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Abstract. In this paper, we introduce a quite big ruled surface family, which is called generalized ruled
surfaces with Frenet-type frame in Myller configuration for Euclidean 3-space. This paper especially
improves the theory of surfaces with respect to ruled surfaces and presents the relationships between the
usual theory of curves and the theory of surfaces with Myller configuration. We investigate some special
type ruled surfaces, such as rectifying-type ruled surfaces, osculating-type ruled surfaces, tangent-type
ruled surfaces and trajectory ruled surfaces with Frenet-type frame in Myller configuration for E;. We also
give some particular cases of these ruled surfaces, as well. Since the geometry of versor fields along a
curve with Frenet-type frame in Myller configuration for Ej is a generalization of the usual theory of curves
in classical Euclidean space, the surface theory of versor fields along a curve with Frenet-type frame in
Myller configuration for Ej is a generalization of the usual theory of surfaces in classical Euclidean space, as
well. Then, we establish some numerical examples with some illustrative figures with respect to the ruled
surfaces in Myller configuration in order to solidify and concretize the given results.

1. Introduction

The theory of curves has quite a lot of importance and applications in several workframes, such as
mathematics, architecture, engineering, etc., and also attracts a lot of researchers. In classical differential
geometry, moving frames have been an important concept from the investigation of the Frenet (or Serret-
Frenet) frame [13, 44], which is constructed for regular curves with non-zero curvature conditions. In the
existing literature, lots of studies have been done and are ongoing with respect to the Frenet frames for
regular space curves. In the Euclidean 3-space E3, every unit speed curve C : I — E3 can be associated
with the orthogonal unit vector fields at each point of the curve C; tangent vector field T, principal normal
vector field N and binormal vector field B. The planes spanned by {T, N}, {T, B} and {N, B} are called the
osculating plane, rectifying plane, and normal plane, respectively [21]. Special curve types named rectifying
curves [4, 5, 22-24], normal curves [25-27], and osculating curves [21, 28] have a wide place for several
different order spaces such as Euclidean 3 and 4 spaces and Minkowski 3 and 4 spaces with Frenet frame in
differential geometry. Curves lying in the normal plane formed by the position vector tangent and principal
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normal are named the osculating curves, the curves lying in the normal plane formed by the position vector
principal normal and binormal is named the normal curves, and the curves lying in the rectifying plane
formed by the position vectors tangent and binormal are named rectifying curves (cf. [4, 5, 21-28]).

In E3, one describes some versor fields such as tangent, principal normal, and binormal, alongside some
plane fields such as rectifying, normal, and osculating planes along a curve C. By and large, a versor field

and a plane field are denoted by (C, &) and (C, ), respectively. The couple {(C, &), (C, m)} where & € m is
named a Myller configuration and denoted by M(C, g, 1) in Euclidean space E3 [42]. Radu Miron completed
some studies with respect to this pair {(C, &), (C, 7)) in 1960 [41]. Provided that the plane 7 is tangent to

the curve C, we have a tangent Myller configuration which is denoted by M;(C, E, 1) [40, 42]. Indeed,
the geometry of versor fields along a curve with Frenet-type frame in Myller configuration for E3 is a
generalization of the usual theory of curves with classical Frenet frame in E3 .

Recently, some special curves in a Myller configuration for E3 such as rectifying-type [40] and Bertrand-
type curves [38] were studied by Macsim et al. (see also [39]). Then, Macsim et al. determined the
rectifying-type curves with Frenet-type frame in Myller configuration for E3 due to the special relation that
exists between the Frenet-type frame in Myller configuration for E3 and the classical Frenet frame in Es.
Also, from the natural properties and construction of the Myller configuration, the authors investigated
that the rectifying curves with classical Frenet frame in E3 are one of the special cases of rectifying-type
curves with Frenet-type frame in Mller configuration for E3 [40]. Similarly, Bertrand curves with classical
Frenet frame in E3 are one of the special cases of Bertrand-type curves with Frenet-type frame in Mller
configuration for E; [38]. Additionally, versor fields along a curve in a four-dimensional Lorentz space
were examined by Heroiu [11]. Then, Isbilir and Tosun introduced the osculating-type curves with Frenet-
type frame in Myller configuration for E3 [29]. From the natural construction of Myller configuration, it is
said that osculating curves with classical Frenet frame in E3 are one of the particular cases of osculating-
type curves with Frenet-type frame in Myller configuration for E;. In addition to these, rectifying-type
curves with Frenet-type frame in Myller configuration for Euclidean 4-space were introduced by Isbilir
and Tosun [30]. Also, generalized Smarandache curves with Frenet-type frame in Myller configuration
for E5 were determined by Isbilir and Tosun [31]. Further, a new type general and interesting frame,
which is called the generalized Frenet-type frame in 3-dimensional Lie groups with Myller configurations,
includes several special and classical type frames for Euclidean 3-space and 3-dimensional Lie groups in
[32] was investigated by Igbilir et al. Also, Isbilir et al. [32] studied some special curves in Lie groups with
Myller configuration. In addition to these, Dogan Yazici and Tosun determined the quasi-type frame and
quasi-type osculating curves in Myller configuration [7]. Moreover, Alkan and Onder studied some special
helices in Myller configuration [1] and slant helices and Darboux helices in Myller configuration [2].

On the other hand, surface theory holds quite value, interest, and applications in several work-frames,
including architecture, engineering, differential geometry in mathematics, and computer science. Ruled
surfaces stand out as among the most popular, intriguing, and aesthetically appealing examples of surfaces.
These geometric constructions were determined by French mathematician Gaspard Monge [50]. These
types of surfaces have significant geometric relevance in the field of architecture, having been utilized for
centuries and continuing to be employed today. A ruled surface is defined as a surface through which a
straight line passes at every point, contained within the surface. Due to their validity in architectural and
geometrical constructions, particularly in terms of cost and duration considerations, ruled surfaces have
found application in numerous architectural projects [10]. Additionally, the exploration of ruled surfaces
is extensively covered in the existing body of literature. Numerous studies delve into the properties,
classifications, and overall understanding of these types of surfaces, spanning from their initial exploration
to the present. It is noteworthy to recognize that one category of ruled surfaces is defined as developable
surfaces. The singularities of the tangent developable associated with a regular space curve are thoroughly
examined by Cleave [6]. The existing literature is rich with a plethora of investigations in this realm, see
[15-20, 37, 46, 48, 49] for shedding further light on the intricacies of ruled surfaces. Also, Kaya and Onder
determined the generalized normal ruled surfaces of a curve in E3 [36]. Then, with the same logic, Onder

Def. [11, 42]
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and Kahraman determined the generalized rectifying ruled surfaces of a curve in E3 [43]. Also, Kaya et al.
investigated the generalized osculating-type ruled surfaces in E3 [35]. Also, Igbilir et al. [33] and Dogan
Yazici et al. [8, 9] introduced the rectifying, normal and osculating ruled surfaces of special singular curves,
respectively. For a more in-depth understanding, one may consult [10, 14, 45] regarding the concept of
ruled surfaces.

