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The existence, uniqueness and asymptotic stability of solutions to
fractional stochastic impulsive neutral systems

Mingze Li?, Guojian Ren?, Xiaolin Yuan?®, Yongguang Yu®*

#School of Mathematics and Statistics, Beijing Jinotong University, Beijing 100044, P.R. China

Abstract. The paper presents novel results concerning mild solutions to fractional stochastic impulsive
neutral systems, focusing on their existence, uniqueness, and asymptotic stability. A general existence
and uniqueness theorem of mild solutions is established by utilizing the method of Picard successive
approximation. Moreover, sufficient conditions regarding the impulse intensity and frequency is derived
to achieve asymptotic stability for fractional stochastic impulsive neutral systems in mean-square, assuming
a Lipschitz condition. Ultimately, the theoretical results are confirmed through numerical examples.

1. Introduction

Recently, fractional systems have attracted a great attention in many fields. Fractional systems are
built upon fractional-order calculus, which generalizes the concepts of integer-order calculus. Actually,
fractional-order calculus involves differentiation and integration of any arbitrary order. Unlike integer-
order calculus, fractional calculus is characterized by memory and heredity, which offer a precise overview
of past information. Since then, there has been an increasing trend in modeling realistic systems using frac-
tional dynamic systems, including applications in viscoelasticity, chemistry, anomalous diffusion processes,
automatic control, complex networks, and others [8, 12, 23, 24, 28, 33].

In actual scenario, many uncertain factors would influence the dynamic behaviers of systems. Uncertain
factors can be characterized by stochastic processes including Brownian motion, fractional Brownian motion
(fBm), and others. Building upon this foundation, fractional stochastic systems (FSSs) are developed. The
existence and uniqueness results of mild solutions to various FSSs were guaranteed by using methods of
Picard successive approximation [15, 19, 34] or Banach fixed point theorem [35]. For most cases, stability
constitutes an essential structural feature of the system. Recently, some stability results of FSSs have been
given. For instance, [33] presented mean-square asymptotic stability results for FSSs utilizing Mittag-Leffler
functions. The asymptotic behavior of solutions to fractional stochastic evolution system was concerned
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in [19]. Fractional stochastic neutral systems (FSNSs) are a subclass of FSSs that depend on past or current
values and encompass derivatives or the function itself. The papers [2, 3] extensively explored the existence
and Ulam-Hyers stability of mild solutions to FSNSs.

Impulsive systems arise in multifarious processes where states change abruptly at specific instants
in time. They are extensively researched and utilized in economy, biology, environment, and power
electronics, due to their effective modeling of both continuous and discrete behaviors. The impulsive
effects are categorized into stabilizing impulses and perturbing impulses. Stabilizing impulses can activate
dynamic behaviors to suppress unstable continuous behavior [4, 17, 18, 20, 30]. In the field of control,
stabilizing impulses will be regarded as impulsive controller. On the other hand, stable systems can be
disrupted or even compromised by sudden uncertainty phenomena [29]. Hence, there are many results
about fractional stochastic impulsive systems (FSISs) and fractional stochastic impulsive neutral systems
(FSINSs). The existence results of mild solutions to FSISs were given by fixed point theorem in [26].
Moreover, long time behaviour of FSISs driven by fBm were studied in [31]. In recent years, existence
rusults of solutions for FSINSs were studied by fixed point theorem [6, 9, 32] or Carathéodory approximation
approach [1]. The asymptotic stability of FSINSs with fractional integral operator was explored in [32].
While [9, 21] investigated the exponential stability of FSINSs with fractional integral operator, the fractional
order a € (1,2).

Building upon the aforementioned discussions, our the primary objective is to investigate the existence,
uniqueness and asymptotic stability of mild solutions to the following system:

dB(t)

o, DFx() = h(t, x()] = Ax(t) + f(t, x(D) + g(t, )=

te-1

Axlp—y, = Ik(x(t;))/
x(to) = xo,

, t#F

where k € IN*¥, gilz)f is the Caputo-type fractional derivative and « is the fractional-order of system. Linear
operator A is a closed densely defined. {t;:k € IN*} is fixed time series, on which the impulse take place.
Let {B(t):t > 0} be a Brownian motion defined on (Q, ¥, {#+}1-0, P), which is a filtered complete probability
space. The previous results such as [21, 31] utilize the conditions ||T,(#)l| < Me™" and [|S,(t)|| < Mt* e ¥ to
ensure the stability. Nevertheless, as stated by [33], the conditions above are impossible to achieve. Hence

Mittag-Leffler-type conditions are employed. The key contributions of this work are as outlined below:

1) Existence and uniqueness theorem for the mild solutions to FSNISs is demonstrated by applying the
method of Picard successive approximation, which necessitates fewer conditions compared to the Banach
fixed point theorem approach.

2) Feasible sufficient conditions about inpulsive intensity and frequency are provided to ensure the asymp-
totic stability of FSNISs in mean-square based on characteristics of Mittag-Leffler function.

3) In comparison with [2], the system investigated in this work incorporates impulsive effects. Unlike the
integro-differential systems analyzed in [32], [9], and [21], the mild solution to system in this work is
constracted from operators that present greater analytical challenges.

The remaining parts of this paper are structured as outlined below: Sec. 2 briefly covers preliminaries
and delineates the investigated system. Sec. 3 establishes the main results. Sec. 4 validates these results by
two numerical examples. Sec. 5 presents the conclusion.

Notations: Denote (Q, 7, {F}»0, P) as a complete filtered probability space, where F( contains every
P-null sets of . E represents the mathematical expectation. Denote $5(, -) as the Eular Beta function and
I'(-) as Eular Gamma function. Let H, K denote two Hilbert spaces with the property of separability. Denote
L(K, H) as the space of consisting bounded linear operators from K into IH. Specially, let L(K) := L(K, K).
Denote || - || as the norm in Hilbert space H, K, and L(IK, H).

2. Preliminaries

Given that Hilbert space K has a complete orthonormal basis {e,, : m > 1}. The stochastic process
{B(t) : t > 0} is a cylindrical K-valued Brownian motion [10] defined on (Q, 7, {¥:}i=0, P) with a finite
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trace nuclear covariance operator Q > 0. Denote Tr(Q) = Y.,,_; Am < oo, which is the trace of operator
Q and staisfies Qe,, = Ayen, m € IN. Let {B,(t) : m > 1} denote a sequence of mutually independent
one-dimensional standard Brownian motion defined on (Q, ¥, {F+}0, P), satisfying

B(t) = ), VAubu(t)en, t 2 0.
m=1

Let operators &1,&, € L(K,H), and & be the adjoint of the operator &;. Denote (&1,&2) = Tr[E1Q&5]
Forthermore, if &; is a bounded operator, we can denote

16117, = Tr[€1Q&;] = i [ \/A_k.slek||2.
k=1

If ||51||2Q < 00, & is referred to as a Q-Hilbert-Schmidt operator.

