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Abstract. In this paper, we examine classical Bour’s theorem for timelike helicoidal surfaces in 4-
dimensional Minkowski space. Then, we characterize a pair of isometric helicoidal and rotational surface
which have same Gauss map. Also, we provide the parametrizations of such isometric surfaces. Finally,
we introduce some examples and plot the corresponding graphs by using Wolfram Mathematica 10.4.

1. Introduction

One of the most important knowledge in the surface theory is that the right helicoid and catenoid is
only minimal ruled surface and minimal rotational surface, respectively. Also, it is known that they have
same Gauss map [16]. In this context, Bour’s theorem is a quite popular theorem given as follows.

Bour’s theorem.[4] A generalized helicoid is isometric to a rotational surface so that helices on the
helicoid correspond to parallel circles on the rotational surface.

By using Bour’s theorem, do Carmo and Dajczer [7] investigated helicoidal surfaces with constant mean
curvature in [E3. Also, Sasahara [22] studied spacelike helicoidal surfaces with constant mean curvature in
3-dimensional Minkowski space IE3. In 2000, Ikawa [16] gave the parametrizations of the pairs of surface
of Bour’s theorem which have same Gauss map in IE%. Ikawa [17] studied on Bour’s theorem for spacelike
and timelike generalized helicoid with non—null and null axis in ]E“;’ Also, Giiler and Vanli [12] introduced
Bour’s theorem for generalized helicoid with null axis in ]Ef and Ji and Kim [18] proved that it holds for
cubic screw motion in IE3. Giiler et al. [13] investigated Bour’s theorem for the Gauss map of generalized
helicoid in E®. As a generalization, Giiler and Yayl [14] studied Bour’s theorem for helicoidal surfaces in
E°.

In 2017, Hieu and Thang [15] studied Bour’s theorem for helicoidal surfaces in 4-dimensional Euclidean
space [E* and they proved that if the Gauss maps of isometric surfaces are same, then they are hyperplanar
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and minimal. Also, they gave the parametrizations of such minimal surfaces. Nowadays, Babaarslan et al.
[2] studied on Bour’s theorem for these three kinds of spacelike helicoidal surfaces in ]E‘l1 defined in [1].

Apart from Euclidean and pseudo-Euclidean spaces, Bour’s theorem has been extended to the different
ambient space such as the product spaces $* x R,IH? X R and Heisenberg group by Earp and Toubiana
[10, 11], the spaceforms by Ordénés [21], Bianchi-Cartan-Vranceanu (BCV) space by Caddeo, Onnis and
Piu [5]. Nowadays, Domingos, Onnis, Piu [8] investigated Bour’s theorem for surfaces that are invariant
under the action of a one-parameter group of isometries of a Riemannian 3-manifold.

In this paper, we investigate Bour’s theorem on four kinds of timelike helicoidal surfaces in 4-dimensional
Minkowski space. On the other hand, it is known that a timelike helicoidal surface in IE} could have space-
like or timelike meridian curve which make the classification richer than a spacelike helicoidal surface in
[E]. In this context, there is also a timelike helicoidal surface obtained by hyperbolic rotation (called as
helicoidal surface of type IIb) different from the surfaces in [2]. We get the characterizations of isometric
helicoidal and rotational surfaces whose Gauss maps are identical. Also, we present the parametrizations
of isometric pair of surfaces having same Gauss map. Finally, we give some examples by using Wolfram
Mathematica 10.4.

2. Preliminaries

In this section, we recall some basic definitions and formulas in 4-dimensional Minkowski space [E{. For
more information, we refer to [20].
A metric tensor g is symmetric, bilinear, non-degenarate and (0,2) tensor field in ]E‘l1 defined by

g(x,y) = (X, ¥) = X1y1 + X2V2 + X3Y3 — X4Va (1)

for the vectors x = (x1, x2,x3,x4) and y = (y1, Y2, Y3, Y4) in E*.

The causal character of a vector x € ]E‘l1 is spacelike if (x, x) > 0 or x = 0, timelike if (x, x) < 0 and lightlike
(null) if (x,x) = 0 and x # 0.
A curve in [E] is a smooth mapping a : I € R — [Ef, where I is an open interval. Then, « is a regular
curve if a’(t) # 0 for all ¢ € I. Also, « is spacelike (timelike, lightlike) if all of its tangent vectors a’(t)

spacelike (timelike, lightlike). For later use, we mention the definition of a circle in [E? as follows.

Definition 2.1. [19] We suppose that the plane P involving the circle is the plane of equation, x3 = 0, x; = 0 or
X — x3 = 0, if P is spacelike, timelike or lightlike, respectively. Thus, a circle C € IES can be defined as follows:

o If P = {x3 = 0}, then C is an Euclidean circle a(s) = p + r(cos s, sins, 0) with center p € P and radius r > 0.

o If P = {x; = 0}, then C is a spacelike hyperbola a(s) = p + r(0,sinhs, coshs) or C is a timelike hyperbola
a(s) = p +r(0, coshs, sinhs), where p € P and r > 0 is the radius.

e IfP = {x, — x3 = 0}, then C is spacelike parabola a(s) = p + (s, rs?,rs?), where p € P and r > 0.

Assume that X : D ¢ R? — ]E‘l1 is a smooth parametric surface in ]E‘l1 with a coordinate system {u, v},
where D is an open subset of R?. The tangent plane of X at p is given by T,X = span{X,, X,}. The first
fundamental form (or line element) of X is given by

g= guduz + 2g12dudv + gzzdvz, (2)

where g = (X, X, Ji2 = g1 = (X,, Xp) and g = (Xo, Xy). When W = det(g) = gng» — g%z # 0, the
surface X is non-degenerate, namely, when W > 0, X is a spacelike surface and when W < 0, X is a timelike
surface.

Let {e1, 2, N1, N>} be a local orthonormal frame on the surface X in IEJ‘ll such that e;, e; are tangent to X and
N1, N, are normal to X. The coefficients of the second fundamental form tensor according to Nj, (i = 1,2)
are given by

bill = (Xuu, Ni), blu = blzl = (Xuo, Ni), blzz = (Xpo, Ni). (3)
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The mean curvature vector H of X in [E] is given by
H = €1H N7 + e2H,N», (4)
bi - 2b! +b
nf Tl 2 fori=1,2 e = (Ni, Ny and &2 = (N, Na).

When the mean curvature vector H of X is zero, X is called as a minimal (maximal) surface in ]E‘ll.

In [6], the definition of the Gauss map was given as follows. Grasmanian manifold G(2,4) is a space
formed by all oriented 2-dimensional planes passing through the origin in [E]. Oriented 2-dimensional
planes passing through the origin in E} can be defined by the unit 2-vectors. 2-vectors are elements of

where the components H; of H is H; =

space /\”E%, that is, they are obtained with the help of wedge product (/) of vectors. The Gauss map
corresponds to the oriented tangent space of surface X in [E} to every point of X. Thus, it is defined as

viX = G(2,4) CEj v(p) = (e Ae)(p). (5)

Now, we suppose that X is a timelike surface in ]E‘ll, that is, W < 0. Thus, we can choose an orthonormal
tangent frame field e;, e, on X as below:

1
e = —X,;, e =

1
VET1 v w/—eWgu

where € = (e1,e1) = —(ez, e2). Thus, the Gauss map v of X at a point p can be given by

(911 Xo — g12Xu), (6)

v ——X, A X, )

In [1], the definition of a rotational surface and a helicoidal surface in [E] was given as follows. We suppose
that B : I — I1is a regular curve in a hyperplane IT C [E} and P is a 2-plane in I. When f is rotated about P,
then the resulting surface is a rotational surface in [E]. As a generalization, we suppose that when f rotates
about P, it simultaneously translates along a line I which is parallel to P. Also, the speed of such translation

is proportional to the speed of this rotation. Then, the resulting surface is a helicoidal surface in .

3. Helicoidal Surface of Type I

In this section, we study on Bour’s theorem for timelike helicoidal surface of type Iin E] and we analyse
the Gauss maps of isometric pair of surfaces.

Let {n1, 12, 13, N4} be a standard orthonormal basis of IE‘ll, where ;1 =(1,0,0,0), 12 =(0,1,0,0), 13 = (0,0,1,0)
and n4 = (0,0,0,1). We choose as a timelike 2-plane Py = span{ns, 14}, a hyperplane I1; = span{ni, 13, 74}
and a line I; = span{n}. Also, we suppose that 1 : I — IT; C ]E‘ll,' Bi1(u) = (x(u),0,z(u), w(u)) is a regular
curve, where x(u) # 0. By using the definition of helicoidal surface, the parametrization of X; (called as the
helicoidal surface of type I) is given by

X1(u,v) = (x(u) cos v, x(u) sin v, z(u), w(u) + Av), (8)

where 0 < v <2mand A € R*. When w is a constant function, X is called as right helicoidal surface of type
I. Also, when z is a constant function, X; is just a helicoidal surface in lE? (see [2]). For A = 0, the helicoidal
surface given by (8) reduces to the rotational surface of elliptic type in ]E‘l1 (see [9] and [3]).

By a direct calculation, we get the induced metric of X; given as follows.

dsf(1 = (0(u) + 2(u) — w?(w))du* — 2Aw’ (u)dudo + (x*(u) — A*)dv? 9)
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with W = (x2(u) — A2)(x%(u) + z2(1)) — x>(u)w'*(u) < 0 for all u € I ¢ R. Then, we choose an orthonormal
frame field {e1, e, N1, N>} on X3 in ]E‘l1 such that e;, e; are tangent to X; and Nj, N, are normal to X as follows.