This paper is structured as follows. In Section 2, we provide a recap of essential information and
backgrounds with respect to both Frenet-type frame in the Myller configuration, ruled surfaces, and surface
theory in the Myller configuration. In Section 3, we investigate the generalized ruled surfaces with Frenet-
type frame in Myller configuration for Euclidean 3-space E3. Also, we give some special type ruled surfaces
such as rectifying-type ruled surfaces, osculating-type ruled surfaces, tangent-type ruled surfaces and
trajectory ruled surfaces with Frenet-type frame in Myller configuration for E;. Then, we determine some
particular cases of these ruled surfaces in terms of the values taken by the invariants, as well. Because
the geometry of versor fields along a curve with Frenet-type frame in Myller configuration for E3 is a
generalization of the usual theory of curves in classical Euclidean space, the surface theory of versor fields
along a curve with Frenet-type frame in Myller configuration for E3 is a generalization of the usual theory of
surfaces in classical Euclidean space, as well (see also for generalization [11, 42]). In Section 4, we construct
some numerical examples with respect to the ruled surfaces in Myller configuration. Then, we give a
brief introduction to a new survey with respect to the ruled surfaces in Myller configuration: Trajectory
ruled surfaces in Myller configuration in Section 5. Finally, we give conclusions in Section 6, and also, we
construct a classification table for examining the special cases and existing literature.

2. Basic concepts

In this section, we remind some backgrounds with respect to the theory of curves and surfaces with
Frenet-type frame in Myller configuration for E3.

Let (C, E) be a versor field and 7(s) is a position vector of the curve C where s is the arc-length on the
curve C. For Frenet-type frame Rr = {P; &1, &, &3} of versor field, then we can write:

d_ _ _ _
= POEO) + p9ElS) + psOE(), g

where p3(s) + p3(s) + p3(s) = 1. Also, the followings are satisfied:

Z,() = K (9)5,(9),
55(5) = —Ki(5)&1(5) + Ka()Ea(), )
&3(8) = —Ka(5)E(9),

where K; > 0. K;j-curvature and K,-torsion have the same geometrical interpretation as the curvature and
torsion of a curve in E3. It should be noted that, if p1(s) = 1, p2(s) = 0 and p3(s) = 0, we get Frenet equations

of a regular curve in E; [42]. The fundamental theorem of invariants for versor field (C, &) is expressed as
follows:

Theorem 2.1. ([42]) If the invariants Ky(s) > 0, Ka(s) and functions pi(s), pa(s), ps(s) with p3(s) + p5(s) + p3(s) = 1
are smooth functions for s € [a, b], then there exist a curve C : [a, b] — E3 parameterized by arc-length s and a versor
field E(s), s € [a, b], whose curvature, torsion and the functions p;(s) are Ki(s), Ko(s) and pi(s),i = 1,2,3. Any two
such versor fields (C, €) differ by a proper Euclidean motion.

Remark 2.2. ([42]) The followings are satisfied.
(1) The versor field (C, E) determines a ruled surface S (C, E)
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(2) The surface S (C, E) is a cylinder if and only if the invariant Kj (s) vanishes.
(3) The surface S (C, E) is with director plane if and only if the invariant K5(s) = 0.
(4) The surface S (C, E) is a developing if and only if the invariant a3(s) vanishes.
Now, let us remind some required notions with respect to the fundamental forms of surfaces for E3 in
Myller configuration [42]:

Let S be a differentiable surface embedded in E3. With the help of the classical surface theory in Es, the
analytical representation of the surface S is given as with the class C* where k > 3 or k = co:

w=w(u,v) where (u,v)eD.

D is a simply connected domain in place of the variables (1, v). Moreover, the following vectorial notations
are adopted:

dw dw

wu=£ and wv:(?v

where the condition w, X w, # 0 is satisfied for all (1, v) € D. By using the following parametric represen-
tations, the curve C on the surface S can be denoted as:

4

u=u(t), v=ot), te(t,t).
Then, the curve C is written as follows:
o =wu(t) o), te(t,t).

Hence, the vector field dw = w,du + w,dv is tangent to the curve C at the points P(t) = P (w (u(t), v(t))) € C.
In addition, the vectors w, and w, are tangent to the parametric lines and dw is tangent vector to the surface
S at the point P(t). The unit normal vector to the surface S is

_ W, X Wy
V= "——"——7
llcwy X @wyl|
where [[w, X w,|| # 0 at every point P(t). Also, the first and second fundamental forms of the surface are
determined as follows for all (1, v) € D:
I(du, dv) = (dw(u,v),dw(u,v)) and I[(du,dv) = —(dw(u,v), dv(u,v)),
and has the following quadratic forms:
I(du, dv) = Edu* + 2Fdudv + Gdv* and  II(du, dv) = Ldu® + 2Mdudv + Ndv?,
where the coefficients of the first (E, F, G) and second fundamental form (L, M, N) are written as [42]:

det(wy, Wy, W)
L(u, U) == =
E(H, ,0) — <Eu/au>/ ”Cl)u X wv”
F(u/ v) = <aur aZ}>/ and M(u, U) =

G(u/ U) = <5U/ av%

det(w,, Wy, Ouy)
llcwy X @ws||
det(wy, Wy, Wov)

N(u,v) = — —
W0 = Sl

Additionally, the Gauss and mean curvatures are given as [14, 45]:

(_IN-M o EN-2FM+GL X
“EG-p M UTThEc-p) ©)

where the surface is developable (or flat) if and only if K = 0 and the surface is minimal if and only if H = 0.
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Definition 2.3. ([18]) Let | be an open interval or a unit circle $!. Then, ¢ : ] > R®and v : ] > R® — {0}
be given as smooth functions. A ruled surface in R® is the mapping () : ] X R > R® determined
as Y (s,u) = @(s) + uv(s) where ¢ is directrix and v is director curve. Additionally, the straight line
u = @(s) + uv(s) is named a ruling.

