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Ulam stability of fractional ψ-Caputo differential equations involving
two orders for fractional derivatives
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Abstract. In this study, we investigate a class of fractional ψ-Caputo differential equations with nonlocal
boundary integral conditions, focusing on the existence and uniqueness of solutions. Our analysis employs
standard fixed point theorems, specifically Banach’s and Krasnoselskii’s fixed point theorems. Additionally,
various types of Ulam stability are examined, including Ulam-Hyers stability and Ulam-Hyers-Rassias
stability. An illustrative example is provided to demonstrate the validity of the theoretical results.

1. Introduction

As a branch of mathematics, fractional calculus relates to generalizing the concepts of derivation and
integration to non-integer orders. Recently, this notion has gained significant importance due to its different
uses and applications in science and engineering. (see [8, 15]). As a result, fractional differential equations
have gained significant interest because they can model and describe complicated problems in physics,
engineering, biology, finance, and signal processing. Lately, there have been several investigations focused
on different operators, especially Riemann-Liouville[14, 15], Caputo [3, 19], Hilfer [9], and Hadamard
[11, 18].

In [4], Almeida introduced an additional generalization of the fractional differentiable operator, known
as the fractional ψ-Caputo operator. (for details, refer to [2, 12]). Recently, fractional boundary value
problems have attracted significant attention, in part due to their unique qualitative properties and their
uses in various fields. Another fascinating and crucial area of research is their stability analysis. Researchers
continue to develop new methods and approaches to better understand the dynamics of such nonlinear
fractional differential equations, see [1, 5, 6, 10, 13, 16, 17].

This paper aims to investigate whether the following nonlocal boundary value problem has unique
solutions, and if so, whether they are Ulam-Hyers stable:

cD
p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι) + f1(ι,w(ι))

)
= f2(ι,w(ι)), a ≤ ι ≤ b,

w(a) = 0,

w(b) = σIρ;ψ
a+,ιw(ς), σ > 0,

(1)
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where Iρ;ψ
a+,ι and Dϑ;ψ

a+,ι represent ψ-fractional integrals in order ρ > 0 and ψ-Caputo fractional derivative in
order ϑ ∈ {p1, p2} respectively. 0 < ϑ ≤ 1, a < ς < b and f1, f2 : [a, b] ×R→ R are continuous.
In fact, our discussion of existence and uniqueness makes us use standard fixed-point theorems, including
Krasnoselskii’s fixed point theorem and Banach’s fixed point theorem. Additionally, we consider two
different Ulam stability types for problem (1): Ulam-Hyers-Rassias (U-H-R) and Ulam-Hyers stability (U-
H).
This work is divided into five sections. Basic definitions of ψ-Caputo fractional calculus, essential lemmas,
and certain fixed-point theorems are given in Section 2. During Section 3, we discuss whether or not
problem (1) has an existence and uniqueness of solutions. Section 4 discusses how Ulam stability can
be achieved in the above problem. Finally, Section 5 demonstrates the utility of our results through an
example.

2. Preliminaries

Definition 2.1. ([4]) For p > 0,w ∈ L1(Υ,R), and ψ ∈ Cn(Υ,R) (Υ := [a, b]), the fractional ψ-Riemann-Liouville
integral operator of order p of w is represented as

I
p;ψ
a+,ιw(ι) =

1
Γ(p)

∫ ι

a
ψ′(ι)(ψ(ι) − ψ(s))p−1w(s)ds, (2)

where ψ′(ι) > 0, ∀ι ∈ Υ.

Definition 2.2. ([4]) For p > 0 and w, ψ ∈ Cn−1(Υ,R) with ψ′(ι) > 0, ∀ι ∈ Υ, the fractional ψ-Caputo derivative
operator of order p of w is represented as

cD
p;ψ
a+,ιw(ι) = In−p;ψ

a+,ι w[n]
ψ (ι)

=
1

Γ(n − p)

∫ ι

a
ψ′(ι)(ψ(ι) − ψ(s))n−p−1w[n]

ψ (s)ds,
(3)

where w[n]
ψ (ι) =

(
1

ψ′(ι)
d
dι

)n
, n = [p] + 1.

Lemma 2.3. ([4]) Let n − 1 < p < n, w ∈ Cn(Υ,R), then

I
p;ψ
a+,ι

(
cD

p;ψ
a+,ιw

)
(ι) = w(ι) −

n−1∑
i=0

w[i]
ψ (a)

i!
(ψ(ι) − ψ(a))i, (4)

where w[i]
ψ (ι) :=

(
1

ψ′(ι)
d
dι

)i
w(ι).

