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Abstract. In this paper, we consider the following homogenous Neumann elliptic problem

N N
=Y D@, V) + Y d(ulD'ul + ufPu=f in  Q,
Ni:l i=1
Zai(x, u,Vu).n; =0

on 0Q,
i=1

where Q is a bounded open domain in R" (N > 2) with Lipschitz boundary dQ, we prove the existence of
solutions in the sense of distributions for our elliptic problem in the anisotropic Sobolev spaces.

1. Introduction

Let Q be a bounded open subset in RN (N > 2), with Lipschitz boundary dQ. In [11], Boccardo et al.
have studied the degenerate elliptic equation

—div (A(x, u)Vu) = f in Q,

u= 0 on 0Q,

1)
where the data f is assumed to be in L"™(Q)) for m > 1. They have proved the existence of solutions and
some regularity results, for more details we refer the reader to [3] 12, [19]. Alvino et al. have studied in [2]
the following degenerated elliptic equation

. [VulP-2Vu
—div — oD
(1 + |ul)™?
u= 0

f in Q,

(2)
on 0Q,
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they have demonstrated the existence of solutions and some regularity results in the case f € L"(Q2) with
m > 1. In [20], Li has considered the following quasilinear anisotropic elliptic problem

N
—Z Di(ai(x, u, Diu)) =f in Q, 3)
i=1
u=20 on 0dQ,
Np

where f € L"™(Q) for 1 <m <m = He has proved the existence of solutions, also some

Np-N+p’
regularity results were concluded. Gao et al. have studied in [17] the following degenerate anisotropic
elliptic equation :

N
=Y Diaix,u, D'u() = f(x) in Q, ”
i=1

u(x)=0 on Q,

They have proved the regularity of global solutions with f € L™(Q).
In this paper, inspired by [8), [13], we study the existence of solutions in the sense of distributions for the
following strongly nonlinear and non-coercive anisotropic Neumann problem with degenerate coercivity

N
- Z Di(ai(x, u, Vu)) + H(x, u, Vi) + [u]*2u = f in Q,
N 5)
Z ai(x,u, Vu).n; =0 on 0dQ,
i=1
where i = (113, ...,ny) is the outward unit normal vector on the boundary dQ, and H(x, s, &) verifies only
some growth condition, with the data f is assumed to be in L*(Q) then in L™ (2).
This paper is structured as follows: In the Section 2, we present some definitions and properties concerning
the anisotropic Sobolev spaces. The Section 3 is divided into two essential parts: In the first part, we present
the assumptions and we show that our problem has at least one solution in the sense of distributions when

f € L®(Q). In the second part, we prove the existence of solutions in the sense of distributions for our
nonlinear and non-coercive problem in the case where f € L"(Q), and we conclude some regularity results.

2. Preliminaries

Let Q be an open bounded domain in RN (N > 2), with smooth boundary JQ. We set p1,...,pn be N
real constants numbers, with 1 < p; < cofori=1,...,N and we denote

7=p1,...,pn) and Dfu:% for i=1,...,N.

We set
p =min{py,pa,...,pn}  and  po =maxipy,pa,..., PN}
We define the anisotropic Sobolev space W'#(Q) as follows :
W7(Q) = {u e W(Q) suchthat Duel’(Q) for i=1,2,..,N},

endowed with the norm

N
il = el + Y 1Dl o, (6)
i=1
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The space (Wl'ﬁ(Q), I| - ”147) is a separable and reflexive Banach space (cf [22]).

Proposition 2.1. (cf. [20,23]]) Let u € W'#(Q), we have
(i) Poincaré Wirtinger inequality: there exists a constant C, > 0, such that

llu — med(u)llri) < Cp ”DiMHLﬂi(Q) forany i=1,...,N,

with .
med(u) = — |u| dx.
=1 fg

(ii) Sobolev inequality : there exists an other constant Cs > 0, such that

el < 52 324
7= N Py axi Pi,
where NG
N — p . —
l:lZl and q:p:N——ﬁ f PN
pNGp gell,+o)  if PB>N

Lemma 2.2. [18] Let Q be a bounded open set in RN (N > 2), we set
s =max(q, p"),

then, we have the following embeddings :

e if p < N then the embedding W'¥(Q) << L'(Q) is compact for any r € [1,s),
e ifp = N then the embedding W'¥(Q) << L'(Q) is compact for any r € [1,+c0),
e ifp > N then the embedding W'P(Q) << L=(Q) N C°(Q) is compact.

The proof of the Lemma 2.2 follows from the Proposition and the fact that the embedding W'#(Q) —
W'?(Q) is continuous, and from the compact embedding theorem in classical Sobolev spaces.

Definition 2.3. Let k > 0, we consider the truncation function Ti(-) : R = R, given by

s if sl <k,
Tils) = k|z—| if Isl>k,

and we define
Tl’ﬁ(Q) := {u : Q +— R measurable, such that Ti(u) € Wl'ﬁ(Q)for any k > 0}.

Proposition 2.4. Let u € 7'1'77((2). For any i € {1,...,N}, there exists a unigue measurable function v; : Q — R
such that .
Vk > 0, DlTk(u) = ViX{ju<k} 4.e. XE€ Q,

where xa denotes the characteristic function of a measurable set A. The functions v; are called the weak partial
derivatives of u and are still denoted D'u. Moreover, if u belongs to WLYL(Q), then v; coincides with the standard
distributional derivative of u, that is, v; = D'u.
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The proof of the Proposition [2.4] follows the usual techniques developed in [10] for the case of classical
Sobolev spaces. For more details concerning the anisotropic Sobolev spaces, we refer the reader to [5}9} 14}
15].

