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Abstract. In this paper, we consider the following homogenous Neumann elliptic problem
−

N∑
i=1

Di(ai(x,u,∇u)) +
N∑

i=1

d(|u|)|Diu|pi + |u|s0−2u = f in Ω,

N∑
i=1

ai(x,u,∇u).ni = 0 on ∂Ω,

where Ω is a bounded open domain in RN (N ≥ 2) with Lipschitz boundary ∂Ω, we prove the existence of
solutions in the sense of distributions for our elliptic problem in the anisotropic Sobolev spaces.

1. Introduction

Let Ω be a bounded open subset in IRN (N ≥ 2), with Lipschitz boundary ∂Ω. In [11], Boccardo et al.
have studied the degenerate elliptic equation{

−div (A(x,u)∇u) = f in Ω,
u = 0 on ∂Ω,

(1)

where the data f is assumed to be in Lm(Ω) for m ≥ 1. They have proved the existence of solutions and
some regularity results, for more details we refer the reader to [3, 12, 19]. Alvino et al. have studied in [2]
the following degenerated elliptic equation −div

(
|∇u|p−2

∇u

(1 + |u|)θ(p−1)

)
= f in Ω,

u = 0 on ∂Ω,
(2)
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they have demonstrated the existence of solutions and some regularity results in the case f ∈ Lm(Ω) with
m ≥ 1. In [20], Li has considered the following quasilinear anisotropic elliptic problem −

N∑
i=1

Di(ai(x,u,Diu)) = f in Ω,

u = 0 on ∂Ω,

(3)

where f ∈ Lm(Ω) for 1 < m < m =
Np

Np −N + p
. He has proved the existence of solutions, also some

regularity results were concluded. Gao et al. have studied in [17] the following degenerate anisotropic
elliptic equation : −

N∑
i=1

Di(ai(x,u,Diu(x))) = f (x) in Ω,

u(x) = 0 on Ω,

(4)

They have proved the regularity of global solutions with f ∈ Lm(Ω).
In this paper, inspired by [8, 13], we study the existence of solutions in the sense of distributions for the
following strongly nonlinear and non-coercive anisotropic Neumann problem with degenerate coercivity

−

N∑
i=1

Di(ai(x,u,∇u)) +H(x,u,∇u) + |u|s0−2u = f in Ω,

N∑
i=1

ai(x,u,∇u).ni = 0 on ∂Ω,

(5)

where n⃗ = (n1, . . . ,nN) is the outward unit normal vector on the boundary ∂Ω, and H(x, s, ξ) verifies only
some growth condition, with the data f is assumed to be in L∞(Ω) then in Lm(Ω).
This paper is structured as follows: In the Section 2, we present some definitions and properties concerning
the anisotropic Sobolev spaces. The Section 3 is divided into two essential parts: In the first part, we present
the assumptions and we show that our problem has at least one solution in the sense of distributions when
f ∈ L∞(Ω). In the second part, we prove the existence of solutions in the sense of distributions for our
nonlinear and non-coercive problem in the case where f ∈ Lm(Ω), and we conclude some regularity results.

2. Preliminaries

Let Ω be an open bounded domain in IRN (N ≥ 2), with smooth boundary ∂Ω. We set p1, . . . , pN be N
real constants numbers, with 1 < pi < ∞ for i = 1, . . . ,N and we denote

p⃗ = (1, p1, . . . , pN) and Diu =
∂u
∂xi

for i = 1, . . . ,N.

We set
p = min{p1, p2, . . . , pN} and p0 = max{p1, p2, . . . , pN}.

We define the anisotropic Sobolev space W1,p⃗(Ω) as follows :

W1,p⃗(Ω) =
{
u ∈W1,1(Ω) such that Diu ∈ Lpi (Ω) for i = 1, 2, . . . ,N

}
,

endowed with the norm

∥u∥1,p⃗ = ∥u∥1,1 +
N∑

i=1

∥Diu∥Lpi (Ω). (6)
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The space
(
W1,p⃗(Ω), ∥ · ∥1,p⃗

)
is a separable and reflexive Banach space (cf [22]).

Proposition 2.1. (cf. [20, 23]) Let u ∈W1,p⃗(Ω), we have
(i) Poincaré Wirtinger inequality: there exists a constant Cp > 0, such that

∥u −med(u)∥Lpi (Ω) ≤ Cp ∥Diu∥Lpi (Ω) for any i = 1, . . . ,N,

with

med(u) =
1
|Ω|

∫
Ω

|u| dx.

(ii) Sobolev inequality : there exists an other constant Cs > 0, such that

∥u −med(u)∥q ≤
Cs

N

N∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
pi
,

where

1
p
=

1
N

N∑
i=1

1
pi

and

 q = p∗ =
Np

N − p
if p < N,

q ∈ [1,+∞) if p ≥ N.

Lemma 2.2. [18] Let Ω be a bounded open set in IRN (N ≥ 2), we set

s = max(q, p+),

then, we have the following embeddings :

• if p < N then the embedding W1,p⃗(Ω) ↪→↪→ Lr(Ω) is compact for any r ∈ [1, s),

• if p = N then the embedding W1,p⃗(Ω) ↪→↪→ Lr(Ω) is compact for any r ∈ [1,+∞),

• if p > N then the embedding W1,p⃗(Ω) ↪→↪→ L∞(Ω) ∩ C0(Ω) is compact.

The proof of the Lemma 2.2 follows from the Proposition 2.1 and the fact that the embedding W1,p⃗(Ω) ↪→
W1,p(Ω) is continuous, and from the compact embedding theorem in classical Sobolev spaces.

Definition 2.3. Let k > 0, we consider the truncation function Tk(·) : IR 7−→ IR, given by

Tk(s) =

 s if |s| ≤ k,
k

s
|s|

if |s| > k,

and we define
T

1,p⃗(Ω) := {u : Ω 7→ IR measurable, such that Tk(u) ∈W1,p⃗(Ω) for any k > 0}.

Proposition 2.4. Let u ∈ T 1,p⃗(Ω). For any i ∈ {1, . . . ,N}, there exists a unique measurable function vi : Ω 7→ IR
such that

∀k > 0, DiTk(u) = viχ{|u|<k} a.e. x ∈ Ω,

where χA denotes the characteristic function of a measurable set A. The functions vi are called the weak partial
derivatives of u and are still denoted Diu. Moreover, if u belongs to W1,1(Ω), then vi coincides with the standard
distributional derivative of u, that is, vi = Diu.
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The proof of the Proposition 2.4 follows the usual techniques developed in [10] for the case of classical
Sobolev spaces. For more details concerning the anisotropic Sobolev spaces, we refer the reader to [5, 9, 14,
15].
We introduce the set T 1,p⃗

tr (Ω) as a subset of T 1,p⃗(Ω) for which a generalized notion of trace maybe defined

(see also [4] for the case of constant exponent). For more properties about the set T 1,p⃗
tr (Ω), we refer the

reader to [6].

Lemma 2.5. (see [1]) Let 1 ∈ Lp(Ω) and let (1n)nbe a sequence uniformly bounded in Lp(Ω).
If 1n → 1 almost everywhere in Ω, then 1n ⇀ 1 weakly in Lp(Ω).