Lemma 2.4. ([12, 15]) Let p1, p2 > 0, w ∈ C([a, b],R). Then, ∀ι ∈ Υ there is
(i) Ip1;ψ

a+,ι I
p2;ψ
a+,ι w(ι) = Ip1+p2;ψ

a+,ι w(ι);

(ii) cD
p1;ψ
a+,ι I

p1;ψ
a+,ι w(ι) = w(ι);

(iii) Ip1;ψ
a+,ι (ψ(ι) − ψ(a))p2−1 =

Γ(p2)
Γ(p2+p1) (ψ(ι) − ψ(a))p2+p1−1;

(iv) Ip2;ψ
a+,ι (1) = (ψ(ι)−ψ(a))p2

Γ(p2+1) ;

(v) cD
p1;ψ
a+,ι (ψ(ι) − ψ(a))p2−1 =

Γ(p2)
Γ(p2−p1) (ψ(ι) − ψ(a))p2−p1−1;

(vi) cD
p1;ψ
a+,ι (ψ(ι) − ψ(a))i = 0, ∀i < n.

Theorem 2.5. (Krasnoselskii’s fixed-point theorem [7]) Let U be a closed, bounded, convex, and nonempty
subset of a Banach space. LetA1,A2 a pair of operators such that
(i)A1w +A2z ∈ U once w, z ∈ U;
(ii)A1 is compact and continuous;
(iii)A2 is contraction mapping.
Hence, one exists x ∈ U, such that x = A1x +A2x.
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Lemma 2.6. Let h1, h2 ∈ C(Υ,R). Then, it follows that the problem :
cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι) + h1(ι)

)
= h2(ι),

w(a) = 0,
w(b) = σIρ;ψ

a+,ιw(ς),
(5)

is equivalent to the equation:

w(ι) =Ip1+p2;ψ
a+,ι h2(ι) − Ip2;ψ

a+,ι h1(ι) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b)

−σI
p1+p2+ρ;ψ
a+,ι h2(ς) + σIp2+ρ;ψ

a+,ι h1(ς)
]
,

(6)

where

Θ =
σ
(
ψ(ς) − ψ(a)

)p2+ρ

Γ
(
p2 + ρ + 1

) −

(
ψ(b) − ψ(a)

)p2

Γ
(
p2 + 1

) , 0. (7)

Proof. Taking the fractional ψ-integral operator of order p1 on each side of (5). Then utilizing Lemma 2.3,
we arrive at

cD
p2;ψ
a+,ι w(ι) + h1(ι) = Ip1;ψ

a+,ι h2(ι) + e1. (8)

Utilizing again Lemma 2.3 and Lemma 2.4, we get by taking fractional ψ-integral operator of order p2 on
each side of (8)

w(ι) = Ip1+p2;ψ
a+,ι h2(ι) − Ip2;ψ

a+,ι h1(ι) + e1
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+ e2, (9)

where e1 and e2 are arbitrary constants.
In (9), the boundary condition w(a) = 0 leads to e2 = 0, and therefore we get

w(ι) = Ip1+p2;ψ
a+,ι h2(t) − Ip2;ψ

a+,ι h1(ι) + e1
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
. (10)

In addition, if we combine the condition w(b) = σIρ;ψ
a+,ιh2(ς) with the value of (10), we obtain

e1 =
1
Θ

[
I

p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b) − σIp1+p2+ρ;ψ
a+,ι h2(ς) + σIp2+ρ;ψ

a+,ι h1(ς)
]
.

We substitute e1 in (10), we obtain (6).
On the other hand, Suppose w can be the unique solution satisfying (6), taking the fractional ψ-Caputo

derivative operator cD
p2;ψ
a+,ι on both sides of (6), then taking fractional ψ-Caputo derivative operator cD

p1;ψ
a+,ι

again, we otain
cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι)

)
= h2(ι) − cD

p1;ψ
a+,ι h1(ι).

So, it follows
cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι) + h1(ι)

)
= h2(ι), ι ∈ I.