We introduce the set 7':,”7 (Q) as a subset of 717(Q) for which a generalized notion of trace maybe defined
(see also [4] for the case of constant exponent). For more properties about the set Tti’p (Q), we refer the
reader to [6].

Lemma 2.5. (see [1]]) Let g € LP(Q) and let (g,),be a sequence uniformly bounded in LF(Q2).
If gn — g almost everywhere in Q, then g, — g weakly in LP(Q).

3. Main result

We consider the following strongly nonlinear and non-coercive anisotropic elliptic problem :

Au+ H(x, 1, Vu) + |ulo "%y = f in Q
N

Z ai(x,u, Vu).n; =0 on JdQ,
i=1

(7)

N
where A = — Z Dia;j(x,u,Vu) is a Leray-Lions operator acting from W#(Q) into its dual (W#(Q))’, where
i=1
a; : QX Rx RN — R are Carathéodory functions, fori = 1,...,N, (measurable with respect to x in Q for
every (s,&) in R X RN and continuous with respect to (s, ) in R X RY for almost every x in ()) which satisfy
the following conditions.

(ai(x,s, &) —ai(x,s, (&= &) >0 for & #¢&, (8)

lai(x, s, )| < B (0) + s + &Y, ©)

with the nonnegative function K;(-) assumed to be in LFi(Q) fori=1,...,N, where Bg>0.

‘ . bo
. . .|Pi
ai(x,s, )& = b(s))|Eil with A+ ) < b(Js|) forany se€R, (10)

with by > 0and 0 < A <min(1,p; — 1, p—l)'
-
As a consequence of and the continuity of the function a;(x, s, -) with respect to &, one has
ai(x,s,0) = 0.

The lower order term H(x, s, &) is a Carathéodory function which verifies the following growth condition:
N
IH(x,s, &) < Z d(sDl&il”, (11)
i=1

a(-) 4 -
b <L RNLTR).

We are going now to recall the following technical lemma, useful to prove our main results.

where d(| - |) : R* — R is a decreasing function that satisfying
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Lemma 3.1. (see [10]) Let h > 0, assume that (8)) — hold true, and let (u,)nen be a sequence in WYP(Q) such
that u, — u weakly in W'(Q) and

f('un|p_2un — |l u) (u, — 1) dx
) ZN (12)
+ f(ﬂi(xf Ti(tn), VTi(un)) = ai(x, Tu(uy), Vir))(D'uy — D'u)dx — 0 as n — oo,
i=1 vQ

then u, — u strongly in W'P(Q) for a subsequence.

3.1. Existence of solutions in the sense of distributions for L*-data.

We consider the strongly nonlinear anisotropic elliptic problem

N
- Z Di(ai(x, u, Vu)) + H(x, u, Vu) + u*?u=F in Q,

e (13)
Z ai(x, u, Vu).n; =0 on JdQ,

i=1
with F € L¥(Q).

Definition 3.2. A measurable function u is a solution in sense of distribution for the problem ifu e W(Q),
with [ul*~t € LY(Q) and H(x, u, Vu) € LY(Q), such that u verifies the following equality

N
qu,'(x,u,Vu)Divdx+fH(x,u,Vu)vdx+f|u|50_2uvdx:fdex, (14)
= Ja Q Q Q

for any v € WY(Q) N L=(Q).

Theorem 3.3. Assume that (8) — hold true. Then, there exists at least one solution u in the sense of distributions
for the strongly nonlinear elliptic problem . Moreover, we have u € L*(Q) N WP(Q).

Proof of Theorem

The proof of the Theorem 3.3|will be divided into several steps.

Step 1: Approximate problem

For any m € N*, we consider the following approximate problem.

N
- Z Dl(al(x/ T”’l (unl)/ vunl)) + Hnl(xl unli Vum) + %|u‘ﬂl |E72u”’l + |Tm (un1)|5072T1’n (urﬂ) = F in Q/
N (15)
Zai(x, Ton(tt), Viy).1; = 0, in 0Q,
i=1
with Hy,(x,s, &) = T, (H(x, s, £)).
We define the operator B, acting from W#(Q) into (W#(Q))’ by

N
(B, ) :Zfai(x,Tm(u),Vu)Divdx+me(x,u,Vu)vdx
i=1 Y Q (16)

+f|Tm(u)|5°_2Tm(u)vdx+lflulp_zuvdx.
Q m Ja
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Lemma 3.4. The operator B,,, acting from WYP(Q) into its dual (WYP(Q))’, is bounded and pseudo-monotone.
Moreover, the operator B,y is coercive in the following sense: there exists v € W'P(Q) such that
(Bwv,v)
||U||w1,ﬁ(Q)
For the proof of Lemma [3.4] see Appendix.

In view of Lemma (see [21]], Theorem 8.2), there exists at least one weak solution u,, € WY#(Q) for the
approximate problem (15) as follows

=00 as |Pllysg = for ve W7(Q). (17)

N

Zfai(x,Tm(um),Vum)Divdx + me(x,um,Vum)v dx + fITm(um)ls(’_sz(um)vdx
='Ja Q Q

_ (18)
+lf|um|” 2y, 0dx = fF(x)vdx
mJia | Q
for any ve WWYW(Q).

