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Abstract. In network data analysis, summary statistics of a network can provide us with meaningful
insight into the structure of the network. The average clustering coefficient is one of the most popular and
widely used network statistics. In this paper, we investigate the asymptotic distributions of the average
clustering coefficient and its variant of an inhomogeneous random graph. We show that the standardized
average clustering coefficient converges in distribution to the standard normal distribution. Interestingly,
the variance of the average clustering coefficient exhibits a phase transition phenomenon. The sum of
weighted triangles is a variant of the average clustering coefficient. It is recently introduced to detect
geometry in a network. We also derive the asymptotic distribution of the sum weighted triangles, which
does not exhibit a phase transition phenomenon as the average clustering coefficient. This result signifies
the difference between the two summary statistics.

1. Introduction

Network data consists of a set of vertices and a set of edges that represents the connections between
vertices. Network data analysis is widely used to study many real-world problems. Amazon and eBay
utilize the recommendation network to advertise their online goods [15]. Telecommunication companies
optimize the performance of 5G wireless network by studying its topology structure [1]. Academicjournals
investigate the citation network to study the relationship between papers, authors, and scientific work
[20]. Biological network is used to detect gene-gene interactions [13]. Due to the widespread applications,
network analysis becomes one of the most proactive research directions.

In network data analysis, a typical task is to understand the structural properties of a network. Visu-
alization is perhaps the most straightforward method to describe the structure of a network. However,
larger networks can be difficult to envision and describe. Numerous summary statistics have therefore
been proposed to quantify the structures of a network. Based on these statistics, we are able to compare
networks or classify them according to properties that they exhibit.
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One commonly used network statistic is the average clustering coefficient, which measures the trend of
the vertices of a network to cluster together [25]. The average clustering coefficient was first introduced in
social network analysis to quantify the property that friends of a friend tend to be friends [3]. Since then, the
average clustering coefficient has been widely used in network analysis. [26] used the average clustering
coefficient to identify functional disconnections in patients with borderline personality disorder. [7] applied
the average clustering coefficient to examine the dissimilarities of the brain functional networks between
endurance runners and healthy controls. [23] applied the average clustering coefficient to investigate the
functional brain network development in children. In [5], the average clustering coefficient was employed
to compare the brain connectivity networks with generative models of structured networks. In [22], the
clustering coefficient was used to quantify the network structure of large networks.

Itis shown in [16] that the average clustering coefficient is insufficient to signal the presence of hyperbolic
geometry in a network. Therefore, [16] introduces the sum of weighted triangles to detect the geometry in
a network. Note that the average clustering coefficient is also a sum of weighted triangles. However, the
weights are different from the sum of weighted triangles introduced in [16]. Hence, the sum of weighted
triangles is a variant of the average clustering coefficient. The analytical analysis and numeric studies in
[16] show that the sum of weighted triangles has high potential for uncovering a hidden network geometry.

One of the important research topics in network analysis is to study the asymptotic properties of
summary statistics [4, 11, 27-30]. Especially, subgraph-related quantities have been widely studied. [17]
derived the asymptotic distribution of rooted subgraph counts in an inhomogeneous random graph. [8]
derived the limit of the average clustering coefficient and asymptotic distribution of subgraph counts of
graphs based on exchangeable point processes. The results in [2] can be directly applied to get the limiting
distribution of subgraph counts in general homogeneous random graphs. As far as we know, the asymptotic
distributions of the average clustering coefficient and the sum of weighted triangles are unknown. In this
paper, we study the asymptotic distributions of the average clustering coefficient and the sum of weighted
triangles in an inhomogeneous random graph. The resultsin [2, 8, 17] do not apply to the average clustering
coefficient and the sum of weighted triangles. Note that both the average clustering coefficient and the
sum of weighted triangles are sums of dependent terms. It is not a trivial task to derive their asymptotic
distributions. We prove that the standardized average clustering coefficient and the standardized sum of
weighted triangles converge in distribution to the standard normal distribution. Interestingly, the variance
of the average clustering coefficient exhibits a phase transition phenomenon. However, the sum of weighted
triangles does not present similar phase transition. These results highlight the difference between the two
summary statistics.

The rest of the paper is organized as follows. In section 2, we introduce the inhomogeneous random
graph model, definitions of the average clustering coefficient and the sum of the weighted triangles, and
present the main results. The proof is deferred to section 3.

Notation: We adopt the Bachmann-Landau notation throughout this paper. Let a,, and b, be two positive
sequences. Denote a, = O(b,) if c1b, < a, < cob, for some positive constants c1,c; and large n. Denote
a, = w(by) if lim,, Z—: = 0. Denote a, = O(b,,) if a, < cb, for some positive constants c and large n. Denote
a, = o(by) if limy,_, Z—: = 0. Let N(0, 1) be the standard normal distribution and X, be a sequence of random
variables. Then X, = N(0, 1) means X, converges in distribution to the standard normal distribution as n
goes to infinity. Denote X,, = Op(a,) if f—: is bounded in probability for large n. Denote X, = op(a,) if fl(—;’
converges to zero in probability as n goes to infinity. Let E[X,] and Var(X,) denote the expectation and
variance of a random variable X, respectively. IP[E] denote the probability of an event E. Let f = f(x) be a

function. Denote f®(x) = %(x) for any positive integer k. For positive integer 1, denote [n] = (1,2,...,n}.
Given a finite set E, |E| represents the number of elements in E. Given positive integer t, }; .; ..., means
summation over all integers iy, iz, ..., i in [1] such that |{i1, iz, ..., i}l = t. }; ; <..; Means summation over
all integers iy, iy, ..., i in [n] such that iy <ip <--- <.
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2. Main results

A graph is a mathematical model that consists of a set of nodes (vertices) and a set of edges. Let V = [n]
for any positive integer n. An undirected graph on V is defined as the pair G = (V, &), where & is a set of
subsets of V such that |e| = 2 for every e € &. Each element in V is called a node or vertex of the graph and
each element in & is called an edge. A graph can be conveniently represented as an adjacency matrix A. In
A, Ajj = 1if {i, j} is an edge, A;; = 0 otherwise and A;; = 0. Since G is undirected, the adjacency matrix A is
symmetric. The degree d; of node i is the number of edges connecting it, that is, d; = }_; A;;. A graph is said
to be random if A;j(1 <i < j < n) are random.

Definition 2.1. Let a and  be constants between zero and one, that is, o, € (0,1), and W = {w;;} be an infinite
triangular array such that w;; € [B, 1] (i < j) and w;; = 0. Define an inhomogeneous random graph G,(a, B, W) as

IP(Ai]' =1)= n_”‘w,-]-,
where A;j (1 < i < j < n)are independent and A;j = Aj.

The random graph G,.(«, , W) isinhomogeneous because the expected degrees of nodes may be different.
Specifically, E[d;] = n™* ¥, wi. In general, [E[d;] # E[d,] for distinct nodes i, j. If w;; = ¢ (1 <i < j < n) for
a constant ¢ € (0,1), the expected degrees of nodes are the same. In this case, G,(«a, 3, W) is homogeneous
and it is called the Erdos-Rényi random graph. For convenience, we simply denote it as G,(«). Moreover,
Gn(a, B, W) is relatively dense due to the assumption a € (0,1). In this case, the expected degree of each
node diverges as 1 tends to infinity. The random graph G.(a, 8, W) serves as our benchmark model. It is
studied in [27, 29] and includes the inhomogeneous Erdos-Rényi random graphs in [11, 28, 30] as a special
case.

2.1. The average clustering coefficient

In social networks, nodes tend to develop highly connected neighborhoods [3, 25]. The average clus-
tering coefficient was first introduced to measure such property of social networks [3, 25]. The clustering
coefficient of each node in a graph is the fraction of triangles that actually exist over all possible triangles
in its neighborhood. It measures the triangular pattern and the connectivity in a node’s neighborhood. A
node has a high clustering coefficient if its neighbors tend to be directly connected with each other. The
average clustering coefficient of a graph is the mean of the clustering coefficients of all nodes. It measures
the extent to which nodes in a graph tend to cluster together. In terms of the adjacency matrix A, the average
clustering coefficient is defined as

1v t
C. ==y 17
Cn_ Tl;‘d,‘(di—l),

where t; = } AjjA Ay and any summation terms with d; = 0 are set to be zero.
j#k
Recently, [18] studied the robustness of the average clustering coefficient and [30] obtained the limit of
the average clustering coefficient. In this paper, we derive its asymptotic distribution as follows.

Theorem 2.2. For the inhomogeneous random graph G.(a, B, W), we have

En B ]E[En]

= N(,1),
n
where 02 = 0% + 0% and
n = Yin 2n
4
2 2 - - -
oy, = ey Z aijkw,-jw]-kwki(l —-n"w;)(1-n “wjk)(l —n"%wy),

i<j<k
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1 1 1
B = E[di(di - 1)] “E[d,(dj - 1)] ”E[dkuk - 1)]’

4
2 _ 20 (1 — 1~ %p.
0y, = anraZ:eijw,](l n~wjj),
i<j

E[t1Q2ui - 1)  El51Qu;-1)

1
] z;f Al =D =1 - 17

1 1
+2|E +E 2N Wy,
[l =[]} Zoe
n* Z wij.
j

Based on Theorem 2.2, the standardized average clustering coefficient converges in distribution to the
standard normal distribution. The proof of Theorem 2.2 is not trivial, due to the fact that nC, is a sum
of dependent random variables. Our proof strategy is as follows: use the Taylor expansion to expand the
summation terms to kg = [1+ =]+ 2 order, isolate the leading term and prove the leading term converges
in distribution to the standard normal distribution.