1 1
1= ——=Xu, = ———=(1 X1, — 912X14)

€911 ’ \—€Wgn v

1 .
N; = ———(2’ cosv,z’ sinv, —x’, 0),
\/xrz +Z'2
1 /! 72 12N o ! iy! o 72 7”2 7\ 72 72

Ny = ———(xx’w’ cosv — A(x"* + 2’%) sinv, xx’w’ sinv + A(x"* + 2'?) cos v, xz'w’, x(x'~ + 2'7)),

(10)

where (e1,61) = —(e2,€2) = € = £1 and (N3, N1) = (Np,Np) = 1. For € = 1, the surface X; has a spacelike
meridian curve. Otherwise, it has a timelike meridian curve. By direct computations, we get the coefficients
of the second fundamental form given as follows.

’

bl B X'y —x'7" bl ~ bl ~o bl _ Xz
N e 2T 2= ,
x/2 + Z/Z 1/x/2 + Z/Z
2 - x(W' (x'x” +2'2") — w” (x% + 2'?)) 2o - AX Vx'2 + 272
1= WG +27) r Y127 01 T W ~ (11)
2l ia?
x2x'w
B, =
2

VW2 +27)
Thus, the mean curvature vector H*' of X; in [Ef is H = Hi(l Ny + Hfl N,, where Ny, N, are normal vector
fields in (10), Hx1 and HX1 are given by

(x _ /\2)(9(" ’ x’z”) _ XZ,(X,Z + ZIZ _ wlZ)

HY = ,

! 2W VX2 + 22 (12)
HX1 3 (2/\2 _ x2)(x/2 + Z/Z) + 2w’ — x(x _ /\2)(.76 (X' w” @ ) 1z (Z, w’ — w’z"))

= .

24/-W3(x"2 + 2'2)

3.1. Bour’s Theorem and the Gauss map of helicoidal surface of type I
Let define the two subsets I and , of [asI; = {u €  C R | x*(u)— A% > 0}and I, = {u € ¢ R | x*(u) - A% <
0}.

Theorem 3.1. A timelike helicoidal surface of type I in E] given by (8) is isometric to one of the following timelike
rotational surfaces in IE3:

(i)
Vx2(u) — A% cos (v - f x?(ii)(uA)z du)
\/x2(u) — AZsin (v - f x?(f)(u))\zd )

R! u,v) = a(u)x(u)x’ (1) 13
b(u (1) X (u)

xz(u) /\2

so that spacelike helices on the timelike helicoidal surface of type I correspond to parallel spacelike circles on the
timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following equation:

()22 () — w(u)) = A2(x(u) + 2" (u))
x2(u)x"2 (1)

a*(u) = b*(u) =

(14)

withx'(u) # 0 foralluel; C L
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(ii)

[ g,
A/x2(u)—-A2
b(u x(10)x" (u)

R3(u,0) = Ve (w)-12 Az (15)
\/x2(1) — A2 sinh (U— f ?(Zz)(”))\zd )
vx2(u) — A2 cosh (v -2 zﬁ)("ﬁ)z du)

so that spacelike helices on the timelike helicoidal surface of type I correspond to parallel spacelike hyperbolas

on the timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following
equation:

() — A1) (W) +2"2(W)) + (W) (> () — w(w)
X2 (u)x"(u)

a*(u) + b (u) = (16)

withx'(u) # 0 forallu el C L
(iii)
_f a(u)x(u)x’ (1) du

VAZ=22(u)
bn)x(u)x’ (u) u

R3(u,v) = ) e 17)
VA2 — x2(u) cosh (Z) + f A?“’T(Z”L)du)
VAT =2 (wysinh (v + [ 78ddu)
so that timelike helices on the timelike helicoidal surface of type I correspond to parallel timelike hyperbolas on the
timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following equation:

(A2 = () (¥ (u) +2"()) — x> (W) (" (1) — w>(w)

x2(u)x"2 (1)

a?(u) + b*(u) = (18)

withx'(u) # 0 forallu el Cc L

Proof. Assume that X is a timelike helicoidal surface of type I in E] defined by (8). Then, we have the
induced metric of X; given by (9). Now, we will find new coordinates 7, o such that the metric becomes

c7ls§<1 = F(i1)di? + G(i1)do* where F(i1) and G(i1) are smooth functions. Set il = u and o = v — fxz/zz;—(_uz\zdu.

Since Jacobian BEZ, 2 is nonzero, it follows that {ii, 9} are new parameters of X;. According to the new
parameters, the eqﬁatlon (9) becomes
2 /2
dsy, = |x2(u) + 2 (u) — w'*(u) - )2\( e (u) di + (¥(u) — A2)do". (19)

Then, we consider the following cases.
Case(i.) Assume that I; is dense in the interval I. First, we consider a timelike rotational surface R; in ]E‘l1
given by

Ri(k, ) = (n(k) cost, n(k) sin t, s(k), (k) (20)

whose the induced metric is dsp = (7°(k) + §*(k) — 7*(k))dk> + n*(k)dt* with n(k) > 0. Here, " denotes the
derivative with respect to k. Comparing the first fundamental forms, we get an isometry by taking 5 = ¢,

n(k) = v/x%(u) — A2 and
A2’ (u) p

X2 (u) + 2% (u) — w(u) -

=) M = 0 +8E) =~ PRk, 1)
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Set a(u) = S((?) and b(u) = r(k) . Then, we obtain

aWrx @) b))

Thus, we get an isometric timelike rotational surface R} given by (13) satisfying (14). It can be easily seen
that a spacelike helix on X; which is defined by u = 1 for a constant 1y corresponds to the parallel spacelike

circle on R% lying on the plane {x3 = c3,x4 = c4} with the radius ,/xé — A2 for constants c3 and ¢y, i.e.,

Ri(uo,v) = ({Jx3 — A2 cos v, \[x3 — A2sinv, c3,¢4).

Secondly, we consider a timelike rotational surface Ry, in [E} given by

Raa(k, £) = (n(k), p(k), (k) sinh £, (k) cosh £) (23)

(22)

whose the induced metric is
dsy, = (i2(K) + p(K) — PR + (ke o

with #(k) > 0. Similarly, from the equations (19) and (24), we get an isometry by taking o = t, r(k) =
x2(u) — A2 and we have

(x’z(u) + 2% () — w?(u) - %) du* = (i (k) + p?(k) — 7 (k))dk>. (25)
Set a(u) = Z((]If)) and b(u) = % Then, we obtain
a(u)x(u)x’ (i) du _ [ b)x(u)x’ (1) d (26)

NN N Tm e

Thus, we get an isometric timelike rotational surface R? given by (15) satisfying (16). It can be easily seen that
a spacelike helix on X; corresponds to the parallel spacelike hyperbola lying on the plane {x; = c1,x2 = ¢}

for constants ¢; and ¢, i.e., Ri(uo,v) = (c1,¢2, 4/x5 — A2sinhv, |[x2 — A% cosh).
Case(ii.) Assume that I, is dense in the interval I. We consider a timelike rotational surface Ry, in ]E‘l1
given by
Rop(k, t) = (n(k), p(k), s(k) cosh t, s(k) sinh t) (27)
whose the induced metric is

dsg,, = (2(K) + p(k) + S (RN = s*(k)dE* 08)

with s(k) > 0. Considering the equations (19) and (28), we get an isometry by taking 7 = t, s(k) = /A% — x?(u)
and

”2 ” 2 2w (u) 2 _ 22 ) 2 2
(x (u) + 27 (1) —w'(u) — m)du = (n=(k) + p~(k) + s~(k))dk". (29)
Set a(u) = Z((]If)) and b(u) = % Then, we find
AW , bW (1) et 0)

VA2 = x2(u) P= VA% = x2(u

Thus, we get an isometric timelike rotational surface Ri’ given by (17) satisfying (18). It can be easily seen
that a timelike helix on X; corresponds to the parallel timelike hyperbola lying on the plane {x; = c1, x» = ¢}

for constants ¢1 and ¢, i.e, R3 (1o, v) = (c1,¢2, A|A? — X2 coshv, A% — x3sinhov). O
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Now, we find the Gauss maps of the surfaces given in Theorem 3.1.

Lemma 3.2. Let X1, R1, R3 and R be timelike surfaces in E} given by (8), (13), (15) and (17), respectively. Then,
the Gauss maps of them are given by the followings

€
Vx, = xx' N1z + xz’ sinvms + (Ax’ cos v + xw’ sinv) na — Xz’ cos vz
e
+ (Ax’ sinv — xw’ cos v) g4 + /\z'n34), (31)
v ex’ (17 +asin (v f A du) 13 + bsin v uln
Rl = e 12 - 7 13 14
W X
— acos (v - f %du) 123 — b cos (v du) 24), (32)
exx’ Aw’ . Aw’
Rz = m(n cosh (v - fmdu) s +asinh (v - fmdu) M4
Aw’ . Aw’
+ b cosh (U - f mdu) 123 + bsinh (U - f mdu) N24 — 034), (33)
exx’ Aw'’ Aw'’
Vs = — asinh|v - | ———=du|ms+acosh|v— f ———du|ma
e [ 7] -
. Aw’ Aw’
+ bsinh (U - fmdu) 23 + bcosh (U — f md“) M4 + 7]34)/ (34)

where {1, N2, 13, Na} is the standard orthonormal bases of]E% and nij =n; Anjfori,j=1,2,3,4.
Proof. Using the equation (7), the Gauss maps of the surfaces can be calculated directly. [

For later use, we give the following lemma related to the components of the mean curvature vector of
the timelike rotational surface R} in [E} given by (13).