Step 2 : Some regularity results

e L®(Q) NLYQ) then 1 < Bk < B < oo,

We set B(Js|) = j: ZE:;B dt and since ZE: :;

Let 6 > 1, by taking vy, = (Thrs(Um) — Tie(it))eBln) € W7 () NL™(QY) as a test function for the approximate
problem (15), it follows that

N
Z f a;i(x, Ty(uy), Vum)Dium dx
im1 ™ tk<luy|<k+0}

+2Z 5 o), Vit Dl T, 1) = T )

+ Hy (2, t, Vi )(Tiegs () — Tie(u ))eB(luml) dx + f T (1) 1|Tk+z§(7/lm) — Ti(um )IEB(luml) dx

- f |um|* |Tk+6(um) — Ti(um )|eB(|um|) dx = f FOo) (T () — Tk(um)eB(luﬂll
Q

In view of (I0) and (1), we obtain

N N
Y[ b e Y [ 1Dl D Tieatin) = T
m1 ) k<l <k+6) i-1 v
1 _
+ f T 0)0 Tiso 1) = Tiu) i + — f Il T (1) = T(tt)] dx (20)
Q

IFCONT ke (ttm) = Tie(itya) "D .
Q
Let m be large enough, by choosing k < m we have

ok tmeas({lun| > k+0}) <6 f T ()0t dx
{[m|>k+0}

< 5eB) IF(x)) dx (21)
([t |>k}
< 6P|l ymeas({lin| > k}).

By letting 6 tends to 0, we conclude that

ko~ meas({lun| > k) < e® ||l (ymeas({f| > k). (22)
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By choosing k large enough, for example e8| |F||,~q) < k%", we deduce necessarily that meas({|u,,| > k}) =
0. Consequently

1
lttmll@y < k < (€ |Flle(y) o (23)
Step 3: Weak convergence of (U)m

We denote by Cy, Cy, Cs,. .. some positive constants of real number that don’t depend on m and .

By taking v,, = u,,>("") € WP(Q) N L(Q) as a test function in |i with B(js|) = 2 f ZE:EB
0

dt, we have

Zfa(x Ty (ttn), Vi) Dy, B0 dx+22fa(x Ty (thn), Vi) Dty |u m|ZE:umB Bllunl) gy

1
f Hip(X, thy, Vit itmeP) d + ITm(um)|5°’1|um|e b 4 — [ L") (24)

Q
< f [FCO) |1ty B1D e,
Q

Since Ty (Uy) = thy for m = ||uylli~q), and in view of and we conclude that

N
2 D' um|p' f i )
’ d m ' mp' m d
0 L (1 + |um|)}\ X + ; 0 (ll/l |)|Du | |u | x

- (25)
+ f [t dx + — f il dx < eBC) f |F(x)|[1ty] dx.
Q m Jao Q
Thanks to (25) and (23), we get
D! .
bOZf 1D Adx+f|um|“’° dx SeB<°°>f|P(x)||um|dx
< B(oo)||um||L°°(Q)||F”L°°(Q meas(Q2)
< (€N|Fllpe ) ! 2 meas((2).
Therefore, it follows that
f Dt dx < CollFl iy (1 + (@)’
sp+A
so—1 (27)
< CZHF”L&:(Q)
< Cs.

Thus, we obtain

N
el =Mty + Y 1D sty

N N
. : 1
< lttmllpoy +2 ) f D1ty dx + ) f D't )P 28
i=1 VO i=1 VO

N
< Qlupllre ) +2 Z f ID"ulPi dx + N(1 + Q)
i=1 YO

< Cy,
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with Cy is a positive constant that doesn’t depend on m. Thus, the sequence (i) men is uniformly bounded
in W#(Q), and we deduce that

Uy — U weakly in Wl'ﬁ(Q),
Uy — U strongly in L(QQ) anda.e. in Q,

2
Uy — U weakly in L'(0Q) anda.e. on 9Q, (29)
Uy — U weak —* in  L%(Q).
It follows that
%Iumlf’_zum — 0  stronglyin LY(Q). (30)

1
Furthermore, in view of l| we have |T),(u,)| < (eB("")||I-“||Loo(Q))50*1 , and since T, (u,,) — u almost every-
where in Q, then in view of Lebesgue dominated convergence theorem, we obtain

Ty — uf*™'  stronglyin LY(Q). (31)

Step 4: The convergence almost everywhere of the gradient

In this step, we will denote by ¢;(m) fori = 0,1, ... some various functions of real numbers which converges
to 0 as m tends to inﬁnity

252
We set ¢(s) = s. exp(—) with 6 = 3” b(| (1D HL . then we have ¢’(s) — 0@(s) > % for any s € R.

Blunl) € W¥ ( [*(QQ) as a test function for the approximate problem , we have

By taking v, = @(u,, —u)e

N
Zf a;i(x, Tpu (i), Vum)(Diun, - Diu)(p'(um - u)eB(I”"") dx
=1 YO

N
+22fai(x,Tm(um),Vum) bg: mll;szgn(um)(p(um—u)eB('“”") dx

F (%, t, Vit )it — )P0 d + f T )02 T )0 11 — 10)eP0) i

(32)

0
1
+— [, F” 2um(p(u — u)eBlunD gy <f|F(x)||(p(um 1)|eBlind gy,
0

In view of (10) and (I1), we obtain

N
Z f a;(x, T (), Vum)(Pl(um - M)Di(um - u)eB(lllm\) dx
i=1 Y

= b(luml) (33)
<P fg [F0)llep (it — )] dx + &) fQ T ()1~ o (i = 10)]

1 g _
+—eB®) f lttl2 o ity — 10)] .
m Q

For the first term of the right-hand side of , we have Q) is an open bounded subset, then F(x) € L*(Q) C
L}(Q) and since ¢(uy, — u) — 0 weak-x in L*((), it follows that

N
-3 Z f a;(x, T (1), vum)Dium At |(P(um - u)|eB(|um|) dx
i=1 VO

e1(m) = B f IF(xX)| |t — u)| dx — 0 as m — oo. (34)
Q
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Similarly, in view of and we get
ex(m) =€) [ [T )P gl — wldx — 0 a5 m > oo
Q
and
eB(‘x’) _1
e3(m) = p— f [umlE |ty — ) dx — 0 as m — oo,
Q