Next we apply Theorem 2.2 to the Erdos-Rényi random graph G,(a) and get the following corollary.

i

Corollary 2.3. For the Erdos-Rényi random graph G,(a), we have

En - IE[EH]

n

= N(0,1),

2
1n

6

where 02 = 02 + 03, 0% = 2= (1+0(1)) and 03, = (1 + o(1)). Hence we have

2=(1+0Q1), ifa>;3,
= ﬁ;(l +o(1)), ifa=3,
2+ (1+0(1), ifa<i.

=N

According to Corollary 2.3, the average clustering coefficient of the Erdds-Rényi random graph G,,(«) shows
a phase change phenomenon. Given large 1, we have

i 2 2 ” 8
m = 7
ams()- 12 28 n24/n

lim 6 __6 * 8
am(hy 17 2 2+

As o varies around 1, 02 does not change continuously as a function of «. In this sense, the scale 02 exhibits

a phase change phenomenon at o = 1.

2.2. The sum of weighted triangles

Many real-world networks have geometric structures and can be accurately modelled by geometric
random graphs. Nevertheless, the presence of geometry in an observed network is not always evident.
The average clustering coefficient is a standard statistic to indicate the presence of geometry. However,
it is shown that the average clustering coefficient fails to detect hyperbolic geometry in a network [16].
Therefore, [16] introduces a novel triangle-based statistic, that is, the sum of weighted triangles. Note
that the average clustering coefficient can also be written as a sum of weighted triangles, with the weights
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different from the sum of weighted triangles introduced in [16]. Hence, the sum of weighted triangles is a
variant of the average clustering coefficient. By the analytical analysis and numeric studies in [16], the sum
of weighted triangles shows high potential for uncovering hidden network geometry.

In terms of the adjacency matrix A, the sum of the weighted triangles is defined as [16]

Ajjk
dddy’

Tu=

i<j<k

where A;j = A;jAjAx; and the summation term is set to be zero if d;d;dy = 0. [16] obtains bounds of 7, in an
inhomogeneous random graph and a geometric inhomogeneous random graph. In this paper, we derive
the asymptotic distribution of 7, in the inhomogeneous random graph G,(«, , W).

Theorem 2.4. For the inhomogeneous random graph G,(a, B, W), we have

Tn - IE[Tn]

= N(0,1),
n
where v = v +v3 and
n 2n
s a wij(1 — n™wip)wi(l — n™"wj)wii(1 — n™"wy;)
O = 1 2,22 ’
i<j<k Hh 1

pi = n_azwi]’/
i

2
2 - Ti 77] -
Uy, = 1N aZ()/,‘j— T) w,»j(l —-n “w,-]-),
i<j
3a WijW ji Wi
j#k xuz’ Au]#k
Wk Wri

Ky Hititk

—2a

v = n

Based on Theorem 2.4, the standardized sum of weighted triangles converges in distribution to the
standard normal distribution.

Next we apply Theorem 2.4 to a special inhomogeneous random graph. In the definition of G,.(«, B, W),
let w;; = w;w; for w; € [,1]. In this case, G.(«, B, W) is called rank-1 inhomogeneous random graph.

Corollary 2.5. For the rank-1 inhomogeneous random graph G,(«, B, W), we have
Tn — IE[Tn]

n

= N(Q,1),

where v = %(1 +o(1))and w = Y; w;. Especially, for the Erdos-Rényi random graph G,(a), v2 = m(l +0(1)).
Note that
n’ 1

6wop> - 6 (%)6 13(1-a) ’

and 2 is independent of a. As «a varies, v changes continuously as a function of a. Hence, the sum of
weighted triangles of the rank-1 random graph G,(«, B, W) does not exhibit a phase change phenomenon.
This signifies the difference between the sum of weighted triangles and the average clustering coefficient.



M. Yuan, X. Zhao / Filomat 39:15 (2025), 5297-5334 5302
3. Proof of main results

In this section, we provide the detailed proofs of the main results. Denote /Lj = Ajj — ij, pn = n" % and
Wij = pnwij in this section. Before proving Theorem 2.2 and Theorem 2.4, we present two lemmas.

Lemma 3.1. Let 6, = (log(npn))_z. For the random graph G.(«, B, W), we have
P(d; = k) < exp(—np,f(1 +0(1))), k< ounpy,

uniformly for all i € [n].

Lemma 3.1 is proved in [28]. Hence we omit the proof.

Lemma 3.2. For the random graph G,(a, B, W) and an even positive integer s, we have
E[(d; - 1i)'] = O((npa)?).

Proof of Lemma 3.2. Given integer ¢t < s, let Ay, A, ..., Ay be arbitrary non-negative integers such that
/\tl +/\t2+"'+Att =s. Then

di— )y = Z AijAij, .. Ajj,

Jupeers#i

Y Y Y A M

t=1 Ay, At ]1¢ ¢]1#1

It is easy to verify that ]E[Ai.‘j] =0ifk =1and lE[AiF].] = O(py) if k > 2. For distinct indices j1, ja, .-, ji,
Aij,, Aij,, ..., Ajj, are independent. Hence, we have

IE[AMA/\Q A/\u] _

1]2 1]t

O(pl,) if Ay =2foralll,
0 if Ay =1 for some .

When Ay >2foralll, t < 5 . There are at most n! choices for indices j1,j2,---, ji- Hence

Z E[AM ALY . AT =0((pa)?).

ij1 “ i
JiEEi

Then
E[(d; — )] = O((npn)?).
|

Lemma 3.3. For the random graph G,(a, B, W), we have

— 1 v 1 2 2u; —
E[C.] = ” Z]E[fi]]E [m] - Z ﬁ‘u”(l i) ik b jk
=1 i#j#k HitH

+0 (;np + @) (2)
Proof of Lemma 3.3. Recall t; = }, A;;Aj Ay and let h(x) = x(x - The k-th derivative of h(x) is equal to
j#k
1 1\® k+1 (k+1) k1=t 7)1
(k) - [ _ = — II(—1)k
e = (x -1 x) =KD (x — 1)k+1xk+1 ®)
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Let ko = [1 + =7+ 2. By the Taylor expansion of h(x), we have

1 1 2ui =1 ()
= - (d; ,Ul) (d Hl)s
di(di — 1) pilpi = 1) (i - 1) SZZ‘
ko) X;
+ g e, @
0-
where X; is between d; and p;, thatis, d; < X; < p; or p; < X; < d;. Then
- E[#] 1 2ui =1
E[C.] = - - =) — 5 Elti(di — )]
Z pilpi—1) n Z,‘ e (ui — 1) =)
ko—1
e (u; )k . ko) (X)) ]
+Z;;Z Elti(d; — i)'l + };E[ti GO B )
Next, we find the leading term of the first two terms of (5). Note that
2H1 1 2[.11' -1 _
Elt:di —w)l = = ) ———5ElAjAijAxAL]
Z W (ui = a ek u (pi = 1) e
2u;i—1 _
4 2y—2]E[AijA *AkiAik]
" = 1)
2 2p; -
= - —uz (1 = wij) ik je- (6)
n e i =2 T

Then the second term of (5) is equal to the second term of the right-hand side of (2). Now we consider the
first term of (5). Taking expectation on both sides of (4) yields
1] LR (D)

E[dxdi—l)_ BT TEDRE S

h (X
i - oy + | - o ”)

1 [ 1 1 S
LY e | - ZWI_NZ ZIE[t] Bl - ]
ko) (X) ko
+ Zl‘ IE[ti]lE[ (di — i) ] . )
Hence, by (5), (6) and (8), we have

P R o 1 2 2pi
E[C,] = ;;E[HE[W] —;‘kmyz]( = Lij) Pk ji

ko—1
+Z;Z “‘”E[t(d m—z Z]Et] ‘”1)1-5[(;1 )]
‘Z [ k)(X) _. }__Z]E[t [h<k>(x)(l yi)ko]. ©)

1+\/r’7

nAMpy n

Now we prove the last four terms of (9) are equal to 0 ( ) Firstly, we study the last two terms
of (9). Let 6, = (log(np,)) . Then

E[OX)di - wy]] = B[RO - ) |IX: < 6umpy]]
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+IE [ |19 (X)(d; - iy |IIX; > Sumpa]] .