Now, we show that w satisfies the boundary conditions; to do this, we have w(a) = 0, and from (6), we get

σI
ρ;ψ
a+,ιw(ς) =σIp1+p2+ρ;ψ

a+,ι h2(ς) − σIp2+ρ;ψ
a+,ι h1(ς) +

σ(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

[
I

p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b)

−σI
p1+p2+ρ;ψ
a+,ι h2(ς) + σIp2+ρ;ψ

a+,ι h1(ς)
]
.
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Based on (7), we get

σI
ρ;ψ
a+,ιw(ς) =σIp1+p2+ρ;ψ

a+,ι h2(ς) − σIp2+ρ;ψ
a+,ι h1(ς) +

(
1 +

(ψ(b) − ψ(a))p2

ΘΓ(p2 + 1)

) [
I

p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b)

−σI
p1+p2+ρ;ψ
a+,ι h2(ς) + σIp2+ρ;ψ

a+,ι h1(ς)
]

= I
p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b) +
(ψ(b) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι h2(b) − Ip2;ψ

a+,ι h1(b)

−σI
p1+p2+ρ;ψ
a+,ι h2(ς) + σIp2+ρ;ψ

a+,ι h1(ς)
]

= w(b).

Hence, the proof is complete.

3. Existence and uniqueness results

This part proves the existence as well as the uniqueness of solutions for problem (1). We assume that
f1 and f2 belong to the Banach space C(Υ,R). LetU = {w : w ∈ C(Υ,R)} define the Banach space in which
each continuous function on Υ into R is included, associated with ∥w∥ = sup{|w(ι)| : ι ∈ Υ}.
Based on Lemma 2.6, we set the operatorA :U −→U to solve problem (1).

(Aw) (ι) =Ip1+p2;ψ
a+,ι f2(ι,w(ι)) − Ip2;ψ

a+,ι f1(ι,w(ι)) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b,w(b)) − Ip2;ψ

a+,ι f1(b,w(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς,w(ς)) + σIp2+ρ;ψ

a+,ι f1(ς,w(ς))
]
.

(11)

As we can see, the existence of an operator’sA fixed point ensures that problem (1) has a solution.
In order to make computation easier, we introduce the following notation:

Λ1 =
(ψ(b) − ψ(a))p1+p2

Γ
(
p1 + p2 + 1

) + (ψ(b) − ψ(a))p2

|Θ|Γ
(
p2 + 1

) [
(ψ(b) − ψ(a))p1+p2

Γ
(
p2 + p1 + 1

) + |σ| (ψ(ς) − ψ(a))p1+p2+ρ

Γ
(
p2 + p1 + ρ + 1

) ]
, (12)

Λ2 =
(ψ(b) − ψ(a))p2

Γ
(
p2 + 1

) +
(ψ(b) − ψ(a))p2

|Θ|Γ
(
p2 + 1

) [
(ψ(b) − ψ(a))p2

Γ
(
p2 + 1

) + |σ|
(ψ(ς) − ψ(a))p2+ρ

Γ
(
p2 + ρ + 1

) ]
. (13)

Using theorem 2.5, we now discuss the existence result.

Theorem 3.1. Let f1, f2 : Υ ×R −→ R are continuous functions achieving the following requirements:
(H1) | f2(ι, z) − f2(ι,w)| ≤ K1∥z − w∥, and | f1(ι, z) − f1(ι,w)| ≤ K2∥z − w∥ for all ι ∈ Υ, every z,w ∈ R and K > 0,
with KΛ2 < 1 and K = max {K1,K2}.
(H2) Further, Assume there are continuous, nonnegative functions ω1, ω2 ∈ C(Υ,R) such that

| f2(ι,w)| ≤ ω1(ι) and | f1(ι,w)| ≤ ω2(ι),∀(ι,w) ∈ Υ ×R and ω = max {ω1, ω2} .

Hence, there is at least one solution to problem (1) on Υ.

Proof. For a positive number η, let Bη = {w ∈ U : ∥w∥ ⩽ η}, where η ≥ ∥ω∥ (Λ1 + Λ2), and on the bounded
set Bη we divideA into two operatorsA1 andA2 whereA = A1 +A2 by

(A1w) (ι) =Ip1+p2;ψ
a+,ι f2(ι,w(ι)) +

(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b,w(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς,w(ς))

]
,

(14)
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and

(A2w) (ι) = − Ip2;ψ
a+,ι f1(ι,w(ι)) +

(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
−I

p2;ψ
a+,ι f1(b,w(b))

+σI
p2+ρ;ψ
a+,ι f1(ς,w(ς))

]
.

