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New characterizations of the DMP inverse of matrices and its
applications

M. El Bilali**, M. Mougouf?®

*Chouaib Doukkali University, Faculty of sciences, Department of Mathematics,
Laboratory Fundamental Mathematics and their Applications, 24000 El Jadida, Morocco

Abstract. In this paper, we present some characterizations and several new properties of DMP inverse
of a square matrix. We also consider some characterizations of the nonsingularity of matrices. Using the
concept of DMP inverse to find a general solution for certain types of matrix equations.

1. Introduction and Notation.

Let C™™ and IN denote the set of all n X m complex matrices and the set of all positive integers,
respectively. The symbol I, means the identity matrix in C*". For A € C™", the symbols A", rank(A),

R(A) and N(A) will stand for the conjugate transpose, the rank, the range space and the null space of A,
respectively.

Recall that the smallest nonnegative integer k such that rank(A¥) = rank(A**!) is called the index of

A € €™ and is denoted by ind(A). The Drazin inverse of A € C"" is the unique matrix A? € C"™" such that
(see [2, 3]):

AAY = A%A, AYAAT = A1, AFLAY = AF
In addition, we denote A™ = I,, — AA“ for any matrix A € C"™",

The Drazin inverse of a square matrix is widely applied in many fields, such as singular differential or
difference equations, Markov chains, iterative method and numerical analysis, which can be found in (see

[2—4]). For this reason, M. Mougouf and S. Zriaa [14, 18] studied the explicit formulas of the Drazin inverse
of matrices and its nth powers.

For A € C™™, the Moore-Penrose inverse of A is the unique matrix At e ¢ satisfying the following
four equations (see [2, 3]):

ATAAT =AY, AATA=A, (AATY = AAT, (ATA) = ATA.

The well-known class of EP matrices is defined by the square complex matrix A that commutes with its
Moore—Penrose inverse A', that is (see [2, 3]):

AAY = ATA.
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For A € C™", a matrix X € C"™" satisfying AXA = A is called an inner inverse of A and we denoted by
All} = {X € O™, AXA = A} all inner inverses of A. A matrix X € C"™" satisfying XAX = X is called an
outer inverse of A.

In 2014, Mallik and Thome (see [8]) introduced the concept of DMP inverse of a square matrix A of
arbitrary index using Drazin inverse and Moore- Penrose inverse. In this case, for A € C"™" with ind(A) = k,
the unique matrix G € C"™" satisfying

GAG =G, AFG=A*AY, GA = AlA,

is called the DMP inverse of A and is denoted by A%!. Moreover, it was proved that A%* = ATAA*. The
authors introduced also another inverse associated to a square matrix, namely A" = ATAA? called dual
DMP inverse of A.

A great popularity of the DMP inverse is confirmed by many recent published papers. In order to
improve our motivation, we will present a short survey of main articles aimed to the DMP inverse. In [19],
different characterizations of DMP inverse of matrices. Ferreyra et al. [5] were studied maximal classes
of matrices determining the DMP inverse by Hartwig-Spindelb&éck decomposition of matrix. More details
of the Hartwig-Spindelb6ck decomposition (see [6]). The DMP inverse for a Hilbert space operator was
studied in [12] an extension of the DMP inverse for a square matrix. Some further extensions of the DMP
inverse can be found in [9-11, 13, 15, 17]. A generalization of the DMP inverse for a square matrix was
investigated in [7].

In this paper, we present new characterizations, expressions and several properties of the DMP inverse
and the nonsingularity of some matrices. Finally, we apply the DMP and dual DMP inverse of matrix in
solving some systems of linear equations.

2. Preliminaries

For any matrix A € C"™" of rank r > 0 the Hartwig-Spindelbdck decomposition is given by

0 0 1)

AU (ZK ZL) 0,
where U € C™" is unitary, L = diag(c1l;,,021,,...,04ly,) is a diagonal matrix, the diagonal entries o; being
singular values of A, 01 > 02 > ... > 0; > 0,711+ 12+ ...+ =rand K € C™, L € C™"" gatisfy KK* + LL* = I,
(see [6]). Note that if A € C"™" is EP matrix if and only if L = 0 (see [1] ).