If W“”g;(s'u) X alp((,g;(s,u) = 0 at any points (s, Ug), these points are named singular points of the surface
Y(p,0)(s, 1). Otherwise, these points are named regular points. Due to developable surfaces being a type of
ruled surface, the following classification can be written. The equation det(¢'(s), v(s), v'(s)) = 0 is satisfied if
and only if a ruled surface is developable. Moreover, a ruled surface (s, u) with [[v(s)|| = 1is cylindrical
surface if and only if v'(s) = 0, and also non-cylindrical if and only if v'(s) # 0. A curve o(s) lying on
Y(p,0)(8, 1) with the condition (0'(s),v'(s)) = 0 is striction curve of the surface Y(p,0)(s, u). The striction curve
of the surface 1 (,4)(s, u) is expressed as follows ([12, 34-36, 43]):

RCICKIOYS
@), 06)

The study of ruled surfaces can be explored in the books [14, 45], as well.

a(s) = p(s) (s)-

3. Generalized ruled urfaces in Myller configuration

The purpose of this section is to determine generalized ruled surfaces with Frenet-type frame in Myller
configuration for E3. Then, some geometric characterizations and properties, such as being cylindrical,
developable, striction curve, and others are presented. Also, we give basic invariants, curvatures, and some
classifications. Moreover, some examinations with respect to the Gaussian and mean curvature are given,
and the necessary conditions for this surface to be flat and minimal surfaces are obtained, as well.

Definition 3.1. Let 7(s) : I — Ej3 be a regular curve with Frenet-type frame in Myller configuration for Es.
The ruled surface ¢ (s, u) : I X R — Ej is defined as follows:

P@.0)(8,u) =7(s) + up(s), (4)
and

%k if o(s) = £1(s), then P08, 1) is called the El—type ruled surface [42],

%k if p(s) = A(s)&1(s) + y(s)&(s), then ¢ 4)(s, u) is called the rectifying-type ruled surface where A(s) and
1(s) are smooth functions and A%(s) + u2(s) = 1,

% if o(s) = A(S)E4(s) + [u(s)&(s), then ¢ (s, u) is called the osculating-type ruled surface where A(s) and
1(s) are smooth functions and A%(s) + u2(s) = 1,

% if o(s) = Tfas = p1 (s)&1(s) + pz(s)gz(s) + pg(s)gg,(s), then ¢ 4(s, u) is called the tangent-type ruled surface
where p;(s), pa(s), and ps(s) are smooth functions and p3(s) + p3(s) + p3(s) = 1,

%k if o(s) = bl(s)gl (s) + bz(s)gz(s) + b3(s)23(s), then ¢ (s, u) is called the trajectory ruled surface where
bi(s), ba(s), and bs(s) are smooth functions and b2(s) + b3(s) + b5(s) = 1,

of the curve 7(s) with Frenet-type frame in Myller configuration for Es.

In the rest of this paper, we will examine these last four types of special ruled surfaces due to the
examination of the first case given in [42].
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3.1. Rectifying-type ruled surfaces in Myller configuration

In this part of this study, we scrutinize the rectifying-type ruled surfaces of a curve with Frenet-type
frame in Myller configuration for Es.

Definition 3.2. Let 7(s) : I — E3 be a regular curve with Frenet-type frame in Myller configuration for Ej.
The ruled surface ¢ (s, u) : I X R — E3 is determined as follows:

P o (s, 1) =7(s) +up1(s) where 01(s) = A(S)E1(s) + u(s)E3(s) and  A%(s) + p2(s) = 1, (5)

and the surface ¢ ,,)(s, u) is called the rectifying-type ruled surface of the curve (s) with Frenet-type frame
in Myller configuration for Es.

Special Cases 3.3. According to the values of the functions A(s), u(s) and pi(s) for i = 1,2,3, the followings are
satisfied:

s IfA(s) = 1and u(s) = 0, &-type ruled surface with Frenet-type frame in Myller configuration for E is obtained
[42].

% If p1(s) = 1, pa(s) = ps(s) = O, rectifying ruled surface with Frenet frame in Ej is obtained [43].

% IfA(s) =1, u(s) = 0and pi(s) = 1, pa(s) = ps(s) = 0, tangent developable surface with Frenet frame in Ej is
obtained [14].

Theorem 3.4. Let 7(s) : I — Eg be a regqular curve with Frenet-type frame in Myller configuration for E3 and
O 01 (8, u) is the rectifying-type ruled surface of the curve 1(s). The surface g ,,)(s, u) is not a regular surface if and

only if
1(s) (p2(s) + u (AS)K1(5) — p(s)Ka(s))) = 0,
A)pa(s) — u(s)pa(s) + u (A (5) = A (5)u(s)) = 0, (6)
A(s) (pa(s) + u (A(s)Kq(s) — u(s)Ka(s))) = 0.

Proof. Let us take the partial derivatives of the equation (5) with respect to the parameter s and u, and by
using the equation (2), we get:

9P (5 1) o ) -
— = = (019 + 1A ) E1(5) + (p29) + 1 AGK(S) ~ pEOK) E2(6) + (p3(6) + 11 (9)) E(3), (7)
I, ~ .

@#(5”) =A(s)E1(s) + u(s)&s(s). N

Taking the cross product of the equations (7) and (8), we have:

PG, p,)(5, 1) o IPG,g,)(5, 1)
ds du

=[14(5) (p2(s) + 1 (A(S)Ka () — p(s)Ka(5)))] &1(5)
+ [A6) (p3(s) + 1t () = 1(6) (p1(5) + uA'(9))] £as)

+ [=A(8) (p2(s) + u (A(S)K1 () — p(9)Ka(5)))] &3
=0.