Lemma 2.1. [10] For positive scalar b > 0, Assume g(t) is an F-measurable, stochastic process and take values in
L(K,H). And V t €[0,b], fob E|lg(#)I[*ds < oo, then

] [ 90ap0| < [ Blgids.

We investigate the fractional stochastic impulsive neutral system presented as follows:

C DRI~ h,x(0)] = Ax(D) + £t 20 + 906 0) o, 1% 1

Axlimy, = I(x(t)), 1)

x(to) = xo,

where k € IN*, system fractional-order o € (0,1), and x(-) resides in H. Initial value x is a H-valued
random variable, satisfying E||xo||*> < o. Operator A : D(A) ¢ H — H is closed and densely defined,
which is the infinitesimal generator of operators S,(t) and T,(t). f(-,*),h(-,-) € L' ([0,00) x H;H), g(-,-) €
L2 ([0, ) x H; L(IK, H)) are continuous nonlinearities. k(- -) is the neutral function and g(-, -) is the noise
intensity function. Denote {f;:k € IN*} as fixed time series, on which the impulse effects take place,
satisfying 0 =ty < t; < --- <ty = o0 ask — oo. Ix(-) € L{H] is inpulsive intensity function at t;,which is a
continuous function. Assuming for simplicity that the solutions systisfying x(t) = x(t*) := lims_,o+ x(f + 0).

Denote £2((2; H) as the space of all F;-measurable, square-integrable and H-valued random variables
X defined on (Q,F, {Fi}i=0,P). L*(Q;H) forms a Banach space with the norm E||X|*> < co. Let x :=
[11,72] C [0, 00) and define PC(x; £%(Q; H)) as the Banach space of all H-valued functions ¢» defined on y.
PC(x; £L2(Q; H)), furnished with norm

1

W (®Ollpc = E(Stup IIIP(lf)IIZ)2 < co.
ex

Subsequent to this, basic knowledge concerning Caputo fractional derivatives and Mittag-Leffler func-
tions are succinctly presented.

Definition 2.2. [25] The Caputo fractional derivative of « for a function f(t) is defined as

Coypppy 1 B AG)
aDt f(t) - F(Tl _ 0() L (i’ _ S)a—n+1 dS,

where o > 0,t > ty, n = [a] + 1. f(t) should possess absolutely continuous derivatives up to order n — 1.
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Definition 2.3. [25] The definition of the two-parameter Mittag—Leffler function is as follows:

s k
Eap@ =) m z,B€C, Re(@) > 0.
=0

Re(a) is the real part of a. Particularly, we denote E,(z) = Eqq(2).

Lemma 2.4. [25] If @ € (0,1), B € (0,1), Eo(—t) and E,(—t) are monotonically decreasing. Besides, E,(—t) <
E,(0) = 1and E,p(—At*) < Eap(0) = 1/T ().

Lemma 2.5. [25] Assume o € (0,2) and B >0, v € (an/2, n A an). Whenever |Arg(z)| € [v, ], we have
|Eap(@)| < Mo(1 + |zI)™", where My > T'(B —a)™".

Lemma 2.6. [16] Let Re(a) > 0, Re(f) >0, A € C,

¢
f (s— a)ﬁ_lEa,ﬁ()\(s —a)%)ds = (t - a)ﬂEa,ﬁH(/\(t -a)"),0<a<t

Notably, for « = B, and a = 0, thus

t
f s E, o(As®)ds = t*Eg q41(AY).
0

Definition 2.7. [13] Let A denote a linear closed operator with domain D(A) defined on H. Let o(A) denote the
resolvent set of A, R(A, A) = (Al — A)~! denote the resolvent operator of A. A is deemed sectorial if it fulfills the
subsequent properties: (i) p(A) C Lp(9) = {A € C\ {0} : |Arg(A — @)l < 8}, where § € [1/2, 7], ® € R. (ii)
IR, Al < NIA =@ for N >0, A € ().

Definition 2.8. [5] Let A denote a linear closed operator with domain D(A) defined on H. Strongly continuous
function T,(t) : R* — L(IH) is designated as the a-order fractional solution operator generated by A, if 3@ > 0s.t.
{AY | Re(A) > @} C 0(A), it holds that:

AT - A) Ty = f e MT,(s)yds, Y y € H, Re(A) > @.
0

Definition 2.9. [5] Let A denote a linear closed operator with domain D(A) defined on H. Strongly continuous
function Sy(t) : RY — L(H) is designated as the a-resolvent family generated by A, if 3@ > 0s.t. {A* : Re(A) >
®} € o(A), it holds that:

(A T-A)ly = f eS8, (s)yds, ¥ y € H, Re(A) > .
0

Remark 2.10. [26, 33] From Definitions 2, 4, and 5, one can obtain To(t) = E,(At%) and S,(t) = t91E, 4 (AtY).

Definition 2.11. [7, 27] Operator T,(t) is termed analytic if T,(t) admits an analytic extension to a sector Lg, :=
{z € C/ {0} : |Arg(2)| < So} for 99 € (0,7/2]. An analytic solution operator is said to be of analyticity type (o, 9o)
if for each 9 < S and @ > @9, A My = Mo(@, 9) s.t. [|To(t)ll < Moe® @, ¥ z € L. Denote A*(@o, So) is a set of
operator generating analytic T,, of type (@o, o).

Definition 2.12. [7] If T,(t) is compact for all t > O, a-order fractional solution operator {To(t) : t > 0} is termed
compact.

Arguing as in the proof of Lemma 10 in [11], we can obtain the continuity of the a-order fractional
solution operator T,(t) and a-resolvent family S,(t) in the uniform operator topology.
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Lemma 2.13. [7] Assume that A € AY(@, ), then ¥ t > 0, ||[To(t)l| £ Mie®, [|Sa(D] < Mae® (t*~1 + 1), where
@ > @y. Assume Mr = sup, o1 ITa(®)ll, Ms = sup, Moe® (1 +179), one has | T, (t)|] < Mr, [|Sa(f)]] £ Mgt L.

Lemma 2.14. [11] Assume that A€ A* (Do, Do), if {Ta(t):t=0}, {Sa(t):t >0} are compact, it follows that:
Emo [|ITo(t + At) — T,(#)|| = 0 and Emo ISa(t + At) — Su()]| =0, ¥ ¢ >0.