Lemma 3.3. Let R} be a timelike rotational surface in E{ defined by (13). Then, the mean curvature vector HR of
1 1
R} in Ef is HR = Hlel + H§1N2 with respect to

1 Aw’ . Aw’
Nl = —— (lZCOS(U— fmdu),ﬂSHl(U— fmdu)/ _1/0)/

, (35)
= 1 (bcos (U—f A du) bsin(v—f%du),ab,l +a2),
VA +a2)0? - a2 -1) x2=A
R! R! .
where H," and H," are given by
1 x2 2 -
Hfl _ (A% = xD)a’ + axx'(b* —a®> - 1) (36)

2xx’ (1 + a2 — b2) /(1 + a?)(x2 —
1 2 _ 12 21, _ ’ ’ /(1 2 _ 12
Hiz]:(x ANa b —ad’b+ V) +bxx’'(1+a b)' (37)
2xx /(1 + a2)(x2 = A2)(b2 — a2 — 1)3

Proof. It follows from a direct computation. [
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Then, we consider isometric surfaces according to Bour’s theorem whose Gauss maps are same.

Theorem 3.4. Let X1, R}, R2, R3 be a timelike helicoidal surface of type I and timelike rotational surfaces in IE} given
by (8), (13), (15) and (17), respectively. Then, we have the following statements.

(i.) If the Gauss maps of Xy and R} are same, then they are hyperplanar and minimal. Then, the parametrizations
of X1 and R} are given by

X1(u,v) = (x(u) cos v, x(u) sinv, c1, w(u) + Av) (38)

and

vx2(u) — A% cos ( -f Y%Zz)((”?)z du)
w (u
R%(u, v) = VX2 (u) — A? s1n< fxz(u) 1zdu ) (39)

2

i\/% arcsin 4/c3(A2 — x2(u)) + ¢4

where c1, ¢2, ¢3, ¢4 are arbitrary constants with c3 < 0 and

A2 —

(40)

w(u) = i( A2(1 + c3(x2(u) — A2))

: arcsin( c3(A% - xz(u))) — Aarctan [ \/(1 — c3A?) (¥ (u) — /\2)])'

(ii.) The Gauss maps of X1 and R? or R3 are definitely different.

Proof. Assume that X; is a timelike helicoidal surface of type I in I} defined by (8) and R}, R, R? are timelike
rotational surfaces in 1E4 defined by (13), (15) and (17), respectlvely From Lemma 3.2, we know the Gauss
maps of X, R}, R% and R? given by (31), (32), (33) and (34), respectively. Then, we consider the Gauss maps
of each surfaces.

(i) Suppose that X; and R} have the same Gauss maps. From (31) and (32), we get the following system of
equations:

xz' sinv = axx’ sin (U - f %du), (41)
, _ , Aw’ J
xz' cosv = axx’ cos|v — 2o ul, (42)
’ ’ s ;- Aw’
Ax" cosv + xw’ sinv = bxx’ sin|v — =2 du (43)

Ax" sinv — xw’ cosv = —bxx’ cos (U - f ;\Ldu), (44)
x2 — A2

Az = 0. (45)
Due to A # 0, the equation (45) gives z’(u) = 0. Then, from the equations (41) and (42) we get a(u) = 0.
Therefore, it can be easily seen that the timelike surfaces X; and R} are hyperplanar, that is, they are lying
in ]Ei’ Moreover, the equations (12) and (36) imply that Hfl = Hf% = 0. Also, from the equations (12) and
(37), we have
B x/2w/(2)\2 _xZ) +x2 73 +x(x _ AZ)(x// ’ XIZU”)
- 2(x2w’2 _ sz(xz _ /\2))3/2 4
R bxx'(1 —b?) + b'(x* — A?)
P 2@ -1p

X
Hy!
(46)
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Using z’(u) = a(u) = 0, from the equation (14) we have

Y20 + A2x2
5 + A%x
b* = 272 (47)
Also, by using the equation (47) in (46), we get
H?} _ _x2wl(x/2 /(2/\2 _xZ) +x2 /3 +x(x _ AZ)(x// ' —xXw //)) (48)

z(xzwlz _ x/Z(x2 _ AZ))S/Z \/(x2w/2 + /\zx/Z)(xz Az)
x’uw’ X

\/(x2w;2 + /\Zx’z)(xz _ Az) 2

1
Thus, we get H§1 = - . Moreover, using equations (43) and (44), we obtain the

following equations

, , Aw’
xw’ = bxx’ cos (f mdﬂ), (49)
A 7
/\x’ = —bxx’ sin (f ru)AZdM) (50)
Considering the equations (49) and (50) together, we have
xw’ Aw'
=- . 1
i cot(f 2 _Azd”) (51)

Taking the derivative of (51) with respect to u, we find

/\2(xx' 7 +w (zx xx//))+x2(w/(w/2 /2)+x(x// ’ / N)) _ (52)

1
which implies Hé(l = HI; ! = 0. Thus, we get the desired results. Since R} is minimal, from the equation (36)
we have the following differential equation (x? — A2)b’ + xx’b = xx’b®, which is a Bernoulli equation. Then,
the general solution of this equation is found as

5 1

C 14c(a2 - A2) (53)

for an arbitrary negative constant c3. Comparing the equations (47) and (53), we get

w(u) = £1 —c3A2 f X () \/ ) = 2 du (54)

x(u) \ 1+ ca(x2(u)—A2)

whose solution is given by (40) for c3 < 0. Moreover, using the last component of R% in (13) we have

f e X' (u) du = +—— arcsin r/=ea(2(0) — 12) + ¢4 (55)
x

— A2)(1 + c3(x2(u) — A2)) V-c3

for any arbitrary constant c4.
(ii.) Suppose that X; and R} have the same Gauss maps. Comparing the equations (31) and (33), we get
x(u) = 0 or x'(u) = 0 which give Vg2 = 0. That is a contradiction. Thus, their Gauss maps are definitely

different. Similarly, we show that the Gauss maps of the surfaces X; and R; are definitely different. [

Remark 3.5. Taking x(u) = u in Theorem 3.4, we get the cases obtained in [17] and the rotational surface given by
(39) also has the same form of surface in Proposition 3.4, [17].
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Assume that X; is a timelike right helicoidal surface of type I in Ej, that is, w’(u) = 0 foru € I ¢ R.
On the other hand, we know that W = (x?(u) — A%)(x"*(u) + z’%()) < 0 when I, is dense in I. Thus, from
the surface R} in Theorem 3.1, we get the parametrization of isometric timelike rotational surface. From
Theorem 3.4, it can be easily seen that the Gauss maps of these isometric surfaces are definitely different.

Now, we give an example by using Theorem 3.4.

Example 3.6. If we choose x(u) = u, A =1, c3 = =1/2 and ¢4 = 0, then isometric surfaces in (38) and (39) are given
as follows

/ 21 3(uz-1
Xﬂu,v):(ucosv,usinv, 3 arcsin 4 > — arctan %+UJ

2_
Vu2 —1cos|v — %arctan 3
V=3u*+12u2-9

Ri(u,v) =| Vu?-1sin (v - % arctan (L )

and

V-3u4+12u2-9
. 2
V2 arcsin \/ “21

For132 <u < 1.72and 0 < v < 2m, the graphs of timelike helicoidal surface Xy and timelike rotational surface R
in IE3 can be plotted by using Mathematica 10.4 given in Figure 1 and Figure 2, respectively.

Figure 1: Timelike helicoidal surface of type I; spacelike helix.
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Figure 2: Timelike rotational surface; spacelike circle.

4. Helicoidal Surface of Type Ila

In this section, we study on Bour’s theorem for timelike helicoidal surface of type Ila in ]E‘l1 and we
analyse the Gauss maps of isometric pair of surfaces.

Let us choose a spacelike 2-plane P, = span{n, 12}, a hyperplane I, = span{ni, 2, 1m4} and a line
I, = span{m}. Also, we suppose that y, : I — I, C ]E‘ll; B2a(1t) = (x(u), y(u),0,w(u)) is a regular curve with
w(u) # 0 for all u € I. By using the definition of helicoidal surface, the parametrization of Xy, (called as the
helicoidal surface of type Ila) is

Xoa(u, v) = (x(u) + Av, y(u), w(u) sinh v, w(u) cosh v), (56)

where, v € Rand A € R*. When x is a constant function, Xy, is called as right helicoidal surface of type Ila.
Also, when y is a constant function, X, is just a helicoidal surface in ]E“;’ (see [2]). For A = 0, the helicoidal

surface which is given by (56) reduces to the rotational surface of hyperbolic type in [E} (see [9] and [3]).
By a direct calculation, we get the induced metric of X, given as follows

dsy, = () + y*(u) — w*(w)du® + 2Ax' (w)dudo + (A + w*(u))do? (57)

with W = (A% + w?(u))(y"*(u) — w?(u)) + x’*(u)w?(u) < 0 for all u € I. Then, we choose an orthonormal frame
field {e1,e>, N1, N>} on X5, in lE‘l1 such that e;, e; are tangent to X, and Ny, N, are normal to Xy, as follows

1 1
=——Xy,, = ——— (911 X0, — 912X22.),
e e 2a, () W(Qn 20, — 912X24,,)
1
N1 = ————=(0,w’, ¥’ sinh v, y’ cosh v),
/w/Z _ y/2 (58)
1
Ny =— —————(w(w? - y?),x'y'w, ¥ww’ sinhv — A(w? - y'*) cosh v,
_W(w;z _ ]//2)

x'ww’ coshv — A(w' — y'?) sinhv),

where (e1,e1) = —(ez,€2) = € and (N1, N1) = (N, N;) = 1. For € = 1, the surface Xy, has a spacelike meridian
curve. Otherwise, it has a timelike meridian curve. By direct computations, we get the coefficients of the
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second fundamental form given as follows.