Hence, we get the desired equation (6). O
Then, we can write the set of singular points of the surface ¢ ,,)(s, ) as follows:
1(s)pa(s) + up(s) (A()Ki(s) — u(s)Ka(s)) = 0,
Sopon = {6 1) © AS)Pa(s) — p©)pr(s) + u (A (5) = A (G)u(s)) = 0,
A(s) (p2(s) + u (A(s)Ka(s) — u(s)Ka(s))) = 0.
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Theorem 3.5. Let 7(s) : I — Ej3 be a regular curve with Frenet-type frame in Myller configuration for E3 and
O o) (5, 1) is the rectifying-type ruled surface of the curve 7(s). The following statements are satisfied:

(1) The surface P (s, u) is cylindrical if and only if
A(s) =0, A@E)Ki(s) — p(s)Ka(s) =0 and ' (s) = 0.
(2) The surface P 4(s, u) is developable if and only if
(A(s)p3(s) — (5)p1()) (MK () = p(9)Ka(s)) + pa(s) (A (5)u(s) = p (9)A(s)) = 0.
Proof. (1) The surface ¢ (s, u) is cylindrical if and only if

0,(5) =(AGS)E1(8) + p(5)E3(5))
=A'(8)&1(5) + A(S)E1(5) + ' (8)E(8) + () E5(s)
=A"(8)&1(8) + (A(S)K1(5) — pi(8)Ka(5)) Ea(S) + 1 (5)E3(s)
=0.
The desired result can be seen easily.

(2) The surface ¢ ,,)(s, u) is developable if and only if the equation det(#/as, ¢1(s), Q;(S)) = 0 is satisfied.
We get:

(=) Let the surface ¢ ,,(s, ) be a developable surface.

P1(8)E1(5) + p2(5)E2(5) + p3(5)E(s), A(S)E1(S) + p(s)E(s),
N (5)E1(5) + (A()K1(s) — p(s)K2(5)) Ea(s) + ' (5)E5(s)

= (A)p3(s) = p(E)p1(5)) (A(S)Ki (5) — (s)Ka(5)) + pa(s) (A (s)u(s) — ' (5)A(5))
=0.

det(T/as, 01(), 0,(5)) = det[

Therefore, we get the desired result.

(&) Itis clear.
The proof is finished. O

Corollary 3.6. Let 7(s) : I — Ejz be a regular curve with Frenet-type frame in Myller configuration for Es and
OG0 (s, 1) is the rectifying-type ruled surface of the curve 7(s). If the rectifying-type ruled surface ¢ (s, u) is
cylindrical with the condition Ky(s) # 0, then the base curve is helix (cf. [1-3, 40]).

Corollary 3.7. Let 7(s) : I — Ejz be a regular curve with Frenet-type frame in Myller configuration for Es and
O o) (8, 1) is the rectifying-type ruled surface of the curve 7(s).

* If pf(s) + p%(s) =1, pa(s) = 0 and A(s)Ki(s) — u(s)Ka(s) = O, then the rectifying-type ruled surface ¢ 4,(s, 1)
is developable.

% If p1(s) = pa(s) = 0, p2(s) = 1 and A(s), u(s) are constants, then the rectifying-type ruled surface ¢ (s, u) is
developable.

% If A(s)K1(s) — u(s)Ka(s) = 0 and A(s), u(s) are constants, then the rectifying-type ruled surface ¢ ,,)(s, u) is
developable.

% If the surface (g ,,)(s,u) is cylindrical, then Qg (s, u) is developable. The converse of this statement is not

always true. Namely, if the surface Qg (s, u) is a developable surface, it does not necessarily have to be
cylindrical.
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Theorem 3.8. Let 7(s) : [ — E3 be a regqular curve with Frenet-type frame in Myller configuration for E3 and
O o) (5, 1) is the rectifying-type ruled surface of the curve ¥(s). The base curve (s) of the surface ¢ ,,(s, u) is its
striction curve if and only if p1(s)A(s) + p3(s)u(s) = 0.

Proof. The striction curve of the surface ¢ (s, u) is written as follows:

(#as, 01(5))

o(s) = 7(s) — mgl(s)
and we get:
(a5, 01(5)) = (P1(8)E1(8) + P2(s)Ea(S) + P3(s)Ea(s), A(S)E1(S) + H(5)E3(s))
= p1(s)A(s) + ps(s)u(s).
Also,

A (5)E1() + (A()Ki(s) = u(s)Ka(5)) Ex(8) + 1 (5)53(5),>
A (5)E1(8) + (A()Ki(s) = p(s)Ka(5)) Ex(8) + 1 (5)E5(6)

2

(01(5), 0,(5)) = <

= (1O + AEKi(E) ~ pEKAs) + (4 9))
Then, we have:
P(S)A(s) + pa(s)u(s)
(V'($))* + (AGK1(5) = u()Ka(9)) + (' ()

Hence, we can see that the base curve 7(s) of the surface ¢ (s, u) is its striction curve if and only if
p1(8)A(s) + pa(s)u(s) =0. O

The normal field of the surface ¢ ,,)(s, #) is given as follows:

o(s) =7(s) — 501(s). 9)

x(s, u)E1(5) + (s, U)E(5) — 2(5, 1) E5(5) )

Vx2(s, 1) + y2(s, u) + 22(s, u)

V=

where
x(s, u) =u(s) (p2(s) + u (A(s)K1 — u(s)Ka(s))),
y(s, 1) =As) (p3(s) + up'(9)) = p(s) (p1(s) + ud'(s)),
2(s,u) =A(5) (pa(5) + 1 (A(5)Ki (5) — (s)Ka(s))) -

Additionally, the invariants of the surface ¢ ,,)(s, u) are given as:

E =W2(s,u) + Wa(s, u) + Wi(s, u), (10a)
F = A(s)W1(s, u) + p(s)Ws(s, u), (10b)
G = A%(s) + p*(s), (10c)

(\Pl (s, 1) — Ky (s)Wa(s, u)) x(s, u) + (\Ifl(s, u)Ki (s, u) + W, (s, u) — Ka(s)Ws(s, u)) y(s, u)
— (Ka(s)Wa(s) + Wy(s, u)) 2(s, u)
L= . (10d)
Vx2(s, u) + y2(s, u) + 22(s, u)
Mo A (s)x(s, u) + (A(8)K1(s) — u(s)Ka(s)) y(s, u) — ' (s)z(s, u) ,
VA2(s, 1) + y2(s, u) + 22(s, u)
N =0, (10f)

(10e)
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where
Wy(s,u) = pi(s) + ul'(s),
Wa(s, 1) = pa(s) + u (ASKi(s) — p(s)Ka(s))
Ws(s, 1) = pa(s) + up (s).

The following statements should be written:

¢ Throughout this study, the notation prime represents the derivation of the functions, and it does not
represent a derivation based on u unless otherwise stated.