Lemma 2.15. [22] Given ay > 0, ay > 0, and v € (0, 1), the following holds: (a, + a2)* < a3 /v +a3/1 — v.

Lemma 2.16. [14] (Gronwall-Bellman inequality) For t > 0, consider Y (-) and ,(-) as real continuous functions.
Assume 3(-) is real function that is integrable on ¥ [v1,v,] C [0, 00). If

t
rt) < s(t) + f Gr(SWa(s)ds, V£ >,

then

t t
P1(t) < Ps(t) +f Pa(s)iP3(s) exp (f le(T)dT) ds, Vtza.

Lemma 2.17. [14] Consider w1(-) as a real function and wy(-) as a locally integrable and nonnegative function on
[0,b]. Thendc¢>0,da € (0,1)s.t.

wi(t) < wo(t) + cft(t —5) %wy(s)ds.
0

As a result, there exists a constant K, dependent solely on a,

¢
w1 () < wy(f) + cK, f (t—s)wy(s)ds, 0<t<b
0

3. Main results

3.1. Existance and uniqueness of the mild solutions
Next, we shall establish the existence and uniqueness theorem of mild solutions to system (1).

Definition 3.1. An F;-adapted stochastic process x : [0,00) — H is called a mild solution to system (1), if
x € PC([0, e0); L2(Q; H)) satisfying the piecewise integral equation

t t
To(H)[xo — h(to, x0)] + h(t, x(t)) + f AS,(t — s)h(s, x(s))ds + f Sa(t —s)f(s, x(s))ds
0 0
t
+ f Sult = 9905, x(O)ABE), e 0, 1)
0
t t
To(t — t1)[x(t1) — h(ty, x(t1))] + h(t, x(t)) + f ASy(t — s)h(s, x(s))ds + f Sa(t —5)f(s,x(s))ds

f
=1 + f Salt = 9)g(s, (O)dB(s), €[t 1) ?

t f
Talt = £)[x(t) = ity X(E))] + h(t, X(B) + f ASa(t — $)h(s, x(s))d + f Sult — $)f(5, x(s))ds

tn t”

t
, f Sult = $)9(5, x(O)AB(E), £ € [ty bran)
ty
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Assumption 3.2. (Lipschitz condition)[22] Y u, v € Hand t € [0,c0), IK > 0 ..
If(t,u) = f(t£, 0NV llg(t, u) = g(¢, 0)IP < Kllu =],
Assumption 3.3. [22]V u, ve Hand t € [0,00), 1 € (0,1) s.t.
(£, 1) = h(t, 0)ll < Il — ol|.
Assumption 3.4. Assume f(t,0) = g(t,0) = h(t,0) = 0 if t € [0, 00), ensuring that x(t) = 0 is the trivial solution.

Assumption 3.5. Suppose the inpulsive intensity function Ii(-) € L{IH} are continuous, satisfying I(0) = O,
keIN*. Thend u > 0s.t.,

() = L@ < pllu — oI,V k € N*, Vu,0 e H
Assumption 3.6. 3y > 0,¢c > 0s.t.

y = sup {tx — fr-1} < 00, and ¢ = inf {tx — t—1} > 0.
keN+ keN*

Assumption 3.7. 31 >0, M; >0, My > 0s.t.
ITa(®)l < MiEa(=At") and [ISa(Dl < Mot*™ Eqo(=AtY), V £ 2 0.
The value of A determines the decay rate of To(At*) and S,(At%).
Remark 3.8. Assumption 3.6 ensures that the impulsive frequency ranges between y~! and ¢~1.
Remark 3.9. [33] Based on Remark 2.10 and the property of the Mittag-Leffler functions, ¥ A > 0, we have
Ep(=At%)

t—o0 et

Hence, finding a positive constant My > 0 is unattainable. Therefore it is impossible to find positive constant
M > 0 satisfying ||T(H)l| < Moe™ and ||S,(B)|| < Mot 'e~M, which are considered in previous references. Hence,
Assumption 3.7 is utilized in this paper based on Mittag-Leffler function.

Next, the main theorems are presented and proved.

Theorem 3.10. Assume that Assumptions 3.2-3.6 hold. Let A € A*(@o, o) with @y € R and 3y € (0,7/2]. For
t >0, let T,(t) and S,(t) are compact. Then for every positive number T, it can be shown that a unique mild solution
to system (1) exists on the interval [0, T).

Proof. Define the Picard iterations sequence on interval [0, 771 A t;) as

t t
@u(t) = Ta(Dlxo — 10, x0)] + (t, @t (1) + fo ASa(t = $)h(s, ur(5))dls + fo Sa(t = 5) £, Pua($))ds

t 3
. f Sult = 995, @us 5))dB(E), ®)
0

Po(t) = xo.
where 1 is a small enough positive constant we chosen satisfying

6MZ(MmPIAIP + mK + Tr(Q)K)n;* ! BMEMPIAIP + mK + Te(Q)R)n*!
+ <land o, =1+

12
20 -1 1-DRa-1)

<1.

1:

The above serves as additional conditions. Remaining steps are structured into eight parts.
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Step 1: Let us verify ¢,(t) is uniformly bounded on the interval [0, 1 A 7). For n = 1, using elementary
inequality, the Holder inequality, Lemma 2.1, Lemma 2.13 and Assumption 3.2-3.4, one can derive that

t
Ellg:1 (8)IF <6E I Ta(t)xoll* + 6EIlI(t, x0)I* + 6EIITo(£)(0, x0)II* + 611 f IASo(t = $)IPEll(s, x0)|*ds
0

t t
+6m fo [1Sa(t = )IPEIf(s, x0)lPds + 6Tr(Q)fO ISa(t = )IPEllg(s, xo) P dB(s).

t
<6(mPIAIP +mK+Tr(Q)K)Ellxo|I” f 1Sa(t = $)IPds + 6[M7(1 + 1) + P]Ellxol @
0

6M2(MPNIAIP + mK + Tr(Q)R)m2a!
36E||xo||2[M%<1+12)+z2+ sEIAIP + mK o+ T (@R, ]

2a0—1
:’L[1

where ||A||is the norm of For n > 2, we use mathematical induction. Suppose thatwhenn = p, Ell(p,,(if)ll2 <U,
isbounded. thenforn =p+1,

6M2(m P||AlPm K + Tr(Q)K)n2e~!
Ellpy ()12 se[M%<1+zz>+12]E||xo||2+[F+ A P TR ]‘Hp

=6[M3(1 + 1) + IP]E||xo|* + 61U,

=Up1
Through induction on 1, we consequently derive that

6(67~1 — 1)[MZ(1 + I7) + I*1E||xo|?
Ellpu()I? <— 51

<U, + 6[M2(1 + 1) + PIE||x|* = U.