3. Main result

We consider the following strongly nonlinear and non-coercive anisotropic elliptic problem :
Au +H(x,u,∇u) + |u|s0−2u = f in Ω,

N∑
i=1

ai(x,u,∇u).ni = 0 on ∂Ω,
(7)

where A = −
N∑

i=1

Diai(x,u,∇u) is a Leray-Lions operator acting from W1,p⃗(Ω) into its dual (W1,p⃗(Ω))
′

, where

ai : Ω × IR × IRN
7−→ IR are Carathéodory functions, for i = 1, . . . ,N, (measurable with respect to x in Ω for

every (s, ξ) in IR × IRN, and continuous with respect to (s, ξ) in IR × IRN for almost every x inΩ) which satisfy
the following conditions.

(ai(x, s, ξ) − ai(x, s, ξ′))(ξi − ξ
′

i ) > 0 for ξi , ξ
′

i , (8)

|ai(x, s, ξ)| ≤ β(Ki(x) + |s|pi−1 + |ξi|
pi−1), (9)

with the nonnegative function Ki(·) assumed to be in Lp′i (Ω) for i = 1, . . . ,N, where β > 0.

ai(x, s, ξ)ξi ≥ b(|s|)|ξi|
pi with

b0

(1 + |s|)λ
≤ b(|s|) for any s ∈ IR, (10)

with b0 > 0 and 0 ≤ λ < min(1, pi − 1,
1

pi − 1
).

As a consequence of (10) and the continuity of the function ai(x, s, ·) with respect to ξ, one has

ai(x, s, 0) = 0.

The lower order term H(x, s, ξ) is a Carathéodory function which verifies the following growth condition:

|H(x, s, ξ)| ≤
N∑

i=1

d(|s|)|ξi|
pi , (11)

where d(| · |) : IR+ 7→ IR+ is a decreasing function that satisfying
d(| · |)
b(| · |)

∈ L1(IR) ∩ L∞(IR).

We are going now to recall the following technical lemma, useful to prove our main results.
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Lemma 3.1. (see [10]) Let h > 0, assume that (8) − (10) hold true, and let (un)n∈IN be a sequence in W1,p⃗(Ω) such
that un ⇀ u weakly in W1,p⃗(Ω) and∫

Ω

(|un|
p−2un − |u|

p−2u)(un − u) dx

+

N∑
i=1

∫
Ω

(ai(x,Th(un),∇Th(un)) − ai(x,Th(un),∇u))(Diun −Diu) dx→ 0 as n→∞,
(12)

then un → u strongly in W1,p⃗(Ω) for a subsequence.

3.1. Existence of solutions in the sense of distributions for L∞-data.

We consider the strongly nonlinear anisotropic elliptic problem
−

N∑
i=1

Di(ai(x,u,∇u)) +H(x,u,∇u) + |u|s0−2u = F in Ω,

N∑
i=1

ai(x,u,∇u).ni = 0 on ∂Ω,

(13)

with F ∈ L∞(Ω).

Definition 3.2. A measurable function u is a solution in sense of distribution for the problem (13) if u ∈ W1,p⃗(Ω),
with |u|s0−1

∈ L1(Ω) and H(x,u,∇u) ∈ L1(Ω), such that u verifies the following equality

N∑
i=1

∫
Ω

ai(x,u,∇u)Div dx +
∫
Ω

H(x,u,∇u)v dx +
∫
Ω

|u|s0−2uv dx =
∫
Ω

Fv dx, (14)

for any v ∈W1,p⃗(Ω) ∩ L∞(Ω).

Theorem 3.3. Assume that (8)− (11) hold true. Then, there exists at least one solution u in the sense of distributions
for the strongly nonlinear elliptic problem (13). Moreover, we have u ∈ L∞(Ω) ∩W1,p⃗(Ω).

Proof of Theorem 3.3

The proof of the Theorem 3.3 will be divided into several steps.

Step 1: Approximate problem

For any m ∈ IN∗, we consider the following approximate problem.
−

N∑
i=1

Di(ai(x,Tm(um),∇um)) +Hm(x,um,∇um) +
1
m
|um|

p−2um + |Tm(um)|s0−2Tm(um) = F in Ω,

N∑
i=1

ai(x,Tm(um),∇um).ni = 0, in ∂Ω,

(15)

with Hm(x, s, ξ) = Tm(H(x, s, ξ)).
We define the operator Bm acting from W1,p⃗(Ω) into (W1,p⃗(Ω))′ by

⟨Bmu, v⟩ =
N∑

i=1

∫
Ω

ai(x,Tm(u),∇u)Div dx +
∫
Ω

Hm(x,u,∇u)v dx

+

∫
Ω

|Tm(u)|s0−2Tm(u)v dx +
1
m

∫
Ω

|u|p−2uv dx.

(16)
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Lemma 3.4. The operator Bm, acting from W1,p⃗(Ω) into its dual (W1,p⃗(Ω))
′

, is bounded and pseudo-monotone.
Moreover, the operator Bm is coercive in the following sense: there exists v ∈W1,p⃗(Ω) such that

⟨Bmv, v⟩
∥v∥W1,p⃗(Ω)

→∞ as ∥v∥W1,p⃗(Ω) →∞ f or v ∈W1,p⃗(Ω). (17)

For the proof of Lemma 3.4, see Appendix.
In view of Lemma 3.4 (see [21], Theorem 8.2), there exists at least one weak solution um ∈ W1,p⃗(Ω) for the
approximate problem (15) as follows

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)Div dx +
∫
Ω

Hm(x,um,∇um)v dx +
∫
Ω

|Tm(um)|s0−2Tm(um)v dx

+
1
m

∫
Ω

|um|
p−2umv dx =

∫
Ω

F(x)v dx

f or any v ∈W1,p⃗(Ω).

(18)

Step 2 : Some regularity results

We set B(|s|) =
∫ s

0

d(|τ|)
b(|τ|)

dτ and since
d(| · |)
b(| · |)

∈ L∞(Ω) ∩ L1(Ω) then 1 ≤ eB(|s|)
≤ eB(∞) < ∞.

Let δ ≥ 1, by taking vm = (Tk+δ(um)−Tk(um))eB(|um |) ∈W1,p⃗(Ω)∩ L∞(Ω) as a test function for the approximate
problem (15), it follows that

N∑
i=1

∫
{k<|um |≤k+δ}

ai(x,Tm(um),∇um)Dium dx

+2
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)Dium
d(|um|)
b(|um|)

|Tk+δ(um) − Tk(um)| dx

+

∫
Ω

Hm(x,um,∇um)(Tk+δ(um) − Tk(um))eB(|um |) dx +
∫
Ω

|Tm(um)|s0−1
|Tk+δ(um) − Tk(um)|eB(|um |) dx

+
1
m

∫
Ω

|um|
p−1
|Tk+δ(um) − Tk(um)|eB(|um |) dx =

∫
Ω

F(x)(Tk+δ(um) − Tk(um)eB(|um |) dx.

(19)

In view of (10) and (11), we obtain

N∑
i=1

∫
{k<|um |≤k+δ}

b(|um|)|Dium|
pi dx +

N∑
i=1

∫
Ω

|Dium|
pi d(|um|)|Tk+δ(um) − Tk(um)| dx

+

∫
Ω

|Tm(um)|s0−1
|Tk+δ(um) − Tk(um)| dx +

1
m

∫
Ω

|um|
p−1
|Tk+δ(um) − Tk(um)| dx

≤

∫
Ω

|F(x)||Tk+δ(um) − Tk(um)|eB(|um |) dx.

