)(D(X4, Dq(xS))Q(xll X2, X3)
— (1)l Gl s gD, (xs), x3)Q(x, X2, Xa).

(37)

By inserting Egs. (33)-(37) into Eq. (22), we get

(60007, 1,))(x1, X2, X3, X4, Xs)
= —Dy(D(x1, x2)Q(x3, x4, x5)) + (1) DD D (x5, x4)Q(x1, x2, x5))
+ (1) balhebadatsh o (@ (xy, x5)Q(x1, 2, X3))
+ (= Tylabhabobsh sl g ((xs, x3)Q(x1, X2, X4))
+ (=1 (xy, x0) (D (s, X4, X5)))
— (~1)lrhalebintaDg (v, x,)(D,(Q(x1, 22, x5))
— (_1)(a+m |+IXZI+IX3I)(\XA\+IX5I)cD(x4, XS)(Dp(Q(xlr X2,X3)))
— (= Ty@rmilheh sl @ s, x3) (D, (Q(x1, X2, X4)))
+ D(D,(x1), %2)Qx3, x4, x5) + (1) D (xy, Dy (x2))Q(x3, x4, X5)
— (-1)abbedbetbad (D, (x3), 24)Q(x1, X2, X5)
— (_1)(IX1|+\Xz\)(IX3|+IX5|)+|xSI(0¢+IX3|+IX4\)q)(x5/ Dq(xa))Q(xL X2, X4)
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— (1)t abalgy ey, D (x4))Q(xy, Xz, X5)
— (1) babbalbad (D, (x,), x5)Q(x1, X2, X3)
— (_1)(|xlI+\Xz\+IXsI)(IX4|+IX5\)+aIX4lcp(x4, Dy(x5)Qx1, X2, X3)
— (=1)nbaubsh itk vy D), (xs), x5)Q(x1, X, X)

= ~(Dp(D(x1,%2)) = (1) "D D(x1, 37) D)y — (D (x1), x2)
= (=1 D(y, Dy (x2))) Qs xs, x5) + (~1) DD, (@(ac3, x4))
= (=1 MDD, x4) D) — (D (x3), x0) = (1) D(x3, Dy (04)))Qx1, %2, X5)
+ (=D PFheled D (D), (@(xy, x5)) = (1) FDD(xy, x5) D) — D(Dy(xa), x5)
= (D)™ (xy, Dy(x5))Qx1, X2, x3) + (=) FFRaDlsih st (D, (@ (x5, x3))
= () DD (x5, x3) D) — DDy (x5), x3) = (~1) D (x5, Dy(x3)))Q(x1, X2, xa)

=0.

O

Definition 3.2. Let (©, P) be a representation of Q. A pair of superderivations (D,, D;) € Der(P) x Der(Q) is called
compatible (with respect to @) if Eq. (21) holds.

Now, we are ready to construct a Lie superalgebra and its representation on the first-order cohomology
group. Set

To = {(Dy, Dy) € Der(P) x Der(Q)(D,, Dy) is compatible with respect to P}. (38)
We have the following.

Lemma 3.3. There is an even linear map WV : To — gl(H (Q; P)) given by
W(Dy, D)([@]) = [Obz, )]  for Qe (ZHQP), (39)
where [Ob(%w@q)] is given by Eq. (20).

Q
(Dp,Dy)
whenever Q) is a 2-cocycle. So it is sufficient to show that if 5pA is a 2-coboundary, then q)EZ);, Dy)(60A) =0

which implies that W is well-defined. Here [A| = 0 and |D,| = |D,| = a.

Proof. Since (Dy, D;) is compatible with respect to @, in Lemma 3.1 it is proved that Ob is a 2-cocycle

(V(Dyp, Dg)(60A))(x, Y, 2)
= D, (0aA)(x, ¥,2) = (S0 A)(Dy(x), ¥, 2) = (1) (S0 A)(x, Dy(y), 2)
- (-1 (S0 1) (x, y, Dy (2))
= Dy (-A([x, y, 2la) + P(x, PA2) + (1) d(y, 2)A(x)
+ (-1)FEHDD(z, 1) A(y)) = (~A([D4(%), ¥, z)@) + P(Dy(x), YA(2)
+ (_1)(a+\XI)(IyI+IZI)q)(y, z)A(Dq(x)) + (_1)IZI(\XI+IyI+a)(D(Z, Dq(x)))\(y))
= (“)™M(=Ax, Dy(y), 2l@) + Px, Dy()A(R) + (-1 DD, (1), 2)A(x)
+ (-1)FEHOD(z, ) A(Dy (1)) = (1) D (=A([x, y, Dy(2)]@) + P(x, Y)A(Dy(2))
+ (_1)IXI(0f+IyI+IZI)q)(y, Z)q(z))/\(x) + (_1)(IZI+a)(IXI+\y\)q)(Z)q(Z), x)A(y)).