%k For the sake of brevity, we use the followings from the Theorem 3.9:
AB)=A, u@Gs)=u, Ki(s)=Ki, x(s,u)=x, yiu)=y, z(s5,u)=z ‘I’j(s, u) = v,
wherei=1,2and j=1,2,3.

Theorem 3.9. Let 7(s) : I — Es be a regqular curve with Frenet-type frame in Myller configuration for E3 and
OG0 (8, 1) is the rectifying-type ruled surface of the curve ¥(s). The Gaussian and mean curvature of the surface are
as follows, respectively:

- (/\'x +(AKy — uKa)y — M/Z)Z
Ty [ (92 R 2 (92 02) 2|

(A2 + 22) [(¥) - KaWa) x + (W1 Ky + W) — KoWa) y — (Ko W + W3 ) 2]

- 2(AW) + pWs) [A'x + (AKy — pKa) y - 'z

2Ty 22 (2 (W2 + W2) + A2 (W2 + W2) — 2Ap W, s
Proof. The proof is straightforward by using the equations (3) and (10a)-(10f). O

Corollary 3.10. Let 7(s) : I — E3 be a regular curve with Frenet-type frame in Myller configuration for E3 and
O o) (8, 1) is the rectifying-type ruled surface of the curve 7(s). The following statements are given:

% The surface ¢ o) is flat (developable) if and only if
ANx+(AK; — uKy)y— u'z=0.
%k The surface ¢ ,,) is a minimal surface if and only if
(A2 +42) [(W) = KaWa)x + (WikKy + W) = KoWs) y — (Ko W2 + W) 2]|

/ / 0.
=2 (AW + uWa) [A'x + (AKy - pKa) y — 'z

3.2. Osculating-type ruled surfaces in Myller configuration

The aim of this subsection is to introduce the osculating-type ruled surfaces of a curve with Frenet-type
frame in Myller configuration for Es.

Definition 3.11. Let 7(s) : I — Ej3 be a regular curve with Frenet-type frame in Myller configuration for Es.
The ruled surface ¢ (s, 1) : I X R — E3 defined as follows:

D@5, 1) =T(s) +upa(s) where 02(s) = A(S)E; + u(s)&, and  A%(s) + pi(s) = 1, (11)

and the surface ¢ ,,)(s, u) is called the osculating-type ruled surface of the curve 7(s) with Frenet-type frame
in Myller configuration for Es.
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Special Cases 3.12. According to the values of the functions A(s), u(s) and p;(s) for i = 1,2, 3, the followings hold:

% IfA(s) =1, u(s) = 0and p1(s) = 1, pa(s) = 0, pa(s) = 0, tangent developable surface with Frenet frame in Es is
obtained [14].

% If p1(s) = 1, pa(s) = 0, pa(s) = 0, osculating-type ruled surface with Frenet frame in Ej is obtained [35].

% IfA(s) = 1 and pu(s) = 0, & (s)-type ruled surface with Frenet-type frame in Myller configuration for Ez is
obtained [42].

Theorem 3.13. Let ¥(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
0, (8, 1) is the osculating-type ruled surface of the curve 1(s). The surface ¢ ,,)(s, u) is not a regular surface if and

only if
u(s) (p3(s) + uu(s)Ka(s)) = 0,
A(s) (p3(s) + up(s)Ka(s)) = 0, (12)
1) (p1(s) + u(A'(5) = Ka()u(s))) = A(s) (p2(s) + u (AS)K1(s) + ' (5))) = 0.

Proof. Taking the partial derivatives of the equation (11) according to the parameter s and u, and by the
equation (2), we have:

PG o) (S, / ) | )

PO (p16) + (10~ KOO E) + (0269 + 1 (AOKA®) + 1 9)) B9 (13)
+(pa(6) + (Ko (9) (),

9D, ~ )

@#(Su) =A(5)E1(5) + p(s)&2(9)- »

By the cross product of the equations (13) and (14), we have:

0P ) (8, AD: (s, _ B
Do), 20nE ) _ s) (pos) + uuOK ) E) + (po6) + 1K) DS

+[16) (pr(5) + u (X' (5) = Ka(0)p(9))) = A(5) (p2(s) + u (2K (5) + ' 5)))| E-

Hence, we obtain the equation (12). O

Then, we get the set of singular points of the surface ¢ ,,)(s, u) as follows:
() (p3(s) + up()Ka(s)) = 0,
Soos o = 1 (5,1) = AG) (p3(5) + upEKa(s)) =0,
1) (p1(s) + 1 (A'(5) = Ki(5)p(s))) = A(s) (pa(s) + u (A(S)Ki (5) + 1'())) = 0.

Theorem 3.14. Let ¥(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
O 0 (8, 1) 18 the osculating-type ruled surface of the curve ¥(s). The followings are presented:

(1) The osculating-type surface ¢ o,)(s, u) with Frenet-type frame in Myller configuration is cylindrical if and only
if

A (s) = Ki(s)u(s) =0, A(s)Ki(s) + ' (s) =0 and u(s)Ka(s) = 0.
(2) The osculating-type surface ¢ ,,)(s, u) with Frenet-type frame in Myller configuration is developable if and
only if
PIOUE)Ka(s) + Als) (AG)K(5) + 1 (5)) pa(s) = pa()ua(s) (A () = Ka(s)(s)) = () Ka(s)pa(s)A(s) = 0,
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Proof. Let7(s) is a regular curve with Frenet-type frame in Myller configuration for E3 and ¢ ,,)(s, u) is the
osculating-type ruled surface of the curve 7(s).

(1) The surface ¢ ,,)(s, u) is cylindrical if and only if Q'z(s) =0.

’

02(5) = (A(©)&1(6) + p(9)E2(5))
= VOGO +AIEO) + 1 D5 + HEEE)
= (A'() = Ku(©)p()) E1(5) + (A)K(5) + 1'(5)) Ea(5) + p(9)Ka(9)E5 ().
We prove the desired expression.
(2) The surface ¢ ,)(s, u) is developable if and only if the equation det (‘ﬁ/ds, 02(5), Q/Z(S)) = 0 is satisfied.
We can write the following:

(=) Let the surface ¢ ,,(s, u) be a developable surface.