For x > 6,np,, it is easy to verify that

k+1 k+1 k+1 t
WO ) < k.L:O[#].

k+14k+1
(x — 1D+lyx Sultpn

Then by Lemma 3.2, we get

[
©)

E “h(s)(X,')(di - [.li)s|I[Xi > 6n”pn]]

VE[@; = w)*]
(6nnpn )s+2
55%(np)*

5304

(10)

(11)

(12)

Note that X; is between d; and y;, that is, d; < X; < p; or y; < X; < d;. Since cinp, < i < conpy, for some
constants c;,¢c; > 0, and 6,, = (log(np”))_2 = 0(1), then 6,np, < p; for large n. If X; < 6,np,, then it is not
possible that 1; < X; < d;. Hence we have d; < X; < ;. In this case, we get d; < 6,np,. Thatis, X; < 6,np,

implies d; < 6,np,. In this case, [1%(x)| = O(1). By Lemma 3.1, one has
[ |1 (X)(di — i [I1X; < Sumpy]]
O)E [|(d; — pi)|ild; < S,mpy]|

IN

Oy npn

o) Y, P(d; =)
t=2

_ e aBliro(D)

IA

Note that kg > 4. Hence

Zlﬁ[tlﬂz[ XDy, »kO]

Similarly, we have

1 h*)(X;) ) 1 1
- Z E [tik—()!(di — ) ] < - Z o VEIPIE [ 0P (ds = ]
= 0 (L + _V”)
np, n

Hence we get

1 hk(X) , Xi) 0
;Zm[tl P ,)k]— ZlEtuE[ G z>k]
_ 0(;+_vpn),

npy n

Now we study the 3rd term and the 4-th term of (9). If s > 4, then

1 |h(s)(/’ll)| s 1 |h(S)(H1)| :
n 21: o Elltdi—pll < Z]: p \/]E[t?]]E[(di — )]

(13)

(14)

(15)
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ol
(”Pn)z
_ 0( 1, ‘/”_) (16)
n+Mmpy, n
Similarly, for s > 4, one has
1 v 1O (1 NP
;Zi, LGN, — 1) |]_O(n = ) (17)

For s = 2, we have

1 1 o
o Z K@l — p)?] = o= ) KO Qu)EAArA A Ax]

%2k
+2i Z WP () E[AjArA i AZ]
n i#j#k#s
1 _
o= ) O ELAAARAT]
ik
1 _
o Z W (u)E[A;;AxAxAS]
ik
= 0 ) t 5 Z B (i) i i e tis (1 — i)
Pn i#j#k#s
Moreover,
1
5 D MO WEILIELW; ~ 1))
1 1
= 5 Z B (i) it jepis(1 = pis) + o Z W (i) et e (1 = i)
i#j#k#s i#j#k
1
ton Z B (i) ittt e (1 = i)
i#j#k
1 (2) p?’l
= o Z B (i) i e e phis (1 = is) + O (o) |
i jkits Pn
Hence,
1 1 1
_ @y, (A — 11 )2 — — @)y, . )2 — -
o Zi‘h (u)E[ti(d;i — wi)7] ” Zh (u)E[HIE[(d; — wi)7] O(n(npn))' (18)

i

Let s = 3. In this case, [E[(d; — 11:)*]| = O(np,,). Then

LN ORI TEN G — 0P = 1
6n Z P2 GBI TELG, = ] = O(n(npn))'

Moreover,

% Z h(3)(yi)]E[ti(di - Hi)S]

l — — —
= Z h® (1) E[AjjAirA *AirAisAir]
i#j#k, r#s#t
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1 -
o Z HO (i) E[AijAwA AL A

i#j#k#s
1 _
t ) HOQ)EIAAAAL]
i#j#k,s
1
= 0O .
(”(”Pn))
Hence,
L N O EE — 1] — £ N O EITEN D — 1P = 1
g G Bl = )= 0 DO GELLIEL = ) = O{ o). (19)
Combining (16), (17), (18) and (19) yields
ko—1 ko—1
ol h(S)(Ml') . ol h(S)(Hi) .
Z;;Z v JE[md,-—ui)]—;;Zi:lE[t,-] o L — )]
_ 0( ! +W’_")+o( ! )
1 A/Mpy n n(npy)
- 0( L, ‘/”_) (20)
1 AMpPy n

By (9), (15) and (20), the proof is complete. [
Lemma3.4. Leta; = E [ﬁ], Ajjk = a; + aj + a and

4
ot = e Z afjkyij(l = w1 = g (1 = i)

i<j<k
4
2 b
O = 3 2 6,-]-#1']'(1 = Wij)-
i<j
For any fixed constants Ay, A, with A* + A2 = 1, we have
M2 Y tinlijA A + A2z Lo eijAij

2 2 2 2
Ajoy, + 2505,

= N(0,1).

To prove Lemma 3.4, we need the following proposition.

Proposition 3.5 ([14]). Suppose that for every n € N and k, — oo the random variables X,1,..., Xnk, are a
martingale difference sequence relative to an arbitrary filtration Fn1 C Fpo C... C Fpp,. If (D) 221 E(X2 |F,i-1) =
1 in probability, (II) Zﬁl E(X2 I[1Xy,| > €llFn,i-1) — 0 in probability for every € > 0, then Zf;l X,i = N(0,1) in
distribution.

Proof of Lemma 3.4: We employ Proposition 3.5 to prove Lemma 3.4. Let 0, = Afo7, + A03,,

2 P 2 i
M3 Licicjeret GiijApAr + Ao Licj< €ijAij
t= 7

On
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for 3 <t <mn,and Y; = 0. Then {Y}}]_, is a martingale and

2 A A A 2 A
M% Yicicjar AijkAijAjAri + A% Licj €ijAij

n=

On
Let X; =Y; =Y, 1and F; = {A;;,1 <i<j<t}fort > 3. Itis easy to verify that
_ Al% lei<f<t ”i]'fAil'A]'fA“' + )\2% Liat eirAi

t — ’

On

and [E[X;[F;-1] = 0. Hence, {X;}]"_, is a martingale difference.
Now we verify the two conditions in Proposition 3.5. Firstly, we prove condition (I) is satisfied. Note

that A;;, Ay are independent if {i, j} # {k,I}. Then E |Ag|F;—1| = 0 and
j p J

E 2 aijkAijAjkAki|Ft—l = Z a;x Ay E [Athti‘Pt—l] =0, (21)
1<i<j<k=t 1<i<j<k=t
E Z eitAit|Ft—1l = Z eitlE [Ait|Ft—1] =0. (22)
i<t i<t
By (21) and (22), it is easy to verify that
E[YF; |
A2E [Z1g< jekst ”ijkAijAjkAki|Ft—l] + A2 3 E [ijst eijAij |F t—l]
= o

) o
MZE [Z1si< jekst-1 AijeAijA Ak

Ft—l] +A12E [lei<]’<k:t ai/kAijAthti'Ft—l]
On
A22E [Zi<j§t—1 eiinj|Ft—1] +A22 Vi eifB [AitlFt—l]
On
M2 Yicicjcker— AijkAiAj A + A2 Ticjci €ijAij

Op
= Yo, (23)

+

By the property of conditional expectation, one has

E Zn:]E[XﬂFt_l]} - E Zn:]E[(Yf —2Y,Y, .+ Yf_1)|Ft_1]}
=3 =3
= E iIE[(Yf = Y2 )IFa]| = BIY2]. (24)

t=3

Now we show E[Y?] = 1. Straightforward calculation yields

N2A(Y g A A AR + A2 (Y enAn)
112 i<j<k HijksLij A k4 Aki 272 i<j Cij/lij

5

s o
N MAzz Zi<j<k,i1<j1 aijei, j A jy AijA A

a;

Y, =

(25)
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Since i < j <k, i1 < ji, then there exists (i, j2) € {(i, /), (j k), (k, 7))} such that {i3, j2} # {i1, j1}. Then

E [AilleijAjkAki] =0. (26)
Moreover,
2
E Z i Aij A Axi = Z jjkfliy jk, B [AijAjkA_kiAil lejlklA_klil]- (27)
i<j<k i<j<k
in<ji<ki

If (i, j) € {(i1, j1), (j1, k1), (k1, 71)}, then
[AI]A]kAk1A11]1A]1k1Ak1ll] IE[ 1]] [ ]kAszzmA 1k1Ak111] =0.
Hence (1/ ]) € {(ill jl)/ (jl/ kl)/ (kllil)}' SlmllaIIYI we can get (]/ k) € {(ill jl)/ (jl/kl)/ (kllil)} and

(k/ l) € {(ill jl)r (jl/kl)/ (kll ll)} Since i < ] <k and Z.1 < jl < klr then {(l/ ])/ (]rk)/ (k/ l)} = {(ill jl)r (jl/kl)/ (kll 11)}
and 7 =iy, j = ji,k = ky. Then by (27) we have

2
E Z aijkAijAjkAki = Z 1]k [A?]A?kAz] = aln (28)
i<j<k i<j<k
Similarly one get
: 2
n
E ; eijAij =7 T (29)

Recall that 03 = AJo2 + A305, . Combining (24),(25),(26), (28) and (29) yields

n

> 6]

t=3

E =E[V]]=1 (30)

To prove condition (I) holds, we only need to show that
1 2
E( Z E[X2F]) =1+0(1).
=3
For convenience, let afj = uij(1 = w;j). Given t € {3,4,...,n}, one has

42 o
IE[thu:t—l] = " 12 Z ailﬁtaizjzt]E[Ai1j1Aj]fAti1AizjzAjztAtilet—l]

2
1< <ji<t
1<ir<jo<t

4)\2
+n202 Z ent@zztlE[ l1tAlzt|Ft 1]

n1<i <t
1<ipr<t
8A1A, -
+— Z ailjlteizt]E[Ai1j1Aj1tAtilAi2t|Ft—l]
n=oy 1<iy<ji<t
1<ip<t

472 473
1 2 A2 2 2
= E az, A o507 + E €,0;
1’1262 ijtt tije gt 1’120‘2 it~ it

n1<i<j<t n1<i<t
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Then we have

n
Y EIXIF ]
t=3

2 2.2
407 2 12 2 2 %,
a5, A50505 + .
252 it i gt o2

n 1<i<j<t<n n

Note that A;; (1 <i < j < n) are independent,

E[A2(Ay — wa)*] = Opw),  if fi,jh = (K1},

and
E[ A (Au-w?] =%, if b0tk DI<1.