Since, 9, is a superderivation,

MIDy(), y,210) + (F1)™A(x, Dy(y), zl@) + (1) FHVA([x, y, Dy(2)]a)
= AMDy([x, v, 2]0)-
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Then, we have

(Y(Dy, Dy)(00A))(x, Y, 2)

= (Dp(D(x, PIA(Z) — DDy (x), PA(2) = (=1)"MD(x, Dy(y)A(2)
+ (~DMWHEN(D, (@(y, 2))A(x) = D(Dy(y), 2)A(x) — ()W D(y, Dy(2))A(x))
+ (=DFE(D, (@(z, 1) A(Y) = D(Dy(2), )A(Y) — (~1)*FD(z, Dy(x))A(y))
— (_1)(a+\XI)(IyI+IZI)q)(y, z)A(Dq(x)) _ (_1)aIXI+IZI(IXI+IyI+a)q)(ZI x)A(Z)q(y))
- (=) FHDD(x, PA(D,(2)) — Dyp(A[x, v, 210)) + AMDy([x, ¥, z]a)-

By using Eq. (21), we have

Dp(@(x, )A(2) = P(Dy(x), AE) = (~1)HD(x, Dy(y))A(2)
= (-1 MM (x, 1) D,(A(2)),

(~)MHEND, (@(y, 2))A(x) = ©(Dy(y), 2)A(x) = (=1) W D(y, Dy(2)A(x))
— (_1)(a+IXI)(IyI+IZ|)q)(yI z)Z)p(/\(x)),

(=D)FEHN(D, (D(z, ) A(y) = D(Dy(2), )AY) = (=1)FD(z, Dy (x)Ay))
— (_1)IZI(\XI+|y|)+a(IZI+IXI)q)(zl X)DP(A(]/)).

(W(Dyp, Dyg)(60A)(x, Y, 2)
— (_1)a(lxl+lyl)q)(x, y)@p(A(z)) + (_1)(a+IXI)(IyI+\Z\)q)(y/ Z)Z)p(/\(x))
+ (_1)IZI(IXI+|yI)+a(\Z\+IXI)q)(Z, x)Z),,(/\(y)) _ (_1)(a+\XI)(IyI+IZI)q)(y’ Z))\(.‘Dq(x))
_ (_1)IZI(IXI+|yI)+a(\Z\+IXI)q)(Z, X)Z)q(/\(]/)) _ (_1)a(IXI+|yI)q)(x, y)z)q(/\(z))

- Dp(AMlx, v, zla)) + A(Dy([x, v, 2)@))
= 00(DpA — ADy)(x, Y, 2),

(40)

which implies that [Obgr)t,ﬂq)] -

Q,2 1(0). :
[Ob(Dqu)] € HY(Q;P) asrequired. O
Below is the main result of this section.

Theorem 3.4. Keep notations as above. For any representation (©,P) of Q, To is a Lie subsuperalgebra of Der(P) X
Der(Q) and the map \V given by Eq. (39) is a Lie superalgebra homomorphism.

Proof. Take |D,,| = a1 and |D,,| = a,.

(Dplz)ﬁz - (_1)alazﬂp2@pl)q)(x, ]/) - (_1)(a1+az)(\xl+|yl)q)(x, y)(Dﬁlz)Pz - (_1)a1a2DP2DP1)
= D, (1) M D(x, ) D, + D(Dy, (%), y) + (~1)MD(x, Dy, (1))

L

(41)
= (=)D, ()M D, ) Dy, + O(Dy, (), ) + (-1 D(x, Dy, (1))

I
_ (_1)(w1+az)(IXI+|yl)q)(x, y)Dpl Dpz + (_1)(a1 +az)(IXI+|yI)+maz(D(x, ]/)DpZDplz

where

L = D, (-1)2MHD(x, y)D,, + D(D), (x), y) + (-1)2MD(x, Dy, (1)),
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I = (1) 2Dy, ()" D, 1) Dy, + DDy, (x), ) + (=1 D(x, Dy, (1))
By Eq. (21), we get