1 _yw-yw 1 1 _ 1 yw
bll - W2 — y,z 4 b12 - b21 - 0’ b22 - w2 — y,z
bz _ w(xl(w/w// _ y/y//) + x//(yiz _ w/Z)) bz _ b2 _ Aw’ w/Z _ yIZ (59)
11 W(y’2 — w’z) ’ 12 21 m 4
) x'wrw’
b22 s T
W(yrz _ wlZ)

Thus, the mean curvature vector HX» of Xy, in 1E‘1l is HX= = Hi(z“Nl + Hfz“ N, where N1, N, are normal vector
fields in (58), Hfz” and H?Z” are given by

_ @+ M)y - yw”) - ywE? + Yy - w?)

- 2W w2 — y?

X' (w? + 2A%)(y? - w'?) + xPww’ + w(A? + w?) (" (y? - w?) + X (w'w” - y'y"))
) 2W3(y? — w?) '

X
H™
(60)

X2
H2

4.1. Bour’s Theorem and the Gauss map for helicoidal surfaces 1la
Theorem 4.1. A timelike helicoidal surface of type Ila in IES given by (56) is isometric to one of the following timelike
rotational surfaces in IE}:

(i)

VA wP)cos (v + [ i du)
VA2 + w?(u) sin (U+ f AZAfw(;l)u du )
R}, (u,0) = o N

VA2 +w?(u)
b( u)w(u)w (u)

A2 +w? (1)

so that spacelike helices on the timelike helicoidal surface of type Ila correspond to parallel spacelike circles on the

timelike rotational surface, where a(u) and b(u) are differentiable functions satisfying the following equation:

A2y () — w(w)) + w (W) (<> ) + y™(u) - 2w (w)
w(u)w'?(u)

a*(u) — b*(u) = (62)
(ii)
f a(w)w(u)w’ (u) du

b(u)w(u)w’ (1) du

R, (1,0) = M "
VI sinh 0+ )
JET @ cosh (v + | 228 )

so that spacelike helices on the timelike helicoidal surface of type Ila correspond to parallel spacelike hyperbolas on
the timelike rotational surface, where a(u) and b(u) are differentiable functions satisfying the following equation:

w? () () + y*(u) + A2y (w) - wa(u))‘

w?(u)w'(u)

a?(u) + b*(u) = (64)
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Proof. Assume that Xy, is a timelike helicoidal surface of type Ila in E{ defined by (56). Then, we have the
induced metric of X, given by (57). Now, we will find new coordinates i, ¥ such that the metric becomes

dsy, = F(@)da* + G(i)do®, (65)
where F(i1) and G(i1) are smooth functions. Setii = uand o = v + f Ax () —————du. Since Jacobian o(@,9) is
' - - A2+ w(u) d(u,v)

nonzero, it follows that {i, 5} are new parameters of X»,. According to the new parameters, the equation
(57) becomes

A2 IZ(M)
w(u)

First, we consider a timelike rotational surface Ry in E] given by (20). Then, we have the induced metric of

s}, = (x’2<u> +y2() - ww) - )duz + (A2 + R ())de. (66)

Ry. Comparing the metric of Ry and (66), we take ¢ = t and n(k) = /A2 + w?(u) and we also have
/\ZX/Z(u)
) DN 20N 2 _ (2 201y _ 32 2
(x () + y=(u) —w'=(u) peswTn du® = (n“(k) + $°(k) — #(k))dk". (67)

Set a(u) = Z((];)) and b(u) = r(k) . Then, we obtain

a(uw)wu)w’ (u) i b(u)w(u)w (u)

JErawm ) erew

Thus, we get an isometric timelike rotational surface R} given by (61) satisfying (62). It can be easily seen
that a spacelike helix on Xj, corresponds to parallel spacelike circle lying on the plane {x3 = c3, x4 = ¢4} with

the radius (/A2 + w3 for constants c3 and ¢y, i.e., R} (1o, v) = (/A2 + w3 cos v, \JA? + W sinv, c3,c4).
Secondly, we consider a timelike rotational surface Ry, in ]E‘lL given by (23). Then, we know the induced

metric given by (24). Comparing the equations (24) and (66), we take ¢ = f and r(k) = /A? + w?(u) and we
also have

(68)

” ” ” A2x(u) 2 _ (2 ) ; 2
(x () + Y= () —w™(w) - 55— 2 )) u? = (2 (k) + pP(k) — 2 (k)dk>. (69)
Set a(u) = ”((Z)) and b(u) = % Then, we obtain
a(u)w(u)w’(u)d b(u)w(u)w’ (u) 70)

u,
Jmraw ™ V) erew

Thus, we get an isometric timelike rotational surface R3 given by (63) satisfying (64). It can be easily
seen that a spacelike helix on X,, which is defined by u = 1y for a constant 1, corresponds to the par-
allel spacelike hyperbola lying on the plane {x; = c1,x = ¢} for constants ¢; and ¢y, i.e., Réa(uo, v) =

(c1,¢2, \JA? + wjsinhv, \JA2 + w]coshv). O
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Lemma 4.2. Let Xy, R} and R}, be timelike surfaces in T given by (56), (61) and (63), respectively. Then, the

Gauss maps of them are given by the followings

— Ay'nz + (x'w coshv — Aw’ sinh v)ny3 + (X'wsinh v — Aw’ cosh v)na

€
vy, = ——
= m(

+ y'wcosh vz + y'wsinh vy — ww’r]34), (71)
Vp1 = ewws (17 +asin|v + A du M3 + bsin|v + A d n
Rl = a7y 12 FEn 13 T+ 14
Ax’ Ax'(u)
— a.cos (U + f T+ du) MN23 — bcos (U + f mdu) T]24)/ (72)
eww’ Ax! Ax!
Ve = \/_(a cosh (Z) + f " du) M3 +asinh (ZJ + f " du) 114
a0 W A A
Ax’ Ax!
+ b cosh (v + f e du) 123 + bsinh (U + f FEn du) No4 — 7734), (73)

where {n1, 12,3, N4} is the standard orthonormal bases of ]E% and nij =n; Anjfori,j=1,2,3,4.
Proof. Using the equation (7), the Gauss maps of the surfaces can be calculated directly. [

For later use, we give the following lemma related to the components of the mean curvature vector of
the timelike rotational surface R% given by (63).

Lemma 4.3. Let R3 be a timelike rotational surface in E] given by (63). Then, the mean curvature vector HRa of
2 2
R3, inEfis HR% = Hfz“Nl + Hi”’Nz with respect to

1 . Ax! Ax’
N; = \/m(o,l,bsmh(v+f)LZ du) bcosh(v+ fmdu)),

, , (74)
= ! (1 — b?,ab,asinh (v + f 2/\x du) acosh (U + f%du)),
VO -1)@ + 12 1) A A% +w
R%n R%n 'y
where H,™ and H,* are given by

T (wW? + A2 — (a2 + b — 1)bww’

Y 2w (@ + b2 - 1)1 - D)@ + A2) 75
o (w? + A%)(@' (1 = b?) + abb’) — aww’ (a*> + b*> — 1)

= .

2ww’ /(0% — 1)(w? + A2)(a2 + b2 — 1)3
Proof. It follows from a direct computation. [
Then, we consider isometric surfaces according to Bour’s theorem whose Gauss maps are same.

Theorem 4.4. Let Xo,, R}, and R3, be a timelike helicoidal surface of type Ila and timelike rotational surfaces in IE}
given by (56), (61) and (63), respectively. Then, we have the following statements.

(i.) The Gauss maps of Xo, and R} are definitely different.
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(ii.) If the surfaces Xp, and R2 have the same Gauss maps, then they are hyperplanar and minimal. Then, the
parametrizations of Xo, and R3 can be explicitly determined by

Xoa(ut,0) = (x(u) + Av, c1, w(u) sinh v, w(u) cosh v) (76)

and

i% arcsinh +/c3(A2 + w2(u)) + ¢4

2 — “
R o) =\ w2 sinh (0+ [ sisdu) | "
VAZ + () cosh (v + [ 2% du)

where c1, ¢3, ¢3, ¢4 are arbitrary constants with c3 > 0 and

x(u) = £ | V1 + c3A?aresinh e3(A? + w?(u)) — A v/cz arctanh AL+ (R + wi(w) ]] (78)

V(A + c3A2)(A2 + w?(u))

Proof. Assume that Xy, is a timelike helicoidal surface of type Iin E{ given by (56) and R} , R} are timelike
rotational surfaces in [E] given by (61) and (63), respectively. From Lemma 4.2, we have the Gauss maps of
Xa., R}, and RZ given by (71), (72) and (73), respectively.

(i.) Suppose that the Gauss maps of X, and R} are same. Then, from the equations (71) and (72), we get
w(u) = 0 or w'(u) = 0 for u € [ which implies vge = 0. That is a contradiction. Thus, their Gauss maps are
definitely different.

(ii) Suppose that the surfaces Xy, and R3 have the same Gauss maps. From (71) and (73), we get the
following system of equations:

Ay = (79)

x'wcoshv — Aw’ sinhv = aww’ cosh (U + f AzA_:_C/wz ), (80)
x'wsinhv — Aw’ coshv = aww smh( + f AzAf;Uz ) (81)
y'wcoshv = bww’ cosh (v + f X du) , (82)

y'wsinhv = bww’ sinh (U + f AZAj_sz du) ) (83)

Due to A # 0, the equation (79) gives y’(u) = 0. Then, from the equations (82) and (83) imply b(u) = 0.
Therefore, it can be easily seen that the surfaces X5, and Réa are hyperplanar, that is, they are lying in ]E?