Then we have

472 2
1 2 A2 2 2
E (nz 2 z ; aithijojtait)

2 2 2 2

2 2
Z 8ijtMs9 jt0it OksO1s

]Ojtoit

E[A}]

2.2 2 2
Oks9s

0it011 959

n1<i<j<t
1614
_ 1 2 2 2 2 2 2mra2 a2
T it Z ”ijt“kisajtoit%Ozs]E[AijAkl]
1<i<j<t<n
1<k<I<s<n
16A% o 16A%
_ BN Y @R AR -
oy 1<i<j<t<n h n 1<i<j<t<n
1<k<I<s<n 1<k<l<s<n
I{i, jin{k1}1<1 (i, =tk 1}
16A% 1614
_ 1 2 2 2222 2 2 1 2 2 mr g4
T g Z Bijt03j9 103401 Oks 015 + gt Z “z‘jt“kzt]E[Aij
no1<i<j<t<n n1<i<j<t<n
1<k<l<s<n 1<k<I<s<n
I{i, jin{k1}<1 {i, ji={k,1}
16A% 1674
_ 1 2 2 2222 2 2 1 2 2 22222 2
T g Z 2t0:939 103 OkiOks 015 + gt Z #1409 40
n o 1<i<j<t<n n1<i<j<t<n
1<k<l<s<n 1<k<l<s<n
I{i, jin{k1}<1 {i, ji={k,1}

1674
1 2 2 (mrA41.2.:22 2 _ 22 22 2 2
+ Z aijtaklt(]E[Aij]o 0it0ks 015 — 0ij0 Uitaklaksals))

4.4 jt ij jt
oy, 1<i<j<t<n
1<k<l<s<n
{i,j)=tk,I}
4 4
Aoy, N ( 1 )
on (npa)*
Then
n 2 2.2 \2
2 47 2 Aso
2 _ 1 2 52 2 2 2n
E() B IFal) = E|(5% ), ddAiold) +(—02
t=1 n1<i<j<t n

A202 \ 472

2%n 1 2 w4212 2

2( 2 | 252 2 a;, B[A} 07,07
n n1<i<j<t<n

Ao? (/\202 )2+2 A2g2 ()\%agn

17 1n 27 2n 17 1n

Tn e a5

= 1+o0(1).

n

0—2) + 0(1)

5309

(31)

(32)
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Now we check condition (II) in Proposition 3.5. Let € be a fixed positive constant. By the Cauchy-
Schwarz inequality and Markov’s inequality, we have

]E[Z E[X2I[1X,| > elFi |
t=3
B[ VE[XHFA PN > el
t=3
]E[ﬁ Zn: ]E[(/h Z aijiAijAjtAsi + Aa Z eitAit)4|Ftl]]

not=1 1<i<j<t i<t

IA

IN

n

32 ] o
mz Z Alailj1faizjzfaisjafai4j4tIE[Ai1j1Af1fAti1Aizf2Aj2fAfiz
€M 00 425 1<i <<t

1Si2<j2<t

1<iz<jz<t

1<ig<jy<t

XA, A A Aij, A j4tAti4] (33)

IA

n
32 .
4
+WZ Z Azeilt€i2t3i3t€i4t]E[Ai1tAiztAi3tAi4t]
no=3 1<ij<t
1<ip<t
1<iz<t
1<iy<t
32C v
2 2 A2 A2 A2 A2 A2 A2
E2ntot Z Z ail/1taizfzflE[AilflAhfAiltAizjzAiztAtiz] (34)
nt=3 1<i <ji<t
1Si2<j2<t

32C v+ S
+€2n4042 Z a?l]'lt]E[A?lhA?ltAit]

n =3 1<i<ji<t

2 | @ )
+€2n4o4 Z Z AgeifeiztIE[AitAizt] + 2hot Z Z )\geﬁt]E AL
n

t=3 1<iy<t n =3 1<ij<t
1<ip<t

_ n°p; n’p; Pi
= N agpma)* et * g, wat)
= o(1).

IA

Then the desired result follows from Proposition 3.5.
0

3.1. Proof of Theorem 2.2
By Lemma 3.3, straightforward calculation yields

En—]E[En]=Y1n+an+Y3n+0(n\/1W+@), (35)
where
Y = lzn:t—IE[t«IE; 36
in - n i:1( i l]) di(di — 1) 7 ( )
1 v 1 1
Yo, = E;(ti_m[ti])(di(di—l)_E[di(di—l)])
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2 2u; —

1 _
+= ————E[A patije, (37)
" ek i (pi— 1) ! :

1 1 !
Y3, = n ;‘ Flt] (di(di -1) F [di(di - 1)]) -

Next we find the order of Yy,, Y,, and Y3,.
(a) Order of Y3,. Firstly, we find the order of Y3,. By (4) and (7), one has

1 1
didi—1) E [d,-(di - 1)}

24 o (S)([Jz
al 1)2 ) + § @i = ) — EI@; - piy]]
hko)(X; )(X;
+—kO(!X ), - o~ E [ ko(! Y, - ui)“} : (39)

By (38) and (39), we can express Y3, as follows.

ko—1

_ ©
R Z ]E[t] 2% 1)2 di— )+ ) ;11 Z ww w)* — E[d; — )]
i=1 l

5=2

—Z (ko)(X)IE[t] , __Z]E[t [

Now we find the order of each term in (40) of Y3,. To this end, we will find the first order absolute
moment or the second moment of each term and then use Markov’s inequality to get an upper bound.

We firstly find the order of the first term in (40). Recall that A;j(1 < i < j < n) are independent and
E[A;;] = wij. Hence, for indices i, j(i # j) and k, I(k # I), we have

(d - -)ko] . (40)

oo i) iD=k,
E[A;jAu] = {0 if i, j} # {k,1}. “

The first term in (40) is equal to

E[t; (2p,— o Iy ERIQui-T) o
"Z R "; T @
By (41) and (42), we have
2
1 El1Qu - 1)

E[[ L 17 “”] ]
1y El@u — 1) ElL]@p -
- 73 [ ij st]

n i¢]‘s¢t tui(tul_]')z (Iu _1)2
2
_ Z L0 Ny
pi(ui = 1) /

1#]

= E[41u — 1) EIHICu -1 5,
- E|AZ
”2 el T VA T (TR Ve [ ’f]
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1 v (B[E]Qui — 1)) 1 & E[H]Qu: — 1) BIH1(2u) - 1)
— R —_—U;; 1 — Ui _ i 1 — Uji
2 ;, M?(#z‘ — 1) pij (1 — wij) + ) ; H}?‘(F‘i —1) [»1]2-(#]' Y wij(1 = pij)
Pn
@(ﬁ). 43)

Here the last equality follows from the facts that fp, < p;; < pn, pnp, < wi < np, and E[t;] = O(n?p3). By
(43) and Markov’s inequality, the first term of Y3, is of order . That s

E[ti](2u; - _ VP
——Z T l—u»—op( y ) (44)

Now we show the last two terms of Y3, are op ( W1 - ) Recall that kg = [1 + 5 '| + 2 in the proof of

Lemma 3.3. Then kg > max{1 + 3}. By (10), (12) and (13), we get

T-a 11’
o) Ho (X,
Z]E[t (- - | - )k])‘
= Op| ——Pr e mmpio)
242
6’:104-2(”;7”) 2
1
- OP(VP_H_). 5)
n 1 +Mpy
Hence the last two terms of Y3, are op ( VP + \F)
Now we show the second term of Y3, i ‘/7 + o 11% ) In the expression of (d; — y;)° in (1), the sum
over Ay, ..., Ay can be decomposed as two cases: (a) there exist distinct r1,72,...,7, € {1,2,3,...,} such
that Ay, = Ay, =+ = )\m1 =1forle{l,2,...,41}withty >1and Ay, > 2 forr ¢ {r1,r2, .., 4}, (b) Atz > 2 for

alll=1,2,...,t. Then

w-w - LT T A

t=1 Am,e A ]1;‘2 f-]:¢l

LT L A
ij1 1]2 o l]f

t=1 (a) ji#-#ji#i

Y Y AvAr.L A (46)

t=1 Ap>2,..,Au>2 j1#-#ji#i

where Z(ﬂ) represents sum over A, ..., Ay in case (a). In this case, we get
(di = i) = E[(di — wi)’]

- LT L Apar-ap
ij 112 a 1],

(a) jr##ji#i

+ z Z z (A/\HAA& A/'\'tf -E [A/\tlAAtz A/\H]) . (47)
12 1t i 12 1t
t=1 An22,...,Ay22 ji##ji#i
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For case (a), without loss of generality, we assume Ay = --- = Ay, = land Ay 2 2, ..., Ay = 2 for
Hh>1. Ifs=t,thent; =s >2. Ifs > t, then 2(s — t) > 2. Hence, we have
; 2
1
— (s) /\fl
E [n Z tilh (“)HA”' 114
J1EpFE . Je I=t1+1
t s
1 _
_ 154(5) A A
= n? Z (E[tl]hs (“l HAUI H Aijjl H Allc;l
e I=t1+1 I=t+1
k) w17 Eks#i
2
5 2t t1+1n4pgpnt t
n2(np, )2+

_ Pn
()
_ o(”” ! ) (48)

n?  n?(np,)

By (48) and Markov’s inequality, one has

t t
) A..:op(‘/p_”Jr 1 )

no - nanp,)

|

g

ez}

=
S
—]
>
—]
S

(49)
i jatjiti =1 I=h+

Now suppose Ay > 2 foralll =1,2,...,tin (46). In this case, t < 3. Then s —t > 1. Note that

t

t
H A - LI BIA;1 = Z{ Cn U (45 - By [] e, (50)

I=t1+1

for some constants Cy,. Fix t; (1 <t; < t). Then

51 ¢
E [% 2. JE[ti]h<s>(yi)H(A?j§ —~ E[A]]) [] = A

J1#Eja#E . Jr#l =1 I=t;+1

31 t
5 X (o) |] (&) -l [] s
" jl¢j2¢--~/jf¢i 1=1 ! ! I=t+1 !