I = (_1)az(\XI+|yI)((_1)a1(IXI+Iy\)q)(x, y)z)pl + (D(Dpl (), v)
+ (=) MD(x, Dy, (1)) Dy, + (1) RD(D,, (x), ) D),
+ O(Dy, Dy, (), y) + ()M HD(Dy, (x), Dy, (1)) (42)
+ (=1 ()M D(x, D, (1) Dy, + DDy (x), Dy (1)
+ (=) MD(x, Dy, D, (1)),
and
I, = (-1 @R ()T (x, y) D, + (D), (x), y)
+ (1), Dy, (1) Dy, — (-1 ((-1) D DD, (x), y) Dy,
+ ©(Dy, Dy, (%), y) + ()2 DDy, (x), Dy, (1)) (43)
= (-t (1) =D D, Dy, (1) Dy, + Dy, (1), Dy (1)
+ (=1)2MD(x, Dy, Dy, (1)))-
Then, inserting Eqs. (42) and (43) into Eq. (41), we get
(Dp Dy, = ()"0, D, )O(x, y) = (-) DM (, y)(Dy, D,
= (=1)""Dp,Dy,) = P(Dyg, Dy, — (1) D, Dy, )(%), y) (44)
+ ()M RD(x, (D, Dy, — (1) Dy, Dy, )W),

which implies that [(D,,, Dy, ), (Dy,, Dy,)] is compatible by Definition 3.2.
To prove the second part, refer [15]. O

4. Abelian Extensions and Extensibility of superderivations

In this section, we construct obstruction classes for extensibility of superderivatios by Lemma 3.1 and
also give a representation of 7¢ in terms of extensibility of superderivations.

Lemma 4.1. Keep notations as above. The cohomology class [ObS}, 1€ HYQ;P) does not depend on the choice

(Dy.Dy)
of the section of T.

Proof. Lets; and s, be sections of w and €)1, (), be defined by Eq. (9) while Ob%l D) and Ob%2 p,) are defined
pr=q pr=q
by Eq. (20) with respect to Q21,€),. Then

Obg’)ilz)q)(x, Y,2)— Obg’)jz)q)(x, Y,2)
= D,(Q(x, Y, 2)) — Q(Dy(x), y,2) — (=) (x, Dy(y), z) — (-1)* PN (x, y, Dy (2))
= Dy(Qa(x, Y, 2)) + Q(Dy(x), ¥, 2) + (=1)"M Qs (x, Dy(y), 2) + (=1)* TP (x, y, Dy(2))
= Dp(Q(x, y,2) = Da(x, ¥, 2)) = (Qu(Dy(x), y, 2) = Qa(Dy(x), ¥, 2))
I L (45)
= ()™M ( Qi (x, Dy(y), 2) = Qa(x, Dy(y), 2)

I3

- (_1)a(lx|+|yl) (Ql (x, Y, Dq(z)) - QZ(x/ Y, Dq(z)))r

Iy
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for x,y,z € Qand |D,| = |D,| = a. Define an even linear map A : @ — P by A(x) := s1(x) —s2(x) where x € Q.
From Corollary 2.5, we have
Di(x,y,2) = (v, y,2) = = Ax, y,2l0) + P(x, YA() + (DD D(y, 2)A(x)

+ (~1)EERDD(Z, A (y), (46)

for any x, y,z € Q. Therefore, we get

I = Dy((x, y,2) — Q(x, y,2))
= Dy(-A(lx, y,2lQ) + P(x, A() + (1) D(y, 2)A(x)
+ (-1 DDz, ) A(y)),

I = Ql(Z)q(x)r Y, Z) - QZ(Dq(x)r Y, Z)
= —M[Dy(x), y,2]@) + P(Dy(x), YA(2) + (1) DEDD(y, 2)A(D, (x))
+ (_1)\2\(a+IXI+Iqu)(Z, Z)q(x))A(y),

I3 = Qi (x, Dy(y), 2) — Qa(x, Dy(y), 2)
= —A([x, Dy(y), z]Q) + P(x, Dy()A(2) + (-1 WD DD, (1)), 2) A (x)
+ (- 1) DDz, x) A(D, (1)),

and
14 = Ql (x/ Y, Dq(z)) - QZ(-X/ Y, Dq(z))

= A%, y, Dy(2)]a) + P(x, PAD,(2)) + ()M D(y, D (2))A(x)
+ (_1)(!HIZI)(\XI+IyI)q)(Z)q(Z)/ x)/\(y).