(20)

Let m be large enough, by choosing k ≤ m we have

δks0−1meas({|um| > k + δ}) ≤ δ

∫
{|um |>k+δ}

|Tm(um)|s0−1 dx

≤ δeB(∞)
∫
{|um |>k}

|F(x)| dx

≤ δeB(∞)
∥F∥L∞(Ω)meas({|um| > k}).

(21)

By letting δ tends to 0, we conclude that

ks0−1meas({|um| > k}) ≤ eB(∞)
∥F∥L∞(Ω)meas({|um| > k}). (22)
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By choosing k large enough, for example eB(∞)
∥F∥L∞(Ω) < ks0−1, we deduce necessarily that meas({|um| > k}) =

0. Consequently

∥um∥L∞(Ω) ≤ k ≤ (eB(∞)
∥F∥L∞(Ω))

1
s0−1 . (23)

Step 3: Weak convergence of (um)m

We denote by C1, C2, C3,. . . some positive constants of real number that don’t depend on m and n.

By taking vm = umeB(|um |) ∈W1,p⃗(Ω) ∩ L∞(Ω) as a test function in (15) with B(|s|) = 2
∫ s

0

d(|τ|)
b(|τ|)

dτ, we have

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)DiumeB(|um |) dx + 2
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)Dium|um|
d(|um|)
b(|um|)

eB(|um |) dx

+

∫
Ω

Hm(x,um,∇um)umeB(|um |) dx +
∫
Ω

|Tm(um)|s0−1
|um|eB(|um |) dx +

1
m

∫
Ω

|um|
peB(|um |) dx

≤

∫
Ω

|F(x)||um|eB(|um |) dx.

(24)

Since Tm(um) = um for m ≥ ∥um∥L∞(Ω), and in view of (10) and (11) we conclude that

b0

N∑
i=1

∫
Ω

|Dium|
pi

(1 + |um|)λ
dx +

N∑
i=1

∫
Ω

d(|um|)|Dium|
pi |um| dx

+

∫
Ω

|um|
s0 dx +

1
m

∫
Ω

|um|
p dx ≤ eB(∞)

∫
Ω

|F(x)||um| dx.

(25)

Thanks to (25) and (23), we get

b0

N∑
i=1

∫
Ω

|Dium|
pi

(1 + |um|)λ
dx +

∫
Ω

|um|
s0 dx ≤ eB(∞)

∫
Ω

|F(x)||um| dx

≤ eB(∞)
∥um∥L∞(Ω)∥F∥L∞(Ω)meas(Ω)

≤ (eB(∞)
∥F∥L∞(Ω))

s0
s0−1 meas(Ω).

(26)

Therefore, it follows that

N∑
i=1

∫
Ω

|Dium|
pi dx ≤ C1∥F∥

s0
s0−1

L∞(Ω)(1 + ∥um∥L∞(Ω))λ

≤ C2∥F∥
s0+λ
s0−1

L∞(Ω)

≤ C3.

(27)

Thus, we obtain

∥um∥1,p⃗ = ∥um∥1,1 +

N∑
i=1

∥Dium∥Lpi (Ω)

≤ ∥um∥L1(Ω) + 2
N∑

i=1

∫
Ω

|Dium| dx +
N∑

i=1

(
∫
Ω

|Dium|
pi dx)

1
pi

≤ |Ω|∥um∥L∞(Ω) + 2
N∑

i=1

∫
Ω

|Dium|
pi dx +N(1 + |Ω|)

≤ C4,

(28)
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with C4 is a positive constant that doesn’t depend on m. Thus, the sequence (um)m∈IN is uniformly bounded
in W1,p⃗(Ω), and we deduce that

um ⇀ u weakly in W1,p⃗(Ω),
um −→ u strongly in Lp(Ω) and a.e. in Ω,
um ⇀ u weakly in L1(∂Ω) and a.e. on ∂Ω,
um ⇀ u weak − ∗ in L∞(Ω).

(29)

It follows that

1
m
|um|

p−2um −→ 0 strongly in L1(Ω). (30)

Furthermore, in view of (23), we have |Tm(um)| ≤ (eB(∞)
∥F∥L∞(Ω))

1
s0−1 , and since Tm(um) −→ u almost every-

where in Ω, then in view of Lebesgue dominated convergence theorem, we obtain

|Tm(um)|s0−1
−→ |u|s0−1 strongly in L1(Ω). (31)

Step 4: The convergence almost everywhere of the gradient

In this step, we will denote by εi(m) for i = 0, 1, . . . some various functions of real numbers which converges
to 0 as m tends to infinity.

We set φ(s) = s.exp(
δ2s2

2
) with δ = 3

∥∥∥∥d(|.|)
b(|.|)

∥∥∥∥
L∞(Ω)

then we have φ′(s) − δφ(s) ≥
1
2

for any s ∈ IR.

By taking vm = φ(um − u)eB(|um |) ∈W1,p⃗
∩ L∞(Ω) as a test function for the approximate problem (15), we have

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)(Dium −Diu)φ′(um − u)eB(|um |) dx

+2
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)Dium
d(|um|)
b(|um|)

si1n(um)φ(um − u)eB(|um |) dx

+

∫
Ω

Hm(x,um,∇um)φ(um − u)eB(|um |) dx +
∫
Ω

|Tm(um)|s0−2Tm(um)φ(um − u)eB(|um |) dx

+
1
m

∫
Ω

|um|
p−2umφ(um − u)eB(|um |) dx ≤

∫
Ω

|F(x)||φ(um − u)|eB(|um |) dx.

(32)

In view of (10) and (11), we obtain

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)φ′(um − u)Di(um − u)eB(|um |) dx

−3
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)Dium
d(|um|)
b(|um|)

|φ(um − u)|eB(|um |) dx

≤ eB(∞)
∫
Ω

|F(x)||φ(um − u)| dx + eB(∞)
∫
Ω

|Tm(um)|s0−1
|φ(um − u)| dx

+
1
m

eB(∞)
∫
Ω

|um|
p−1
|φ(um − u)| dx.

(33)

For the first term of the right-hand side of (33), we haveΩ is an open bounded subset, then F(x) ∈ L∞(Ω) ⊂
L1(Ω) and since φ(um − u) ⇀ 0 weak-∗ in L∞(Ω), it follows that

ε1(m) = eB(∞)
∫
Ω

|F(x)| |φ(um − u)| dx −→ 0 as m→∞. (34)
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Similarly, in view of (30) and (31) we get

ε2(m) = eB(∞)
∫
Ω

|Tm(um)|s0−1
|φ(um − u)| dx −→ 0 as m→∞ (35)

and

ε3(m) =
eB(∞)

m

∫
Ω

|um|
p−1
|φ(um − u)| dx −→ 0 as m→∞. (36)

By combining (34) − (36), we conclude that

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)φ′(um − u)Di(um − u)eB(|um |) dx

−3
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)
d(|um|)
b(|um|)

Dium|φ(um − u)|eB(|um |) dx

≤ ε4(m).