(15)

Let w, z ∈ Bη. Then, we have

∥A1w +A2z∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι | f2(ι,w(ι))| + Ip2;ψ

a+,ι | f1(ι, z(ι))|

+
(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι | f2(b,w(b))| + |σ|Ip1+p2+ρ;ψ

a+,ι | f2(ς,w(ς))| + Ip2;ψ
a+,ι | f1(b, z(b))|

+|σ|I
p2+ρ;ψ
a+,ι | f1(ς, z(ς))|

]}
≤ ∥ω∥ sup

ι∈[a,b]

{
(ψ(ι) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(ι) − ψ(a))p1+p2

Γ(p2 + p1 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p2 + p1 + ρ + 1)

]
+

(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)
|σ|

]}
≤ ∥ω∥ (Λ1 + Λ2) ≤ η.

This shows thatA1w +A2z ∈ Bη.
Next, we prove that A2 will be a contraction mapping. Let w, z ∈ U and ι ∈ Υ. Then, under assumption
(H1), we obtain

∥A2w −A2z∥ ≤ sup
ι∈[a,b]

{
I

p2;ψ
a+,ι | f1(ι,w(ι)) − f1(ι, z(ι))|

+
(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p2;ψ
a+,ι | f1(b,w(b)) − f1(b, z(b))| + |σ|Ip2+ρ;ψ

a+,ι | f1(ς,w(ς)) − f1(ς, z(ς))|
]}

≤ K∥w − z∥ sup
ι∈[a,b]

{
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
≤ KΛ2∥w − z∥.

Thus,A2 is a contraction mapping according to assumption KΛ2 < 1.
From the continuity of f2, it follows thatA1 is continuous. Hence,A1 is uniformly bounded on Bη; that is,

∥A1w∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι | f2(ι,w(ι))| +

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι | f2(b,w(b))| + |σ|Ip1+p2+ρ;ψ

a+,ι | f2(ς,w(ς))|
]}

≤ ∥ω∥ sup
ι∈[a,b]

{
(ψ(ι) − ψ(a))p1+p2

Γ(1 + p1 + p2)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(ι) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]}
≤ ∥ω∥Λ1.

We conclude by proving that A1 is compact. To this end, define sup(ι,w)∈[a,b]×Bη | f2(ι,w)| = f̄2 < ∞, and let
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a ≤ ι1 < ι2 ≤ b. Then, it follows that

|(A1w) (ι2) − (A1w) (ι1)|

=
1

Γ
(
p1 + p2

) | ∫ ι1

a

[(
ψ(ι2) − ψ(s)

)p1+p2−1
−

(
ψ(ι1) − ψ(s)

)p1+p2−1
]
ψ′(s) f2(s,w(s))ds

+

∫ ι2

ι1

ψ′(s)
(
ψ(ι2) − ψ(s)

)p1+p2−1 f2(s,w(s))ds |

+

(
ψ(ι2) − ψ(a)

)p2
−

(
ψ(ι1) − ψ(a)

)p2

|Θ|Γ
(
p2 + 1

) ·

[
|σ| f̄2

(ψ(ς) − ψ(a))p1+p2+ρ

Γ
(
p1 + p2 + ρ + 1

) + f̄2
(ψ(b) − ψ(a))p1+p2

Γ
(
p1 + p2 + 1

) ]
≤

f̄2
Γ
(
p1 + p2 + 1

) [
2
(
ψ(ι2) − ψ(ι1)

)p2+p1 +
(
ψ(ι2) − ψ(a)

)p2+p1
−

(
ψ(ι1) − ψ(a)

)p2+p1
]

+

(
ψ(ι2) − ψ(a)

)p2
−

(
ψ(ι1) − ψ(a)

)p2

|Θ|Γ
(
p2 + 1

) ·

[
|σ| f̄2

(ψ(ς) − ψ(a))p1+p2+ρ

Γ
(
p1 + p2 + ρ + 1

) + f̄2
(ψ(b) − ψ(a))p1+p2

Γ
(
p1 + p2 + 1

) ]
−→ 0

as ι2 − ι1 −→ 0,
independent of w ∈ Bη. Therefore, A1 is equicontinuous. This means that A1 is relatively compact on
Bη. As a result, the Arzela-Ascoli hypothesis is fulfilled, A1 is compact on Bη. Hence, our hypothesis for
Theorem 2.5 holds, which leads to at least one solution to problem (1) on Υ.