By combining - (86), we conclude that

N
Z f a;i(x, T (), Vidy) @ (thyy — u)Di(um - u)eB“”"") dx

d m
—32 5 o), Vi) S Dbt~ 0] i

< 64(”7)

such that e4(m) = e1(m) + e2(m) + e3(m) — 0 as m goes to co. It follows that

N
Y, f (@, Ton(ttm), Vit) = 85, T (1), Vi) (D't = D't
i=1 YO

x(@/(um —u)— bé:um:;l (it — u)|) (tnl) gy

N
i d(|up) Blin])

—3 i /Tm m /V m D'u m m) d

) 05 Tt Vit Dt~ ] i

N
-y, f 0,0, Tou(tt), Vat) (D't = D'1a)p’ (1 — 1)1 dx
i=1

N
=Y, f 046, Tt VAD i~ D) D, 0D i+

b(ltm])
|- - i
|| b(l |) L°°(R) ( ) Z f |ai(X, Tm(um), Vum)| |D ul kp(um _ u)l dx
40-) o -
( 2o+ H b(l-1) HL w' |)EB( ) ; fQ |ai(x, Ty (i), V)| ID' 11y, — D'ul dx + €4(m),

_1
with kg = (eBC)||F|p(cy)) 0.

5561

(35)

(36)

(37)

(38)

For the first term on the rlght-hand side of (38), thanks to (9) we have (a;(x, Ty(t4n), Viim))mev is bounded
in [¥/(Q), then there exists a measurable function ¢; € L¥/(Q) such that a;(x, Ty (1), Vit) = @; weakly in

LF/(Q), and since |Du| l@(uy — u)| = 0 strongly in L7/(Q)), it follows that

N
es(m) = f 018, Ton(at), Vi) 1Dl @ty = )| dx — 0 as = co.
i=1 Y@

(39)

Concerning the second term on the right-hand side of (38), using . we have Ty, (u,) — u strongly in
LPi(Q) then a;(x, Ty(u), Vi) — ai(x, u, Vu) strongly in L/(Q), and since D'u,, — D'u weakly in LP/(Q), we

conclude that

N
ee(m) = Zf lai(x, Ty (), Vi) |Diu,, — Diuldx — 0 as  m — oo.
g Q

(40)
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1
Having in mind that ¢’(s) — 6¢@(s) > 5 for any s € R. Thus, by combining and @) - we conclude
that

N
2N [ @ T, Vi) = i, T, Vi) D'ty ~ Dy i
i=1 v

N
< Zl fQ(ﬂi(JC, T(tt), Vi) — a:(x, Ty (ttn), Vi))(D'thyy — D) @

d(|uml)
b(lum)

X((P’(um -u)—3 (it — u)|)eB<|um|) dx

< &7(m)
where e7(m) = e4(m) + e5(m) + €g(m) — 0 as m — oo..

By letting m goes to infinity in the previous inequality, and since u,, — u strongly in L*(Q), we conclude
that

N

Z f(ai(x/ Tm(um)/ Vum) - ai(xr Tm(um)/ vu))(Dium - Diu) dx
i=1 v 42)
| (ol = 2 0) (g — 1) dx — 0 as m — oo.
Q

In view of Lemma 3.1} we deduce that

{ u, — u  strongly _in W (Q) 43)
D'u, — D'u ae.in Q.
Step 5: The equi-integrability of the sequence (H,, (X, tty, Vity))mav
In view of (43) we have

a;(x, Ty (), Vi) — ai(x, u, Vi) ae Q, (44)
and

H,,(x, uy,, Vu,) — H(x,u, Vu) a.e. Q. (45)

On the one hand, thanks to @, we have (a;(x, Ty (1), Vity))mev is bounded in L1 (Q) and in view of and
Lemma[2.5] we conclude that

a;(xX, T (), Vi) = ai(x,u,Vu) ~ weakly in LFi(Q). (46)
Now, we show that
H,,(x, uy,, Vu,) — H(x, u, Vu) strongly in Ll(Q), (47)

using Vitali’s theorem, it’s sufficient to prove that the sequence (H(x, uy, Viiy))y is uniformly equi-
integrable.

1
We have |[ulli=q) < ko = (€B||F|L(q)) ™. Thus, for any measurable subset E C (), it follows that

f |Hop(X, y, Vi) dx - = f IH o (%, Ty (), V Ty ()| dx
E N
SZfd(Tko(um))lDiTko(umnpz dx (48)
i=1 YE

N
< WT, Ol Y, [ 1D
i=1 VE
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In view of (#3), we conclude that : for any 1 > 0, there exists (1) > 0 such that

me(x, U, Vi) dx <1 forany EcQ with meas(E) < B(n).
E

5563

(49)

Thus, the sequence (H,,(x, t, Vi) mev is uniformly equi-integrable. In view of @ and Vitali’s theorem

we conclude that Hy,(x, u,,, Vu,,) tends strongly to H(x, u, Vu) in LY(Q).

Step 6: Passage to the limit

By taking v € WLP(Q) N L¥(Q) as a test function in , we obtain

N
Zfa,'(x,Tm(um),Vum)Divdx+me(x,um,Vum)vdx+fITm(um)Ipo_sz(um)de
— Ja Q Q

i=
1 _

+_f|um|p zumvdx =fF(X)de.
m Jo o

For the first term on the left hand side of (50), in view of and since v € W#(Q) then