(37)

such that ε4(m) = ε1(m) + ε2(m) + ε3(m) −→ 0 as m goes to∞. It follows that

N∑
i=1

∫
Ω

(ai(x,Tm(um),∇um) − ai(x,Tm(um),∇u))(Dium −Diu)

×

(
φ′(um − u) − 3

d(|um|)
b(|um|)

|φ(um − u)|
)
eB(|um |) dx

≤ 3
N∑

i=1

∫
Ω

ai(x,Tm(um),∇um)Diu
d(|um|)
b(|um|)

|φ(um − u)|eB(|um |) dx

−

N∑
i=1

∫
Ω

ai(x,Tm(um),∇u)(Dium −Diu)φ′(um − u)eB(|um |) dx

+3
N∑

i=1

∫
Ω

ai(x,Tm(um),∇u)(Dium −Diu)
d(|um|)
b(|um|)

|φ(um − u)|eB(|um |) dx + ε4(m)

≤ 3
∥∥∥∥d(| · |)

b(| · |)

∥∥∥∥
L∞(IR)

eB(∞)
N∑

i=1

∫
Ω

|ai(x,Tm(um),∇um)| |Diu| |φ(um − u)| dx

+
(
φ′(2k0) +

∥∥∥∥d(| · |)
b(| · |)

∥∥∥∥
L∞(IR)
|φ(2k0)|

)
eB(∞)

N∑
i=1

∫
Ω

|ai(x,Tm(um),∇u)| |Dium −Diu| dx + ε4(m),

(38)

with k0 = (eB(∞)
∥F∥L∞(Ω))

1
s0−1 .

For the first term on the right-hand side of (38), thanks to (9) we have (ai(x,Tm(um),∇um))m∈N is bounded
in Lp′i (Ω), then there exists a measurable function φi ∈ Lp′i (Ω) such that ai(x,Tm(um),∇um) ⇀ φi weakly in
Lp′i (Ω), and since |Diu| |φ(um − u)| → 0 strongly in Lpi (Ω), it follows that

ε5(m) =
N∑

i=1

∫
Ω

|ai(x,Tm(um),∇um)| |Diu| |φ(um − u)| dx −→ 0 as m→∞. (39)

Concerning the second term on the right-hand side of (38), using (29) we have Tm(um) → u strongly in
Lpi (Ω) then ai(x,Tm(um),∇u) −→ ai(x,u,∇u) strongly in Lp′i (Ω), and since Dium ⇀ Diu weakly in Lpi (Ω), we
conclude that

ε6(m) =
N∑

i=1

∫
Ω

|ai(x,Tm(um),∇u)| |Dium −Diu| dx −→ 0 as m→∞. (40)
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Having in mind that φ′(s) − δφ(s) ≥
1
2

for any s ∈ IR. Thus, by combining (38) and (39) − (40) we conclude
that

1
2

N∑
i=1

∫
Ω

(ai(x,Tm(um),∇um) − ai(x,Tm(um),∇u))(Dium −Diu) dx

≤

N∑
i=1

∫
Ω

(ai(x,Tm(um),∇um) − ai(x,Tm(um),∇u))(Dium −Diu)

×

(
φ′(um − u) − 3

d(|um|)
b(|um|)

|φ(um − u)|
)
eB(|um |) dx

≤ ε7(m)

(41)

where ε7(m) = ε4(m) + ε5(m) + ε6(m) −→ 0 as m −→ ∞..
By letting m goes to infinity in the previous inequality, and since um −→ u strongly in Lp(Ω), we conclude
that

N∑
i=1

∫
Ω

(ai(x,Tm(um),∇um) − ai(x,Tm(um),∇u))(Dium −Diu) dx

+

∫
Ω

(|um|
p−2um − |u|

p−2u)(um − u) dx −→ 0 as m→∞.

(42)

In view of Lemma 3.1, we deduce that{
un −→ u strongly in W1,p⃗(Ω)
Diun −→ Diu a.e. in Ω.

(43)

Step 5: The equi-integrability of the sequence (Hm(x,um,∇um))m∈N

In view of (43) we have

ai(x,Tm(um),∇um) −→ ai(x,u,∇u) a.e. Ω, (44)

and

Hm(x,um,∇um) −→ H(x,u,∇u) a.e. Ω. (45)

On the one hand, thanks to (9), we have (ai(x,Tm(um),∇um))m∈N is bounded in Lp′i (Ω) and in view of (44) and
Lemma 2.5, we conclude that

ai(x,Tm(um),∇um) ⇀ ai(x,u,∇u) weakly in Lp′i (Ω). (46)

Now, we show that

Hm(x,um,∇um) −→ H(x,u,∇u) strongly in L1(Ω), (47)

using Vitali’s theorem, it’s sufficient to prove that the sequence (Hm(x,um,∇um))m is uniformly equi-
integrable.

We have ∥um∥L∞(Ω) ≤ k0 = (eB(∞)
∥F∥L∞(Ω))

1
s0−1 . Thus, for any measurable subset E ⊂ Ω, it follows that∫

E
|Hm(x,um,∇um)| dx =

∫
E
|Hm(x,Tk0 (um),∇Tk0 (um))| dx

≤

N∑
i=1

∫
E

d(Tk0 (um))|DiTk0 (um)|pi dx

≤ ∥d(Tk0 (s))∥L∞(IR)

N∑
i=1

∫
E
|Dium|

pi dx.

(48)
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In view of (43), we conclude that : for any η > 0, there exists β(η) > 0 such that∫
E

Hm(x,um,∇um) dx ≤ η for any E ⊂ Ω with meas(E) ≤ β(η). (49)

Thus, the sequence (Hm(x,um,∇um))m∈N is uniformly equi-integrable. In view of (47) and Vitali’s theorem
we conclude that Hm(x,um,∇um) tends strongly to H(x,u,∇u) in L1(Ω).

Step 6: Passage to the limit

By taking v ∈W1,p⃗(Ω) ∩ L∞(Ω) as a test function in (15), we obtain

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)Div dx +
∫
Ω

Hm(x,um,∇um)v dx +
∫
Ω

|Tm(um)|p0−2Tm(um)v dx

+
1
m

∫
Ω

|um|
p−2umv dx =

∫
Ω

F(x)v dx.

(50)

For the first term on the left hand side of (50), in view of (46) and since v ∈W1,p⃗(Ω) then

N∑
i=1

∫
Ω

ai(x,Tm(um),∇um)Div dx −→
N∑

i=1

∫
Ω

ai(x,u,∇u)Div dx as m→∞. (51)

Moreover, thanks to (46) and since v ∈ L∞(Ω), then∫
Ω

Hm(x,um,∇um)v dx −→
∫
Ω

H(x,u,∇u)v dx as m→∞. (52)

Similarly, using (30) and (31), we get∫
Ω

|Tm(um)|p0−2Tm(um)v dx −→
∫
Ω

|u|p0−2uv dx as m→∞, (53)

and

1
m

∫
Ω

|um|
p−2umv dx −→ 0 as m→∞. (54)

In view of (50) and (51) − (54) we conclude that

N∑
i=1

∫
Ω

ai(x,u,∇u)Div dx +
∫
Ω

H(x,u,∇u)v dx +
∫
Ω

|u|p0−2uv dx =
∫
Ω

Fv dx,

for any v ∈W1,p⃗(Ω) ∩ L∞(Ω),

(55)

which conclude the proof of Theorem 3.3.