Using Banach’s fixed-point theorem, we will prove the uniqueness of the result.

Theorem 3.2. suppose that (H1) is valid. If the constants Λ1 and Λ2, defined by (12) and (13), respectively, satisfy

K (Λ1 + Λ2) < 1. (16)

Hence, the solution to problem (1) is unique on Υ.

Proof. As a first step, let us show that A defined by (11) satisfies ABτ ⊂ Bτ, where Bτ = {w ∈ U : ∥w∥ ≤ τ}
with τ ≥ N(Λ1+Λ2)

1−K(Λ1+Λ2) ), supι∈[a,b] | f2(ι, 0)| = N1 < ∞, supι∈[a,b] | f1(ι, 0)| = N2 < ∞ and N = max {N1,N2}.
For any w ∈ Bτ, we have

∥Aw∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι | f2(ι,w(ι))| + Ip2;ψ

a+,ι | f1(ι,w(ι))|

+
(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι | f2(b,w(b))| + |σ|Ip1+p2+ρ;ψ

a+,ι | f2(ς,w(ς))| + Ip2;ψ
a+,ι | f1(b,w(b))|

+|σ|I
p2+ρ;ψ
a+,ι | f1(ς,w(ς))|

]}
≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι

(
| f2(ι,w(ι)) − f2(ι, 0)| + | f2(ι, 0)|

)
+ I

p2;ψ
a+,ι

(
| f1(ι,w(ι)) − f1(ι, 0)| + | f1(ι, 0)|

)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι

(
| f2(b,w(b)) − f2(b, 0)| + | f2(b, 0)|

)
+|σ|I

p1+p2+ρ;ψ
a+,ι

(
| f2(ς,w(ς)) − f2(ς, 0)| + | f2(ς, 0)|

)
+ I

p2;ψ
a+,ι

(
| f1(b,w(b) − f1(b, 0)| + | f1(b, 0)|

)
+|σ|I

p2+ρ;ψ
a+,ι

(
| f1(ς,w(ς)) − f1(ς, 0)| + | f1(ς, 0)|

)]}
≤ (K∥w∥ +N)

{
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]
+

(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
.
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Therefore,
∥Aw∥ ≤ (K∥w∥ +N) (Λ1 + Λ2)
≤ Kτ (Λ1 + Λ2) +N (Λ1 + Λ2)
≤ τ.

Thus,ABτ ⊂ Bτ.
Next, let w, z ∈ U. Then, for ι ∈ Υ, we have

∥Aw −Az∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι

(
| f2(ι,w(ι)) − f2(ι, z(ι))|

)
+ I

p2;ψ
a+,ι

(
| f1(ι,w(ι)) − f1(ι, z(ι))|

)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,p2

(
| f2(b,w(b)) − f2(b, z(b))|

)
+ |σ|I

p1+p2+ρ;ψ
a+,ι

(
| f2(ς,w(ς)) − f2(ς, z(ς))|

)
+I

p2;ψ
a+,ι

(
| f1(b,w(b)) − f1(b, z(b))|

)
+ |σ|I

p2+ρ;ψ
a+,ι

(
| f1(ς,w(ς)) − f1(ς, z(ς))|

)]}
≤ K∥w − z∥ sup

ι∈[a,b]

{
(ψ(ι) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(ι) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]
+

(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(ι) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
≤ K∥w − z∥

{
(ψ(b) − ψ(a))p1+p2

Γ(p2 + p1 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p2+p1

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+p1+ρ

Γ(p1 + p2 + ρ + 1)

]
+

(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
≤ K(Λ1 + Λ2)∥w − z∥,

which implies ∥Aw −Az∥ ≤ K (Λ1 + Λ2) ∥w − z∥. As K (Λ1 + Λ2) < 1. As a result, the operatorA possesses
a fixed point that is the unique solution to problem (1) according to the Banach’s fixed-point theorem.