+ 6;'_1%[1

Because of the additional condition of 7;, the iterative sequence EIIqo,,(t)II2 is uniformly bounded on interval
[0, t1).
Step 2: Let us verify that ¢,(t) € C([0,t1 A 1), H). Considering C > 0 sufficiently small, forn =1,

Ellp1(t + 0) = pa (DI <8EIITa(t + ) = Ta(OI[xo = h(0, x0)I* + 8EIlA(t + C, x0) — h(t, xo)I
2 2

+ 8E f A(Su(t + C—58) — Su(t —s))h(s, xp)ds|| + 8E
0

2
+ 8E

e
f AS,(t + C—s)h(s, xp)ds
t

2

t t+C
+ 8E f (Sa(t + C—5) = Salt —5))f(s, x0)ds f Sa(t+C—s)f(s,x0)ds
0 t

2 2
+ 8E

+ 8E f (Sult + C = 5) = Salt — $))9(s, x0)dB(S)
0

t+C
’f S(X(t + C - 5)9(51 .Xo)dB(S)
t

)

Utilizing the continuity of h(t, x(t)) and Lemma 2.14, it follows H; — 0 and H, — 0as C — 0.
For Hj, let 1 € (0,t) is a arbitrary constant, by virtue of Lemma 2.13, Assumptions 3.3,3.4 and C-S
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inequality , we can ascertain
t t
Ha < [ IAIIS G-+ C=8) = 546 = 9B, w)Pds [ 1120+ C=5)-5, (- 9l
0 0
t 2
<mPIIAIPEllx| (f ISa(t + C—s)=Sa(t - S)IIdS)
t
¢
<mPIIAIPEllx| f [ISalt + T = 5) = Sa(t = s)|*ds (6)
0

t—1 t
=Thlz||AII2E|IxOII2[f Sa(t +C=5)=Sa(t =s)IPds + | [1Sa(t +C =) = Salt - S)Il2d3]
0

t—1
2mP||Al* MZE] |xolI*
200 — 1

t
< PI|AIPE]xol? f ISa(t+C—5)=Sa(t — s)IPds + (@+ 02+ 22).
t—1

Hence, because the arbitrary of (, we can obtain than H3 — 0 as C — 0.
For H,, by Holder inequality and Assumption 3.3-3.4, we determine that

t+C t+C
H, < f HAIRIS (¢ + C - s)IEIIGs, xo)IPds f 1S4t + C — 5)lds
t t
2

t+C
< PI|AIPE|xo ( f (t+C— s)“-lds) %
t

lZHAHZMZCZLv
= TSEllxollz —0as{— 0.

For Hs, Hg, using the same method as above by Assumption 3.2 and Assumption 3.4, it have

21 KMZE|lxo |

(@ ) s 0ast—0 @)

t
Hs < RE|lxoll f 1Sat + C = 5) — Salt - 5)|Pds +
t—t

and

KMZ CZa
He < 5

S Ellxol> = 0as L — 0. )

For Hy, in the similar way to deal with H3, H5, by Lemma 2.1 Assumption 3.2 and Assumption 3.4, we can
obtain

t
Hy STr(Q)KE||x0||2f ISt +C —5) = Salt = s)lPds
0
2Tr(Q)KMZE|lxo|

t
<Tr(Q)KE]|xo|? f 1St +C — ) = Salt — s)|Pds + (C+0™+21) 5 0asC 0.
t—t

200 —1
(10)
For Hg, similar as Hy, He, it follows from Lemma 2.1, Assumption 3.2 and Assumption 3.4
KE||xo|PT B
H8 < ”xO” r(Q) (t + C _ S)2a—2ds
I'(a)? (11)
Tr(Q)KMZE||xo|*
= 2w =1 — as(C— 0.

Therefore, combining Eqs. (5)-(11), as C — 0, Ellgi(t + C) — @1(t)|I* converges to zero, implying ¢1(t) €
C([0, 1 A ), LX(Q;H)).
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Now, let us verify that ¢, () € C([0,t; A m1),H) when n > 2. Assume that E||p,(t + C) — (pq(t)ll2 — 0 as
C—0.Forn=g+1,

Ellpg1(t + C) = @gra (I < BEITa(t + ) = Ta(®)IP[xo — (0, x0)J*
2

t
+ 8Elh(t + C, @q(t + C)) = h(t, g (#)I* + 8E |U; (Salt +C = 5) = Salt = 5))(s, @4(t))ds

2

£+ 2 ¢
+ 8E f Sa(t + C—s)h(s, @y(t))ds|| + 8E ”f (Salt + C—5) = Sa(t —5)) f(s, y(t))ds (12)
t 0

2

t+C 2
+ 8E f Sat +C—19)f(s, @y(t))ds|| +8E
t

t
fo (Salt + T 5) = Sult - 5))9(s, 0, (H)dB()

t+C
+ 8E f Sa(t +C=19)g(s, p4(t))ds
t

In Step 1, we’ve proven that the iterations sequence ¢,(t) is bounded. By the similar way, under Assumption
3.3, we can acquire that

Ellp, (DI
El|xo|]2
+ Ellh(t + C, pq(t)) — h(t, pa(1))IIF = 0 as C — 0.

8
Ellpga(t + ) — pga (DIF <7H +7 Y Hi+ PEllgy(t + ) - py(0)IP
i=3

According to the principle of induction, we can obtain ¢, (t) € C([0, t; A 1), H), for all n € IN*.
Step 3: Now, let’s demonstrate that {¢,(t)} forms a Cauchy sequence in C([0,t; A 11),H). Especially,
when n = 0, by Holder inequality, Lemma 2.1, Lemma 2.13, Assumption 3.2 and Assumption 3.4,

Ellp1 = @oll® =Ellg1 — xol + 6Ellxol (I Ta(t) — 1II?) + 6Ellxol* (I Ta (1) + 1)

2 2 2

+ 6E + 6E + 6E

f(; Sa(t —5)g(s, x0)dB(s)

t
f Sa(t —s)f(s, x0)ds
0

MEPIAIR + K + Te(QR)2!
200 —1

t
f AS,(t — s)h(s, xg)ds
0

§6E||x0||2[(MT -1+ PM7+ 1)+ ] =YV

(13)

