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Applications of the measure of noncompactness for solving pantograph
differential equations with y-Caputo fractional derivatives
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Abstract. The aim of this manuscript is to investigate the existence and uniqueness of solutions for a class
of nonlinear 1p-Caputo fractional pantograph differential equations with damping and nonlocal conditions.
The proofs are based on results from topological degree theory for condensing maps, combined with the

technique of measures of noncompactness. As an application, a nontrivial example is presented to illustrate
the theoretical results.

1. Introduction

Fractional calculus, which extends integration and differentiation to non-integer orders, has become one
of the most rapidly expanding mathematical fields following the recognition of its utility in mathematical
modeling [11, 21, 22, 33, 35]. Fractional differential equations, which can be used to model and describe non-
homogeneous physical events, have recently attracted a lot of attention, particularly initial and boundary
value problems for nonlinear fractional differential equations. Different researchers have found some
interesting solutions to initial and boundary value problems for fractional differential equations involving
various fractional derivatives, including their existence and uniqueness, such as Riemann-Liouville [28],
Caputo [3], Hilfer [27], Erdelyi-Kober [30] and Hadamard [2]. Since all these definitions incorporate kernel-
dependent formulations, researchers introduced the i)-Caputo derivative a fractional derivative with respect
to another function to provide a unified framework for studying fractional differential equations. This
generalized approach encompasses several well-known fractional derivatives as special cases: by selecting
specific functions 1, one can recover the classical Caputo, Caputo-Hadamard, or Caputo-Erdelyi-Kober
fractional derivatives. From an applications perspective, this framework offers significant advantages, as
the strategic selection of the “trial” function 1 enables researchers to fine-tune the y-Caputo derivative for
modeling specific phenomena [24, 25]. Almeida et al. [6] established existence and uniqueness results for
nonlinear fractional differential equations involving i-Caputo-type derivatives using fixed point theorems
and the Picard iteration method. Additional details can be found in [8, 18-20, 26, 34] and the references cited
therein. In particular, the pantograph equation was employed as a useful tool to shed light on some of the
modern problems originating from several scientific disciplines, including electrodynamics, probability,
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quantum mechanics, and number theory. However, a substantial investigation on the characteristics of
this type of fractional differential equation, both analytical and numerical, has been done, and intriguing
findings have been published in [1, 4, 7, 9, 10, 12, 15-17, 29, 37].

Motivated by recent advances, this study explores the existence of solutions for a nonlinear pantograph
differential equation governed by the y-Caputo fractional derivative.

CDEYx(t) + AX' () = g(t, x(t), x(eD)),  te]=[0,T],
x'(0)=0, x(0)+ w(x)=xp.

Where CDg;w is the y—Caputo fractional derivative of u at order f € (1,2),

e€(0,1), T>0,x€R, g€ C(J] xRXR,R), wis the nonlocal term satisfies some given conditions, and the
_ Il -g0)F!

‘ - L) ’

To the best of the authors” knowledge, topological degree theory for condensing maps has not yet been

applied to this class of nonlinear pantograph differential equations with damping and the y-Caputo frac-
tional derivative.

The structure of the paper is as follows. In Section 2, we present some basic definitions and preliminary
results that will be used in establishing our main findings. Section 3 is devoted to proving the existence of
solutions for the problem (1). In Section 4, we provide a concrete example to illustrate the applicability of
the main results. Finally, Section 5 presents conclusions derived from the study’s results.

damping coefficient || € (O, Q;_u) where Qg

2. Basic concepts

This section introduces the preliminaries and notations employed throughout the paper. For further
details, the reader is referred to [5].

Definition 2.1. [6] Let g > 0, h € LY(J,R) and i € C"(J,R) such that Y'(t) > O for all t € J. The }-Riemann-
Liouville fractional integral at order q of the function h is given by

t
B0 = 15 [ v Owe - ver e %)

where T(q) = fow e~ 1 dt.

Definition 2.2. [6] Let g > 0, h € C""}(J,R) and ¢ € C"(J,R) such that ¢’'(t) > O for all t € ]. The Y—Caputo
fractional derivative at order q of the function h is given by

1
I[(n—gq)

t
DYt = [ vewn - voriios o

where

. 1 d\
h{p](s) = (lp’(s) @) h(s) and n=[q]+1,

and [q] denotes the integer part of the real number q.

Remark 2.3. In particular, note that if (t) = t and Y(t) = log(t), then the equation (3) is reduced to the the Caputo
fractional derivative and Caputo-Hadamard fractional derivative respectively.

Proposition 2.4. [6] Let g > 0, if h € C"71(],R), then we have

1) DI h(t) = h(b).
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)
2 I DEHO = 1) = ), =0 = w0
k=0

Proposition 2.5. [6] Let g > p > 0and t € |, then

o 4 T B e
1) 1Y (p(t) = ()" = F(qu(r ;;) (W) — PpO)Tr.

W L4 I ~ -
2) DIV () - p(0)y ' = To-9) (P(t) — (0))" 1.

3) DI ((t) - () =0, Vk<neN.

Definition 2.6. [14] Let X a Banach space and Bx be the family of all non-empty and bounded subsets of X. The
Kuratowski measure of non-compactness is the mapping p : Bx — [0, +oo[ defined by

p(A) = inf{ r > 0: A admits a finite cover by sets of diameter < r}.