If A is of the form (1), then the DMP inverse of A is as follows (see [8]).

d d d\2 +y—1
Ad,+=u((z(1)<) 8) u, Adzu(@éo ((ZK)O PEL) \p and A+:u(§§_1 8) 0 @)

Lemma 2.1. Let A € C"™". Denote G = A% and H = A™. Then the following statements hold:

1. AG = A"G" and HA = H"A™, for any m € IN \ {0}.
2. G=A"G"*, for any m € IN.

Proof. Let A € C™". Since AG* = G and H?A = H. Then we have

1. AG = A%G? = A>(AG?*)G = A3G® = ... = A"G", for any m € IN \ {0}. Similarly, we have HA = H™A"™,
for any m € IN'\ {0}.

2. AmG™* = AmG"G = AG? = G, for any m € N.

O

Lemma 2.2. Let A € C™". Denote G = A%, then the matrix A™ — A"1G is nilpotent for any m € IN '\ {0}.
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Proof. For m € N\ {0} and ind(A) = k, we have

A" — A"1G = A™(I, — AG) = A"P with P = I, — AG.

Since PA™ = A™A™, where A™ = I, — AA%. Then, (A"P)k = AF"A™P = 0.
Therefore, A" — A™1G is nilpotent for any m € IN'\ {0}. O

Lemma 2.3. Let E,F € C™" and z € C \ {0} such that E°F = E, EF? = F and (EF)? = EF. Let H = I, — EF, then
the matrix E + zH is nonsingular.

1
Proof. Since (E + zH)(F + EH) = I,, then E + zH is nonsingular. O

Lemma 2.4. Let E,F € C"™" and z € C \ {0} such that EF? = F, (EF)?* = EF and EH is nilpotent with H = I,, — EF.
Then the matrix E + zH is nonsingular.

Lemma 2.5. Let A € C™" and z € C such that z(z + 1) # 0, then the matrix AA? + zI,, is nonsingular and
-1 1
d -1 _ dy -
(AA* +zI,) ™ = Z(z+1)AA + zI”'

3. Some characterizations of the DMP inverse

We will give several different characterizations and properties of the DMP inverse of matrix A € C"™".
Property 3.1. Let A € C™" with ind(A) = k. Denote G = A% and H = A™. Then the following statements hold:

1. G™ and H™ are inner inverse of A™, for any m € N such that m > k.
2. G" = (AY)"AAY and H™ = AYA(AY)™, for any m € N \ {0}.
3. G™ and H™ are outer inverse of A™, for any m € IN \ {0}.
4. G = A"™(A™'G and H = H(A™)'A™, for any m € IN.
Proof. Let A € C™" with ind(A) = k. Denote G = A%t and H = A,

1. For m > k, we have, A"G"A™ = A"GA = A"AAY = A"™1A? = A™. Similarly, we can also prove
A"H"A™ = A™, Then, G and H™ are inner inverse of A™.
2. We prove this identity by induction on m. The identity is true for m = 2, since

G2 = ATAATAAAY = A7AT = (AT)?AAT.

Now assume the identity is true for m, that is, G" = (A?)" AA*. Now

G™ = G.G"
= AAATAY"AAT
= ATAAY)"AT
(Ad)"’+1AA+.
Therefore,

(AYTY" = (AY"AAY, m > 2.
Similarly, we have (A"4)" = ATA(A%)".
3. For any m > 1, we have
G"A"G" = ATAATY"AAT

AZ(Ad)erlA‘l'
A(Ad)mA‘i'

= G"
Similarly, we can also prove H"A"H"™ = H™. Then, G" and H™ are outer inverse of A", for any
m € NN\ {0}.
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4. Form > 0,wehave A"(A™)'G = A"(A™")tAmG"*1 = AmG"*! = Gand H(A™)TA™ = AY(A%)" Am(A™MTA™ =
A+(Ad)mAm =H.
O
Proposition 3.2. Let A € C™". Then the following conditions are equivalent:
(1) A4t =G
(2) GWG =G, WG=WA', GW = A%Awith W = A2A".
Proof. (1) = (2). Suppose that A" = G. Then

(i) GWG = GA%AG = GA(AAYG) = GAG =G.
(i) WG = A2A9G = AG = WA™.
(iii) GW = A%A2A4 = A7A.