3.2. Existence of solutions in the sense of distributions for Lm-data

In this part of the paper, we consider the strongly nonlinear and non-coercive Neumann problem:
Au +H(x,u,∇u) + |u|s0−2u = f (x) in Ω,

N∑
i=1

ai(x,u,∇u).ni = 0 on ∂Ω,
(56)

with f ∈ Lm(Ω) with m ≥
s0 + λ
s0 − 1

.
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Definition 3.5. A measurable function u is a solution in the sense of distribution for the problem (56), if u ∈W1,p⃗(Ω)
and |u|s0−2u ∈ L1(Ω) with H(x,u,∇u) ∈ L1(Ω), such that u verifies the following equality

N∑
i=1

∫
Ω

ai(x,u,∇u)Div dx +
∫
Ω

|u|s0−2uv dx +
∫
Ω

H(x,u,∇u)v dx =
∫
Ω

f v dx,

for any v ∈W1,p⃗(Ω) ∩ L∞(Ω).

(57)

Theorem 3.6. Let f ∈ Lm(Ω) with m ≥
s0 + λ
s0 − 1

. Under the assumptions (8) − (11), there exists at least one solution

in the sense of distributions for the problem (56).

Proof of Theorem 3.6

Step 1: Approximate problem

For any n ∈ IN∗, we consider the following approximate problem
N∑

i=1

Diai(x,un,∇un) +H(x,un,∇un) + |un|
s0−2un = fn(x) in Ω,

N∑
i=1

ai(x,un,∇un).ni = 0 on ∂Ω,

(58)

with fn = Tn( f ) ∈ Lm(Ω) ∩ L∞(Ω).
According to the Theorem 3.3, there exists at least one solution in the sense of distributions for the problem
(58), i. e.

N∑
i=1

∫
Ω

ai(x,un,∇un)Div dx +
∫
Ω

Hn(x,un,∇un)v dx +
∫
Ω

|un|
s0−2unv dx =

∫
Ω

fn(x)v dx,

for any v ∈W1,p⃗(Ω) ∩ L∞(Ω).

(59)

Step 2: Weak convergence of truncations

Let k > 0, by taking v = Tk(un)(1 + |Tk(un)|)λeB(|un |) ∈ W1,p⃗(Ω) ∩ L∞(Ω) as a test function in the approximate

problem (58) with B(|s|) = 2
∫ s

0

d(|τ|)
b(|τ|)

dτ, we obtain

N∑
i=1

∫
Ω

ai(x,un,∇un)DiTk(un)(1 + |Tk(un)|)λeB(|un |) dx

+ λ
N∑

i=1

∫
Ω

ai(x,un,∇un)DiTk(un)|Tk(un)|(1 + |Tk(un)|)λ−1eB(|un |) dx

+2
N∑

i=1

∫
Ω

ai(x,un,∇un)Diun|Tk(un)|
d(|un|)
b(|un|)

(1 + |Tk(un)|)λeB(|un |) dx

+

∫
Ω

|un|
s0−1
|Tk(un)|(1 + |Tk(un)|)λeB(|un |) dx +

∫
Ω

Hn(x,un,∇un)Tk(un)(1 + |Tk(un)|)λeB(|un |) dx

≤

∫
Ω

| fn||Tk(un)|(1 + |Tk(un)|)λeB(|un |) dx.

(60)
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In view of (10) and (11), we conclude that

b0

N∑
i=1

∫
{|un |≤k}

|DiTk(un)|pi dx + b0λ
N∑

i=1

∫
{|un |≤k}

|DiTk(un)|pi

(1 + |un|)
|Tk(un)|eB(|un |) dx

+2
N∑

i=1

∫
Ω

d(|un|)|Diun|
pi |Tk(un)|(1 + |Tk(un)|)λeB(|un |) dx +

∫
Ω

|un|
s0−1
|Tk(un)|(1 + |Tk(un)|)λeB(|un |) dx

≤ eB(∞)
∫
Ω

| f (x)||Tk(un)|(1 + |Tk(un)|)λ dx +
N∑

i=1

∫
Ω

d(|un|)|Diun|
pi |Tk(un)|(1 + |Tk(un)|)λeB(|un |) dx.

(61)

It follows that,

b0

N∑
i=1

∫
{|un |≤k}

|DiTk(un)|pi dx + b0λ
N∑

i=1

∫
{|un |≤k}

|DiTk(un)|pi

(1 + |un|)
|Tk(un)| dx

+

N∑
i=1

∫
Ω

d(|un|)|Diun|
pi |Tk(un)|(1 + |Tk(un)|)λ dx +

∫
Ω

|Tk(un)|s0+λ dx

≤ C0

∫
Ω

| f (x)| |Tk(un)| dx + C0

∫
Ω

| f (x)| |Tk(un)|1+λ dx

≤ C1

∫
Ω

| f (x)|
s0+λ

s0+λ−1 dx +
∫
Ω

| f (x)|
s0+λ
s0−1 dx +

1
2

∫
Ω

|Tk(un)|s0+λ dx.

(62)

Having in mind that f ∈ Lm(Ω) for m ≥
s0 + λ
s0 − 1

, we get

b0

N∑
i=1

∫
{|un |≤k}

|DiTk(un)|pi dx + k(1 + k)λ
N∑

i=1

∫
{|un |>k}

d(|un|)|Diun|
pi dx +

1
2

∫
Ω

|Tk(un)|s0+λ dx ≤ C2, (63)

where C2 is a positive constant that doesn’t depend on k and n. Thus, by letting k tends to infinity, we
deduce that

b0

N∑
i=1

∫
Ω

|Diun|
pi dx +

1
2

∫
Ω

|un|
s0+λ dx ≤ C2. (64)

Thus, in view of Young’s inequality, we obtain

∥un∥W1,p⃗(Ω) = ||un||W1,1(Ω) +

N∑
i=1

∥Diun∥Lpi (Ω),

=

∫
Ω

|un| dx +
N∑

i=1

∫
Ω

|Diun| dx +
N∑

i=1

( ∫
Ω

|Diun|
pi dx

) 1
pi

=

∫
Ω

|un|
s0+λ dx + 2

N∑
i=1

∫
Ω

|Diun|
pi dx + (N + 1)(1 +meas(Ω))

≤ C3,

(65)

with C3 is a constant that doesn’t depend on n and k. we conclude that the sequence (un)n is uniformly
bounded in W1,p⃗(Ω), and we get

un ⇀ u weakly in W1,p⃗(Ω),
un −→ u strongly in Lp(Ω) and a.e. in Ω,
un ⇀ u weakly in L1(∂Ω) and a.e. in ∂Ω.

(66)
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Finally, by using Lemma 2.5 and the Lebesgue dominated convergence theorem, we conclude that for any
k > 0


Tk(un) ⇀ Tk(u) weakly in W1,p⃗(Ω),
Tk(un) −→ Tk(u) strongly in Lp(Ω) and a.e. in Ω,
Tk(un) ⇀ Tk(u) weakly in L1(∂Ω) and a.e. in ∂Ω.

(67)

Now, we will show that the sequence (|un|
s0−2un)n is uniformly equi-integrable.