Moreover, the equations (60) and (75) imply that Hi(z” = Hfg‘l =0and

Xw?(2A% + w?) = w?x® + w(A* + W) (¥'w’ - xX'w”)
2(w2(A2 + w?) — w?x'2)3/2

Xoo _ _
H2 =

oS a’' (w? + A?) + aww' (1 — a?) (84)
2 2uww @+ A1 -a2p
Using y’(1) = b(u) = 0, from the equation (64) we have
aZ(u) — xlz(u)wz(u) _ Azwlz(u) (85)

w?(u)w'(u)
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By using the equation (85) in (84), we get

1 X (x'w?(2A% + w?) — x%w? + w(A? + w?)(x"w’ — x'w")) (86)
2 2(w2(A? + w?) — w222 \J(A2 + w?) (w?x? — A2w'?)
which implies H§§” = - 'y Hfz”. Moreover, using equations (80) and (81), we obtain the
V@22 2w?) (A2 +w?)
following equations
X'w = aww’ cosh (f %dt{), (87)
, ' sinh Ax’ J
Aw' = —aww’ sin T (88)
Considering the equations (87) and (88) together, we have
xX'w Ax
- = coth ——du|.
T cot (f T +a2 u) (89)
If we take the derivative of the equation (89) with respect to u, the equation (89) becomes
A w?(2A% + w?) — w?x® + w(A? + wH) (W — X'w')) = (90)

RZ

which implies Hfz“ = H,* = 0. Now, we determine the parametrizations of the isometric surfaces X, and

R3 . Since R3_is minimal, from the equation (84) we have the following Bernoulli differential equation
(A2 + w?)a’ + ww'a = ww'a® 1)
whose solution is given by

2 1

=TT ¢2)

for an arbitrary positive constant c3. Comparing the equations (85) and (92), we get

x(u) = 41+ C3)\2f ww) \/ W) + /\2 du (93)

1+ c3(w?(u) + A2)

whose solution is given by (78) for c3 > 0. Moreover, using the first component of Rga(u, v) in (63), we have

f V(A2 U du = +—— arcsinh /c3(A2 + w2(w)) + c4 (04)

+ 02 (W))(1 + c3(A2 + w2(u)) \/_

for any arbitrary constant cy. [

Remark 4.5. Taking w(u) = u in Theorem 4.4, we get isometric surfaces obtained in [17] and the rotational surface
given by (77) also has the same form of minimal rotational surface in Proposition 3.2, [17].

Assume that X, is a timelike right helicoidal surface of type Ila in [}, that is, x’(u) = 0 for all u € I.
Then, from Theorem 4.1, we get the parametrizations of isometric timelike rotational surfaces in [E}. On the
other hand, Theorem 4.4 implies that their Gauss maps can not be same.

Now, we give an example by using Theorem 4.4.
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Example 4.6. If we choose w(u) = u, A = c3 = 1 and c4 = 0, then isometric surfaces in (76) and (77) are given as
follows

[2+u?
Xoa(u,v) = [\/5 arcsinh V1 + u2 — arctanh 2+—2uuz + v, usinh v, u cosh v

and

arcsinh V1 + 12

V1+u2sinh(v+ln b )
V3u2+4+ V8ut+2412+16
V1+u2cosh(0+ln i )

V3u2+4+ Vit 247416

R%a(u, v) =

For 119 <u < 10and 1.5 < v < 1.5, the graphs of timelike helicoidal surface Xo, and timelike rotational surface
R3_ in IE3 can be plotted by using Mathematica 10.4 given in Figure 3 and Figure 4, respectively.

Figure 3: Timelike helicoidal surface of type Ila; spacelike helix.

Figure 4: Timelike rotational surface; spacelike hyperbola.
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5. Helicoidal Surface of Type IIb

Let us choose a spacelike 2-plane P, = span{n;, n2}, a hyperplane I'ly, = {11, 2,113} and a line [, = span{m}.
Also, we suppose that f, : [ — Iy C ]E‘ll; Bap(u) = (x(u), y(u),z(1),0) is a regular spacelike curve with
z(u) # 0 for all u € I. By using the definition of helicoidal surface, the parametrization of Xy, (called as the
timelike helicoidal surface of type IIb) is

Xop(u, v) = (x(u) + Av, y(u), z(1) cosh v, z(1) sinh v), (95)

where, v € Rand A € R*. When x is a constant function, Xy, is called as timelike right helicoidal surface of
type IIb. Also, when y is a constant function, Xy; is just a timelike helicoidal surface in ]E? For A = 0, the

helicoidal surface which is given by (95) reduces to the rotational surface of hyperbolic type in [E].
By a direct calculation, we get the induced metric of Xy, given as follows.

dsiy = ((u) + y*(u) + 2% (w))du? + 2Ax" (w)dudo + (A* — 2%(u))do? (96)

with W = (A% — 22(w))(y*(u) + z’*(w)) — x*(u)z?(u) < 0. Then, we choose an orthonormal frame field
{e1,e2,N1, N>} on X5, in ]E‘ll such that e;, e; are tangent to X5, and Nj, N, are normal to Xy, as follows

1 1
e = Xzb,,/ €y = —(911X2hn — 912X2bu)/

VI V-Wgn

1
Ny = ———(0,—2', ' cosh v, y sinhv),

[ylz + ZI2

1
Ny =—————(—2(y* + ), 2y, x'zz' coshv — A(y'* + z’*) sinh v, x'zz’ sinh v — A(y’? + z'%) cosh v),

_W(yIZ + Z/2)
97)

where (e1,e1) = —(e2,e2) = 1 and (N1, N7) = (N, N») = 1. By direct computations, we get the coefficients of
the second fundamental form given as follows.

y/zll _ y/lzl ylz

bl = , bl = bl = 0, bl El—
11 /—y,z T 2’2 12 21 22 /—y,z T Z'Z
- z(x’(y’y” +Z/Z//)_xu(y/2+zf2)) T AZ,W
bll - 4 b12 - b21 - 4 (98)
,/_W(yIZ + Z/Z) \/_W
x'z%z'
bgz =

Thus, the mean curvature vector H** of Xy, in E{ is H*» = H f 2Ny + Hé( »N,, where N;, N, are normal vector
fields in (97), Hfz” and H;(Zl” are given by

e - W=D —Zy) +zy (2 4y +27)
' 2W y’z + 2 ’
1
My = V(@ - 20) Y +2) 4 27 - 22) (99)

2 _WS(y/Z + Z’Z)

F W@ YY) -+ 2 + 2+ 2 -y ) |
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5.1. Bour’s Theorem and the Gauss map for helicoidal surfaces of type IIb

In this section, we study on Bour’s theorem for timelike helicoidal surface of type IIb in E} and we
analyse the Gauss maps of isometric pair of surfaces.
Let define the two subsets Iy and [ of [ as I; = {u € I | 22(u) - A> <0} and I, = {u € I | z2(u) — A> > 0}
Theorem 5.1. A timelike helicoidal surface of type IIb in IE given by (95) is isometric to one of the following timelike
rotational surfaces in Ef:

(1)
VAZ = 2(u) cos (v + [ iidsdu)
VE=Z@sin(o+ [ H80u)

R} (u,0) = a()z(u)z' (1) (100)
2p\Hy - du
f VA2—22(u)
_ [ bw)zw)z'(w) u

so that spacelike helices on the timelike helicoidal surface of type IIb correspond to parallel spacelike circles on the
timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following equation:

_ AP w) + 2%(w) — 22 ) (P () + ¥ (w) + 2272 (w)

2 _ bZ 101
() = P (w) ST (on
foralluel; CR,
(i)
_ a(u)z(u)z’(u)du
f VA2=22(u)

_ f h(u)z(u)z’(u)du

R3,(u,v) = VA2=z2(w) (102)

JE= 2@ sinh (0-+ [ 220 4u)

A2 — z2(u) cosh (v + f A () du)

A2—22(u)

so that spacelike helices on the timelike helicoidal surface of type IIb correspond to parallel spacelike hyperbolas
on the timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following
equation:

_ AP+ 2%w) — 2P w) + ¥ 1)

2(u) + b? 103
a2 (u) + () EE (103)
foralluel; CR,
(if)
f a(u)z(u)z’(u)du
b(u)z(u)z’ (1) "
RS, (u,0) = 2(u)-A2 (104)

\/z2(1t) — A2 cosh (v - ZZA(f)(_"})p du)
\/z2(1) — A2 sinh (v - Z?(’:l/)(_“;z du)
so that timelike helices on the timelike helicoidal surface of type IIb correspond to parallel timelike hyperbolas

on the timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following
equation:

)+ 170) = TG+ 200) ~ R0 + 270 105
2(02(w)

withz'(u) #0 foralluel, c R



B. B. Demirci et al. / Filomat 39:16 (2025), 5511-5542 5530

Proof. Assume that X is a timelike helicoidal surface of type IIb in ] defined by (95). Then, we have the
induced metric of X, given by (96). Now, we will find new coordinates i, & such that the metric becomes

dsy,, = F()di® + G(i)do”, (106)
_ _ . _ = Ax' (1) . . 8(12, Z_)) :
where F(i1) and G(i1) are smooth functions. Set# = uand v = v + f AZ_Zz(u)du. Since Jacobian 2w, 0) is

nonzero, it follows that {i, 7} are new parameters of X,. According to the new parameters, the equation
(96) becomes

)\2 lZ(u)

dsiZb = (x’z(u) + y’z(u) +2%(u) + 200) -

)d + (A2 = Z22(u))d". (107)

Then, we consider the following cases.
Case(i) Assume that I; is dense in I. First, we consider a timelike rotational surface Ry in ]E‘l1 given by (20).

Comparing the induced metric of Ry and (107), we take @ = t and n(k) = /A2 — z?(u) and we also have

(x’Z(u) + 1y (u) + 2% (u) + Z?(Z‘)'—Z_(LXZ)M = (n2(k) + $2(k) — 7 (k))dk>. (108)

Set a(u) = S((],?) and b(u) = %?) Then, we obtain

- f AWz, [z
VAZ=2w) JAZ—2()

Thus, we get an isometric timelike rotational surface R}, given by (100) satisfying (101). It can be easily
seen that a spacelike helix on Xy, which is defined by u = u, for a constant 1y corresponds to the parallel

(109)

spacelike circle lying on the plane {x; = c3,x4 = c4} with the radius /A% - zg for constants c3 and ¢y, i.e.,

R}, (110, v) = (4|A? = z5 cos v, \JA? — 22 sinv, c3, ¢4).