(2) = (1). Let ind(A) = kand W = A2A“. Since

(i) AG = AAMIG = AFIIWG = AFTIWAT = AFAT,
(i) GA = G(WG)A = GWATA = ATAATA = AAY.
(ili) GAG = AYAG = GWG = G.

Then, G = A%". O
We will discuss some equivalent conditions for A** and A™ to be an inner inverse of A.

Theorem 3.3. Let A € C™". Then the following conditions are equivalent:
i) A% is an inner inverse of A,
ii) ind(A) <1,
iii) A% is an inner inverse of A.
Proof. i) < ii) Since

AAYTA= A = AAAATA=A
= AAA=A
— ind(A)<1.
ii) & iii) Since
ind(A) <1 < AAA=A
e AATAATA = AATA
= AAMA = A

Therefore, the above conditions are equivalent. [J
The following theorem gives some equivalent characterizations.

Theorem 3.4. Let A € C™". Then the following conditions are equivalent:

i) A% is idempotent,
ii) A% is idempotent,
iii) A™ is idempotent.
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Proof. Since (A%1)? = (A?)2AAt and (A™9)? = ATA(AY)?, we get
i) & ii) Since
(AT = AT = (AT)PAAT = ATAAT
= AT=AA
= (AY)? = A“

if) & iii) Since
A =AY = ATAAY)? = AtAA?
= (AM)? =A™

Then, the above conditions are equivalent. [J
Remark 3.5. Note that if A € C™" is idempotent, then A% and A* are also idempotent.
Solving some type of matrix equations, we present the DMP inverse of square matrix.
Theorem 3.6. Let A € C"™". The system
XAX =X, A%X =AAY, XA =AA, (3)
is consistent. It has a unique solution given by X = A%*,

Proof. Tt is easily seen that X = A% is a solution of the system (3). Now we will prove the uniqueness.
Suppose there exists X; and X, which satisfies the equations. Then

X1 = X1AX; = A%AX; = ATAAT = AYAX, = X0AX, = Xo.
|
Necessary and sufficient conditions for a square matrix to be the DMP inverse are given now.
Theorem 3.7. Let A € C™" with ind(A) = k. Then the following conditions are equivalent:
i) G=A",

ii) G satisfies the equations
A'AGAA" =G and A'GA = Ak

Proof. i) = ii). For G = A% we have,
ATAGAAY = ATAAYAATAAT = AYAAT = G.
And
AFGA = AFATAATA = AX.
ii) = 7). We have,
GA = AYAGAA*A

= AYAGA

= (AY)AFGA

— (Ad)kAk

= AA%
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AG = AAMIGAAT
AFGAAT
AkAT.

AAG
ATAAAGAAT
AYAGAAT

= G

GAG

Then, G = AAAT. O

In an analogous way to Theorem 3.7. We can state the next theorem which holds for dual DMP inverse
of matrix.

Theorem 3.8. Let A € C™" with ind(A) = k. Then the following conditions are equivalent:
i) H= A%,

ii) H satisfies the equations
AYAHAAY =H and AHAF = A~

Proof. Proof is similar too Theorem 3.7. [J

Maximal classes of complex matrices for which the representation of the Drazin-Moore-Penrose inverse
of matrix is still valid are established in the next theorem.

Theorem 3.9. Let A, X € C"™". Then the following conditions are equivalent:
i) At = XAAT,
ii) XA = A’A,
iii) X = A+ V(I, — AAY), with V € C™",
Proof. i) = ii). Since A = AATA, we have
XA = XAATA = A% A = AA.
if) = iii) Hence, by applying Theorem 1. ([2].p.52), we have

X = AT+ V(I, - AAY,

with V e C™".
iii) = i). For arbitrary V € C*", we have

XAAT

(AT + V(I, - AANH)AAT
ATAAY + V(I - AADHAAT
A,

Follows the desired result. [



M. El Bilali, M. Mougouf / Filomat 39:16 (2025), 5587-5599 5593

If A represented as in (1) with rank(A) = r, the matrix X is in Theorem 3.9 for some V € C™" can be

expressed as
_ 1 (EKT Zi)
X= LI( 0 Zn u,

for arbitrary Z1, € C™("™) and Z», € C**"=)_ By making the following partition with blocks of adequate
sizes

V= U(Xn Xlz) U

X2 X2

0 0

From (2), we have I, — AAT = U
0 L

) Ur. A direct computation gives

X =AM+ V(l, - AAY) =U ((Z(I)Qd (KYPEL + X“) u.