X H E[A)]

I=t1+1

p2t—titly,4,6 2t—t
_ o[#)

n2 (npn)25+4

2

IA

_ Pn
()
- o(@ " L) (51)

n?  n%(npy)
By (51) and Markov’s inequality, we get

% Z E[t,]h<s’(yi)lt_l[(,4?j;— [4}1]) H]EAA’]—O (‘/p—"+ ! ) (52)

Ui n n+n
1 jat i 1=1 I=h+1 P
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Since ky is a fixed constant, then by (47), (49) and (52), the second term of Y3, is op (@ + - \}m) That is,

ko—1
WO () El] s s N
an—[(‘i i) = [(di—y»]]:ola( . npn). (53)
5=2 i=1
Combining (40), (44), (45) and (53), we get
E[t;]2u; =1 n
=—— Z L11Cy - ,—ui)+0p(—‘/p_+ ! ) (54)
S (= 1) n " nip,
(b) Order of Y1,.Straightforward calculation yields
AijAjAri — it = AjAnAj + AjjAppge + AyA i + AgAj i
+Ajkluinik + Ainjk,Uik + Aik,ujk[lij- (55)

Then Y1, can be expressed as follows.

1 1 - 1 1 o
Yin = sz[m]AifAikAjk+ﬁz [d(d—l)]A ALk

i#j#k i#j#k

i#j#k

1 [ 1 ], 1 -
o Z E Td-1) AijAjic+ [d -1 ] A it

1 1 - 1
s Z E 3di - 1) Ajebtijtic + [ 4= Ajjltjettie

i#j#k

_ 1 1.
+— Z E »m_ Aik#jk[-lij (56)

We find the order of each term of Y7, in (56). To this end, we will find the second moment of each term and
then use Markov’s inequality to get an upper bound of each term. Recall that we denote 2; = E [m]
The second moment of the first term of (56) is equal to

2
1 _
[E z ﬂiAiinkAjk]

i#j#k

E

% Y (@ + a0 + aa ) E[AZTE[AZ]E[A%]
%]k

1
= 3 Z @ + aiaj + aiae) (1 — i)l = pie) el = i)

itk
1
= O|=——=]. 57
) ©7
By (57) and Markov’s inequality, one gets
1 o 1
Z Z aiAiinkAjk = Op (Tl Tlpn). (58)

i#j#k

Similarly, the order of the second moment of the second term of (56) is equal to

2
1 1] ~( pa
[;l 2 :, E [W]Auf‘ik#ﬂc ‘ = ®(m) (59)

i#j#k

E
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By (59) and Markov’s inequality, one gets

1 1 S P
” Z E[W]Aﬁflik#ﬂc = Op(n npn)' (60)

i#j#k

The order of the 3rd term and the 4th term in (56) are the same as (60).
The order of the second moment of the 5th term of (56) is

2
1 1],
[E h: [d,-(di - 1)]/‘1'"“"”“’1*

i#jEk

E - @(”_"). (61)

n2

By (61) and Markov’s inequality, one gets

1 1 _
5 2 F | A= 0[5 2

S n
i#j#k

The order of the last two terms in (56) are the same as (62).
Recall that p, = n™ and « € (0,1). Note that

1 n? 1
n2(np,) pn~ ni-2

11 _ (e 10 1 1 1 _m -
Fora < 3, oy = o(nz). Fora >3, 5 = o(nz(np”)). Fora = 3, oy = The leading terms of Y7, can be

expressed as follows.
If a > 1, then by (58), (60) and (62), we have

1 o
Yin = — ZaiAiinkAjk+0P(

i#j#k

1
W) ©3

If a < 1, then by (58), (60) and (62), we have

1 _ _ _ \Pn
Yi, = - Z a; (Ajkuij}iik + Ajj bk + Aik#jk#ij) +0p (T) (64)

i#j#k

1 I A X i 7 x 4
Y = 5 Z i (A A+ At + Aijisjepsic + Aicptjepiy) + op (£) (65)
n i n
(c) Order of Y5,,. Now we show that
n RN
By (37) and (39), one has
1y 2ui -1 2 2ui—1 =
Yoo = —=) ti—Et)———<di—m)+= ) ———=E[A luxpj
n " ;‘ 1 f-nz i;k -1
1 n l’l(kO)(Xz‘) " 1 n h(kO)(Xi) "
- ;(ti = Bl — - ) - ;(ti ~ EIDE |~ = - )
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h0)
41 Z(t ~Elt) 2 ) - gy LG )

Next we bound each term in (67).

Firstly, we consider the 3rd term and the 4-th term in (67). Note that

IE {10 () (8 — BLED) ;- pi)|]
- 1E[|h<ko> )t = Elt])(d; — u)IIX; < 6 npn]]
+IE [ [0 (X;)(t; - B — ) [IX: > Sumpa]].

By (55), it is easy to verify that
E[(t; - E[t])*] = O (n®p} + n*p).
By (11) and (69), we get
IE [0 (Xi)(t: — ELt1)(d; — i) o) I[X; > Sump,]]

VE[(d; — u)® ] E[(t — E[£])%]
(5nnpn)k0+2

= 0

Pn 1

k+l+ ko+1

6’Z“+2(npn)oT \/Eéﬁo+2(npn)

Since kg = [1+ 7 '| + 2 > max{3, ﬁ}, then

Pl 1P
1% = kO 1 - 0(1)/

(o) = ()"

RN
——7 = o).
\ZCON

Hence, by (70) we get
Pn

E |10t = BLED@: ~ ) |I1X; > Supul| = o( ‘/n_ +

1
MPn

)

5316

(67)

(68)

(69)

(70)

(71)

If X; < Ounpy, then d; < 6,np,. Otherwise, X; can not be between d; and ;. In this case, B )| = O(1).

Then by Lemma 3.1, we have

[ |h%0(X)(t: — BIED) (@ — i) [I1X; < Sumpa]]

< OME[|(t: — BIt)(d; — pi)|I1d; < Sunpy]|
Onnpy

< O(P(mp)) ) P(d; = 1)
=2

— empa(Leo(D)

(72)
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Hence, by (68), (71), (72) and Markov’s inequality, one gets

<X> " V2
Z(t N G T ( e npn). (73)
By a similar argument, it is easy to get
(X) . \Pu 1
Z(t - E[ ])]E[ (di — )" ] = OP( ot n—nm) (74)

Next we show the sum of the first two terms of Y;, in (67) is equal to op ( Wy n\/l@). By (55), we only

need to show the following equations.

1 2ui =1 o P 1
- — i — u)AijAuAx = op ( + ), (75)
" ek e (ui = 1) I B n.o nanpy
2u; —1 o
L zlul—z(di — wi)AiApie = OP( Vb b — ) (76)
n j¢]‘¢k I"[i (,"ll - 1) n np"
20 - i P 1
Y A - wAiAu = o ( + ) 77)
i L A = oS
1 Z[Ji -1
- ———— (i — ) (Aijpinphje + Airltijibje + Ajeidijthi
5 L (Asjpricpe i + A + Ajegsijisi)
2U; _ n
- 2 S LA — - ElA] lpixgje = op (—\/P_ P ) (78)
z#]#ktuz(yl_l) n N NNPn
The left-hand side of (75) can be expressed as
2u; — . 1 u;i =1 _
= @i — p)AijAuAp = - — 5 AiAijAiAjk
I;k i i = 1)2 Y " iij?ﬁzk,lii i =12
;-1
- 1 y 2“—12A AiiAnAy
1¢]¢k¢l Hi (H’ - )
Ui — I
+2 ‘u—A?inkAjk. (79)

n i;ﬁ]‘ik Aulz(lul - 1)2
The second moment of the first term in (79) is bounded by
[ 1 2 4,4
1 21 x| oo P 1
. [_ 2 i i ]‘ O(rﬂ(npn)é) ) O(nZ(nm)Z)‘ 0

it ekl Hi P =172
The second moment of the second term in (79) is bounded by

I 2
1 2[1,' -1 —y - -
Ef| - —A?A,-kA ik
[n Z P =121 /

izjk Ui

_of Voot 81
- (n2<npn>6)‘ (n2<npn>3)' &)

By (79), (80), (81) and Markov’s inequality, (75) holds.
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Now we prove (76). The left-hand side of (76) can be written as

1 2ui—1 T 1 2u; -1
= ) 5 i — u)AijAipy = — ————5AnAij Ak
2 ] ) ]
" ek Hi (i = 1) nzst;c‘il Hi (#’_1)
2ui —
- zkf'l ik
I;k I ([Jz 1)2 z] J

It is easy to verify that

i 2
1 y 2=l 2 4a m
E [_ W—_DA’IA Alky]k” O(W)/

i#j#k#l

- 2
1 2ui — Pn
' [E 2 (i = 1)2 & lky]k” O("z(npn)z)'

i#j#k

By (82), (83), (84) and Markov inequality, (76) holds. Similarly, (77) holds.
Now we prove (78). The left-hand side of (78) can be written as

1 2u; -

- Z W( — Wi )( ik + Ajlijthje + A;kHz;yzk)
i#j#k IJ
2 2[11 -

- —E[Az-]uﬂ(y ik
n i#;j;(;k PZZ(HZ - 1)2 K !