Secondly, we consider a timelike rotational surface Ry, in ]E‘l1 given by (23). Then, we have the equation
(24). Comparing the equations (24) and (107), we take o = t and r(k) = /A% — z%(u) and we also have

(x’z(u) + () + 2% () + —Z? (2‘)'2_(”;2 ) du? = (12 (k) + pA(k) — (k) dR%. (110)

Seta(u) = % and b(u) = K. We find

a(u)z(u)z’ (u) d p= b(u)z(u)z' (1) (u)

Thus, we get an isometric timelike rotational surface R> 5 glven by (102) satisfying (103). It can be easily
seen that a spacelike helix on Xy, which is defined by u = uy for a constant 1, corresponds to par-
allel spacelike hyperbola lying on the plane {x; = ¢1,x; = ¢} for constants ¢; and ¢; ie., R%b(uo,v) =

(c1,¢2, \|A? =z sinh v, \JA? — 2§ cosh D).

Case (ii) Assume that I, is dense in I. Then, we consider a timelike rotational surface Ry, in ]E‘ll given by
(27). Comparing the equations (28) and (107), we take o = t and s(k) = /z?(u) — A? and we also have

(111)

(x’2(u) + 2 (u) + 2% (u) + Z?(Z’C)'—Z_(”ﬁz)duz = (?(k) + p* (k) + §*(k))dk>. (112)
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Set a(u) = ”((,I{()) and b(u) = % Then, we obtain

a(u)z(u)z (u) b(u)z(u)z (u)
V22 (u) - Az P VZ2(u) - A2

Thus, we get the timelike isometric rotational surface R}, given by (104) satisfying (105). It can be easily seen
that a timelike helix on X5, corresponds to the parallel tlmehke hyperbola lying on the plane {x; = c1,x2 = c,}

for constants ¢; and ¢y, i.e., R3, (uo, v) = (c1,¢2, /25 — A>cosho, |z — A2sinhv). [

(113)

Lemma 5.2. Let Xp, R}, RS, and R3, be timelike surfaces in IE} given by (95), (100), (102) and (104), respectively.

The Gauss maps of them are given by

VX, = \/%_W( — Ay'm2 + (¥’zsinhv — Az" cosh v) 13 + (x’zcosh v — Az’ sinh v) 14
+ y'zsinh vz + y'zcosh vnpy + zz’r]34), (114)
. ezz . AX’ Ax’
VR = _ﬁ Mo +asin|v + FE du ms +bsin|v + FE d M4
Ax! Ax’
—acos (v + f FE du) M3 — bcos (v + fmdu) rm), (115)
e€zz' Ax’ Ax
Vgz = = m(n cosh (v + f o du) M3 +asinh (v + f o du) 14
Ax’ Ax’
+ bcosh|v + 5 du o3 + bsinh (v + du 24 — M34 ), (116)
A A2 —
€zz' . Ax Ax’
VRgh = m(ﬂ sinh (U - f mdu) 113 + acosh (U - f ZZ_—/\sz) 14
. Ax’ b Ax! J
+ bsinh|v — Zz_—,\zdu 123 + bcosh (v — Zo U |14 + N34, (117)

where {1, 12, M3, N4} is the standard orthonormal bases of ]E‘l1 and n;; =n; Anj fori,j=1,2,3,4.
Proof. Using the equation (7), the Gauss maps of the surfaces can be calculated directly. [J

For later use, we find the mean curvature vectors of the timelike rotational surfaces R%b and Rgh as
follows.

Lemma 5.3. Let Rgb and R3 be timelike rotational surfaces in B3 1 iven by (102) and (104).

2 2
(i.) The mean curvature vector HY of R3, in [Ef is HR = Hf”’Nl + H§ * N, with respect to

1 . Ax’ Ax’
Ny = m (O, 1,bsmh (U‘i‘ fmdu),bCOSh(U‘i‘ fmdu)),
= ! (1 — V%, ab,asinh (U + f 2/\x du) acosh (U + f %du)),
VB2 -1)@2+ b2 - 1) A A% =z

(118)
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R R .
where H,* and H,* are given by

2 V(- A% —bz (@ + D2 - 1)

2@+ - 1) A -2 -2)

g _ @ - M)@ W 1) —abl) +az2'(@ + b~ 1)
’ 222/ 17 - D — )@ + 12 - 1)

(119)

3 3
(ii.) The mean curvature vector HX» of RS, in I is HR = Hf N1 + H§ * N with respect to

1 Ax! . Ax!
N1 = — m (0, —1,bCOSh (U - fmdu),bsmh(v - f mdu)),

N, =— ! (—1—b2,ab,acosh(v—f%du),ﬂsmh(v_f ZAX zd”)),
VIt A+ 21 1) #-A “-A

(120)
where Hf 2 and Hggh are given by
Hzlz;b _ b (2% = A?) + bzz' (@ + b*> + 1) ,
2zz/ (a2 + b* + 1) /(1 + b2)(z2 — A?
=20 NI+ - 1) 121

3, (=A@ (1 +b%) —abl') +azz' (> + > + 1)
22 I+ D)@ - )@+ +1p

) =

Proof. It follows from a direct calculation. [
Then, we consider isometric surfaces according to Bour’s theorem whose Gauss maps are same.

Theorem 5.4. Let Xy, Réb, Rgb and Rgb be a timelike helicoidal surface of type 1Ib and timelike rotational surfaces in

]E‘l1 given by (95), (100), (102) and (104), respectively. Then, we have the following statements.
(i.) The Gauss maps of Xy, and R}, are definitely different.

(ii.) If the Gauss maps of the surfaces Xo, and R}, are same, then they are hyperplanar and minimal. Then, the
parametrizations of the surfaces Xy, and R3, can be explicitly determined by

Xop(u, v) = (x(u) + Av, c1, z(u) cosh v, z(u) sinh v) (122)

and

i\/LE arcsinh /c3(A% — z2(u)) + ¢4
2

2 = ’
Ryt 0 =1 =y sinh (o + [ 220 du) | (123)
A2 = z2(u) cosh (v + f A?f;(;&)du)

where c1, ¢y, ¢c3 and cy are arbitrary constants with c3 > 0 and

x(u) = i( 1+csA? arcsinh v/c3(A2 — z2(u)) — A arctanh \/(1 + o) - zz(u))) ) (124)
c3 AT+ c3(A2 — 22(u))

(iii) If the Gauss maps of the surfaces Xo, and Rgb are same, then they are hyperplanar and minimal. Then, the
parametrizations of the surfaces Xy, and Rgb can be explicitly determined by
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Xop(ut,v) = (x(u) + Av, c1, z(u) cosh v, z(u) sinh v) (125)

and

i\% arccosh \/03 (z2(u) — A2) + ¢4

Rgb(u, v) = mcosh (U _ f zz/\(i () du) , (126)
m smh( f ZZA(’;)(lazd )

where c1, ¢3, c3 and c4 are arbitrary constants with c3 > 0 and

AyJe3(Z2(u) — A2) — 1 )

127
VA + c3A2)(Z2(u) — A2) (127)

x(u) = ii\/_( V1 + c3A? arcsinh +/c3(z2(u) — A2) — 1 — A /3 arctanh
2

Proof. Assume that X, is a timelike helicoidal surface of type I in E] given by (95) and R),, R}, R}, are
timelike rotational surfaces ]E4 given by (100), (102) and (104), respectively. From Lemma 5.2, we have the
Gauss maps of Xy, RZb, R? and R3b given by (114), (115), (116) and (117), respectively.

(i.) Suppose that the Gauss maps of Xy, and R 5, are same. From the equations (114) and (115), we get
z(u) = 0 or z’(u) = 0 which implies VR = 0. That is a contradiction. Hence, their Gauss maps are definitely
different.

(ii.) Suppose that the surfaces Xy, and R%b have the same Gauss maps. Comparing (114) and (116), we have

the following system of equations:

Ay =0, (128)

x'zsinhv — Az’ coshv = —azz’ cosh (v + du) , (129)
/\2 _ 2

x'zcoshv — Az’ sinh v = —azz’ sinh (ZJ + ) (130)
/\2 _ Zz

y'zsinhv = —bzz’ cosh (v + /\2 — 22 ) (131)

y'zcoshv = —bzz’ sinh (v + f AZA du) (132)

Due to A # 0, the equation (128) gives i’ (1) = 0 for all u € I;. Then, from the equations (131) and (132) imply
b(u) = 0. Therefore, it can be easily seen that the surfaces X, and R%h are hyperplanar, that is, they are lying

in ]E% Moreover, the equations (99) and (119) imply that Hi( * = Hfgh = 0. Also, from the equations (99) and
(119), we have

x’z’2(22 _ 2/\2) + Z2xl3 + Z(AZ _ ZZ)(X,ZN _ xllzl))

HX» =
2 22?2 +27) ~ N222)° ' (133)
R, _ azz'(@* — 1) —a’(z% — A?)
2 2 A=) (1 -
Using y' (1) = b(u) = 0, from the equation (103) we have
A222(u) — Z%(u)x"(u)
2(y) = . 134
a(u) 222 (134)
Also, by using the equation (134) in (133), we get
2 ! 2 (! ?2 2 _ 2 I anl? e
HRZb:_xz(xz (2A% = 22) — 22x"3 + z(A? )Z'x"” —x'Z")) (135)

2(zz(x’2 + Z’z) _ )\2212)3/2 \/(A22’2 _ szzz)( _ Zz)
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2 i
which implies Hg” = —X2 _____HX» Moreover, using equations (129) and (130), we obtain the