X2

Since X, and X»; are arbitrary, we have that

X = u((ZK)d ZlZ) U*,

0 Zn
for arbitrary Z, € C™1=1 and Z,, € Cl=1%n-7),
Theorem 3.10. Let A, X € C™" with ind(A) = k. Then the following conditions are equivalent:
i) A% = AYAX,
ii) AKX = AFAY,
i) X = A" + (I, — (AT ANV, with V e C™".
Proof. i) = ii). Pre-multiplying A%" = AYAX by A we get
AFAATX = AFX = AFAT.
if) = iii) Hence, by applying Theorem 1. ([2].p.52), we have
X = A"+ (I, ~ (AH AN,

with V e C™,
iif) = i). For arbitrary V € C"™", we have

AIAX = AAAY + AYA(, - (ARTAHY
= AAAT + (AN AT, - (AN ANV
A,
This completes the proof. [J
We will give the condition under which the Moore-Penrose inverse coincides with the DMP inverse.
Proposition 3.11. Let A € C"™" be of the form (1). Then the following conditions are equivalent:
Z) Ad,+ — AJr,
ii) A is EP matrix,
i) A% = A",

Proof. The proof can be checked directly by (2). O
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The following example shows that the Proposition 3.11 is false when we substitute A" with A% in i).

01 0
Example 3.12. Let A=|0 0 1].
0 0 O
0 0 0
We have that A® = A% = 0 and A*:[l 0 0| However,
010
01 00O 0 O 1 0 0
AAT=[0 0 1][1 0 0]:[0 1 0]
0 0 0JlO 1 O 0 0 O
and
0 0 0\/yO 1 O 0 0 0
AtA=(1 0 o][o 0 1]:[0 1 0]
01 0J)ilo 0 O 0 0 1

Since AAY # AYA, then A is not EP matrix.

Remark 3.13. Let A € C™",

1. If A is EP matrix, then A% and A are a polynomial in A.

2. A% is a polynomial in A if and only if A%t = A%,
We now characterize the A%* and A™ from a characteristic polynomial of A. For A € C"™" we denote the
characteristic polynomial of A by x 4.
Theorem 3.14. Let A € C™" with ind(A) = k, the characteristic polynomial of A be,

xaX) = X"+ a2, X"+ L+ X
Then,
i) A% g, (AP 4 L+ ay(AYTY = 0.
i) A% +a, 1(AY)? + ...+ ay(AM)" = 0.

Proof. i) Its well known that,
A+ a, (AN + L+ (A = 0. (4)
Post-multiplying (4) by AA™ we get
AYAAY + 4,1 (AD?AAT + L+ 0 (A AAT = 0.

Since (A%*)" = (A9)" AA" for any nonnegative integer m > 1.Then

AW 4, (AP + L+ a (AT = 0.
ii) It is obvious by pre-multiplying (4) by ATA we get
A 40, 1 (AM)? + L+ m (A =0.

This completes the proof. [J

Next, we give an example to verify Theorem 3.14.
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1100
0 00O
Example 3.15. Let A = 000 1l
0 0 0O
It is easy to check that ind(A) = 2 and
1 1 1
%000 1100 100 0 %%00
0 0 0O 0 00O
t_ |2 d_ d,t td _|Z 2
A_ZOOO’A_OOOO’A_OOOO andA_ZZOO.
0 00O 000 0 000 0 0 0 0O
0 010 0 0 0O
We have,
Xa(X) = X* = X
Therefore,
(Ad,f)3_(Ad,‘f)4=Ad,‘l'_Ad,‘I'=0
(A+’d)3—(A+’d)4=A+’d—A+’d=0.
Then the Theorem 3.14 is verifed.
Theorem 3.16. Let A € C™" be of the form (1) with rank(A) = r. Then
Xai+(X) = (=X)"" xzryp (X).
K¢ 0

Proof. Let A be represented as in (1) with rank(A) = r. By A%* = U (( ) U. Thus, we get

0 0
xair(X) = det(A% - XI,)
(ZKY-XI, 0
0 —XI,,_,
(=X)""det((ZK)? — XI,)
(=X)"" X @Ky (X).