N N
Z f a;(x, Ty (i), Vit )D'v dx — Z f ai(x, u, Vu)D'v dx as m — oo.
i=1 V@ i=1 V@
Moreover, thanks to and since v € L*(Q), then
me(x, Uy, Vi) dx — fH(x, u, Vu)o dx as m — oo.
Q Q
Similarly, using (30) and (31), we get
f T (1t )P~ T ()0 dx — f uf*Puvdx  as m— oo,
Q Q
and
1 g2
— | |uplFuyodx — 0 as m — co.
mJao
In view of (50) and — (54) we conclude that
Zfa(x u, Vu)D'v dx + fo u, Vu) vdx+f [ulPouv dx = fdex

for any ©ve WY(Q)NL®Q),
which conclude the proof of Theorem 3.3}

3.2. Existence of solutions in the sense of distributions for L™-data

In this part of the paper, we consider the strongly nonlinear and non-coercive Neumann problem:

Au+ H(x, 1, Vi) + |ulo"2u = fx) in Q,
N
Z ai(x, u, Vu).n; =0 on JdQ,

i=1

+A

with f € L™(Q) with m > 2

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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Definition 3.5. A measurable function u is a solution in the sense of distribution for the problem , ifu € W'(Q)
and [u[*~2u € LYQ) with H(x,u, Vu) € LY(Q), such that u verifies the following equality

N

Zfai(x,u,Vu)Divdx+fIuISO‘zuvdx+fH(x,u,Vu)vdx = ffvdx,

='Jo Q Q Q (57)
forany ve WY(Q)NL2(Q).

Theorem 3.6. Let f € L™(Q) withm > ZO hi /1\
0 —

in the sense of distributions for the problem (56).

Under the assumptions (8)) — , there exists at least one solution

Proof of Theorem
Step 1: Approximate problem

For any n € N, we consider the following approximate problem

N
Y Dlaix, wy, Vity) + HOx, 1y, Vity) + |20, = f,(x)  in Q,
i;]l (58)
Za,-(x, Uy, Vuy)n; =0 on 0Q,

i=1

with f, = T,(f) € L"™(Q) N L®(Q).
According to the Theorem 3.3} there exists at least one solution in the sense of distributions for the problem
(8). i. e.

N
Zfa,-(x,un,Vun)Divdx +fH,,(x,un,Vun)vdx + flunls‘]‘zunvdx = ff,,(x)vdx,

='Jo Q Q Q (59)
forany ©ve WY(Q)NL®(Q).

Step 2: Weak convergence of truncations

*d
with B([s|]) =2 Ma”c, we obtain

o b(ll)

Let k > 0, by taking v = Ty (u,)(1 + | Ty(u,)]) e € Wl'ﬁ(Q) N L*(QY) as a test function in the approximate
problem

N
Y, f i, i, Vit) D' Ti(1t) (1 + | Te(utn)l) e dx
Q

i=1
N

+A2fai(x, Uy, Vit ) D' Ti(1) Tt |(1 + | Tie(a) )~ B0 g
i=1 V@

d(Juenl) (60)

- b(lunl)
+ f [ Y T ()| (1 + | TN B0 dx + f H,u(x, 11, Vitg) Te( ) (1 + | Tie(1a)]) B dx
Q

< | Ul Te@ua)I(L + [ Te(u) 1) eB00 dx.
Q

(1+ [Ti(ata)) €20 dx

N
23" | @il tta, Vit D't Tt
i=1 v
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In view of (I0) and (1I), we conclude that

|D Tk un)l B
b f ID Ty ()P dx + boA f Ty () P dx
°Z gy ) ° Z g (L iy RO

+22 f Al DI 1P Tt (L + TP e+ f ot T )1+ (TP dx - (61)
i-1 Y@ Q

N
<5 fg T+ [T dx + ) fo (D't Ti(ut) (1 + [ T(ut)]) e .
i=1

It follows that,

boz f D Tyt dx+boAi f DTl 7
flua <K ’ = i<y (1 [a]) !

+Zl fQ A )D 1t P T(atn)I(1 + [T () dx + f T dx .

e f ! [T dx + Co f FO TGt dx
<c f T dx + f T dx+ f (T dx.

Having in mind that f € L™(Q) for m > ZO ijlt, we get

N

by f ID'Ty ()P dx + k(1 + k) Z f
{lun|<k}

i=1 {lun|>k}

d(|u))|\Diuy P dx + % f Ty ()™ dx < Cy, (63)
Q

where C; is a positive constant that doesn’t depend on k and n. Thus, by letting k tends to infinity, we
deduce that

N
boz f D, P dx+% f [ dx < Co. (64)
i=1 VQ 0

Thus, in view of Young’s inequality, we obtain

sy = litallwngy + Y 10wy,

N N L
= fo |un|dx+; fQ |D’un|dx+;( folD’“n"” dx)" (65)

N
- f | [ dx + 2 Z f ID'w, P dx + (N + 1)(1 + meas(Q))
Q = Jo
<G,

with Cj is a constant that doesn’t depend on n and k. we conclude that the sequence (u,), is uniformly
bounded in W'#(Q), and we get

Uy — U weakly in W'7(Q),
u, — u  stronglyin [£(Q) and ae. in Q, (66)
Uy — U weaklyin L'(9Q) and ae. in 9Q.
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Finally, by using Lemma [2.5|and the Lebesgue dominated convergence theorem, we conclude that for any
k>0

Ti(u,) — Te(u)  weakly in W'7(Q),
Tr(u,) — Tr(u) strongly in [Z(Q) and ae. in Q, (67)
Ti(uy) — Ti(u) weaklyin L'(0Q) and ae. in 0Q.

Now, we will show that the sequence (|u,[*~2u,), is uniformly equi-integrable.
Let E be a measurable subset of Q). By using (64), we have for any & > 0

f [u o dx < f T ()0~ dx + f [0t dx,
E E EN{lual>h) (68)

_ 2
< meas(E)h*~! + g

Thus, for any ¢ > 0, there exists f(¢) > 0 such that
flu,,lsl)1 dx<e¢ forany EcQ with meas(E) < f(e). (69)
E

Then, we deduce that the sequence (Il ~2uy,), is equi-integrable in L(Q), and since u, — u a.e. in Q,
then the Vitali’s theorem implies that

%0, — uf*2u  in LYQ). (70)

Step 3: Strong convergence of gradients

In this step, one will denote by ¢;(n), i = 0,1, ... some various functions of real numbers which converges
to 0 as n tends to infinity.