4. Ulam stability results

In this part, we discuss the stability of problem (1) in terms of U-H, U-H-R, and their generalized forms.
Let ε > 0, ϕ ∈ C(Υ,R) and consider:∣∣∣∣cDp1;ψ

a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
− f2(ι, z(ι))

∣∣∣∣ ≤ ε, ι ∈ Υ, (17)∣∣∣∣cDp1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
− f2(ι, z(ι))

∣∣∣∣ ≤ ϕ(ι), ι ∈ Υ, (18)∣∣∣∣cDp1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
− f2(ι, z(ι))

∣∣∣∣ ≤ εϕ(ι), ι ∈ Υ. (19)

Definition 4.1. ([1, 10]) Problem (1) is U-H stable if a real number c f2 > 0 exists such that, for all ε > 0 and all
z ∈ C(Υ,R) solution of (17), there is a solution w ∈ C(Υ,R) to the problem (1) with

∥z − w∥ ≤ εc f2 , ι ∈ Υ.

Definition 4.2. ([1, 10]) Problem (1) is generalized U-H stable if a continuous function c f2 onR exist with c f2 (0) = 0
such that, for all ε > 0 and all z ∈ C(Υ,R) solution of (17), there is a solution w ∈ C(Υ,R) to the problem (1) with

∥z − w∥ ≤ c f2 (ε), ι ∈ Υ.
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Definition 4.3. ([1, 10]) Problem (1) is U-H-R stable in terme to ϕ if a real number c f2,ϕ > 0 exists such that, for all
ε > 0 and all z ∈ C(Υ,R) solution of (19), there is a solution w ∈ C(Υ,R) to the problem (1) with

∥z − w∥ ≤ εc f2,ϕϕ(ι), ι ∈ Υ.

Definition 4.4. ([1, 10]) Problem (1) is generalized U-H-R stable in terme to ϕ if a real number c f2,ϕ > 0 exists such
that, for all ε > 0 and all z ∈ C(Υ,R) solution of (18), there is a solution w ∈ C(Υ,R) to the problem (1) with

∥z − w∥ ≤ c f2,ϕϕ(ι), ι ∈ Υ.

Remark 4.5. ([1]) A continious function z on Υ is a solution of (17) if and only if a function 1 ∈ C(Υ,R) (which
depends on solution z ) exists such that
(i) |1(ι)| ≤ ε, ι ∈ Υ;
(ii) cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
= f2(ι, z(ι)) + 1(ι), ι ∈ Υ.

Remark 4.6. ([1]) A continious function z on Υ is a solution of (19) if and only if a function 1 ∈ C(Υ,R) (which
depends on solution z ) exists such that
(i) |1(ι)| ≤ εϕ(ι), ι ∈ Υ;
(ii) cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
= f2(ι, z(ι)) + 1(ι), ι ∈ Υ.

First, let’s discuss the (U-H) stability.

Theorem 4.7. Assume both f2, f1 : Υ × R −→ R are continuous, (H1) holds and 1 − K (Λ1 + Λ2) , 0. Then, the
problem (1) is U-H and generalized U-H stable.

Proof. Let z ∈ C(Υ,R) as the solution to (17) and w ∈ C(Υ,R) as the unique solution to the problem:
cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι) + f1(ι,w(ι))

)
= f2(ι,w(ι)), a ≤ ι ≤ b,

w(a) = 0,

w(b) = σIρ;ψ
a+,ιw(ς), σ > 0.

(20)

According to Lemma 2.6, we have

w(ι) =Ip1+p2;ψ
a+,ι f2(ι,w(ι)) − Ip2;ψ

a+,ι f1(ι,w(ι)) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b,w(b)) − Ip2;ψ

a+,ι f1(b,w(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς,w(ς)) + σIp2+ρ;ψ

a+,ι f1(ς,w(ς))
]
.

By assuming that z is a solution of (17). Hence, based on Remark 4.5, the solution of the equation

cD
p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(ι) + f1(ι, z(ι))

)
= f2(ι, z(ι)) + 1(ι), ι ∈ [a, b],

can be formulated as follows:

z(ι) =Ip1+p2;ψ
a+,ι f2(ι, z(ι)) − Ip2;ψ

a+,ι f1(ι, z(ι)) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b, z(b)) − Ip2;ψ

a+,ι f1(b, z(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς, z(ς)) + σIp2+ρ;ψ

a+,ι f1(ς, z(ς))
]
+ I

p1+p2;ψ
a+,ι 1(ι)