Pl(S)El (s) + Pz(s)gz(s) + P3(5)E3(5),
det (/as, 02(s), 05(s)) = det| A()E(s) + u(s)Ex(s),
(1'(5) = Ka(®)(9)) E1(6) + (AGK1(6) + 1 (5)) E2(5) + () Ka(8)(S)E5(6)
= pLE)EA(S)Ka(s) + Als) (MK () + 1 (5)) pa(s)

— pa(9)u(s) (A () = Ka(5)u(5)) = 4(s)Ka(s) pa(s)A(5)
=0.

Therefore, we get the desired result.

(&) Itis clear.
O

Corollary 3.15. Let 7(s) : I — E3 be a regular curve with Frenet-type frame in Myller configuration for E3 and
OG0 (8, 1) 18 the osculating-type ruled surface of the curve (s).

* If p%(s) + pé(s) =1, p3(s) = 0 and Ky(s) = 0, then the osculating-type ruled surface ¢ (s, u) is developable.
* If p1(s) =1, p2(s) = p3(s) = 0 and Ky(s) = O, then the osculating-type ruled surface ¢ (s, u) is developable.
% Ifp1(s) = 0, pa(s) = 1, pa(s) = 0and Ka(s) = 0, then the osculating-type ruled surface ¢ ,,)(s, u) is developable.

% IfKi(s) = A'(s)p(s) — A(s)u' (s) when pi(s) = pa(s) = 0, pa(s) = 1 and the functions A(s), u(s) are not constant,
then the osculating-type ruled surface ¢ (s, u) is developable.

Theorem 3.16. Let 7(s) : I — E3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
OG0, (8, 1) is the osculating-type ruled surface of the curve 7(s). The base curve 1(s) of the surface Qg 4,)(s, u) is its
striction curve if and only if p1(s)A(s) + pa(s)u(s) = 0.

Proof. The striction curve of the surface ¢,,)(s, u) is written as follows:

<d7/d5/ @2 (S)>

T 9,60)

02(8).
Then, we have

(is, 02(5)) = (P1(8)E1 () + P2(8)Ea(S) + P3(5)Ea(s), A(S)E1(8) + (s)E(s))
= p1(S)A(s) + pa(s)u(s)
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and

(A'(5) = Ki(5)(s)) E1(6) + (MK (5) + 11 (5)) Ea(s) + u(s)Kz<s>E3(s>,>
(1'(5) = Ki(6)(s)) E1(5) + (AS)Ki (5) + 11 (5)) Ea(5) + () Ka(9)E5(5)
= (1) - K@) +(AOK©E) + 1 ©) + @K

Therefore, we obtain the following equation

(05(5), 05(9)) = <

P1()A(s) + p2(s)p(s)
(X' (5) = Ki(5)(s))” + (AS)K1(5) + ' (9))” + (u(s)Ka(s))

Consequently, we can see that the base curve 7(s) of the surface ¢ ,,)(s, u) is its striction curve if and only if
p1(8)A(s) + p2(s)u(s) =0. O

In addition to these, the normal vector of the surface ¢ ,,)(s, #) is calculated as follows:

a(s) = 7(s) — 502(3).

= x(s, U)E1(5) + Y(s, U)Ex(5) + 2(5, u)E5(s)

Yo Vx2(s, u) + y2(s, u) + z2(s, u) '

where

x(s, 1) = p(s) (pa(s) + up(s)Ka(s)) ,
Y(s,u) = (p3(s) + up(s)Ka(s)) A(s),

2(s,4) = () (1(5) + 1 (X' 6) = Ki()u(9))) = A(5) (pa(s) + 1 (MK (5) + 4 ).

Additionally, the basic invariants of the surface ¢ ,,(s, u) are given as follows:

E = W2(s,u) + Wa(s, u) + Wi(s, u), (15a)
F =W(s, u)A(s) + Wa(s, u)u(s), (15b)
G = A%(s) + 1%(s), (15¢)

(Ku(s)Wa(s, u) = W) (s, u)) x(s, 1) + (Wi(s, w)Ka(s) + Wy (5, u) = Wa(s, u)Ka(s)) y(s, u)
+ (Ka(s)Wa(s) + Wy(s, u)) 2(s, u)
L= , (15d)
VX2 (s, u) + y2(s, u) + z2(s, u)
e (Ki(9)uts) = A'(5)) x(s, ) + (ASK1(5) + ' (5)) y(5, 1) + u(s)Ka(5)z(s, ) (150
- Vx2(s, u) + y2(s, u) + z2(s, u)
N =0, (15f)

where
Wi(s, 1) = pa(s) + 1 (X () = Ka(6)us)),
Wa(s, u) = pa(s) + u (1 (5) + Ki(5)A(s)),
Wi(s, 1) = pa(s) + up(s)Ka(s).

Theorem 3.17. Let ¥(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
0, (8, 1) is the osculating-type ruled surface of the curve 7(s). The Gaussian and mean curvature of the surface are
given as follows, respectively:

B ((Kly - /\/)x + (/\K1 + y') v+ szz)2
(22 +12 + 22) [/\2 (qu +W2) + 412 (\I/% +W2) - ZA[u\I/l\I/z],
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(A2 + 12 [(Ka W = W) x + (W1Ky + W) — WaKa) y + (Ko W2 + W3 ) 2]
—2(WiA + Vo) [(Kup = A)x + (AKy + 1) y + Koz
2Ty 22 (A2 (W2 + W2) + 2 (W2 + W2) — 2Ap W, 0, |

H =

Proof. The proof is straightforward with the equations (3) and (15a)-(15f). O

Corollary 3.18. Let 7(s) : I — E3 be a regular curve with Frenet-type frame in Myller configuration for E3 and
$ @3, (8, u) is the osculating-type ruled surface of the curve ¥(s). The followings can be given:

% The surface ¢g,)(s, u) is flat (developable) if and only if
(Kipp = A)x + (AKy + ')y + pKoz = 0.
% The surface ¢ 3,)(s, u) is a minimal surface if and only if

(A% + 1) [(KaWa = W) ) x + (W1 Ky + Wy — W3Ka) y + (Ko W + W) 2]
—2(W1A + Wop) [(Kup = A')x + (AKy + ') y + pKaz] = 0.

3.3. Tangent-type ruled surfaces in Myller configuration

In this part, we investigate the tangent-type ruled surfaces of a curve with Frenet-type frame in Myller
configuration for E3. In this subsection, we do not write proofs of all of the theorems for the sake of brevity.
Since all proofs can be shown by using the same way in the previous two subsections.