Let k > 1, by taking ¢, = @(Tk(un) — Te(u))ePl) e Wl'ﬁ(Q) N L¥(Q) as a test function for the approximate
problem (58), we have

z

Z f a;:(x, tn, Vitg) (D T (1) — D' T(14))@” (T (14,,) — T(ua))eP D dx
i=1 YO

N
’ iy 2tel) _ )
+2;Laz(x,un,Vun)D u"b(|un|)Slgn(u”)(P(Tk(”") Ti(u))e dx

+fHn(X,un,Vun)(P(Tk(un)—Tk(u))eBﬂ"nl) dx+j‘IunISO_Zun(P(Tk(Mn)—Tk(“))l?B(lu"I> dx
Q

- f Fap(Tic(utn) — Tie(u))eP4D dx.
Q

(71)
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It’s clear that ¢(Ty(u,) — Tx(1)) has the same sign as u,, on the set {|u,| > k}. In view of and (1), we obtain

N
Y fQ a:(x, Ti(utn), V(1)) T(ttn) = D'Ti(0))’ (Ti(ut) = Tie(w))eP P dx
i=1

N
-y, f ai(x, tt, Vi) D'Ti(u) " (Te(ttn) = Tiu))e™ ) dx
=7 lu|>k)

d(Junl)
b(lutn)

N
+2 Z f (%, tn, Vity) D'ty S| (Ti(ut) = Tie(w) P dx
lnl>H

- : ) _ Bl
2 Z fu,,|<k} a; (X, Tk(un)/ leln)D Tk(un) b(lunl) |(P(Tk(1/ln) Tk(lxl))lé‘ dx (72)
+ f |14, 214, (T (1) — Tie(1))eBD dx
[fal 19 (Ti(14a) = Ti(u))e™ ) dx + f (6, s, Vit 19(Ti(ttn) = Tl dx
Q Q
N
= f il lpTx) = TaGDl e+ ) f (e DID P p(Te1t) — TP dix
< eB(Wnl)f |1 1o(Tie(un) — Tie(u))l dx + Z f a1, 1y, Vit )D' Zg:un:; o (Tien) — Te(u)le™ P d.
It follows that
N
Z j(; ai(x, Ti(un), VTk(un))(DiTk(un) - DiTk(u))(Pl(Tk(un) _ Tk(u))eBU”"D dx
=1
N
_ Z f ai(x, Uy, vu”)Dka(”)(p'(Tk(u,,) _ Tk(u))eB(lu"l) dx
i=1 Y lunl>k} .
N
-3 ; ﬁun|<k} a; (x Tk(un) VMn)D Tk( n)d? ::; |(p(Tk(un) _ Tk(u))leB(lu"D dx

< o) f 0l Jp(Tit) = T()] e + €20 f 1 (T(atn) — Tew))| dx.

For the second term on the left-hand side of (73), in view of (9) and (64), the sequence (a;(x, t,, Vii,)), is
umformly bounded in L¥i (Q), then there exists a measurable function &; such that |a;(x, u,, Vu,)| — &; weakly
in L7 (Q), it follows that

e1(n) Z ‘f 00 o Vi) DT (Tiat) = Tia)e? ]

<Py [ i, Yl DTyl 74)
im1 >k}
N .
—> ¢/ (2k)eB) Z f &ID'Te(u)dx =0 as n— oco.
{lul>k}
Concerning the first term on the right-hand side of (73), thanks to (70 . ) we have [u,[*~1 — [u[*~! strongly

in L}(Q), and since ¢(Ti(u,) — Te(u)) — 0 weak—=* in L“(Q), then

ex(n) = fQ 0 lp(Tet) — o)l dx — 0 as 11— oo, (75)
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Similarly, we have f € L™(Q) with m > 1, then

e3(n) = fo 1 1o(Ti(tn) — Te@)l dx — 0 as 1 — oo, (76)

By combining (73) and (74) — (76), we conclude that

N
Y f( a;(x, Ti(t), VT(ut))(D' T(tt) = D'Tie(u0)) " (Te(ut) = Tie(u))e™ ) dx
i=1 2

() (77)

—32 5 T, VI DD T ) T Ti,) = T

< 54(”)

where e4(n1) = €1(n) + €2(n) + €3(n) — 0 when 1 goes to co. Therefore, we deduce that
N . .
Z f (ai(x/ Ti(un), VT (1)) — ai(x, Tic(un), VTk(M)))(Dsz(un) — D'Ty(u))@’ (Te () — Ti(ua))ePt ) dx
=1 Y

N
=53, [ (a0 T, VTit0) = 63 T, VI 0))D'Tyl,) = D)
i=1 VO

Xlo(Ti(u) — Ti(u ))|b§||”“:; Blunl) 1y
(78)

< ey(n) + 3“ b(- B ”Lm(Q (2k)eB) ; fQ lai(x, Ti(uan), VTi(@)| 1D T () = D Ti(u)| dx

WD e ,~
+3||WHL00<Q>€B( )Zf fg la;x, Tie(14n), VTi(ua))] 1D Tic(u)] 1p(T(1t) = Tic(w))] dlx

N
+(p/(2k)63(°°) ; L la;(x, Ti(uy), VTk(”))”DiTk(un) - DiTk(u)I dx.
Thus, we obtain
N
Z f (ai(xr Tk(un)/ VTk(un)) - ai(xr Tk(un), VTk(M)))(DiTk(un) — DiTk(u))
i=1 Y
X(¢' (Ty(ats) = Ty()e®s) 3\\% 1o T1(0) = Ty} dx

d( 1) = , 79)

< 3Hb(|_|) LM(Q)eB(DO) ; L |ﬂ1‘(x, Tk(u“)’ VTk(Mn))| IDlTk(u)| |(p(Tk(un) - Tk(u))l dx
N

+Ho' @0 + 3”% L@ ))e" ; fQ la;(x, Tic(utn), VT(u))| ID' Ti(1ty) — D' Tie(u)] dx + ea(n).