(A222_232)(\2—z2) 2
following equations

/ s Ax,
—x'z = azz’ sinh (f mdu), (136)
;o Ax J
AzZ" = azz’' cosh = ul. (137)
Considering the equations (136) and (137) together, we have
X'z Ax
— 1z = tanh (f md”) (138)

If we take the derivative of the equation (137) with respect to u, the equation (137) becomes
X'Z?QA% =22 - 22xP +z(A\? - )X - x'Z) =0 (139)
2
which implies H; ? = HS * = 0. Thus, we get the desired results. Now, we determine the parametrizations

of the isometric surfaces X5, and R%b. Since the surface Rgb is minimal, from the equation (139), we have the
following differential equation

(2> = A2 +zZ'a = z7'a® (140)
which is a Bernoulli equation. Then, the general solution of this equation is found as

0y 1

= TTo A (141)

for an arbitrary positive constant c3. Comparing the equations (134) and (141), we get

() = + 1+ 12 f Zw |_A-2w (142)

z(u) \ 1+ c3(A2 —zz)

whose solution is given by (127) for ¢z > 0. Moreover, using the last component of R%b(u, v) in (126), we
have

z(u)z' (u) R S —
f V(A2 = 22(u))(1 + c3(A2 - zz(u)))du = arcsmh( c3(A2 ZZ(”))) ta (143)

for any arbitrary constant c4.
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(iii.) Suppose that the surfaces Xy, and R}, have the same Gauss maps. From (114) and (117), we get the
following system of equations:

Ay (144)

x'zsinhv — Az’ coshv = azz smh( f du) , (145)
xX'zcoshv — Az’ sinhv = azz cosh( f Zz)\x ) (146)
y'zsinhv = bzz' sinh (v f du) , (147)

y'zcoshv = bzz’ cosh (v - szA_—xAzd”) . (148)

Due to A # 0, the equation (144) gives y’(1) = 0 for u € I,. Then, from the equations (147) and (148) imply
b(u) = 0. Therefore, it can be easily seen that the surfaces X5, and R}, are hyperplanar, that is, they are lying

3
in ]E? Moreover, the equations (99) and (121) imply that Hi{ = Hf”’ = 0. Also, from the equations (99) and
(121), we have
x/ZIZ(ZZ _ 2/\2) + Z2x/3 + z(/\2 _ ZZ)(XIZN _ qu/)

szb —
2 2(Z2(x12 + Z’Z) _ AZZ’2)3/2 4

R, a(z%—A%) +azz/(1+ az) (149)
2 222/ /(22 — A2)(1 + a2)3
Using y/(1) = b(u) = 0 for all u € I, from the equation (105) we have
2 72 2,72
2 27 (u)x"(u) — A2 (u)
= . 150
Using the equation (150) in (149), we get
R3 2. //22_22 2,73 2_ .2 )
HZb:zx(xz(z A9) +z°x"° + z(A° — z9) (X2 — x"'Z')) (151)
2(Z2(x/2 + Z/Z) _ Azzzz)3/2 \/(Zz _ /\2)(zzx'2 _ /\2212)
which implies HE;’ = 22—fo *. Moreover, using equations (145) and (146), we obtain the
following equations
A /
x'z = azz’ cosh (f ﬁdu), (152)
' — 22d’ sinh Ax!
Az =azz' si 22_—)\2du . (153)

Considering the equations (152) and (153) together, we have

X'z Ax
v = COth(f mdu) (154)

If we take the derivative of the equation (154) with respect to u, (154) becomes

X'Z%(Z2 = 2A%) + 24P + z(A? - ) (' - x'Z) =0 (155)
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3
which implies Hé(” = Hs = 0 in the equation (149). Thus, we get the desired results. Since R}, is minimal,
from the equation (149) we have the following differential equation

(2> = A +zZ'a = —z2'a® (156)
which is a Bernoulli equation. Then, the general solution of this equation is found as

2 1

= =T (157)

for an arbitrary positive constant c3. Comparing the equations (150) and (157), we get

X(u) = £ 1+ 372 f Zw) Zz(u)_)\z_ldu (158)

z(u) \ c3(z%2 — A2)

whose solution is given by (127) for c3 > 0. Moreover, using the last component of R;b(u, v) in (126), we
have

f NEE 2 ) di = £ arccosh (Vs (22(u) = 12)) + ¢4 (159)
ze(u

A2)(c3(z2(u) — A2) — 1) 3
for any arbitrary constant cy. [J

Remark 5.5. Taking z(u) = u in Theorem 5.4, we get isometric surfaces obtained in [17] and the rotational surface
given by (126) also has the same form of minimal surface in Proposition 3.1, [17].

Assume that Xy, is a timelike right helicoidal surface of type IIb in 2, thatis, x'(u) = 0 forallu € I. On
the other hand, we know that W = (A2 — z22(w))(y"?(u) + z’*(1)) < 0 when I is dense in I. Then, from Theorem
5.1, we get the parametrizations of isometric timelike rotational surfaces in [E}. Then, Theorem 4.4 implies
that if their Gauss maps are same, i’ (1) = b(u) = 0 for all u € I,. Hence, we get a*(u) =

contradiction. Thus, they have the different Gauss maps.
Now, we give an example by using Theorem 5.4.

Zz( -5 Which gives a

Example 5.6. If we choose z(u) = u, c3 = %, A =1and ¢y =0, then isometric surfaces in (125) and (126) are given
as follows

[12 _ 1 [u2 =
Xop(u,v) = (? arcsinh 4 > 3 -5 arctanh % +v,ucoshv,usinhv

V2 arccosh
Rgb(”' v) = Vu2 = 1 cosh (v — arctanh 3‘;22—733)
Vu2 - 1sinh (v — arctanh ;:2:33 )

and

For2 <u <8and -1 <v <1, the graphs of timelike helicoidal surface Xo, and timelike rotational surface R3 in I
can be plotted by using Wolfram Mathematica 10.4 given in Figure 5 and Figure 6, respectively.
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Figure 5: Timelike helicoidal surface of type IIb; timelike helix.

Figure 6: Timelike rotational surface; timelike hyperbola.

6. Helicoidal Surface of Type III

Let {n1, m2, &3, £4) be the pseudo-orthonormal basis of ]E‘l1 such that &3 = %6(174 —m3)and & = \%(1’]3 + M4).
We choose as a lightlike 2-plane P3 = span{n;, &3}, a hyperplane I'l; = span{m;, &3, &4} and a line I3 = span{&3).
Then, the orthogonal transformation T3 of E] which leaves the lightlike plane P; invariant is given by

Ts(m) = m, Ts(p) = 12 + V20&, T5(&3) = & and T3(Es) = V2o, + v2&5 + &4. We suppose that (1) =
x(u)ym +z(u)E3 + w(u)y is a regular curve, where w(u) # 0. By using the definition of helicoidal surface, the
parametrization of X3 (called as the helicoidal surface of type IIl) is given by

X3(u,v) = x(u)n; + \/va(u)nz + (z(u) + vzw(u) + Av)&s + w(u)éy, (160)

where, v € R and A € R*. When w is a constant function, X3 is called as right helicoidal surface of type
III (see [2]). For A = 0, the helicoidal surface which is given by (160) reduces to the rotational surface of
parabolic type in ]E‘l1 (see [9] and [3]).

By a direct calculation, we get the induced metric of X3 given as follows.

ds%(3 = (x"(u) - 2w’ (u)z' (w))du® — 2Aw’ (u)dudv + 2w*(u)dv?. (161)



B. B. Demirci et al. / Filomat 39:16 (2025), 5511-5542 5538

Due to the fact that X; is a timelike helicoidal surface in E], we have W = 2w?(u)(x"*(u) — 2w’ (u)z’ (1)) —
A?w?(u) < 0 for all u € I € R. Then, we choose an orthonormal frame field {e1, e>, N1, N>} on X3 in lE‘f such
that e;, e; are tangent to X3 and Nj, N, are normal to X3 as follows.

1 1
e = ——=X3,, €=

€911 vV—€Wgn
x/
Ni=m+ ;53,

1
N, :—( \/ix'ww’m + (Aw? + 2vww'?)n, + V2(Aow? + v*ww? + wx'? — ww'z')Es + \/Eww’z&l),

w W

(gllX?)v - 912X3u)1

(162)

where {e1,e1) = —(ez,e2) = € and (N1,N1) = (N, Ny) = 1. It can be easily seen that X3 has a spacelike
meridian curve for € = 1. Otherwise, it has a timelike meridian curve. By direct computations, we get the
coefficients of the second fundamental form given as follows.
' — x'w’
b%l = " b%z = bél = b%z =0,
\/EZU(X,XHZU’ _ x/Zwu + ZU,(Z,ZU” _ 'Z/U,Z”))

w V=W

us, the mean curvature vector H3 o in [E7 is
Thus, th t tor H® of X3 in [E}

\/i/\wlz bZ o 2 \/szw/ (163)
,_—W 4 22 ,_—W :

2 _
bll_

2 _ 1,2 _
4 b12_b21_

H% = H°N; + H°N,, (164)
where N1, N, are normal vector fields in (162), Hf % and Hf ® are given by

w(x"w’ — x'w")
wW !
V22w + 20wz — WP + Wi (Zw” + X' x) — wrw (v + wz'))
w' (—W)3/2 '

HS =
1
(165)

X3 _
I‘I2 =

Note that w’(1) # 0 for all u € I C R because X3 is a timelike surface in ]E‘ll.

6.1. Bour’s Theorem and the Gauss map for helicoidal surface of type III
In this section, we study on Bour’s theorem for timelike helicoidal surface of type IIl in E] and we
analyse the Gauss maps of isometric pair of surfaces.