1 2ui-1 . 1 2ui-1 -
= - Z ——A Audijttictje + Z 21—_1)2Ai1AikHij[~ljk

n ikl Hi F(ui =1y ixjkel Hi (i
2 20 -
= - [AZ] Pk jk
" i i o 4~ FiA
1 21 _
+— [J—(di = W) A jehijiik-

n =17

It is easy to verify that

[ 2
1 Zyi—l Pn
E|l - TS, rAz i (@) ’
3 it | -ols)

L 2
1 24 T
- [_ y m(  — E[A2)]) sz‘jk] ] = O(W)'

i#j#k

Moreover, we have

1 2u; -~ 1 - 1 -1
=) i~ u)Appijux = = Z 5 A A itk
2 jkbij 2 j
n A b (i = 172 M e Wi (Wi = 1)?
2 -1
+— [J—ZA A kij ik,

A = 1)
and

2
1 2ui -1 _ P
E{[EZZ 17 ]k”l’“’k” = )

#j#k#s

5318

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)
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2
1 ui—-1 oo P
E‘[E 2 A ’k] O(nZ(npm | .

i#j#k Ui

By (85)-(90) and Markov’s inequality, (78) holds.
Combining (75)- (78) yields

2 .
——Z(t Elt) - 1)2< )+ Z% (A2 et

1¢]¢k 1
: OP(W_l ). o
n  n+\np,
Finally, we prove the last term in (67) is equal to op ( VP \}W) By (55), we only need to show the

following equations.

ko—1 (s)
yiy ! (_"‘ )4 sARA| @i - ) — Eldi - wy]] = op( L ) (92)

no - nanpy,

s=2 i#j#k
Rl g
\ () - - VPu 1
Yo Y A A - g - B - ] = ( o npn), (98)
5=2 i#j#k
ko1
1 ) W1
- Z i Az‘jAjkMik[(di—[Ji)S _]E[(di_[ii)s]] = OP( T npn)' (94)
s=2 i#j#k
ko1
1 hO(wy) - -
- Z . (Aijuik}ljk + Ajpijlhj + Ajk}lij#ik) [(di - wi)’ = E[(d; - Hi)S]]
s=2  i#j#k
n 1 \/fpn
Firstly we prove (92). It is easy to verify that
2
1 (S)([J'l) 1
E [E Z AjApAREl(di — w)]| | = O(w) (96)
i)k

Recall the expression of (d; — y;)° in (1). Given An, Ap, ..., Ay such that Ay + Ap +--- + Ay = 5. Suppose
Ap>2foralll=1,2,...,t. If s > 3, thens — t > 2. In this case,

1 A A TT A (rp)"*
E E Z h (/J,‘)A,‘]‘AikA]'kHAijl = 0 W
1 o jei jER 1=1 Pn
1
= (”(”Pn)s_t_l )
o[l ) o
npy n

When j € {j1, j2,...,ji} or k € {j1, jo, ..., j:} in the summation of (97), (97) still holds.
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If s = 2, then t = 1. In this case,
2

1 DA 22 (p)°
i [E . Z M AR, | | = O(nz(npn)s
J1#iEj#k
Y (98)
B n2(np,) n2)’
1 s (npy)?
el O (1 NAS A A _
E||- Z WO A ApAy|| = O(n(npn)4
i#j#k
_ 0( L, ‘/p_) 99)
1 AMpy n
Suppose Ay =+ =Ay, =land Ayp41 2 2,..., Ay 2 2fort; > 1. If s—t > 2, then (97) holds. Assumes = t.

In this case, we have

2
1 . o B (npn)s+3
- O (UNA AL ALA . — ST
E [n' Z W) A AApdiy, .. Ay || = O(nz(npn)25+4
Ji#eEfs#iEjER
Pn Pn
= — 10
O(nZ +n2(npn))’ ( 0)
2
1 s 1 (np,)*2
V(1 A2 A A. . .. _
E {;‘ Z hs(!Jz)AilelkAhkAllz“-Ale = O(nz(npn)25+4
i js#itk
Pn Pn
= —+ =], 101
O(n2+n2(npn)) (101)
1 s 2 32 17 i (npa)**!
Efl- Z WAL AL A Ay, Ay|| = O(W
it o
= 0( L + \/P_n) (102)
1 +/Mpy n
Assume t = s — 1. In this case, we have
2
1 o _ _
E [E Z h(s)([li)AiinkAjkAi]'l "'Aij52A12jsl] ]
J1#EEfeo1 EiE]EK
- 0 (npn)s+3
n2(npy, )25+
Pn Pn
_ rn 10
0(712 + nz(npn))' (103)
1 oy - - _ _
E E Z h(s)(}li)A,'zhAikAjlkAijz"'AijszAzzjsl}
J1##E s #iEk
s+1
- 0 (”Pn)
Tl(ﬂpn)5+2
1 n
_ O( L VP ) (104)
1 A\Mpy n
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1
E|| Z WO A% A2 A Ay, . Ay A2
J1#E - FEfe1 #i
(npn)?
n(npn)s+2
= o( ! + \/p_“) (105)
MPn n
Combining (96)-(105), Markov’s inequality and the fact that ky is a fixed constant, (92) holds.
Now we prove (93). The proof is similar to the proof of (92). It is easy to verify that
2
1 S Pn
s O (UNA A1 L = o
E [1’1 Z h® (‘ul)AlezkH]k]E[(dz Hz)s]] ‘ = O(nz(np,,)”l)
i#j#k
S (R S (106)
B nnp, n?)’
Recall (d; — p;)° in (1). Suppose Ay > 2 foralll =1,2,...,t. If s—t > 2, thatis, s > 3, then
¢ t+3t+3
1 S _ np
— ) (4. A Au n
sl L w45 = o[RS
J1#Eja#E - E i #i#EjER 1=1
= (ﬂ(ﬂp )s t— 1)
_ ( v _V”_) (107)
1 +/Mpy n
Ifs=2,thent=1and
[ : 5,6
1 - - n’p 1 Pn
- @ NA A1y A2 _ n _ Pn
E n Z h ([Jl)AI]Aik/J]kAijl] - O(nz(npn)s) - O(HZﬂpn + 1’[2)’ (108)
Ji#i#j#Ek
and
- . i ) n3p3 1 \/p_n
- @ (UNA (11 A3 - L .
EllS ) ) Aupd O(n(npn)4) O(n = (109)
i#j#k
Suppose Ay =--- = Ay, =1land App41 22, Ay 2 2forty > 1. If s — t > 2, then (107) holds. Assume s = t.
Then
2 s+3 +4
1 . - - o
— O(UNA Ay A . .
E [n ' Z ' B (i) Aij Ak e A, ---Ale] o (nZ(np”)st)
Ji#eEfs#iEjER
(1
= O(nan nz) (110)

For j € {j1,j2,...,jstork € {j1,j2,..., js} in the summation of (110), (110) still hods.
Assume t = s — 1. Then
2

E

1 o
[— Y, WA Ay, Ay LAY

n. o
J1#EEfs-1 EiEjEK
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-0 ns+3pz+3
nZ(npn)25+4

_ 0( 1 +%), (111)

n’npy

S

Y O AAA AL A
J1#EEfeo1 #L
(KOs 120

B O( ns+1pil+1 )

n(npn)s+2

= 0(—1 +’ﬁ). (112)

n’np, n?

By (106)-(112), Markov’s inequality and the fact that ky is a fixed constant, (93) holds. Similarly (94) holds.
Now we prove (95). It is easy to verify that

2
1 h(s)(‘ui) T s Pn
E {[E E TAinikijIE[(di - i) ]] } = O(nz(npn)s)' (113)

ik

Recall (d; — p;)° in (1). Suppose A; > 2 foralll =1,2,...,¢t. If s > 3, then

o ( Tlt+3p,tq+3 )

t

1 i it
Efl- Z W (ui) At | | A7

s+2
nEjot.. itk =1 n(npy)™
1
} O(n(nms-f-l)
- 0( L +ﬂ). (114)
1 A/lpy n
Ifs=2,thent=1and
z 6,7
1 ~ _ n°p
- OV (1NA 1111 A2 — ___'m
E [n , Z h (”’)A””lk“’kAih] ] - O(nz(npn)s)
Ji#i#j#Ek
_ ( L, V”_) (115)
n+npy n
1 B B 713}74
- OV (1NA 111y A2 — n
E nlzhs(yz)AulJzkH]kAik = O(n(npn)‘*)
i#j#k
_ O( - V”_) (116)
RN n
1 B n3p3
— OV NA3 111 — n
E nzhs(yz)AijAuzk[J]k] = O(n(npn)4)

i#j#k
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o( 1, ”p”). (117)
MPn n
Suppose Ayp =+ = Ay, =land g1 22, ..., Ay = 2forty = 1. If s — ¢ > 2, then (114) holds. Assume
s = t. Then
2 +4,5+5
1 _ _ _ nS ps
- O (UNA 1111 A . - '
E [n , Z . P ) ik e A “'Al]s} - O(HZ(nPn)25+4)
Ji#eEfs# jEIEK
1 Pn
= —_—+ = 118
O(nann nz), (118)
and
2 s+4.,,5+4
1 . . . n**p
— O(NA2 1ty A .. — R i
E [n ) Z ’ h (#7)Az‘j1ﬂulkyhkAUz"'Alfs] - (nz(npn)25+4)
JEREIRIEDS
1
- 0(2— n p—’;) (119)
n’np, n