For the first term on the right-hand side of (79), according to assumptlon (E[) we have (a;(x, Tr(u,), VTr(t,)))nev is bounded
in L (Q), then there exists a measurable functlon O in L7/ (Q) such that a;(x, Te(itn), VTi(1ty)) — i weakly in ’(Q),
and since |D'Ty(w)| |p(Tx(14,) — Tr(w))] = 0 strongly in L?i(Q), then we get

N
esm = fQ i, TeCot), VI DTl lp(Tety) = Te(w))l dx — 0 as 1 — oo. (80)
i=1

For the second term on the right-hand side of , we have a;(x, Ti(1,), VT (1)) — ai(x, Ti(u), VTi (1)) strongly in L (Q),
and since D'Ty(u,) — D'Ty(u) weakly in LFi(Q), it follows that

N
es(m) =) fQ i, Te(uy), V@) ID'Ti(y) = D'Te(u)l dx — 0 as 1 — oo, (81)
i=1
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By combining (79) and (80) — (1), we conclude that

N
% Z f (@ e, Teuea), V() = i, Teutn), VT() (D' Ti(uty) — D'Te(w)) dx
N
Z f a;i(x, Te(un), VTi(un)) — ai(x, Te(uy), VTk(u)))(DlTk(un) — D'Ty(u))
i=1
X((P’(Tk(un) — Tk(M))eB(lu"D — 3|| ‘ZE: ||) HLOO |(p(Tk(un) _ Tk(u))l)eB(Iunl) dx
< 87(7’[)

where ¢7(n) = e4(n) + e5(n) + £6(n) — 0 as n goes to co.
By letting # tends to infinity, we conclude that

N
Y, f (asCx, Tiuta), Vi) = ai(x, Tiut), Vi) (D' Tic(wy) = D'Ti() dx — 0 as 1 — oo,
— JQ

Thanks to @) we have Ti(u,) = Ti(u) strongly in L(Q), and in view of Lemma we conclude that

T () — Ti(u1) in WY(Q),
D'Ty(u,) — D'Ty(u) ae. in Q.

Having in mind (66) by letting k tends to infinity, we obtain

Uy —> U in  WY(Q)
D'u, — D'u ae. in Q.

Step 4 : Equi-integrability of (Hy,(x, Uy, Viiy))nav
Leth > 1and E C Q be a measurable subset. It’s clear that
[, Vatas < [ T, VT [, V)
Q ENllunl<h) {litn|>h}

On the one hand, according to , we have : For any ¢ > 0, there exists (¢, 1) > 0 such that

forany EcQ with meas(E) < (e, h).

le\“

f |H (x Th(un) VTh(un))| dx
EN{lun|<h}
On the other hand, thanks to we have
h(1 + h)* f (i)D" dx < Cs.
{lun|>h}

Using (1T) we deduce that

N
f I, Vi) dx <) f A’ dx,
{luen >} i=1 Vlunl>h}
2
< m —0 as h— oo,

Thus, for all € > 0, there exists hy(¢) > 0 such that
f”, H Vi < 5 for hzhe).

By Combi;ing (86), and we conclude that : For any ¢ > 0 there exists f(¢) > 0 such that
fE|H,,(x, Uy, Vi) dx < ¢ forany ECQ with meas(E) < B(e).

Thus, the sequence (H,(x, u,, Vii,))uev is uniformly equi-integrable and thanks to , we have
H,(x,u,,Vu,) — H(x,u,Vu) ae.in Q.
In view of Vitali’s theorem, we deduce that

H,(x, u,, Vu,) — H(x,u, Vu) strongly in LYQ).

5569

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

o1

92)
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Step 5: Passage to the limit

Thanks to , we have a;(x, u,, Vu,) — a;(x,u, Vu) a.e. in Q and since (a;(x, u,,, Vi,,)) ey is bounded in L (Q), in view
of Lemma[2.5] we obtain

a;(x, uy, Vu,) — a;(x,u,Vu) in U’z"(Q). (93)

Also, we have f, — f strongly in L"((2).
By taking v € W'/(Q) N L*(Q) as a test function in and in view of , and (93), easily we pass to the limit in
the following equality

N
Z f ai(x, u,, Vit,)D'o dx + f H,(x, 1y, Vi )odx + | 2u,0 dx = f fuv dx, (94)
- YQ Q Q Q

to obtain

N

Zfaf(x,u,Vu)Divdx+fH(x,u,Vu)vdx+fIuISU’Zude:ffvdx, (95)
' Ja Q Q Q

which conclude the proof of the Theorem[3.6]

4. Appendix

Proof of Lemma[3.4]
We denote by C;,C5,Cs,...some positive constants which depend on m.
For any u and v in W'#(Q), we have

N
B,y =) f ai(x, Ty (u), Vi)D'o dx + f T, ()T, ()0 dx
i=1 YO Q

1 _
+—f|u|3 2uvdx+me(x,u,Vu)v dx.
m Jaq Q

In view of Holder’s inequality we get

(96)