By I1, I, I3, 14, and Eq. (45), we get

Ob(%i,u,)(x' v,z)— Obg’)qu)(x, Y,2)
= (Dp(D(x, Y)A2) = ©(Dy(%), YA) = (1) D(x, Dy (y)A(2))

+ (=MD, (@(y, 2))A(x) = DDy (y), 2)A ) = (=1)MD(y, Dy (2))A(x))

+ (=1)FAFHD(D, (@ (z, x))Ay) = D(Dy(2), DAY) = (~1)FD(z, Dy (1) A(y))

- Dy(A([x, y,2])) — (~1) @ NHEDD(y, 2) A (D (x))

— (-1 HEERHDD(z, x) A (D (1)) — (~1)* T D(x, ) A(Dy(2)) + MDy([x, . 2]0)),

where D, is a superderivation. Since (D), D,) is compatible, by Eq. (21) it follows that

(Dp(D(x, YDA(2) = P(Dy(x), YA(2) ~ (=1)HD(x, Dy (y)A(2))
= (-1 M M(x, y)(Dy(A(2)),

(—=1)MHEN (D, (D(y, 2)) A (x) = D(Dy(y), 2)A(x) = (=1) WD (y, Dy(2))A(x))
= (DY, 2)(D, (A (),
and

(~)FHEH (D, (@(z, 1)) A(y) = DDy (2), DAY) = (1) FD(z, Dy (x)AY))
— (_1)IZI(\XI+|y|+a)+aIXIq)(Z, x)z)p (A(y)).
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Therefore, we obtain

Q1 Q2
Oby 1y (%, ¥,2) = Ok (%, 2)

= (-1 M (x, 1) D, (A(2)) = Dy(A([x, y, 21@) + (D)W Ed(y, 2)D, (A(x))
+ (_1)IZI(IXI+IyI+a)+a\XIq)(Z’ x)Z)p()\(y)) _ (_1)(a+IXI)(W\+IZI)q)(y’ Z))\(Z),,(x))
= (~D)HCED Dz, )A(Dy () = (1) M D(x, ) A(Dy(2)) + ADy([x, v, 2]a))
= 00(DpA — ADy)(x, y, 2),
which implies that [Oby, ,,)1 =[O0 , ] € H'(QP) as required. [
Now, we will define extensibility of superderivations.

Definition 4.2. Let 0 — P 5 £ 5 Q — 0 be an abelian extension of 3-Lie superalgebras. A pair (D,, D,) €
Der(P) x Der(Q) is called extensible if there is a superderivation D; € Der(L) such that the following diagram
commautes:

where i : P — L is the inclusion map.

The following result shows that extensibility implies compatibility.

Proposition 4.3. Let 0 — P 5 £ 5 Q — 0 be an abelian extension of 3-Lie superalgebras. If a pair of
superderivations (D,, D;) € Der(P) x Der(Q) is extensible, then (D,, Dy) is compatible with respect to ® given by
Eq. (7).

Proof. Since (D,, D,) is extensible, there exists a superderivation D; € Der(L) such that iD, = Dji, nD; =
Dy, and |Dy| = |Dy| = |D)| = a. Then

Dis(x) = s(Dy(x)) € P for x € Q.
So, there is an even linear map u : Q — P given by
p(x) == Dys(x) — s(Dy(x)). (47)
Since [P, P, L] = 0, we have
[1(x), s(), 0] = [s(x), u(y), ol = 0,
for x,y € Qand v € P. Since iD, = Dji and D; € Der(L), we get
Dy(@(x, y)(©)) = (=1)* TV D(x, y) D, (v)
= Dy([5(x), (1), v]£) = (=1)* TP [s(x), s(y), Dp(0)]
= Dy([s(x), 5(y), vl£) = (=1)* P [s(x), s(y), Dy(0)]
= [Di(s(0)), s(y), vl + (=1)™M[s(x), Dals(y)), vl + (=1)* TP [s(x), 5(y), Di(v)] 2
= (=) [s(x), s(y), Dp(0)]
= [s(Dy(x)), s(y), vl + [p(x), 5(y), vl + (1) ([5(x), (Dy()), 0]
+ [s(x), p(y), vl g) + (1) P [s(x), (), Di(0)] 2 = (=1)* P [s(x), s5(y), Dy(0)] £
= [s(Dy(x)), 5(y), ] + (1) ([s(x), S(Dy(y)), vl £
= D(Dy(x), )(©) + (=1)MD(x, Dy(y))(©).
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Proposition 4.4. Let 0 — P 5 £ 5 Q > 0 be an abelian extension of 3-Lie superalgebras. Assume that
(Dp, Dy) € Derg(P) X Dery(Q) is compatible with respect to ® given by Eq. (7). Then (Dy, D)5 is extensible if and
only zf[Obe o] € HNQP) is trivial.