Let E be a measurable subset of Ω. By using (64), we have for any h > 0

∫
E
|un|

s0−1 dx ≤

∫
E
|Th(un)|s0−1 dx +

∫
E∩{|un |>h}

|un|
s0−1 dx,

≤ meas(E)hs0−1 +
2C2

hλ+1
.

(68)

Thus, for any ε > 0, there exists β(ε) > 0 such that

∫
E
|un|

s0−1 dx ≤ ε for any E ⊂ Ω with meas(E) ≤ β(ε). (69)

Then, we deduce that the sequence (|un|
s0−2un)n is equi-integrable in L1(Ω), and since un −→ u a.e. in Ω,

then the Vitali’s theorem implies that

|un|
s0−2un −→ |u|s0−2u in L1(Ω). (70)

Step 3: Strong convergence of gradients

In this step, one will denote by εi(n), i = 0, 1, . . . some various functions of real numbers which converges
to 0 as n tends to infinity.
Let k ≥ 1, by taking ϕn = φ(Tk(un) − Tk(u))eB(|un |) ∈ W1,p⃗(Ω) ∩ L∞(Ω) as a test function for the approximate
problem (58), we have

N∑
i=1

∫
Ω

ai(x,un,∇un)(DiTk(un) −DiTk(u))φ′(Tk(un) − Tk(u))eB(|un |) dx

+2
N∑

i=1

∫
Ω

ai(x,un,∇un)Diun
d(|un|)
b(|un|)

si1n(un)φ(Tk(un) − Tk(u))eB(|un |) dx

+

∫
Ω

Hn(x,un,∇un)φ(Tk(un) − Tk(u))eB(|un |) dx +
∫
Ω

|un|
s0−2unφ(Tk(un) − Tk(u))eB(|un |) dx

=

∫
Ω

fnφ(Tk(un) − Tk(u))eB(|un |) dx.

(71)
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It’s clear that φ(Tk(un)−Tk(u)) has the same sign as un on the set {|un| ≥ k}. In view of (10) and (11), we obtain

N∑
i=1

∫
Ω

ai(x,Tk(un),∇Tk(un))(DiTk(un) −DiTk(u))φ′(Tk(un) − Tk(u))eB(|un |) dx

−

N∑
i=1

∫
{|un |>k}

ai(x,un,∇un)DiTk(u)φ′(Tk(un) − Tk(u))eB(|un |) dx

+2
N∑

i=1

∫
{|un |>k}

ai(x,un,∇un)Diun
d(|un|)
b(|un|)

|φ(Tk(un) − Tk(u))|eB(|un |) dx

−2
N∑

i=1

∫
{|un |≤k}

ai(x,Tk(un),∇un)DiTk(un)
d(|un|)
b(|un|)

|φ(Tk(un) − Tk(u))|eB(|un |) dx

+

∫
Ω

|un|
s0−2unφ(Tk(un) − Tk(u))eB(|un |) dx

≤

∫
Ω

| fn| |φ(Tk(un) − Tk(u))eB(|un |)| dx +
∫
Ω

|Hn(x,un,∇un)| |φ(Tk(un) − Tk(u))|eB(|un |) dx

≤ eB(|un |)
∫
Ω

| fn| |φ(Tk(un) − Tk(u))| dx +
N∑

i=1

∫
Ω

d(|un|)|Diun|
pi |φ(Tk(un) − Tk(u))|eB(|un |) dx

≤ eB(|un |)
∫
Ω

| f | |φ(Tk(un) − Tk(u))| dx +
N∑

i=1

∫
Ω

ai(x,un,∇un)Diun
d(|un|)
b(|un|)

|φ(Tk(un) − Tk(u))|eB(|un |) dx.

(72)

It follows that

N∑
i=1

∫
Ω

ai(x,Tk(un),∇Tk(un))(DiTk(un) −DiTk(u))φ′(Tk(un) − Tk(u))eB(|un |) dx

−

N∑
i=1

∫
{|un |>k}

ai(x,un,∇un)DiTk(u)φ′(Tk(un) − Tk(u))eB(|un |) dx

−3
N∑

i=1

∫
{|un |≤k}

ai(x,Tk(un),∇un)DiTk(un)
d(|un|)
b(|un|)

|φ(Tk(un) − Tk(u))|eB(|un |) dx

≤ eB(∞)
∫
Ω

|un|
s0−1
|φ(Tk(un) − Tk(u))| dx + eB(|un |)

∫
Ω

| f | |φ(Tk(un) − Tk(u))| dx.

(73)

For the second term on the left-hand side of (73), in view of (9) and (64), the sequence (ai(x,un,∇un))n is
uniformly bounded in Lp′i (Ω), then there exists a measurable function ξi such that |ai(x,un,∇un)|⇀ ξi weakly
in Lp′i (Ω), it follows that

ε1(n) =

N∑
i=1

∣∣∣∣ ∫
{|un |>k}

ai(x,un,∇un)DiTk(u)φ′(Tk(un) − Tk(u))eB(|un |) dx
∣∣∣∣

≤ φ′(2k)eB(∞)
N∑

i=1

∫
{|un |>k}

|ai(x,un,∇un)| |DiTk(u)| dx

−→ φ′(2k)eB(∞)
N∑

i=1

∫
{|u|>k}

ξi |DiTk(u)| dx = 0 as n→∞.

(74)

Concerning the first term on the right-hand side of (73), thanks to (70) we have |un|
s0−1
−→ |u|s0−1 strongly

in L1(Ω), and since φ(Tk(un) − Tk(u)) ⇀ 0 weak−∗ in L∞(Ω), then

ε2(n) =
∫
Ω

|un|
s0−1
|φ(Tk(un) − Tk(u))| dx −→ 0 as n→∞. (75)
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Similarly, we have f ∈ Lm(Ω) with m ≥ 1, then

ε3(n) =
∫
Ω

| f | |φ(Tk(un) − Tk(u))| dx −→ 0 as n→∞. (76)

By combining (73) and (74) − (76), we conclude that

N∑
i=1

∫
Ω

ai(x,Tk(un),∇Tk(un))(DiTk(un) −DiTk(u))φ′(Tk(un) − Tk(u))eB(|un |) dx

−3
N∑

i=1

∫
Ω

ai(x,Tk(un),∇Tk(un))DiTk(un)
d(|un|)
b(|un|)

|φ(Tk(un) − Tk(u))|eB(|un |) dx

≤ ε4(n)

(77)

where ε4(n) = ε1(n) + ε2(n) + ε3(n) −→ 0 when n goes to∞. Therefore, we deduce that

N∑
i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u))φ′(Tk(un) − Tk(u))eB(|un |) dx

−3
N∑

i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u))

×|φ(Tk(un) − Tk(u))|
d(|un|)
b(|un|)

eB(|un |) dx

≤ ε4(n) + 3
∥∥∥∥d(| · |)

b(| · |)

∥∥∥∥
L∞(Ω)

φ(2k)eB(∞)
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(u))| |DiTk(un) −DiTk(u)| dx

+3
∥∥∥∥d(| · |)

b(| · |)

∥∥∥∥
L∞(Ω)

eB(∞)
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(un))| |DiTk(u)| |φ(Tk(un) − Tk(u))| dx

+φ′(2k)eB(∞)
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(u))||DiTk(un) −DiTk(u)| dx.