Applying Lemma 3.6 letting v = [ one derives that

Ellpnea (6 = pu(OIF <TEIC, 9u(6) = hC, o a O + BTN < IBllpu(t) = pus O + T EIIOIF,
(19

where

t t
J(t) =j; ASa(t = s)[I(s, Pu(s)) = h(s, Pn-1(5))]ds + fo Sa(t =) f(s, Pu(s)) = f(s, Pu-1(s))1ds

t
. f Salt = 9)[g(5, Pn(5)) — 905, Pr_1(s))]dB(s).
0

Same method used above,

t
ElJ(OI? <3MZ(mPIAIP + mEK + Tr(Q)K) fo (t=5)*2Ell@n(s) = @n-1(5)I*ds. (15)
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Hence, combined Egs.(14)(15)

BME(MPIIAIP + mK + Te(QR)p!
5(771 m I'(Q) )17 } sup (E||(p,,(t)—§0n—1(t)||2)

sup (E”(Pn+1(t) - (Pn(t)Hz) < {l + (1 _ l)(za _ 1) :

OSSStl/\m OSSStlAm
3ME(MPIAIP + mEK + Te(QK)m*1 " (16)
<|l+ S L su E ) — >
| TR0 =DEa—1) OSSSHPNH( llp1 () — o)1)

<O5V.
where 6, < 1. By virtue of Weierstrass discriminant method

lim sup (Ellpra(®) - @u®IP) < lim 529 =0,
n—=00 0<s<tiAmy n—oo

where Eq. (13) has been utilized, hence {¢,(f)} forms a uniformly Cauchy sequence in C([0,#; A 11), H) in
mean-square sense. Therefore, there exist a continuous function ¢(-) s.t.

lim sup (Ellpa(t) - p(t)I’) = 0.
"= 0<s<hAm
And one can show from Eq.(16). Obviously, from the previous argument, Picard iterations sequence {¢,(t)}
is uniformly bounded, continous and ¥;-adapted on the interval [0, t; A 11).
Step 4: Furthermore, we need to verify that the limit of the sequence {¢,(t)} is a mild solution to system
(1).
Under Lemma 2.1, Lemma 2.13, and Assumption 3.2-3 .4,

2

2 ¢
+3E Hfo Sa(t = s)[f(s, pu-1) — f(s,9(s))Ids

t
Ellpa(t) — @(b)I* <3E Hfo Sa(t = s)[f(s, pu1) — f(s,¢(s))Ids

2
+ 3E

f
fo Salt = )95, ar) — 905, p()IAB(S)

- BME(mPIAIP + mK + Tr(Q)K)n;* !

1

sup (Ellpa(t) — p®)I) > 0asn — c.
2a -1 0<s<t+Am

Therefore, ¢(t) is the mild solution to systems in interval [0, #; A 11) as the sense of Definition 3.1.
Step 5: Let ¢(t) be another continuous mild solution on the interval [0, t; A 11).

2

3 d 3 d
E||<p<t)—q>(t)||2smEH | A5ute - 91nts 950 -1t el +EEH | sute-sis6 960~ s, ot
0 0

2

3 t
+ EEH fo Sa(t=9)lg(s, ¢(5)~g(s, G(s)IdB(D)
which implies

SMg(mPIAIP + mK + Tr(Q)K)

112 ; (t = 5" Ellp(s) — Pp(s)IPds (17)

Ellp(t) — ¢p®)I* <

Using Lemma 2.17, Ellp(t) — ¢(+)|I*> = 0is derived. Hence, ¥ t € [0, t1 A 1), ¢(t) = ¢(t) almost surely. The
uniqueness has been demonstrated.

Step 6: We need to remove the additional condition of 7;, and verify the mild solution on interval
[0,t1). If n1 < t; ,we can rewrite the mild solution on interval n; <t < (m + 1n2) At as

t

t t
x(t) :x01(t)+h(t,x(t))+f AS,(t — s)h(s, x(s))ds + f Sa(t —s)f(s, x(s))ds + f Sa(t —s)g(s,x(t))dB(s)  (18)

m m m
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where xo1(t) as defined by

M M Uit
xou(8) =Ta(®)lxo — h(0, x0)] + fo ASa(t — (s, x(s))ds + fo Sult - ) (s, x(s))ds+ fo Salt = $)g(s, x(1)dB(s)
(19)

is known function. Applying the same rationale as previously, we deduce the existence of a unique mild
solution over 11 <t < (11 +12) A t1. Repeatedly applying this process leads to the conclusion that a unique
solution x(f) to system (1) exists on the interval [0, ;).

Step 7: Denoted x(1(t) as the unique mild solution on the interval [0, t1), .

t t
x1)(t) =Ta(t)[xo — (0, x0)] + h(t, x1y(t)) + f ASy(t = s)h(s, x1)(s))ds + f Sa(t —9)f(s,x)(s))ds
0 0
t
+ [ Sutt = 9965, 100)BG), e 0,10
0

Applying Lemma 2.15 twice, one derives that

I < (s, 0 0) = TaOO 7P + T O < Vil OFF +—— Il + T OF,

1- vl

where

11 t t
T(#) =Tulb)o + f ASa(tr = 9)hs, x(s))ds + f Salt = $)f(s, x(s))ds + f Salt = 5)g(s, x(s))dB(t)
0 0 0

Combine the above derivation and Gronwall’s inequality

2

(1=1)+4(1 - VI)?
(1- VIR(1-1)

i 4 !
Ellxq(1)I* < IT2(OIPEllxol* + EE” f ASy(t = s)h(s, x1y(t))ds
0

2

2 ¢
+ &EHIO Sa(t=s)g(s, xq)(t))dB(s)

t
+ &EHL Sa(t =) f(s, xq)(t))ds
t

<Ci+Co f (t - 92 2Eljx(9)|2ds
0

t 202 CZI-Za—l
SCleczfo(f—S) “ids _ Cie =T < oo,

where

I1=1) +4(1 - VI? 4
Ci= SSsUARY ) sup [|IT.(t)IPEllxoll* and C2 = —
(1- ‘/1)2(1 —1)  ostzh 1-1

Ms(TER||A|?+TK+Tr(Q)K).
Define the Picard iterations sequence once again on interval [t1, (t; + 1) A £2) as
¢ ¢
o) = To(Ox(2) e, XN+ Bt s + [ ASs= s 0ua@)s + [ St = 956, (s
t1 tl

t
. f Sult = )05, Pr1(5))dB(Y),
131
Qo(t) = x(t1),
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By Assumption 3.5, we observe E||x(t)||* < luEIIx(l)(tl’)llz < oo, similarly to the steps above, a unique solution
exists on [t;, t2). We denote the solution on the interval [0, t,) as x(y)(t), which satisfies

X(l)(t), te [0, 00),

MWFTM%%MWMMMHMMMMﬂLMw—%@mwm+ﬁ&Mﬂmemk

t
+f&ﬁﬂmemww feltt),

to

Continuing this procedure, we can conclude that on the interval [0, T), there exists a unique local mild
solution xy(t), VT > 0.
Combining all the aforementioned steps, the proof is complete. [

Remark 3.11. Throughout the above procedure, Assumption 3.4 was utilized for the sake of simplicity. In fact, if is
not necessary. By Lipschitz condition and elementary inequality it can be observed

Ih(t, x(O)I* < 2P AIPIIx(BI + 2 sup [I(s, O)II*, [If(E x> < 2K|[x(®)I* +2 sup [If(s, O)IF,
s€[0,T) s€[0,T)

and g(-) is similar to f(-). Utilizing the above inequalities, we can substitute the corresponding procedure in the proof.