Assume t =s—1. Then

2
1 _ _ _ _
[E Z h(s)(yl)Alj,ulky]kAljl . Aij52Al'2jsl] “

i FE s #jEI#K

n5+4p5+5
- Of—r
(nZ(npn)25+4 )

E

N —a (120)
n’np,  n?
and
1 _ _ nb+lps+1
E pl Z | WO (ui) Aijpic i, - . Ag, 2A12] | O(n(np”;;z
1 E a1 #iEk
j€ s fis-1}
- 0( 2 +p—;). (121)
n?np, n

By (113)-(121), Markov’s inequality and the fact that k is a fixed constant, (95) holds. By (55) and (92)-(95),
we get

hs (Hz s 511 \/P_n 1
- Z(t ) Z [ = ) Bl = 1] = op( = npn). (122)
By (35), (54),(63), (64), (65) and (66), C. — E[C,] has the following asymptotic expression.
: Yicjek ik AijAiAjk + op (—n 1,% ), ifao>1
— IE[EH] = % Zi<j<k aijkAiinkAjk + % ij eij _,']' ( \{577 + n\/l@), ifa= %, (123)

2 N - 1
n2,<]e,]A1]+0p( ), ifa < 3.
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By (28),(29), (57) and (61), we have

2 o 1
2
o = Var|- a;ikAiiA i Agi =®(—),
n [ni;k ik 43 e Ak n2(npy)
2= var|2Y el | =02
0y, = Var E;jeij i|=0\%3)

For a = 1,02 and 03 have the same order. Recall that 02 = 02 + 0% . Let Ay = Ay = % in Lemma 3.4,
we get

2 TR A2 7
5 Licjak AiAijA Ak + 5 Licj€ijAij
[2 . 2

O'1n + UZn

For a > 3, then o2 = 0(0?,). In this case, 0 = 02 +03 =02 (1+0(1)) and Lemma 3.4 still holds. Taking
A1 =1and A; = 0in Lemma 3.4 yields

= N(0,1). (124)

2 Yicjck BijpAijA j A _ 1 2 Licjek GijpAijA Ak = NO,1), (125)
2 2 1+o0(1) 02
1n 2n In

For o < 3, then 0% = 0(02,). In this case, 0 = 02 +03 =03 (1+0(1)) and Lemma 3.4 still holds. Taking
A1 =0and A; = 1in Lemma 3.4 yields

2 2 i
alicieidip 1 5 KicjeiAij

2 > l+o(1) 2
Gln + GZn 02n

Combining (124)-(126), the proof is complete. [

= N(0,1). (126)

3.2. Proof of Theorem 2.4
Recall Ajjx = A;jjAjAgi. For distinct indices i, j, k, define djgjx) = 2 + Yjg;; ik Aj. Then
Ajjk

i ki Arip

Tn= 7
i<j<k

Note that di(x), dji, diaj) are independent. With a little abuse of notation, we still write dj) as d; for
convenience. Let g(x,y,z) = xiyz Then the k-th derivative of g is

Fg(x,y,z)  rimil(=1)+m!
8x73ym821 - xr+1ym+1xl+1 ’

where r,m, | are non-negative integers such that v+ m+1 = k. Letkg = 3+ [ﬁ'l. By the Taylor expansion,
we have

Dijk_ Z A Z Ajji(di = i) . Aij(dj — ) . Aiji(dy = i)
2 idjd S bibite S Hild ik Mg
ko—1 r m 1
Aijedi — )" (dj — )" (i = i)
t ij i T
+Z Z (_1) Z r+1, m+1,,1+1
=2 rem+l=t i<j<k Hi Hy Hy
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Aj(di = i) (dj — )" (i — )’

ko j j T Hi

+(_1) Z Z X+l xm+1xl+1 4 (127)
r+m+l=kg i<j<k i j k

where X; is between s and d; for s € {i, j, k}. Then

BESEN!

o) did dy did jd

_ Z Aij = B[Ay] Z Aij(d; — wi) N Aige(dj = py) N Aijr(dy — pix)

Hibite A i Hild ik Hiltjtiy

i<j<k

ko—1 r m l
Ajjp(di — pi)" (dj — )™ (di — x)
+ Z Z (_1)t Z‘ r+1, m+1,,1+1

=2 remtl=t i<j<k Bty Hy

ko—1 E[A;; di — ) (d; = u)™(dy — !
_Z Z (_th [Aij(d; — i)' (dj = )™ (i — )']

r+1, m+1, I+1

=2 reml=t i<j<k Hi HyHy
. . . . )
+(_1)k0 Z Z Aijk(dz - [Jz)r(d] - [J])m(dk - .uk)
L X;"+1xm+1xl+1
r+m+l=ky i<j<k i i k
Aields = ) (d; = ;)" (e — ug)!
_(_1)k0 E 1]k( i — i)' ( j [,l]) (dx — ) . (128)
. X(+1xm+1xl+1
r+m+l=ko i<j<k i j k
Next we find the order of each term in (128).
By (55), we have
Aij — E[Ajj] _ Z AijA Ay N Z AijA i + A A + i A A
e Hillikk igex Hilite 5 Hill it
LY A et + HipAjedte + il 129)

i<j<k Hithjth

Now we find the order of each term in (129) by calculating the second moment of each term. Note that

2

AijA Ay ~ Z ]E[A?j]]E[A?k]]E[A,@]
T Ml e
B Z pij (1 = pip) (1 = ppe) (1 — i)
S G
1
- 6((11;7 )3)’ (10
o 2 - -
E AjjAji ki _ Z ]E[Aizj]]E[A]z'k]yii
o Hathit S M

2,,2,,2

i<j<k Hi B

- ®(<nfon>3)’ 43y

Z wij(1 = wi)pj(l = g,
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and
_ 2 -
E Ai]“ujk[,lki B Z ]E[Aizj]/’l]'k”kf/’l]'klykli
isek Hiltitk i<j<ki<j<ky HE 5 Lkt
_ (L= )it i LY (L = it
R GO e S

Pn
- e .
((npn)2 )

Combining (130), (131) and (132), we get the leading terms of (129) as follows.
If a > 3, then

Aiix — E[A; A A Ay
Z ijk — [ jk] Z j4Ljk4 1k +Op( 1 )
iGek Mtk ik Hitjt 1Pn NP

If a < 3, then

Aij — E[Ajj] Z At + WijAjriie + Wi jeAxi ( 1 )
—_ = +op )
igek Mtk i<j<k Hittjth n\Pn
Ifa= %, then
Aijr — E[Aij] _ Z AijA A . Z Ajjjrein + Wi Ajeiin + phijl A
ek Mtk iger Ml Hittjt
(v * )
+0p + .
NyPn  NPn 1P

Next, we consider the second term of (128). By (55), one gets
Z Aijeldi — i) Z AijA A 13 Z AijAjuiAg
2, - 2, 2,
gk HitjHk kel HiHjHk itjeke  HitjHE
+3 Z AjjptjebiiAi N Z Lij i thiAAin
2. 2. ’
ket MMk g itttk
Similar to (130), (131) and (132), it is easy to verify that
AijAjkAkiAil 1
Z —— = Or|l7—= |
e it ()
Z AjjA il )
ikl HEH (npn)z

Z AjjpjetiiAi _ O( )
2 p 1p N

itjeke  HiHiHE
)

Z Mij}ljkukiAil _
2, . -

itz HilliHk

5326

(132)

(133)

(134)

(135)
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Hence the second term of (128) is equal to

y (A,-,-k(d,- — i) | Al — ) Al — w)]

P G 0T Hid? b Hiftj
_ [#ij[vljk#kiAil N Hz’jijHkiAjl N Hij#jk#kiAkl
- G T Hid} i TS

1 1
+0 + .
: (n Bn 1pa x/npn)

Now we consider the last two terms of (128). Given r,m, [ such that v + m + [ = kg, we have

Aje(di = i) (dj — )" (@i — )’

Y E

Xr+1xm+lxl+1
i<j<k i j k
Aijeldi = i)' (dj — )" (dx — )’
=y (]E Ty I[X; = 8upn, Xj = 6u11pn, Xi = 6unipy]
i<j<k i j k

Aie(di — i) (dj — )" (i — )’
Xf+1xm+1x]l<+l
! ]

+E

Recall that kg = 3 + I'ﬁ'l. Then kg > max{3,1 + ﬁ}. Moreover, d;, d;, dy are independent. Hence,

Aje(di — i) (dj — )" (i — i)’
X(+1xm+lxi+1
! ]

Y E

i<j<k

1
5];[) +3 (”Pn )ko +3

Z E[AEIN(d; — w) TELd; — )" NEN(dx — )'l]

i<j<k

ko
(”Pn)7+3
O k
6no+3(npn)ko+3
o(—l Y7 )
npy \Mp, ~ npn

Since d; > 1 and X; is between d; and p;, then X; > 1. Hence

Z Aije(di = pa) (dj — )™ (@i — )’

o X+ xm i
i<j<k i j k
< Y E[[Aged - ) @ - )i - ' [11X: < Sump,]]
i<j<k
+ Y B[ - )@ - )" — | 11X < Sumpa]]
i<j<k
+ Y E[| Al — ) (@) — )" e — )| 11X < Sppy]]
i<j<k

By Lemma 3.1, we have

Y B [[Ai(di = i) (d; = )" = | 11X < Sumpa]]

i<j<k

I[X; < 6unp, U Xj < Ounpy U Xy < 6nnpn]l )

I[X; > Onlpy, Xj > 0utipn, X = 6nnpn]

I[Xi < 6pnpy U Xj < Ounpy U Xi < 0unipy]

5327

(136)

(137)

(138)

(139)
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< nSP(d; < 6,mpu) = exp (=rpa(1 +0(1)). (140)

Combining (136)-(140), the last two terms of (128) are op (npn E/W + :I/—E).