N
B, <Y [ 1ate, Tuti, V1D dx+ [ 11y, Vol d
-1 YQ Q

1 _
+ f T (u)l " ol dx + — f ul’" o] dx
N Q m Jg

sz f BKi(x) + | Tu(@)P~" + [D'uf™") |D'v| dx + m f [o] dx
i=1 v Q

1 - p-1 (97)
so—1 il 1
+m L ol dx + —lhulf, ol

N
i—1 i npi-1
< Y B, g + TG ) + 1D Ul Motk g+ el 5
i=1

1

-
lull} ; 1ol

C
-1
+mO ol 5 + 5

=2
1 m
< (o + lull " ol 5
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Thus, the operator B,, is bounded.
For the coercivity, we have for any u,v € W'7(Q),

N
(B,v,v) = Zfa;(x,Tm(v),Vv).Divdx + fH,,,(x,v,Vv)vdx
= Jo Q

+ f () 2T (@)0 dx + - f lof? dx
SN mJa
bo - 1
> — z Dyl = P dx — (98)
Z Trm) MLI ol dx+mf0|v| dx levldx

by v C
0 i . 2 P
> —2 =) f ID'op dx + =0l o, = mllell 5
1 +mt & Jg m- Q) ”
4
> Gillol; ;= mllol

Since p — 1 > 0, then

[{B,,v, v)|
—_— >

as |lollyz — oo.
lolly 5 y

Therefore, the operator B,, is coercive.
Now, it remains to show that the operator B,, is pseudo-monotone. Let (ux)rey be a sequence in W'7(Q) such that

Uy — U weakly in W49 (Q),

By = x i (WY(Q), 2
lim sup(B,,tux, u) < (x, ).
k—oo

We will prove that xy = B,,u and (B,uy, ux) — {x,u) ask — oo.
We have W' (Q) — LX(Q), then uy — u strongly in L%(Q) and a.e. in Q for a subsequence denoted again (1.
In view of (Eb, the sequence (a;(x, Ty (ux), Vii))key is uniformly bounded in Lri (Q), then there exists a measurable function
@; € L¥i(Q) such that

ai(x, T (ur), Vug) = @i weakly in L (Q). (100)
On the other hand, we have

[t 2w, — [l 2u  strongly in LY (Q). (101)
Also, in view of Lebesgue’s dominated convergence theorem we obtain

T ()02 T (tt5) — 1T ()02 Tu () strongly in LY (Q). (102)

Moreover, (Hy(x, ux, Viig))x is uniformly bounded sequence in L2(Q), then there exists a measurable function ¢ € L2(Q)
such that

H(x, ug, Vi) = ¢ weakly in LEQ). (103)
By combining (100) — (103) we conclude that for any v € W'#(Q),
o) = LEm(Buu, v)

k—co

N
= lim Z a;(x, T (ug), Vi) Div dx + lim | HouCx, ug, Vige)o dx
= Ja k—o Jo

104
+lim f |T,,,(uk)PO*ZTm(uk)vdx+l f [l 20 dx (104)
k=eo Joy m Jo

N
f(piDivdx+f1/)vdx+fITm(u)IS"'ZTm(u)vdx+lflulﬁ_zuvdx.
= Jo Q Q mJo

i
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Using (99) and (104), we deduce that

lim sup(Bux, gy = hm sup Zfa (x, T (ug), Vi )Dluye dx + f H,,.(x, ug, Vug)uy dx

k—o0
¥ f T ] dx + — f . dx)
Q mJa

N
. . 1
< :Diu dx + f udx + f T, ()0 ] dx + — f [uf?. dx.
;‘ fg; v Q v Q mJa
Having in mind (99), (104) and (T05), we get

N N
lim supZ f ai(x, Ty (uy), Vi) D'y dx < Z f (p,-D’ﬁ dx.
=1 YO i=1 YO

On the other hand, thanks to (8) we have

N
Y f (@i, Ty (i), Vi) = i, Ton(t), Vit)) (D' = D'u) dlx 2 0,
-1 YQ

then,
N N
Z f ai(x, Tm(uk)/ Vuk)Diuk dx 2 Z f ﬂi(x, Tm(uk)/ VM)(Diuk - Diu) dx
i=1 Q ey Q
N
+ lZ,‘(x, Tm(uk)/ Vuk)Diu dx.
Thanks to (T00), we get

N N
h?_l)glf; Lai(x, T (ug), Vug) D'y dx > ; L @iD'udx.

Combining (T06) and (109), we conclude that

N N
limZLui(x,T,,,(uk),Vuk)Diuk dx:ZL(piDiudx.
pa}

k—oo A
i=1

Thus, in view of (110), (103), (102) and (101), we obtain

k—oo

11m<B Up, U) = hme {(x, Tp(ui), Viy).D'uay dx

+hmf H,u(x, ug, V). dx + f T ()0~ ] dx + l hm Iukl’” dx

k—eo Jo

—Zf(p,D’udx+f1/)udx+f|Tm(u)|5° 1|u|dx+—f|u|p dx,

<X, u).
Moreover, thanks to (110) we have

N
lim Z f (@i(x, To(utg), Vit) = a;(x, Tpu(1t), V1)) (D't — D't) dx = 0.
Q

k—co &
i=

Having in mind that u; — u strongly in L%(Q). Thus, by applying Lemma we deduce that

ug — u strongly in WY(Q)
D'uyy — D'u ae. in Q.

5572

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)
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Then, a;(x, Ty, (1x), Vi) — ai(x, T,u (1), Vu) and H,,(x, ux, Vi) = H,(x, 1, Vi) almost everywhere in Q, and thanks to @)
we conclude that

ai(x, Ty, (ug), Vug) — a;(x, T,y (1), Vi) weakly in L(Q) (113)
and
H,,(x, ux, Vuy) = H,,(x, u, Vu) weakly in  LE(Q). (114)

Then, in view of (101) and (I02) we deduce that B,,u = x. Thus, the proof of Lemma[3.4]is concluded.
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