Remark 3.12. Compared to the conditions obtained by the Banach fixed point theorem such as (3.2) in [26] and (3.1)
in [6], which is an inequality where right-hand side is 1. Our conditions derived by Picard successive approximation
is more relaxable

Theorem 3.13. Under conditions of Theorem 3.10 and Assumption 3.7, there is a unique global mild solution to
system (1) defined on [0, c0) as Definition 3.1.

Proof. Theorem 3.10 have been deduced based on the results of Lemma 2.13. In this context, Mr is
denoted as sup,_,_; [T, (t)ll, and Ms as sup_,_; Ce® (1 + t=*). Moreover, Mt and Ms depend on the finite
number T. As T — oo, Mt — o0 and Mg — oo. In order to remove the dependence of T, Assumption
3.7 is introduced. Using the property of Mittag-Leffler monotonically decreasing property, one can find
Mr = My and Mg = MoI'(a)7L. Replacing Mt with M; and Mg with M, /T(a) in the proof of Theorem 3.10
is also consistent.

According to Theorem 3.10, a unique solution x(;(t) to system (1) exists on the interval [0,#1), and a
solution x)(t) exists on the interval [0, t,). Following this procedure enables us to obtain a unique global
mild solution to system (1), as defined in Definition 3.1. [J

Remark 3.14. In the proof of theorem 3.13, we have employed Assumption 3 for simplicity. If Assumption 3.4 is
not considered, by Remark 3.9 and Theorem 4.2 of [19]. For any fixed T > 0, we should let ||h(t, 0)|1%, || f(t, 0)|[> and
llg(t, 0)||? is bounded on t € [0, T), .

3.2. Stability analysis of FSINSs

Next, the stability conclusion will be presented in detail.

Theorem 3.15. Assume that Assumptions 3.2-3.7 hold. Let A € A*(@y, o) where @y € R and Sy € (0, m/2]. For
t > 0, T,(t) and S,(t) are compact. If the fractional order of system (1) a and decay rate A satisfies the condition
aA > O, with

D = 2(Dy + P)°K;, Dy = 5(K + PIAIPIM MG (1 + Ay*) 2,

1 N y*M :
[ay@a-2) I(a)*1+Arv)] ’

@, = 5Tr(Q)K VMM
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and there is a positive scalar \V s.t.

V2K (1 + p)PITa(ll + EWE 9] <1 (20)

holds, where

1 dK2=21(1—1)+5(1—w/i)

Ki=——Fan
(EICER ) (1= VIR -1
then system (1) achieves asymptotic stability in the mean-square sense.

Proof. The proof unfolds through three steps:
Step 1: For t € [0, t1), according to Definition 3.1,

¢ t t

x(£) =Ta()[xo=h(0, x0)]+h(t, x(1)) + f ASa(t=5)f(s, x(s))ds + f Sa(t=5)f(s, x(s))ds + f Sa(t=5)g(s, x(£))dB(s).
0 0 0

Applying Lemma 2.15 twice, one derives that

I
1- Vi

IO < VIROIP + ——ITa Ol + T 0, 1)

where
f t t
Tol) =TalB)ro + f ASa(t - (s, x(s))ds + f Sult = )£ (s, x(s))ds + f Sult = $)g(s, x(s))dB(®)
0 0 0

Utilizing Lemma 2.1, Young’s inequality, and the Cauchy-Schwarz inequality on the mild solution over the
interval [0, t1], one has

EllJo()I < Bl Ta(OI*Ellxol* + iHi(t), (22)
with

H(t) =5 fotIISa(t—S)IIdS f;llAIIz||Sa(t—s)IIEIIh(S,x(S))Ilzds,

Hy(t) =5 fOtIISa(f—S)IIdS fot||Sa(t_S)HE”]((er(S))HZdS/

Fis(f) =5Tr(Q) fo 1St — $)IP Ellg(s, x(s))|Pds.

From the elementary inequality, the coefficient Eq. (22) is 4, but in order to match the form of the following
steps, we increase the coefficient to 5.
From Assumption 3.4 and Lemma 3.4, we can obtain

t t—tr—1 f—fr-1
u=t—s — a o e
[ tsat=mas Y [ s < M [ (A € Mot = ) Bt 1r))
tq 0 0

< (t = tr1) " MMy < VMM,
T 1+ |/\(i’ - tk_l)a| 1+ /\)/a
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Then, utilizing Assumption 3.2, Assumption 3.3, Holder inequality and Lemma 2.5, one has

t t
Fiy(f) < 5RPAIP fo [EREIEE: fo (15t = S)IE 1St = )11 Ilx(s)I3c] ds

¢ £ ir oot 3
< SPIAPK | ||sa<x>||dx[ [ ||sa<x>||dx] [ | ||sa(t—s>||(||x(s>||,%c)2ds] 23)

t (t _ S)a—l ) 1
= Uo T o (ROl ds] ,

where Yy = 5P| A|PMPZ M2y 2(1 + Ay®)~3/2. Analogously,

t t
Fio(t) <5K fo 1S0(0)ll dx fo [11Sa(t = )17 1Sa(t = 9I? Ix(S)lf3c] ds

¢ ¢ i ot 3
S5KL ||5a(x)||dx[£ ”Sa(x)”dx] []0‘ ||Sa(t—s)||(||x(s)||%c)2ds} (24)

(t—s)*t , 1
=5 Uo T o (ROl ds] ,

where Y, = 5KM32 M32)3/2(1 + Ay*)™3/2. Combine Egs. (23)(24) and let @; = Y + Y, we ascertain

_ o)a—1 %
i (o) o] =

t
Hl(i') + Hz(f)ﬁ®1 Lfo m

For Hi(t),

t
Hs(f) < 5Tr(Q)K fo [||Sa(t_s)||%+% ||x(5)||12>c] ds

¢ Ir ot 3
< 5Tr(Q)K [fo 1S (I dx} [fo ||5a(t_5)||(||x(5)||1235)2 ds] .