Now we consider the third term and the forth term of (128). Givent > 2 and r,m, [ such thatr+ m+1 =t,
Aije(di — i) (dj — )" (dx — i)’
r+1, m+1,,I+1

we have
N }

Z E[AiJEl(d: — i) TE(; — p)"NELdx — )l

r+1, m+1, 1+1

Y E

i<j<k

i<j<k A
_ o[ 1 ) (141)
(npn)?
If t > 4, then
Z Aije(d; — i) (@d; — )™ (i — i) _ Op( 1 . \/P_n)
T SR T

Next we consider the case t = 2, 3.
Let t = 2. Without loss of generality, assumer =2,m =l=0orr=m =1, =0. Considerr=2,m=1=0
first. In this case, we have

Z Aje(di = wi)* = B[Ayj(di — i)*]

i<j<k lu?lu]yk
AijeAiyAjs Aije A% = E[AijAZ]
- Z ] " JEE 2] JRERi1
i<j<k,l#s 1u131u]1uk i<j<k,1l y?y]‘uk
B Z AijeAiAjs . Z Aijr(A3 — E[AZ]) N Z (Aijk — E[AjDE[A?] 142)
s MM 53 Hi b i<j<k] b Mtk
It is easy to verify that
AiAnds )|
E Z 1]]; il4is _ O( Pn 3),
i<j<k,l#s Hi ke (nPn)
A A2 — B[22 V] .
E % = O(_"4), (143)
i<j<k,! L (npn)
N2
A — E[A;])E[A2 )
E (Aijk 3[ «kDE[A] _ O( p 4)’ (144)
i<j<k Hi itk (npn)
Hence
Z Aije(d; — wi)* — E[Aij(di — pi)*] _ P( 1 . \/P_n) (145)
o) b b pn NP 1P
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Considert=2andr =m = 1,1 = 0. In this case,

Z Aij(d; —2#;)(61]‘—#]‘) _ Z Az’ﬂz(AzilA_js . Z Ai];cA;'lAjl.
i<j<k Hi 1 Bk i<jakies HitjHe 55 HiliHk

It is easy to verify that

)
AiinAiA; 2
E Z ]’2C 2l s _ O( Pu 4),
i<jakizs HiHjHE (1pn)
N2
E Z AijAnAj _ O( P2 )
i<j<k,l lulzlu?luk (np")S
Hence
Aiji(di — pi)(dj — ; 1 n
i<j<k H; ij'lk NPn NP NPy
Let t = 3. Without loss of generality, assumer=3,m=1l=0orr=2m=1,I=00rr=m=1[1=1.
Consider ¥ = m = [ = 1. In this case, one has
Z Aije(di = pa)dj — p)(die — )
S PR
B Z AijxAiAjnAs 13 Z AijxAinAjAgs Z AixAiAjAy
= 2202 2,22 2,22
ik HiljHe igek Mty igek  HiljHg
I#s#m I#s 1
It is easy to verify that
2_
Z Ak A A jim Ars _ 0 ( v )
A (npn)°
I#£s#m ]
— 2_
AinAyA A ;
E Z 1]k2112 ]12 ks _ O( p 7)[
ik HiHiHi (11pn)
L\ [#s |
2_
AinAyA A 2
g 2] - o)
ik HiljHk (pn)
[\
Hence,
Aije(di = pi)dj — pj)(dy — n
Z ji(di — )(2 i 5])( k=t 0p( 1, \/p_)‘ 147)
i<j<k Hi e "Pn NIPn 1Pn

Consider r =2,m = 1,1 = 0. In this case, one has

Aije(di — wi)*(dj — ) Z AijxAiAimAjs AipAZA s
y : ik

3,2 3,2 3,2
i<j<k HiljHx igek  HiljHE i<j<k i HjHk
I#£s#m I#s
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42 Z Z]kA ZAzsA]s Z A1]kA A
i<j<k fuzfu]fuk i<j<k HiHij
)

I#s
It is easy to verify that
2_
Z AikAiAinAs _ O( Pn )
i<j<k THET (1pn)®
I#s#m |
2_
Z z]kA A]s _ O( Pn )
i<j<k Hi#j#k (np”)4 '
I#s k
2_
AiiAiAisAjs P2
Z 32 = 0 6]
igek  HiljHx (pn)
I#s
¥ - o)
o ”J’”" (npn)?
1 |
Hence
Z Aij(d; — wi)*(d; — p)) Yy ( 1 N \/P_n)
= op .
P 7 Pn NP P

Consider ¥ = 3,m = [ = 0. In this case, one has

Z Aje(di = i)* = B[Ajj(d; — )*]

T Hi bt
_ Z zjkAzlAzmAzs +3 Z AI]kA AZS
i<j<k /”11 ik i<j<k uiuftuk
I#s#m I#s
X X i3
.\ Z Aijk(A;Z —E[A})]) . Z (Aijk — EJAijk])lE[Ail
i<j<k i Hjte i<j<k it
1 1
It is easy to verify that
27
Z AijxAiAimAis _ of P
o uj (npn)* )’
i<j<k Hi itk Pn
I#s#m |
29
E Z AZ]kA AIS _ O( Pn )
oA U1 (pu)?
I#s
Z Aij(A3 = E[A]) 3 O( 1 )
i<j<k M (npa)?)’
I |
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Aijx — B[A;x])E[A3

E Z( i 4[]k])[111 _ O( 12).
i<j<k HiHjtk (1pn)
1

Hence,
Z Aije(di = i)* = B[ Aijr(di — :)*] ( 1 \/Pn)

=op|——+ .

Npn \N\NPn npn

i<j<k i

Note that
Z Aij}ljk[-lki + MijAjkMki + MijujkAki _ 1 Z Aij{ljk}lki + Hz‘jAjk,uki + MijujkAki
For} Hildj i 6 S Lhikdjfhe

Let )/,] = Zk&{i,]’} ”jkeki . Then

Hiltjpk
Aijfljk#ki _ L ji ki ~
Z — = ZAij — = ZZ yiinj-
i#jk F‘l”]”k i#]j ketli, ) lLllulelk i<j
Then
Z Ajjetin + pijAjep + ijtpcAe Z i
i1 - ety
i<j<k Hittjtk i<)
[uijujkukifiiz . Wij kA [Jz],ujkllszkl
i<j<lIgli,j ) O Ml ik Hibtjtig
1 Ui etk .\ Wijt kA Hz],U]kazAkl
R G I Hid} Ml
Let ni = Zj#k % Then
Wiji i i Lhij e ki - -
Z L ] ZA Z —]2] ZZmAﬂ+ZrnAi1,
e R A e MMt 3 i#l
jketid)
where r,, = O((WZ3)4 ) Hence
(yijyjkykiz‘iiz .\ Wijt kA Hz][vl]kazAkl
i<j<kIgli k) HE Hild ik Hibljt
1 - 1 _
= 3 Z nidi + 5 Z nAil
7l 7l
1 - P
= E ;(T]l + n])Al] + Op ((npn)3).

Then we get
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If a > %, then

T — IE[Tn] =

AjjA A
+0

If a < 1, then

i+ 15\ - 1
Tn—E[Th] = Z()/ij—T])Aij+0p(n

If a = 3, then

Tn - IE[Tn]

i<j<k i<j

By Lemma 3.4, the proof is complete.

O

3.3. Proof of Corollary 2.5

We only need to find the orders of v1,, v, and show v, = 0(v1,). Note that w = ©(n). Given distinct
indices i, j, k, we have

i

2
vln

PnWi 2 w) = wpyw; (1 +0 (%)),

I#i
n3

P (1 +o(1)).

Moreover, direct calculation yields

ni

and

Vi

Hij ki
prll AT

7k
1 1
ol
wp n"Pn
U jk ki
pf,wiijlf

P
i<j<k !'ll["lfluk (npn

AiiA A
R

P wipwiw wi (1 +0 (%))

1 1
Z wk+O(n3pn)

3
WPn i)

1 1
wp, O(ﬂ%)'
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Hence we get

i+ 1\
V= Z(%’]"T]) pif(1 = i)
i<j

1

= 0 s Zuif(l—!iij)
nroi<j
1

- O(ﬂ%)'

Then vy, = 0(v1,). Then the proof is complete. [
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