(78)

Thus, we obtain

N∑
i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u))

×

(
φ′(Tk(un) − Tk(u))eB(|un |) − 3

∥∥∥∥d(| · |)
b(| · |)

∥∥∥∥
L∞(Ω)
|φ(Tk(un) − Tk(u))|

)
eB(|un |) dx

≤ 3
∥∥∥∥d(| · |)

b(| · |)

∥∥∥∥
L∞(Ω)

eB(∞)
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(un))| |DiTk(u)| |φ(Tk(un) − Tk(u))| dx

+
(
φ′(2k) + 3

∥∥∥∥d(| · |)
b(| · |)

∥∥∥∥
L∞(Ω)

φ(2k)
)
eB(∞)

N∑
i=1

∫
Ω

|ai(x,Tk(un),∇Tk(u))| |DiTk(un) −DiTk(u)| dx + ε4(n).

(79)

For the first term on the right-hand side of (79), according to assumption (9) we have (ai(x,Tk(un),∇Tk(un)))n∈N is bounded
in Lp′i (Ω), then there exists a measurable function ϑk,i in Lp′i (Ω) such that ai(x,Tk(un),∇Tk(un)) ⇀ ϑk,i weakly in Lp′i (Ω),
and since |DiTk(u)| |φ(Tk(un) − Tk(u))| → 0 strongly in Lpi (Ω), then we get

ε5(n) =
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(un))| |DiTk(u)| |φ(Tk(un) − Tk(u))| dx −→ 0 as n→∞. (80)

For the second term on the right-hand side of (79), we have ai(x,Tk(un),∇Tk(u))→ ai(x,Tk(u),∇Tk(u)) strongly in Lp′i (Ω),
and since DiTk(un) ⇀ DiTk(u) weakly in Lpi (Ω), it follows that

ε6(n) =
N∑

i=1

∫
Ω

|ai(x,Tk(un),∇Tk(u))| |DiTk(un) −DiTk(u)| dx −→ 0 as n→∞. (81)
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By combining (79) and (80) − (81), we conclude that

1
2

N∑
i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u)) dx

≤

N∑
i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u))

×

(
φ′(Tk(un) − Tk(u))eB(|un |) − 3

∥∥∥∥d(| · |)
b(| · |)

∥∥∥∥
L∞(Ω)
|φ(Tk(un) − Tk(u))|

)
eB(|un |) dx

≤ ε7(n)

(82)

where ε7(n) = ε4(n) + ε5(n) + ε6(n) −→ 0 as n goes to∞.
By letting n tends to infinity, we conclude that

N∑
i=1

∫
Ω

(
ai(x,Tk(un),∇Tk(un)) − ai(x,Tk(un),∇Tk(u))

)
(DiTk(un) −DiTk(u)) dx −→ 0 as n→∞. (83)

Thanks to (67) we have Tk(un)→ Tk(u) strongly in Lp(Ω), and in view of Lemma 3.1, we conclude that{
Tk(un) −→ Tk(u) in W1,p⃗(Ω),
DiTk(un) −→ DiTk(u) a.e. in Ω.

(84)

Having in mind (66) by letting k tends to infinity, we obtain{
un −→ u in W1,p⃗(Ω)
Diun −→ Diu a.e. in Ω.

(85)

Step 4 : Equi-integrability of (Hn(x,un,∇un))n∈N

Let h ≥ 1 and E ⊂ Ω be a measurable subset. It’s clear that∫
Ω

|Hn(x,un,∇un)| dx ≤
∫

E∩{|un |≤h}
|Hn(x,Th(un),∇Th(un))| dx +

∫
{|un |>h}

|Hn(x,un,∇un)| dx. (86)

On the one hand, according to (84), we have : For any ε > 0, there exists β(ε, h) > 0 such that∫
E∩{|un |≤h}

|Hn(x,Th(un),∇Th(un))| dx ≤
ε
2

for any E ⊂ Ω with meas(E) ≤ β(ε, h). (87)

On the other hand, thanks to (63) we have

h(1 + h)λ
∫
{|un |>h}

d(|un|)|Diun|
pi dx ≤ C2.

Using (11) we deduce that∫
{|un |>h}

|Hn(x,un,∇un)| dx ≤

N∑
i=1

∫
{|un |>h}

d(|un|)|Diun|
pi dx,

≤
C2

h(1 + h)λ
−→ 0 as h→∞.

(88)

Thus, for all ε ≥ 0, there exists h0(ε) ≥ 0 such that∫
{|un |>h}

|Hn(x,un,∇un)| dx ≤
ε
2

for h ≥ h0(ε). (89)

By combining (86), (87) and (89) we conclude that : For any ε > 0 there exists β(ε) > 0 such that∫
E
|Hn(x,un,∇un)| dx ≤ ε for any E ⊆ Ω with meas(E) ≤ β(ε). (90)

Thus, the sequence (Hn(x,un,∇un))n∈N is uniformly equi-integrable and thanks to (85), we have

Hn(x,un,∇un) −→ H(x,u,∇u) a.e. in Ω. (91)

In view of Vitali’s theorem, we deduce that

Hn(x,un,∇un) −→ H(x,u,∇u) strongly in L1(Ω). (92)
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Step 5: Passage to the limit

Thanks to (85), we have ai(x,un,∇un) −→ ai(x,u,∇u) a.e. in Ω and since (ai(x,un,∇un))n∈N is bounded in Lp′i (Ω), in view
of Lemma 2.5, we obtain

ai(x,un,∇un) ⇀ ai(x,u,∇u) in Lp′i (Ω). (93)

Also, we have fn −→ f strongly in Lm(Ω).
By taking v ∈ W1,p⃗(Ω) ∩ L∞(Ω) as a test function in (59) and in view of (70), (92) and (93), easily we pass to the limit in
the following equality

N∑
i=1

∫
Ω

ai(x,un,∇un)Div dx +
∫
Ω

Hn(x,un,∇un)v dx +
∫
Ω

|un|
s0−2unv dx =

∫
Ω

fnv dx, (94)

to obtain

N∑
i=1

∫
Ω

ai(x,u,∇u)Div dx +
∫
Ω

H(x,u,∇u)v dx +
∫
Ω

|u|s0−2uv dx =
∫
Ω

f v dx, (95)

which conclude the proof of the Theorem 3.6.

4. Appendix

Proof of Lemma 3.4.
We denote by C1,C2,C3,...some positive constants which depend on m.
For any u and v in W1,p⃗(Ω), we have

⟨Bmu, v⟩ =
N∑

i=1

∫
Ω

ai(x,Tm(u),∇u)Div dx +
∫
Ω

|Tm(u)|s0−2Tm(u)v dx

+
1
m

∫
Ω

|u|p−2uv dx +
∫
Ω

Hm(x,u,∇u)v dx.
(96)

In view of Hölder’s inequality we get

|⟨Bmu, v⟩| ≤
N∑

i=1

∫
Ω

|ai(x,Tm(u),∇u)| |Div| dx +
∫
Ω

|Hm(x,u,∇u)| |v| dx

+

∫
Ω

|Tm(u)|s0−1
|v| dx +

1
m

∫
Ω

|u|p−1
|v| dx

≤

N∑
i=1

∫
Ω

β(Ki(x) + |Tm(u)|pi−1 + |Diu|pi−1) |Div| dx +m
∫
Ω

|v| dx

+ms0−1
∫
Ω

|v| dx +
1
m
∥u∥

p−1

Lp(Ω)
∥v∥Lp(Ω)

≤

N∑
i=1

β
(
∥Ki(x)∥

Lp′i (Ω)
+ ∥Tm(u)∥pi−1

Lpi (Ω)
+ ∥Diu∥pi−1

Lpi (Ω)

)
∥v∥1,p⃗ +m∥v∥1,p⃗

+ms0−1
∥v∥1,p⃗ +

C0

m
∥u∥

p−1

1,p⃗
∥v∥1,p⃗

≤

(
C1 + ∥u∥

p0−1
1,p⃗

)
∥v∥1,p⃗.