By Assumption 3.4 and Lemma 2.4, one can derive

t t—t1 3 Mg Y
ft 1Sa(t = 5)IPds < M3 fo 2073 [Ega(-Ax")]’ dx < Tar fo % 3E o (—Ax")dx.
k-1
ify <1,
Mg Y 303 Mg 1 M
BE, (- o < 3a-3 < 2 ;
r(a)Zfo T Eaa(AxT)dx < r<a>3fo S P Ba D)

and if y > 1, by Lemma 2.6

Mg 4 3a-3 a Mg ! 3a-3 Mg 4 3a-3 a
Wfo X PEy o(—Ax")dx SF(a)3f(; X dx+mﬁ X PEy o (—Ax")dx
T@PGa-2) ' T@ye Fean=A79)

M VMM
*T@PGa-2) [P+ A9
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Combined with the above derivation, it can be concluded that

t _ a1 3
Fs(t) < s [ fo %(le(s)llﬁc)zds] , (26)

1
_ 2 0 1 yUzM 7
where @, = 5Tr(Q)I* VMM [ PG T TP Mﬂ)]

Combining Egs. (21)(22)(25)(26), we have
I(OI2e <KallTaIPElOIP + Ky(@; + ) f T i) as| @7)
pc =2l a 0 11 2 0 1+A(t—5)a PC :

Square the expression given in Eq. (27) , utilize elementary inequality and Gronwall-Bellman inequality
(Lemma 2.16)

t t— a—1
(GR) < 26T 0 (Bl + @ [ s (o)

< 213 (Ellxoll?) Y (@),

where
L O||T,(s)|IA(t — 5)* fot—1)!
_ 4 a
yo) = im o+ [ AR exp((D [5s A(t_T)adT)ds.
Moreover,

¢ DMt —5)*"!
4
y(t) < “Ta(t)” + 0 (1 + AS“)4 [1 + /\(t - S)a]

t 4y a—1
< ITal* + f M9 &
0 (L+AsY)[14+ A(t—s)*] "

exp (—% In(A(t = 7)° + 1)|§=S) ds

t
< ”Ta(t)”4 + ®M4)\($\_2)f st — S)(%_l)ds.
0

1
= ITaI* + OMAG [ f T - T)cf-ndq,—] (8-
0
q (D q
= ITa(l + OMIAGEDB(—, 1 - )t -9

In the first equal sign of the above equation, we substituted 7 = s/t. Combining the above equation, it can
be shown that

1
- (2— 2
Ile(®)lfpe < ‘/§K2E||X0||2[||Ta(t)||4 + Bt “)]2.

where E = OMIA®/*4-DB(D/A,1 - a). Hence, one has

@ _ 1
Ellx(t)I? < VZKoEllol[ITa ()l + Ext) ] = 1.

Step 2: According to Definition 3.1, for t; < t < t;,1, ¥ k > 1, the mild solution is

t t
x(t) =Ta(t—t1)[x(te) — hlte, x(t))] + h(t, x(t)) + f ASq(t = s)h(s, x(s))ds + f Salt —s)f(s, x(s))ds
te

tk

t
+f Sa(t = s)g(s, x(t))dB(s).

tk
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Similarly, applying Lemma 2.15 twice, using Assumption 3.6, one can show that

IO <l x(6) - Tt P+ T ITOIP

< VIl +

T = WGP + IO

<VIlx@®)I? + 2+ )”Ta(t — t)x(te)l? + —IIJk(f)II2
1-VI

where

t t
i) =Tt = 09X() + Tolt = RGN + [ A4S0 =it xNs + [ 5.0 -5)f(s, (90l
b

tx

t
+f Sa(t —s)g(s, x(s))dB(t),

tx
and

EILTk()I < SEIx(E)IPIITa(t = )P + SuBIx(EOIPITalt — tIP + FHa () +Ha(t)+Ha(t)
< SE|x(t)IPA+ I Talt =t + iH t
with
t :
Hi(t) =5 ft [1Sa(t = s)ll ds ft IAIP 11Sa(t = $)II Elli(s, x(s))II*ds,
Hy(t) = ft t [ISa(t - 5)ll ds5 ft t ISa(t = S| Ellf(s, x(s))I*ds,
Hj(t) =5Tr(Q) ft t IS4 (t = $)I Ellg(s, x(s))|ds.

Similar to the derivation in Step 1, we have

=

IRl < V2KaBi (1 + wPITalt - 1) +ELTV], (28)

and
2y
Elx(t)I? < V2ZKoOra[(1 + wPITaltz - )1 + B8] = 6. (29)

Step 3: From Eq.(29), we can know that By has a iterative relation as the type of

V2Ko O (1 + )Tt — tOII* + ut,i;l”'] = O

According to the above discussion, Assumption 3.6 and the conditon (20), there exists a large enough number
Vst O < O, fr 2 V. So sequence {Oglien+ has an upper bound. Assume that O = maxyen+ O, where
k* is a finite scalar. Let

—k—a
= VEK[(1+ PIT. b — b + 2
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then O = ||xo|I? Hf;l l;. Therefore, we conclude that
k' 1
IROIRe < V2Kalbvol? (H li] [+ AT + 2659, v £ 2 0

i=1

By the definition of the stability, ¥ ¢ > 0,

& Hf:l li_l
V2K,

when t > 0 and E||x|* < 6, it implies ||x(t)||123C < g, e.g. system (1) is stability. Additionally, the condition

_1
ERE [+ wAITL(I + BET] 2,

alA > @ results in lim;_, ET - = 0. If t; is big enough, by Assumption 3.4, Assumption 3.6 and condition
(20)
2 HNL aTer1 — Tk k= Yk+1
V2Ko(1 + W)||Ta(tisr — 1)IPO = ©
and
2 UL ol — T = 2 ML a(C ’
V2Ko(1+ i) Taltior = BIP < V2Ka(1+ pITa(Q)IP < 1

implying ®; — 0 as k — oo. In fact, k(t) behaves like a step function over ¢, with k(t) being non-decreasing
and tending to infinity as  increases. By Eq.(28), we can obtain E||x(t)||> — 0 as t — oo. Accordingly, system
(1) achieves asymptotic stability in mean-square.