+
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι 1(b) − σIp1+p2+ρ;ψ

a+,ι 1(ς)
]
.
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Therfore,

∥z − w∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι

(
| f2(ι,w(ι)) − f2(ι, z(ι))|

)
+ I

p2;ψ
a+,ι

(
| f1(ι,w(ι)) − f1(ι, z(ι))|

)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι

(
| f2(b,w(b)) − f2(b, z(b))|

)
+ |σ|I

p1+p2+ρ;ψ
a+,ι

(
| f2(ς,w(ς)) − f2(ς, z(ς))|

)
+I

p2;ψ
a+,ι

(
| f1(b,w(b)) − f1(b, z(b))|

)
+ |σ|I

p2+ρ;ψ
a+,ι

(
| f1(ς,w(ς)) − f1(ς, z(ς))|

)]
+ I

p1+p2;ψ
a+,ι |1(ι)|

+
(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι |1(b)| + |σ|Ip1+p2+ρ;ψ

a+,ι |1(ς)|
]}

≤ K∥z − w∥
{

(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]
+

(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
+ ε

{
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]}
≤ (Λ2 + Λ1)K∥z − w∥ + εΛ1

≤ K∥z − w∥(Λ2 + Λ1) + εΛ1.

Then, ∥z − w∥ ≤ K(Λ1 + Λ2)∥z − w∥ + εΛ1. Consequently, ∥z − w∥ ≤ ε Λ1
1−K(Λ1+Λ2) ≤ εc f2 , ι ∈ Υ, where

c f2 =
Λ1

1−K(Λ1+Λ2) . Thus, the problem (1) is U-H stable. Additionally, using Φ f2 (ε) = c f2ε, Φ f2 (0) = 0 shows the
generalized U-H stability of the solution to (1).

Now, we can state the U–H–R stability.

Theorem 4.8. Suppose both f2, f1 : Υ ×R −→ R are continuous, (H1) holds, 1 − K (Λ1 + Λ2) , 0. Additionally,
one has the following hypothesis:
(H3): ϕ : Υ→ R satisfy the properities  Ip1+p2;ψ

a+,ι ϕ(b) ≤ ϕ(ι), ι ∈ Υ,

I
p1+p2+ρ;ψ
a+,ι ϕ(ς) ≤ ϕ(ι), ι ∈ Υ.

Then, the problem (1) is U-H-R and generalized U-H-R stable.

Proof. Let z ∈ C(Υ,R) as the solution to (19) and w ∈ C(Υ,R) as the unique solution to the problem:
cD

p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι w(ι) + f1(ι,w(ι))

)
= f2(ι,w(ι)), a ≤ ι ≤ b,

w(a) = 0,

w(b) = σIρ;ψ
a+,ιw(ς), σ > 0.

(21)

According to Lemma 2.6, we obtain

w(ι) =Ip1+p2;ψ
a+,ι f2(ι,w(ι)) − Ip2;ψ

a+,ι f1(ι,w(ι)) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b,w(b)) − Ip2;ψ

a+,ι f1(b,w(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς,w(ς)) + σIp2+ρ;ψ

a+,ι f1(ς,w(ς))
]
.

By assuming that z is a solution of (19). Hence, based on Remark 4.6, the solution of the equation

cD
p1;ψ
a+,ι

(
cD

p2;ψ
a+,ι z(t) + f1(ι, z(ι))

)
= f2(ι, z(ι)) + 1(ι), ι ∈ [a, b],
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can be formulated as follows:

z(ι) =Ip1+p2;ψ
a+,ι f2(ι, zι)) − Ip2;ψ

a+,ι f1(ι, z(ι)) +
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι f2(b, z(b)) − Ip2;ψ

a+,ι f1(b, z(b))

−σI
p1+p2+ρ;ψ
a+,ι f2(ς, z(ς)) + σIp2+ρ;ψ

a+,ι f1(ς, z(ς))
]
+ I

p1+p2;ψ
a+,ι 1(ι)

+
(ψ(ι) − ψ(a))p2

ΘΓ(p2 + 1)

[
I

p1+p2;ψ
a+,ι 1(b) − σIp1+p2+ρ;ψ

a+,ι 1(ς)
]
.