pPr=q

Proof. Suppose that (D,, D,) is extensible. Then there exists a superderivation D; € Der(L) such that the
associative diagram 4.2 is commutative. Since nD; = D,m and |D,| = |D,| = |D)| = @, we have

Dys(x) — 5(Dy(x)) € P for x € Q.
So there is an even linear map 1 : @ — P given by Eq. (47). It is sufficient to show that
Ob%p,ﬂq)(xl,xz,xs) = (bop)(x1,X%2,%3),  Xi € Q. (48)
Now

Di([s(x1) + v1,5(x2) + v2,5(x3) + V3] 1)
= [Dy(s(x1) + v1)),5(x2) + v2,5(x3) + V3] £
+ (=1)M[s(xr) + v1, Di(s(x2) + v2)), 8(x3) + V3]

+ (=1 FeDls(x) + 01, 5(x0) + v2, Di(s(x3) + v3)] 2z,

(49)

for x; € Q and v; € P. Since [P, P, L] = 0, we get

[s(x1) + v1,8(x2) + v2,8(x3) + V3] £
= [s(x1), 8(x2), 8(x3)] £ + [8(x1), 8(x2), 03] £ + [01,5(x2), 8(x3)] £ + [8(x1), V2, 8(x3)] £
= [s(x1), 5(x2), 5(x3)] 2 + P(x1, %2)(v3) + (= 1) =D Dy, x3)(01)

+ (Dl d(xs, x1)(07),

and hence the left-hand side of Eq. (49) is

Di([5(x1), 5(x2), 5(x3)] £ + Plx1, x2)(v3) + (=1)FHEDD(xy, x3)(01) + (1PN D (x5, x1) (02))
= Dy(s([x1, x2, x3]Q) + Qx1, X2, x3) + P(x1, X2)(v3) + (=) DDy, x3)(07)
+ (-DRled O(xs, 1) (02)).
Since Dyi = iD, where i is the inclusion map, and Q(x1, x2, x3), P(x1, x2)(v3), P(x2, x3)(v1), P(x3,x1)(02) € P,
by the definition of u as in Eq. (47), it follows that
s(Dy([x1, x2, x3]Q) + p(lx1, X2, x3]1Q) + Dp(Qx1, X2, x3)) + Dp(D(x1, x2)(v3))
+ (=DlCeHD D (@(xy, x3)(01)) + (-1 D (D(xs, x1)(02)))
= s([Dy(x1), x2, x3]Q) + (1) Is([x1, Dy (x2), x3]0)
+ (=1) D[y, xp, Dy (x3)]@) + pllx1, x2, x31Q) + Dp(Q(x1, X2, X3))
+ Dy(D(x1, x2)(03)) + (-1 D (D(xy, x3)(01))
+ (DD D (@(xs, x1)(02)).

(50)

Now, we compute the right-hand side of Eq. (49). Since Djlp = D),
Di(s(xi) +vi) = Di(s(x7) + Dp(vy)

= Di(s(xi)) — s(Dy(x1)) + 5(Dy(x1)) + Dy(v1)
= s(Dy(xi)) + u(x;) + Dy(v;) € s(Q) ® P.
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From above and [P, P, L] = 0, the right-hand side of Eq. (49) is