O

4. The nonsingularity of (A%*)" + z(I,, — AA%') and A™ + z(I, — AA??) for nonnegative integer m > 1

Motivated by [16], which show the nonsingularity of some matrices.

Theorem 4.1. Let A € C™". Denote P = I, — AA**. Then the matrix (A**)" + zP is nonsingular for z € C \ {0}
and m € IN\ {0}. In addition, the following identity hold:

Ad,‘l‘ — ((Ad,‘l')m + ZP)—l(Ad)mA‘l“
Proof. We take, E = (A**)", F = A1 A% and H = I, — EF, then we have
. EF = (A%tynAm+1 A4t = AA®Y (EF)? = EFand H = I, — AA%t = P.
. EFZ — AA/:I,+Am+1Ad,+ — Am+1Ad,+ =F.

] EZF — (Ad,f)mAAd,f — (Ad,f)m =E.
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By Lemma 2.3, we deduce that (A%*)" + zP is nonsingular.
By ((Ad,+)m + ZP)Ad,+ — (Ad,+)m+l + 7 AP = (Ad,i-)mﬂ. Then,

Aﬂl,'l‘ — ((Ad,'l')m + ZP)_l(Ad)mA+.
[

Corollary 4.2. Let A € C™"and P = I, — AA%*. Then the matrix A%" + P is nonsingular. Furthermore the following
identity hold:
(A" + Pyt = A2AYT 4 P,

Theorem 4.3. Let A € C™". Denote P = I, — AA%*. Then the matrix A™ + zP is nonsingular for z € C\ {0} and
m € N\ {0}. In addition, the following identity hold:

Ad,‘l‘ — (Am + Zp)flAmAd,‘i"
Proof. We take, E = A™, F = (A%"Y" and H = I, — EF, then we have
. EF = A"(A%")Y" = AA**, (EF)> = EFand H = I, — AA%t = P.
) EFZ — A;n(Ad,+)2m — A(Ad,+)m+1 — (Az:l,+)m =F.
. The matrix EH = A™ — A"*1(A%*) is nilpotent ( by Lemma 2.2).

By Lemma 2.4, we deduce that A” + zP is nonsingular.
By (A™ + zP)A%t = AmAY + zPAYT = Am A, Then,

A% = (A™ 4 zP) 1AM A,
|
Remark 4.4. Let A € C™". If m > ind(A), we have
AWt = (A" + zP)TAM AT,
Corollary 4.5. Let A € C™", P = I, — AA%!, z € C\ {0} and m € N\ {0} . Then the following identity hold,
AVt = AMANA™ + zP) 7L

Proof. Notice that the matrix A™ + zP is nonsingular and by, A“T(A™ + zP) = A%TA™ + zATP = AVTA™ = Am A4,
Therefore,
AV = ATAYA" + zP)

O
Remark 4.6. Let A € C™". If m > ind(A) + 1, we have

AV = AMA™ + zP) 7L

Theorem 4.7. Let A € C™". Then the matrix (A**)" + zA™ is nonsingular for z € C\ {0} and m € IN '\ {0}. In
addition, the following identity hold:

ATF = (A" 4 zAT) (AT AY
Proof. We take E = (A%")", F = A™*1 A4 and H = I,, — EF, then we have
. EF = A% A2A4 = AdA, (EF = EFand H = I, — EF = A,
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. EF? = AYAA™IAY = Am+1A4 = F,
. The matrix EH = (A%**)"A™ is nilpotent.

By Lemma 2.4, we deduce that (A%*)" + zA™ is nonsingular.
By, ((Ad,'l')m + ZAn)Ad,’r — (Ad,’r)m+1 + ZAnAd,'r — (Ad,+)m+1.
Therefore,
Ad,‘i‘ — ((Ad,‘l')m + ZAn)fl(Ad)mA‘i"
O
Corollary 4.8. Let A € C™". Then the matrix A" + A™ is nonsingular. In addition, the following identity hold:
Ad,'[’ — (Ad,'[' +An)_1AdA+.