Therefore,

∥z − w∥ ≤ sup
ι∈[a,b]

{
I

p1+p2;ψ
a+,ι

(
| f2(ι,w(ι)) − f2(ι, z(ι))|

)
+ I

p2;ψ
a+,ι

(
| f1(ι,w(ι)) − f1(ι, z(ι))|

)
+

(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι

(
| f2(b,w(b)) − f2(b, z(b))|

)
+ |σ|I

p1+p2+ρ;ψ
a+,ι

(
| f2(ς,w(ς)) − f2(ς, z(ς))|

)
+I

p2;ψ
a+,ι

(
| f1(b,w(b)) − f1(b, z(b))|

)
+ |σ|I

p2+ρ;ψ
a+,ι

(
| f1(ς,w(ς)) − f1(ς, z(ς))|

)]
+ I

p1+p2;ψ
a+,ι |1(ι)|

+
(ψ(ι) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι |1(b)| + |σ|Ip1+p2+ρ;ψ

a+,ι |1(ς)|
]}

≤ K∥z − w∥
{

(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p1+p2

Γ(p1 + p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p1+p2+ρ

Γ(p1 + p2 + ρ + 1)

]
+

(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
·

[
(ψ(b) − ψ(a))p2

Γ(p2 + 1)
+ |σ|

(ψ(ς) − ψ(a))p2+ρ

Γ(p2 + ρ + 1)

]}
+ I

p1+p2;ψ
a+,ι |1(b)| +

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
I

p1+p2;ψ
a+,ι |1(b)| + |σ|Ip1+p2+ρ;ψ

a+,ι |1(ς)|
]
.

By utilizing (H3) and Remark 4.6, we have

∥z − w∥ ≤ K∥z − w∥(Λ1 + Λ2) + εϕ(ι) +
(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)

[
εϕ(ι) + |σ|εϕ(ι)

]
≤ K(Λ1 + Λ2)∥z − w∥ +

[
1 +

(ψ(b) − ψ(a))p2

|Θ|Γ(p2 + 1)
(1 + |σ|)

]
εϕ(ι)

≤ c f2,ϕεϕ(ι), where

c f2,ϕ =

[
1 + (ψ(b)−ψ(a))p2

|Θ|Γ(p2+1) (1 + |σ|)
]

1 − K (Λ1 + Λ2)
.

Conequently, the problem (1) is U-H-R stable. Furthermore, it is generalized U-H-R stable when we set
ε = 1.

5. Example

Consider the following problem:
cD

p1;ψ
0+,ι

(
cD

p2;ψ
0+,ι w(ι) + f1(ι,w(ι))

)
= f2(ι,w(ι)), 0 ≤ ι ≤

3
4
,

w(0) = 0,

w(
3
4

) = σIρ;ψ
0+,ιw(ς), σ > 0,

(22)
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where p1 =
1
4 , p2 =

3
4 , σ = 5

6 , ρ = 2
3 , ς = 1

2 , and ψ(ι) = ι. Let

f2(ι,w) =
e−ι

11
√

44

(
ι2

5
+ cos w

)
,

f1(ι,w) =
1

21(ι + 1)2
(1 + sin w) .

f2 and f1 satisfy (H1) and (H2) of theorem 3.1. Additionally, we find K = 0.0476190476, Λ1 = 2.040788437,
Λ2 = 2.446102709, KΛ2 ≈ 0, 1164810813 < 1, and K (Λ1 + Λ2) ≈ 0, 2136614831 < 1. Theorem 3.2 shows that
the solution to problem (22) on

[
0, 3

4

]
is unique. Furthermore, we find that c f2 =

Λ1
1−K(Λ1+Λ2) ≈ 2, 595305194 > 0.

Hence, according to Theorem 4.7, the problem (22) is U–H and generalized U–H stable.
Next, by selecting ϕ(ι) = −0.1ι + 1 for any ι ∈

[
0, 3

4

]
, we have I

p1+p2;ψ
0+,ι ϕ( 3

4 ) = I1;ψ
0+,ιϕ( 3

4 ) ≤ ϕ(ι), ι ∈ [0, 3
4 ],

I
p1+p2+ρ;ψ
0+,ι ϕ( 3

4 ) = I
5
3 ;ψ
0+,ιϕ( 1

2 ) ≤ ϕ(ι), ι ∈ [0, 3
4 ].

Therefore, condition (H3) is satisfied, and Theorem 4.8 leads us to the conclusion that problem (22) is both
U-H-R and generalized U-H-R stable.

6. Conclusion

In this paper, we examined the existence and uniqueness of solutions to a class of fractional ψ-Caputo
differential equations. The results were established using fixed point theory. Additionally, various types of
Ulam stability for problem (1) were studied. Finally, an example was provided to illustrate the validity of
the theoretical findings.
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