Definition 3.19. Let (s) : I — Ej3 be a regular curve with Frenet-type frame in Myller configuration for Es.
The ruled surface ¢ (s, u) : I X R — E3 defined as follows:

dr — - -
P0)(, 1) = 7(5) + ugs(s) where  03(s) = d_: = p1()&1(5) + p2(s)&2(s) + pa(s)Es(s), (16)

and the surface ¢ ,,)(s, u) is called the tangent-type ruled surface of the curve 7(s) with Frenet-type frame
in Myller configuration for E3.

Special Cases 3.20. According to the values p;(s) for i = 1,2, 3, the followings are written:

% If we take p1(s) = 1, p2(s) = pa(s) = 0, we get the &(s)-type ruled surface with Frenet-type frame in Myller
configuration for Es (cf. [42]) and tangent developable surface in E3 [14].

% If we take p3(s) + p3(s) = 1, pa(s) = 0, we get the rectifying-type ruled surface (cf. Definition 3.2 in Subsection
3.1).

% Ifwetake p3(s)+p3(s) = 1, pa(s) = 0, we get the osculating-type ruled surface (cf. Definition 3.11 in Subsection
3.2).

Theorem 3.21. Let ¥(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
0, (8, 1) is the tangent-type ruled surface of the curve 7(s). The surface ¢, (s, u) is not a regular surface if and

only if
p3(5) (p2(5) + u (p1(K1(5) + p(5) = pa()Ka(9))) = pa(s) (pa(s) + 1 (p2()Ka(s) + p3(s))) = O,
p1(5) (p3(5) + u (p2(5)Ka(s) + p3(s))) = p3(s) (pa(5) + 1 (1 5) — p2(5)Ka(5))) = O, (17)
p2(5) (p1() + 1 (—p2(9)K1 () + p;(5))) = p1(5) (p2(s) + 1 (p3(s) + pr(s)Ki(s) = Ka(5)pa(s))) = 0.
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Then, we get the set of singular points of the surface ¢ ,,)(s, u) as follows:
p3(5) (p2(5) + 1 (P1S)K1(5) + P (5) — pa(8)Ka(5))) = pa(s) (3(5) + 1 (p2(8)Ka(5) + p3(s))) = O,

Sopon = 1 61) = pr(s) (ps(s) + 1 (p2(9)Ka(s) + pi(9))) = ps(s) (p1(5) + 1 (p1(5) = pa(9)Ki(5))) = O,
p2(5) (p1(5) + 1 (—p2(8)Ki(5) + p(5))) = p1(5) (pa(s) + 1 (p3(s) + pr(5)Ki(5) — Ka(s)ps(9))) = 0.

Theorem 3.22. Let ¥(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for E3 and
O 05)(8, 1) is the tangent-type ruled surface of the curve ¥(s). The followings are written:

(1) The tangent-type surface ., (s, u) with Frenet-type frame in Myller configuration is cylindrical if and only if
P1(5) = p2(9)K1(5) =0, p1(9)Ki(5) + pals) = p3(s)Ka(s) =0 and  pa(s)Ka(s) + p3(s) = 0.

(2) The tangent-type surface ¢y, (s, u) with Frenet-type frame in Myller configuration is developable for every
sel

Theorem 3.23. Let 7(s) : I — Ej3 be a reqular curve with Frenet-type frame in Myller configuration for Ez and
O 0 (8, 1) is the tangent-type ruled surface of the curve (s). The base curve 1(s) of the surface ¢, (s, u) is never its
striction curve.

Additionally, the normal vector of the surface ¢ (s, 1) is written as:

xX(s,U)E1(8) + Y(s, u)Ea(s) + 2(s, u)Ex(5)

VX2(s, u) + y2(s, u) + 22(s, u)

V=

where
x(s,1) = pa(s) (p2(s) + u (p1(5)K1(5) + pa(s) — pa(s)Ka(s))) = pa(s) (pa(s) + 1 (p2(s)Ka(s) + p3(s)))
y(s,1) = pr(s) (pa(s) + u (pa(s)Ka(s) + p3(5))) = p3(s) (1) + 1 (py = p2(9)Ka (),
2(s, 1) = pa(5) (p1(5) + 1 (P} (5) = P2(5)K1(5))) = p1(5) (p2(5) + 1 (pa(s) + P1(Ka(S) = pa(s)Ka())).

Moreover, the basic invariants of the surface ¢ ,,)(s, u) are written as follows:

E= \IJ%(S, u) + \Ifi(s, u) + ‘I’%(s, u), (18a)
F =W (s, u)p1(s) + Wa(s, u)pa(s) + Ws(s, u)ps(s), (18b)
G=1, (18c¢)

(W5, u) = Ki(s)Wals, ) x(s, 1) + (W5, u) — Ka(s)Wa(s, u) + Ki(s)¥a(s, u)) y(s, u)

+ (Kz(s)‘lfz(s, u) + Wi (s, u)) z(s, 1)
L= : (18d)
VX2(s, u) + y2(s, u) + 22(s, u)

(18e)
(18f)

7

M=0
N =0,
where

Wi (s, u) =p1(s) + 1 (py(5) = p2()Ka(s)),

Wa(s, u) =pa(s) + 1 (p1()Ki(5) + p(5) — pa()Ka(s)),

Ws(s, u) =pa(s) + u (p2(5)Ka(s) + p3(s))
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Theorem 3.24. Let 7(s) : I — E3 be a regqular curve with Frenet-type frame in Myller configuration for Ez and
O 05 (5, 1) is the tangent-type ruled surface of the curve ¥(s). The Gaussian and mean curvature of the surface are
written as follows, respectively:

K=0,
(W K)o+ (W - KaWs + KaWh )y + (KoWa + W)z
2R (W2 + W2+ W2 - (Wipy + Wap, + ‘Papa)z)

Corollary 3.25. Let 7(s) : I — Ej3 be a regular curve with Frenet-type frame in Myller configuration for Ez and
O 05) (8, 1) is the tangent-type ruled surface of the curve 1(s). The followings can be obtained:

% The surface ¢, (s, u) is flat (developable).

% The surface ¢ ,,)(s, u) is a minimal surface if and only if

(W) - KsWa)x + (W) — KoWs + Ky W1 ) y + (Ko Wa + W) z = 0.