[s(Dy(x1)) + p(x1) + Dy(v1), 5(x2) + v2,8(x3) + V3] £
+ (1) "™[s(x1) + 01, 5(Dy(x2)) + p(x2) + Dp(02), (x3) + V3] 2
+ (=)D 50y ) + 01, 5(x2) + 02, S(Dy(x3)) + px3) + Dy(v3)] 1
= [s(Dy(x1)), 5(x2), 5(x3)] £ + [8(Dy(x1)), 5(x2), V3] £ + [$(Dy(x1)), v2, 8(x3)1
+ [u(x1),5(x2), 5(x3)] £ + [Dp(01), 5(x2), 5(x3)] £ + (=1)*([s(x1), 5(Dy (x2)), 5(x3)] 2 (51)
+ [s(x1), 8(Dy(x2)), v3] £ + [s(x1), p(x2), 5(x3) £ + [5(x1), Dp(v2), 5(x3)] £
+ [01,5(Dy(x2)), 5(x3)] £) + (=1 TN ([5(xy), 5(x2), 5(Dy(x3))]
+ [v1,8(x2), $(Dy(x3))] £ + [5(x1), 5(x2), p(x3)] £ + [8(x1), (x2), Dp(v3)] £
+ [s(x1), 02, 8(Dy(x3))] £)-

By Egs. (50) and (51) it follows that

S(1Dy(x1), %2, x310) + (=)W s(x1, Dy (x2), x13]) + (=1 W D5 [y, 3, Dy (x3)]a)
+ u([x1, x2, x3]1Q) + Dp(Q(x1, X2, x3)) + Dp(D(x1, x2)(v3))
+ ()RR D (@ (xy, x3)(01)) + (=1 D D (D (x5, %1)(02))
= [8(Dy(x1)), 5(x2), 5(x3)] £ + P(Dy(x1), X2)(03) + (—1) @D D(xs, D (7)) (02)
+ (—1)|x1l(|x2|+|x3l)q)(9(2,X3)[J(X1) + (_1)(a+\X1I)(IXzI+IX3I)q)(x2,x3)z)p(vl)
+ (=) ([s(x1), 5(Dy(x2)), 5(x3)] 2 + (=1)*1D(x1, Dy(x2)) (v3)
+ (_1)“0"1|+|x3|)+|"3|(|"1|+|x2|)cp(x3,xl)@p(vz) + (_1)IX3I(IX1I+\le)+aIX1I(D(x3,xl)y(XZ)
+ (=)D DD (), x3) (01) + (=1) D ([5(x1), 5(x2), (D (x3))] £
+ (=1 Dy, xp) p(xs) + (1) DDy, x2) D), (v3)
+ (D) D(D, (x3), 21)(02) + (=1 PeFRICHED Dy, Dy (x3))(01))-

Then, we get

0 = —Q(Dy(x1), x2, X3) — (=1)*™Q(x1, Dy (x2), x3) = (=1)* PPy, x5, Dy (x3))
+ Dy(Qx1, %2, x3)) + (= 1) 1D Dy, x3) (1) — (=1) D D3, 20) (02
— (1) DDy, x0) () + p[x1, X2, X3]) + (DpP(x1, x2)
— (1) WD (xy, x5) D) — DDy (x1), x2) — (1) 11D(x1, Dy (x2))) (v3)
+ (=) (D, 00, x3) = (-1)* D D(x, 23) D), — O(Dy(x2), x3)
= (=)D (x, Dy (x3)) (01) + (=)D (D, (x5, 1)
= (1) FHRDD (x5, x1) D) — DDy (x3), x1) = (=1)* 1 D(x3, Dy (x1))) (02).

Since (D,, D,) is compatible with respect to @,
(DpP(x1, x2) = (1) F DDy, 12) Dy = D(Dy(x1), %2) = (=1)1D (1, Dy (x2)))(03) = 0,

(DpD(x2, x3) — (=1)* D D(x, x3) D), — D(Dy(x2), x3) — (=1)*2D(xz, Dy (x3)))(01) = 0,

and

(DyD(x3, x1) — (1) D D(x5, x1) D, — D(Dy(x3), x1) — (1)1l D(x3, Dy (11)))(v2) = 0.
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Thus, we have

= QD (1), 32, 33) = (=)™ Qx1, Dy(x2), x3) = (~1)* DOy, 25, Dy ()
+ Dy(Qx1, 32, 33)) = (DD D, x5 () = (1) DD (s, x1)p(x2)

— (=)D Dy, x0) () + p([x1, X2, x3])
=0,

since |Dy| = |Dy| = |D)| = a = 0, hence we have Obg) Dq)(xl,xz,xg) = (0gu)(x1,x2,x3) due to Egs. (5) and
»
(20). To prove the converse part, refer [15]. [J
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