Theorem 6.1. A timelike helicoidal surface of type I1l in ES given by (160) is isometric to a timelike rotational surface
in E%:
1

2
R3(u,v) = fa(u)w (w)dun + \/_w(u) (U + )’72 + (f b(u)w’ (u)du + w(u) (U + 0 )) ]53 + w(u)éy

(166)

2u(u)

so that spacelike helices on the timelike helicoidal surface of type 11l correspond to parallel spacelike parabolas on the
timelike rotational surfaces, where a(u) and b(u) are differentiable functions satisfying the following equation:

x2(u) — 2w’ (u)z’ (1) A2
w2 (u) C 2w?(u)’

a®(u) — 2b(u) = (167)
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Proof. Assume that X; is a timelike helicoidal surface of type Il in E] defined by (160). Then, we have the
induced metric of X3 glven by (161). Now, we will find new coordinates i, o such that the metric becomes

dsg( = F(@1)di® + G(i1)do*, where F(ii) and G(ii) are some smooth functions. Setii = u and 7 = v + Tt U(u)
da(ii, o
Since Jacobian aEZ 9 is nonzero, it follows that {iI, 5} are new parameters of X3. According to the new

parameters, the equation (161) becomes

A2w?(u)
2w? (1)

dsy, = (x?(u) — 20’ ()2’ (u) - du?® + 2w (u)do-. (168)

On the other hand, the timelike rotational surface R3 in [E{ related to X3 is given by

Ra(k, ) = n(k)m + V2tr(k)nz + (s(k) + (k)3 + r(k)&s. (169)
We know that the induced metric of R3 is given by
dsy, = (7* (k) — 2¢(k)3(k))dk® + 2r* (k)dt* (170)

with r(k) > 0. From the equations (168) and (170), we get an isometry between X3 and R3 by taking & = t,
r(k) = w(u) and

= (n?(k) — 2¢(k)s(k))dk>. (171)

Azwlz(u) ) duz

2 ’ ’
(x (u) — 2w’ (u)z' (u) — prET

Let define a(u) = n(k) and b(u) = igg Using these in the equation (171), we obtain the equation (167). Then,
we have

n= fa(u)w’(u)du and s = fb(u)w’(u)du. (172)

Thus, we get an isometric timelike rotational surface R3 given by (166). Moreover, if we choose a spacelike
helix X3(uo, v) on X3 for an arbitrary constant 1, then it corresponds to R3(uo,v) = c1m1 + V2w, (U + ) 2+
(cz + wy (v + 2100) )53 + woéy, where ¢; and ¢, arbitrary constant. If we take t = v + H/ then it can be
rewritten a(t) = V2w, (0, t, —%, %) + % ( V2¢1,0,wy — co, wo + cz). From Definition 2.1, it can be seen that
a(t) is a spacelike parabola. [

Lemma 6.2. Let X3 and R3 be timelike surfaces in Iy given by (160) and (166), respectively. Then, the Gauss maps
of them

vx, = < (\/Ex'wm A+ X' (A +20w)m A &3 + \/E(vzww' —Z'w+ Avw' )y A &

v-W
— V2ww'ny A &4 — w' (A + 20w)&s A 54), (173)
’ A A 2
vR3:i/a%(\/zan1/\nz+2a(v+%)m/\é3+ \/E((U-l‘%) —b)T]z/\é3
A
~ V2 A&y -2 (U + %)53 A 54)- (174)

Proof. It follows from a direct calculation. [
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Theorem 6.3. A timelike helicoidal surface of type IIl and a timelike rotational surface in E] given by (160) and
(166), respectively have the same Gauss map.

Proof. Assume that the surfaces X3 and R3 have the same Gauss map. Comparing (173) and (174), we get
the following system of equations

X =aw, (175)
’ _ ’ A
x" (A + 2ow) = 2aww (ZJ + Zw)' (176)
204
wz' = bww' — A4Z; 177)

From the equations (175) and (177), we find a(u) and b(u). Using these in (167), we can see that they have
the same Gauss map. [

We note that T. Ikawa [17] studied Bour’s theorem for helicoidal surfaces in ]Ei’ with lightlike axis and
he showed that they have the same Gauss map.
Now, we give an example by using Theorem 6.1.

Example 6.4. If we choose x(u) = a(u) = 0, w(u) = z(u) = uand A =5, then isometric surfaces in (160) and (166)
are given as follows

X3(u,v) = V2uvn, + (u +uv® + 52)) &3+ uéy

and

5 25 52
R3(u,v) = (\/Euv+ ﬁ)n2+(u— ™ +u(v+ 5) )£3+u£4.

For -4 < u < 4 and =3 < v < 3, the graphs of timelike helicoidal surface X3 and timelike rotational surface Rs in I3
can be plotted by using Mathematica 10.4 given in Figure 7 and Figure 8, respectively.

Figure 7: Timelike helicoidal surface of type III; spacelike helix.
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Figure 8: Timelike rotational surface; spacelike parabola.

7. Conclusion

In this paper, we study on Bour’s theorem for four kinds of timelike helicoidal surfaces in 4-dimensional
Minkowski space. Then, we find the Gauss maps of these isometric pair of surfaces. We get the characteri-
zations of isometric helicoidal and rotational surfaces whose Gauss maps are identical. Also, we determine
the parametrizations of such isometric pair of surfaces. Thus, these results are a kind of generalization of
right helicoidal and catenoid in [E°. Finally, we give some examples by using Wolfram Mathematica 10.4.

In the future, we will try to determine the helicoidal and rotational surfaces which are isometric according
to Bour’s theorem whose the mean curvature vectors or their lengths are zero and the Gaussian curvatures
are zero, respectively.

8. Acknowledgements

This work is a part of the master thesis of the third author and it is supported by The Scientific and
Technological Research Council of Turkey (TUBITAK) under Project 121F211. The authors would like to
thank the reviewer for giving insightful comments which help to improve the quality of this manuscript.

References

[1] M. Babaarslan, N. Sonmez, Loxodromes on non-degenerate helicoidal surfaces in Minkowksi space-time, Indian J. Pure Appl. Math. 52
(2021), 1212-1228.
[2] M. Babaarslan, B. B. Demirci, Y. Kiigtikarikan, Bour’s theorem of spacelike surfaces in Minkowski 4-space, Results Math. 78 (2023), 12.
[3] B. Bektas, U. Dursun, Timelike rotational surface of elliptic, hyperbolic and parabolic types in Minkowski space IE‘lL with pointwise 1-type
Gauss map, Filomat 29 (2015), 381-392.
[4] E.Bour, Memoire sur le seformation de surfaces, Journal de I’Ecole Polytechnique, XXXIX Cahier (1862), 1-148.
[5] R. Caddeo, L. I. Onnis, P. Piu, Bour’s theorem and helicoidal surfaces with constant mean curvature in the Bianchi Cartan Vranceanu
spaces, Ann. Mat. Pura Appl.(4) 201 (2022), 913-932.
[6] B.-Y.Chen, P. Piccinni, Submanifolds with finite type Gauss map, Bull. Aust. Math. Soc. 35 (1987), 161-186.
[7] M. P. do Carmo, M. Dajczer, Helicoidal surfaces with constant mean curvature, Tohoku Math. J. (2) 34 (1982), 425-435.
[8] I. Domingos, I. I. Onnis, P. Piu, The Bour’s theorem for invariant surfaces in three manifolds, arXiv:2306.03837v2 (27 Jun 2023).
[9] U. Dursun, B. Bektas, Spacelike rotational surface of elliptic, hyperbolic and parabolic types in Minkowski space ]E‘l1 with pointwise 1-type
Gauss map, Math. Phys. Anal. Geom. 17 (2014), 247-263.
[10] R.S. Earp, E. Toubiana, Screw motion surfaces in H? x R and $% x R, Illinois J. Math. 49 (2005), 1323-1362.
[11] R.S. Earp, Parabolic and hyperbolic screw motion surfaces in H? x R, J. Aust. Math. Soc. 85 (2008), 113-143.
[12] E. Giiler, A. T. Vanli, Bour’s theorem in Minkowski 3—space, J. Math. Kyoto Univ. 46 (2006), 47-63.
[13] E.Giiler, Y. Yayli, H. H. Hacisalihoglu, Bour’s theorem on the Gauss map in 3—Euclidean space, Hacet. J. Math. Stat. 39 (2010), 515-525.
[14] E. Giiler, Y. Yayli, Generalized Bour’s theorem, Kuwait J. Sci. 42 (2015), 79-90.
[15] D.T. Hieu, N. N. Thang, Bour’s theorem in 4-dimensional Euclidean space, Bull. Korean Math. Soc. 54 (2017), 2081-2089.



B. B. Demirci et al. / Filomat 39:16 (2025), 5511-5542 5542

[16] T.Ikawa, Bour’s theorem and Gauss map, Yokohama Math. ]. 48 (2000), 173-180.

[17] T.Ikawa, Bour’s theorem in Minkowski geometry, Tokyo J. Math. 24 (2001), 377-394.

[18] E.Ji, Y. -H. Kim, Mean curvatures and Gauss maps of a pair of isometric helicoidal and rotation surfaces in Minkowski 3—space, J. Math.
Anal. Appl. 368 (2010), 623-635.

[19] S.Kaya, R. Lopez, Riemann zero mean curvature examples in Lorentz-Minkowski space, Math. Methods Appl. Sci. 45 (2022), 5067-5085.

[20] B. O’Neill, Semi-Riemannian geometry with applications to relativity, Pure and applied mathematics. Academic Press, New York,
1983.

[21] J. Ordénés, Superficies helicoidais com curvatura constante no espago de formas tridimensionais, PUC-Rio 1995, Doctoral Thesis.

[22] N. Sasahara, Spacelike helicoidal surfaces with constant mean curvature in Minkowski 3—space, Tokyo J. Math. 23 (2000), 477-502.