4. Example

In this section, we construct a numerical example in order to improve the given theory.
Thanks to the studies [47] and [31], we get the following example:

Example 4.1. Considering the following versor fields and invariants:

El(s) = (—é sins, — coss, 1% sins) ’

10
- 8 6 Ki(s) =1
Y ins — ’ d
&ax(s) ( 0 COs s, sins, 0 coss) an {Kz(s) o,
- 6 8
63(5) - (_E/ 0/ _E) 4

and choosing pi(s) = sins, pa(s) = coss, ps(s) = 0, we get:

_ 8 _ 65
T(S) = (—E, 1, E)

In the following Figure 1, the curve 7(s) can be seen for s € [0, 27]:

(19)

Figure 1: 7(s) in the equation (19)
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% If we choose A(s) = coss and p(s) = sins, we have the following types ruled surfaces:

* The rectifying-type ruled surface is written as:

B 8 . 6 , , 6s 6 ) 8 .
qf)(;,gl)(s,u)— —E+u —Ecosssms—ﬁsms ,1—1ucos s,ﬁ+u l—ocosssms—l—osms .

According to the materials, the surface ¢ Gor) (s, u) isnot cylindrical, and is developable where s =
nm,
n € Z. The base curve 7(s) of the surface ¢ Go)

nm + 1n/2,n € Z. The following Figure 2 is drawn as s € [0,2n] and u € [-1,1]:

(s,u) is its striction curve if s = nm or s =

D\ :‘\\\

(@) D(zpp) (5, 1) (b) 7(s) and b(,,, s, 1)
Figure 2: d)(;/ gl)(s, u) with the curve 7(s)

* The osculating-type ruled surface is written as:

8s 8u . 1 5 6s -
= =l-=-—= + —+u= .
¢(r,gz)(sf u) 0 5 cosssins, Uucosss, 10 u 5 cosssins

Then, the surface qf)(;,@z)(s, u) is cylindrical developable. The base curve 7(s) of the surface
d)(;,gz)(s, u) is its striction curve if s = nm or s = nn + n/2,n € Z. The following Figure 3 is
drawnass € [0,2n]and u € [-1,1]:
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(@) D54, (5, 1) (b)7 and ¢z, (s, 1)

Figure 3: qf)(;/ @2)(5, u) with the curve 7(s)

* Since the function ps(s) = 0, we get the osculating-type ruled surface (D(;, 02)(5, u) as special case
of the tangent-type ruled surface.

5. A brief introduction and a motivation for a new survey: Trajectory ruled surfaces in Myller configu-
ration

Now, we want to determine the other type ruled surface without detailed geometrical analysis and
interpretations. We only give the definition and some special cases of them, which are called trajectory
ruled surfaces with Frenet-type frame in Myller configuration for Es.

Definition 5.1. Let 7(s) : I — E3 be a regular curve with Frenet-type frame in Myller configuration for Ej.
The ruled surface ¢ ,,)(s, u) : I X R — E3 defined as follows:

P00 (5, 1) =T(s) + 1ps(s) where 04(5) = bi(5)E; + ba(5)E, + b3(5)&s, (20)

where b%(s) + b%(s) + bg(s) = 1 and the surface ¢ ,,)(s, 1) is called the trajectory ruled surface of the curve 7(s)
with Frenet-type frame in Myller configuration for Es.

% If we take bi(s) = 1,by(s) = 0, b3(s) = 0, we get El-type ruled surface with Frenet-type frame in Myller
configuration for E3 [42].

% If wetake bi(s) = 1, ba(s) = 0,b3(s) = 0and pi(s) = 1, p2(s) = 0, pa(s) = 0, we get the tangent developable
surface with Frenet frame in E3 [14].

For the sake of brevity, we do not examine this type ruled surface in detail like in the previous section.
In the future study, we intend to examine this type ruled surface in detail.
6. Conclusions

In this paper, we determine the ruled surface family, which is called generalized ruled surfaces with
Frenet-type frame in Myller configuration for E;. Then, we examined some special type ruled surfaces
such as rectifying-type ruled surfaces, osculating-type ruled surfaces and tangent-type ruled surfaces with
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Frenet-type frame in Myller configuration for E;. Moreover, we obtained some particular cases of these
ruled surfaces, as well. The surface theory of versor fields along a curve with Frenet-type frame in Myller
configuration for E; is a generalization of the usual theory of surfaces in classical Euclidean space due
to the geometry of versor fields along a curve with Frenet-type frame in Myller configuration for Ej is
a generalization of the usual theory of curves in classical Euclidean space. Further, we construct some
numerical examples with respect to these surfaces.

To better analyze the construction of special surfaces and situations, we can give the following Table 1:

Table 1: Classifications of Generalized Ruled Surfaces with Frenet-Type Frame in Myller Configuration for
Es

| Some Special Types of the Generalized Ruled Surface ¢ (s, ) = 7(s) + uo(s)

According to the valuesof | p; =1 A=1 A=1 P2+ p3 = p2+pi= by =1
pi,bi fori = 1,2,3and A | p,=0 u=0 p=0 p3=0 p2=0 b,=0
andy. p3=0 pl_l b3—0
p2 =
ps =0
0=4& Tangent
&,-type RSFTF in MC for E; | devel-
[42] opable
RSFF in E;
[14]
0=A& + yg3 General & -type RS- Tangent
Rectifying-type RSFTF in | rectifying FTF in MC | devel-
MC for E; RSFF in E; | for E;[42] opable
[43] RSFF in E;
[14]
0= A& + &, Osculating- | & -type RS- | Tangent
Osculating-type RSFTF in | type RSFF | FIF in MC | devel-
MC for E; in E; [35] for Ej [42] opable
RSFF in E;
[14]
0= Plzl + Pzgz + 9323 El-type Osculating- | Rectifying-
Tangent-type RSFTF in MC RSFTF in type RSFTF | type RSFTF
for E; MC for E; for E; in MC for
[42] and E;
tangent de-
velopable
RSFF in E;
[14]
0="b1& + ba&s + b3&s Tangent &;-type RS-
Trajectory RSFTF in MC for | devel- FIF with
Es opable MC for Ej
RSFF in [42] and
E; with tangent de-
by = 1, velopable
by = 0, RSFF in E;
by = 0[14] [14]

* RSFF: Ruled surfaces with Frenet frame

* RSFTF in MC: Ruled surfaces with Frenet-type frame in Myller configuration
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