Combining all the aforementioned steps, the proof is complete. [

Remark 3.16. The system studied in this paper is a semi-linear system. According to the Assumption 3.7 and Lemma
2.4, A is determined by the linear part and determines the decay rate. When A is large enough, the decay rate of the
mild solution will be larger, so it is easier to approach stability, which is consistent with the conclusion.

Remark 3.17. It is worth noting that substantiating condition (20) is straightforward. If the remaining conditions
of Theorem 3.15 satisfied, EHT0 - Qast — oo, By the € — N language of limits, condition (20) can be evaluated
by verifying V2Ka(1 + )| Ta(c)I? < 0.

3.3. Stability analysis of fractional stochastic dynamic systems without neutral function
Contemplate the ensuing fractional stochastic impulsive system without neutral function

dB(t)

Sdt
Axli=y, = I(x(t)), k=1,2,... (30)
x(to) = xo,

where t > 0. Neutral function h(t, x(t)) = 0, the remaining parts are analogous to system (1).

Corollary 3.18. Assume that Assumptions 3.2-3.4and 3.6-3.7 hold. Let A € A* (@, o) with@g € R, 9 € (0, /2].
Fort 20, Ty(t) and S,(t) are compact, if the order of system (30) a satisfies the condition aA > @, with

@ = 2(Dg + Dy)?, @1 = ARMPPZ MY 2(1 + Ay*) 32,
1 N y*M :
F(@)PGBa—-2) (@)1 + Aye)

and there is a positive scalar ¥ s.t.

© Dix(t)=Ax(t)+f(t, x(B)+g(t, x(t))

tr-1

, t# L

®, = 4Tr(Q)R VMAM:? [

AV2[(1 + pPITL I + EXTO]" <1 (31)

holds, then system (30) achieves asymptotic stability in the mean-square.
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4. Numerical examples

Leveraging the fractional-order predictor-corrector scheme and Euler-Maruyama method, two examples
are presented to validate the obtained results.

4.1. Example 1

First, we examine the FSINS as described below:

glﬂa[xl(t)—}zsm(xl(t))] —3x1(t)+15sm(x1(t))ﬂ I

c ]Z)“[xz(t)+é tanh(xa(£))] = ~3x2(F) + %cos(xz(t)) - % ; 10tanh(x2(t))%, F#

C Dl - 3 - tanh(xs()] = ~3x5(1) - sin(xs(1) + 15 sin(x3(t))$, e

c 12)“[3@;(1‘)—% cos(xs(t)+ = ] = _3x,(t) + 10 tanh(x,(f) o ( ) b, (32)
¢ 1@“[x5(t)—31 tanh(xs ()] = —3x5(f) — sin(xa(D)t + 15 sin(xs () oo ( ) ten,

g lZ)"‘[xé(t‘)+§ sin(xs(f))] = —3x4(t) — cos(xs(t)) + 1 + 10 tar1h(x6(i,‘))J t# ty,

Axilt:tk = \/mxi(t];)l i= / R 6/ ke IN+

where o = 0.9, ty — ty-1 = ¢1 = 1. The initial values are set as x1(0) = —4, x2(0) = =3, x3(0) = -3, x4(0) =
4, x5(0) = =2, x4(0) = 1 is not random variables. The parameters of the system are given by the theorem
that, because of the condition aA > @, we need only find A large enough to make the system itself stable.
When determining the parameters of the impulse, we can first determine its maximum impulse interval ¢,
and then use condition (20) to find the maximum impulse intensity u that can guarantee stability. Firstly,
we set ¢1 as 1,0.8, 0.6 respectively. Using a simplified version of the condition (20) in Remark 3.17, we can
calculate the corresponding values of p; as 5.55,2.29, 0.46, and all remaining conditions of Theorem 3.15 are
fulfilled. Figure 1 plot the paths of x;(f) (i = 1,2, ..., 6), illustrating that lim;_, Ellx;(H|> =0fori=1,2,...,6.

Remark 4.1. Suppose one would like to let the initial value xo be a random variable, On the basis of Sec 4.2 in [22],
we need only to discuss the case of constant initial values.

Time Time Time

(a) 1 = 5.55, g1 = 1.0 (b) 1 = 2.29, g1 = 0.8 (C) 1 = 0.46, c1 = 0.6

Figure 1: Solution trajectories of system (32)
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Time Time Time

(@) up =4.64, ¢, =1.0 (b) up =247, ¢, =0.8 () u2 =099, ¢, =0.6

Figure 2: Solution trajectories of system (33)

4.2. Example 2

Examine the FSIS without neutral function A(-, -) as described below:

g Dix(t) = =2x1(t) + xs(t) + 15sin(x (£) —— ( ) , L#E b,

g Dixa(t) = —2x2(t)+ 4 Cos(x4(t))——+10tanh(x2(t))£ t#ty,

g 12)“x3(t) —2x3(t) — sin(x3(¢))15 s1r1(x3(t))ﬂ t# 1y,

€ Dyt = —2x(t) + 10 tanh(xy (1) 28 f) t# b, (33)
C 4 . . dB(t)

h 12) xs5(t) = —2x5(t) — sin(x2()) + 15 s1n(x5(t))T, t# 1,

g Dixs(t) = —2x4(t) — cos(xs(t)) + 1 + 10 tanh(xs(t) —— ( ) , t#E Y,

Axili=t, = V2xa (), i=1,...,6, k=1,2,...

where a = 0.85, fx — -1 = ¢2 = 2. The initial values are set as x1(0) = 9, x2(0) = 12, x3(0) = -8, x4(0) =
2, x5(0) = =3, x6(0) = 15. Use the same method as in the previous example In this example we set ¢, as
1,0.8,0.6 respectively. Given the conditon (31) ,we obtain corresponding values of u, are 4.64,2.47,0.99,
and all remaining conditions of Corollary 3.18 are fulfilled. Figure 2 plot the paths of x;(f) (i = 1,2,...,6),
illustrating that lim_,c E|lx;(#)|> =0 fori=1,2,...,6.

5. Conclusions

We had proved the existance and uniqueness results of local and global mild solutions to FSINSs in
Hilbert space. Next, the asymptotic stability of the system mean-square was investigated. Of note, the frac-
tional solution operator and resolvent family exhibit Mittag—Leffler characteristics. Consequently, gentler
sufficient conditions were derived to ensure the asymptotic stability of FSINSs in mean-square. Utilizing
both a predictor-corrector scheme and the stochastic Euler-Maruyama method, numerical examples were
implemented to substantiate the validity of the proposed theorems. In future studies, consideration will be
given to the effect of time delay on the system. Moreover, random impulsive effect will also be examined.
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