Theorem 4.9. Let A € C™" be of the form (1) and z € C such that z(z + 1) # 0. Then the matrix AA%* + zI, is
nonsingular and
BLENpYTLINE

dt -1 _ -
(AA™" + zI,) T D) + zl”'

Proof. Let A be represented as in (1) with rank(A) = r and z € C such that z(z + 1) # 0. Applying (2), then

U (ZK)(ZK) +zI, 0

at _ .
AAY +zI, = 0 o, u.

By Lemma 2.5, the matrix (ZK)(ZK)* + zI, is nonsingular, we deduce that AAY 171, is nonsingular. In this
case,

1
=I.
z

-1
dt -1 _ dt
(AA™" +zI,) e 1)AA +

O

Next, we give an example to verify Theorem 4.1, Theorem 4.3 and Theorem 4.7.

1110
0 010
0 0 0 17
0 00O
It is easy to check that ind(A) = 3. The Moore-Penrose inverse At and the Drazin inverse A%, the DMP inverse A%*
are respectively,

Example 4.10. Let A =

1 1
5 T3 00 1122 1120
0 0 00 00 00O 0 00O
t_ d_ at _
A=l 1 Moo o of ™ AN =10 0 0 o
2 2 0 00O 0 00O
0 0 10
For z € C* we can get
1 1-z 2-2z 0 1 1-z 2-2z -2z
0 =z 0 0 0 z 0 0
13 - d,ty3 n—
(A )+zP_0 0 z 0,(A )+zA_O 0 . 0
0 0 0 z 0 0 0 z
1 1-z 2-2z 2
0 =z 0 0
3 -
and A +zP—0 0 . of
0 0 0 z

Notice that the matrices (A%*)3 + zP, (A%")? + zA™ and A3 + zP are nonsingular for z # 0.
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Proposition 4.11. Let A € C™" and z € C\ {0}. Then

i) A = (A + zAT)TAAM,
ii) AM = AMA(A + A7),

Proof. Notice that the matrix A + zA™ is nonsingular.
By, (A + zAM)AY = AAY + zATA = AAYT and AT(A + zA™) = AMA + ZAMAT = AMA.
Therefore,

AY = (A +zAT)TAAY,

AM = AV A(A + zA™) L
O

5. Applications of the DMP inverse

In this section, we apply the DMP inverse and dual DMP inverse of matrix A € C"™" in solving some
systems of linear equations.

Theorem 5.1. Let A € C"™",z € C\ {0} and b € C" with ind(A) = k < m. Then the system
(A™ + zA™)x = A"A'b,

has a unique solution given by
x = A",

Proof. Since the matrix (A™ + zA™) is nonsingular with (A™ + zA™)™! = A%y 4+ %A”, then the system has a

unique solution given by
x = (A" +zAT)TA"ATD = ATAATD = AD.

O
Theorem 5.2. Let A € C™" with ind(A) = k < mand b € C". Then the system,
A"x = A"A'D,
is consistent and its general solution is given by
x = A"+ ATy,

where y € C" is arbitrary. Moreover,
x=A%p

is the unique solution to the system in R(AF).
Proof. For x = A%'b + A™y, we have
Ax = A™(AYb + ATy) = A"AY b + A"ATy = A"AYD = A" ATD.

So, x is a solution of A"x = A" A'D.
Conversly, assume x satisfies A"x = A"A'h. Then,

AlAx = (A%A)"x = (ADY"A"ATD = ATAATD = A,

so that,
x =AYb+ x — A%Ax = A% + A7y,

which is of the form given.
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To prove that x = A%*'b is the unique solution to the system in R(A¥), suppose that there is another
solution x; € R(A¥) of the system, then, x — x; € N(AF), therefore,

x —x1 € RAM N N(AF) = {0).

That is,
X =X1.
O
Theorem 5.3. Let A € C™". Then y
y=e"4"",

is a solution of Ax’ + AA%x = 0. For every column vector v € C".

Proof. Lety = e4"*v. Then

Ay/ — A(_A‘l',d)efAth
= —AlAe Mty
= -A'Ay.

as desired. [

Theorem 5.4. Let A € C™" and v € C" such that Av = v. Then,

y=e A f A to(t)dt

is a particular solution of Ax’ + AA%x = v.
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