(97)
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Thus, the operator Bm is bounded.
For the coercivity, we have for any u, v ∈W1,p⃗(Ω),

⟨Bmv, v⟩ =
N∑

i=1

∫
Ω

ai(x,Tm(v),∇v).Div dx +
∫
Ω

Hm(x, v,∇v)v dx

+

∫
Ω

|Tm(v)|s0−2Tm(v)v dx +
1
m

∫
Ω

|v|p dx

≥
b0

(1 +m)λ

N∑
i=1

∫
Ω

|Div|pi dx +
1
m

∫
Ω

|v|p dx −m
∫
Ω

|v| dx

≥
b0

(1 +m)λ

N∑
i=1

∫
Ω

|Div|pi dx +
C2

m
∥v∥

p

L1(Ω)
−m∥v∥1,p⃗

≥ C3∥v∥
p

1,p⃗
−m∥v∥1,p⃗ .

(98)

Since p − 1 > 0, then

|⟨Bmv, v⟩|
∥v∥1,p⃗

→∞ as ∥v∥1,p⃗ →∞.

Therefore, the operator Bm is coercive.
Now, it remains to show that the operator Bm is pseudo-monotone. Let (uk)k∈N be a sequence in W1,p⃗(Ω) such that

uk ⇀ u weakly in W1,p⃗(Ω),
Bmuk ⇀ χ in (W1,p⃗(Ω))′,
lim sup

k→∞
⟨Bmuk,uk⟩ ≤ ⟨χ,u⟩.

(99)

We will prove that χ = Bmu and ⟨Bmuk,uk⟩ → ⟨χ,u⟩ as k→∞.
We have W1,p⃗(Ω) ↪→ Lp(Ω), then uk → u strongly in Lp(Ω) and a.e. in Ω for a subsequence denoted again (uk)k.
In view of (9), the sequence (ai(x,Tm(uk),∇uk))k∈N is uniformly bounded in Lp′i (Ω), then there exists a measurable function
φi ∈ Lp′i (Ω) such that

ai(x,Tm(uk),∇uk) ⇀ φi weakly in Lp′i (Ω). (100)

On the other hand, we have

|un|
p−2un → |u|

p−2u stron1ly in Lp′ (Ω). (101)

Also, in view of Lebesgue’s dominated convergence theorem we obtain

|Tm(uk)|s0−2Tm(uk) −→ |Tm(u)|s0−2Tm(u) stron1ly in Lp′ (Ω). (102)

Moreover, (Hm(x,uk,∇uk))k is uniformly bounded sequence in Lp(Ω), then there exists a measurable function ψ ∈ Lp(Ω)
such that

Hm(x,uk,∇uk) ⇀ ψ weakly in Lp(Ω). (103)

By combining (100) − (103) we conclude that for any v ∈W1,p⃗(Ω),

⟨χ, v⟩ = lim
k→∞
⟨Bmuk, v⟩

= lim
k→∞

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Div dx + lim
k→∞

∫
Ω

Hm(x,uk,∇uk)v dx

+ lim
k→∞

∫
Ω

|Tm(uk)|s0−2Tm(uk)v dx +
1
m

∫
Ω

|uk|
p−2ukv dx

=

N∑
i=1

∫
Ω

φiDiv dx +
∫
Ω

ψv dx +
∫
Ω

|Tm(u)|s0−2Tm(u)v dx +
1
m

∫
Ω

|u|p−2uv dx.

(104)
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Using (99) and (104), we deduce that

lim sup
k→∞

⟨Bmuk,uk⟩ = lim sup
k→∞

( N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diuk dx +
∫
Ω

Hm(x,uk,∇uk)uk dx

+

∫
Ω

|Tm(uk)|s0−1
|uk| dx +

1
m

∫
Ω

|uk|
p dx

)
≤

N∑
i=1

∫
Ω

φiDiu dx +
∫
Ω

ψu dx +
∫
Ω

|Tm(u)|s0−1
|u| dx +

1
m

∫
Ω

|u|p dx.

(105)

Having in mind (99), (104) and (105), we get

lim sup
k→∞

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diuk dx ≤
N∑

i=1

∫
Ω

φiDiu dx. (106)

On the other hand, thanks to (8) we have

N∑
i=1

∫
Ω

(ai(x,Tm(uk),∇uk) − ai(x,Tm(uk),∇u))(Diuk −Diu) dx ≥ 0, (107)

then,

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diuk dx ≥

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇u)(Diuk −Diu) dx

+

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diu dx.

(108)

Thanks to (100), we get

lim inf
k→∞

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diuk dx ≥
N∑

i=1

∫
Ω

φiDiudx. (109)

Combining (106) and (109), we conclude that

lim
k→∞

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk)Diuk dx =
N∑

i=1

∫
Ω

φiDiudx. (110)

Thus, in view of (110), (103), (102) and (101), we obtain

lim
k→∞
⟨Bmuk,uk⟩ = lim

k→∞

N∑
i=1

∫
Ω

ai(x,Tm(uk),∇uk).Diuk dx

+ lim
k→∞

∫
Ω

Hm(x,uk,∇uk).uk dx +
∫
Ω

|Tm(uk)|s0−1
|u| dx +

1
m

lim
k→∞

∫
Ω

|uk|
p dx

=

N∑
i=1

∫
Ω

φiDiu dx +
∫
Ω

ψu dx +
∫
Ω

|Tm(u)|s0−1
|u| dx +

1
m

∫
Ω

|u|p dx,

= ⟨χ,u⟩.

(111)

Moreover, thanks to (110) we have

lim
k→∞

N∑
i=1

∫
Ω

(ai(x,Tm(uk),∇uk) − ai(x,Tm(u),∇u))(Diuk −Diu) dx = 0. (112)

Having in mind that uk → u strongly in Lp(Ω). Thus, by applying Lemma 3.1 we deduce that{
uk −→ u stron1ly in W1,p⃗(Ω)
Diuk −→ Diu a.e. in Ω.
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Then, ai(x,Tm(uk),∇uk) −→ ai(x,Tm(u),∇u) and Hm(x,uk,∇uk)→ Hm(x,u,∇u) almost everywhere in Ω, and thanks to (9)
we conclude that

ai(x,Tm(uk),∇uk) ⇀ ai(x,Tm(u),∇u) weakly in Lp′i (Ω) (113)

and

Hm(x,uk,∇uk) ⇀ Hm(x,u,∇u) weakly in Lp(Ω). (114)

Then, in view of (101) and (102) we deduce that Bmu = χ. Thus, the proof of Lemma 3.4 is concluded.
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