Proposition 2.7. [14] The Kuratowski measure of noncompactness p satisfies the following assertions.
1. p(A) = 0 if and only if A is retativety compact.
p(kA) = [Klp(A), keR.
P(A1 + Az) < p(Ar) + p(Az).
IfA1 C A, then p(Al) < P(Az)
p(A1 U Azl: max{p(A1), P(Azﬁ-
6. p(A) = p(A) = p(convA) where A and convA denote the closure and the convex hull of A respectively.

AR

Definition 2.8. [14] Let and F : QO € X — X be a continuous bounded map. We say that ¥ is p-Lipschitz if there
exists k > 0 such that
p(F(A)) <kp(A), for every AcCQ.

Moreover, if k < 1 then we say that F is a strict p-contraction.

Definition 2.9. [14] We say that the function F is p-condensing if

p(F(A)) < p(A),
for every bounded subset B of QO with p(A) > 0.
In other words,
p(F(A)) = p(A) = p(A) = 0.

Definition 2.10. [14] We say that the function ¥ : QQ — X is Lipschitz if there exists | > 0 such that

NF@)-FWlI<kllx=yll, foral xyeQ.
Moreover, if k < 1 then we say that F is a strict contraction.

Lemma 2.11. [14] If L, F : Q — X are p-Lipschitz mappings with constants ¢, respectively cy, then the mapping
F + L: Q — Xis p- Lipschitz with constants ¢y + c;.

Lemma 2.12. [14] If ¥ : Q — X is compact, then F is p— Lipschitz with constant ¢ = 0.
Lemma 2.13. [14] If ¥ : Q — X is Lipschitz with constant k, then ¥ is p—Lipschitz with the same constant k.
Theorem 2.14. (See Isaia [31]). Let ¥ : X — X be p-condensing and
E ={xeX:x=yFx for some 0<y<1h
If &, is a bounded set in X, then there exists r > 0 such that S, C B, and we have
deg(I - 0F,B:,0)=1, forall 56€]0,1].
Consequently, F has at least one fixed point and the set of the fixed points of H lies in B, .
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3. Main results

We start this section by introducing necessary notations and hypotheses which we will need in the
sequel.
e We denote by C := C(J,IR) the space of continuous real-valued functions defined on | provided with
supremum norm

[l x |l=sup | x(t) | .

te]

e We denote by B, the closed ball centered at 0 with radius 1 > 0.

Lemma 3.1. A function x € C' := C!(J,R) is a solution of (1) if and only if x satisfies the following fractional integral
equation

1 ' ’ - ’
x(t) = x0 — w(x) + P fo V)W) = Y)Y (g(s, x(5), x(e8)) = AX'(5))ds. (4)

Proof. Let x be a solution of (1), then by applying —fractional integral Ig;w on both sides of (1) we obtain
I DR x(t) = ALY X' (0) = 1Y gt x(9), x(e1)),
and by using Proposition 2.4 we get

x(t) = co + 1 ((t) — P(0) + 5 g(t, x(t), x(et) + ALY x'(8),

where ¢y, ¢ € R,

hence ,

X )= V0 + 5 [ (YO0 - 9O 06,16, x(09) - 1 0) ds
given that x(0) + w(x) = xo and x’(0) =0, it follows ¢y = xp — w(x) and ¢; = 0.
Therefore (4) holds.

Conversely, suppose x is a solution to (4). Then, it follows that x(0) + w(x) = xp and x’(0) = 0. Moreover,
bl}; applying the y-Caputo fractional derivative CDg’fb to both sides of (4) and utilizing Proposition 2.4, we
obtain

COEYx(t) — ALY X (1) = I g8, x(8), x(et)).
Thus, equation (1) holds. O

In order to establish the existence of a solution for our main problem (1), it is necessary to first state the
following hypotheses.

(Hp) There exists a constant L, € [0, 1) such that
lwx) —wWI <Ly lx=yl, forall x,yeC.
(Hz) There exist two constants K,,, M, > 0 and g € (0, 1) such that
lw@)| < Ky | x 119 +M,,  for all x € C.
(H3) There exist two constants K;, M, > 0 and p € (0, 1) such that

lgt, x(t), x(et)| < K, || x | +M, for all x € C.
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Lemma 3.2. Ifa function x € C' is a solution to (1), then

Qpy

0y KllP + M),

Ill < T—e—

Proof. Let x € C' be a solution of (1), then

, -1 5o )
(1)l = F(ﬁ) f(#’ Y (O () — ()P 2(g(s, x(s), x(g5)) — Ax'(3))ds
< F(ﬁ) j(; U S)W(E) = P(s)F2|(g(s, x(5), x(e5)) — Ax'(5))| ds.
By (H3)/ we get

X" ()] < Qg (KyllxIlP + My + [All|x']]).
It follows

(L = 1ADQy,p < Qpy(KyllXI” + My).

Thus
Qpy

0y KllP + M),

Ill < T—e—
|

To prove the (4) has at least one solution x € C!, we consider the following two operators 81,8, : C 15t
defined by

Bix(t) =x —w(x), te] (5)

and

1 . ,
B0 = 5 fo O ~ Y6 (965, x(5), x(es)) — Ax'(5))ds, e, (6)
thus, (4) can be formulated as follows
Bx(t) = Brx(t) + Box(t), te] (7)

Theorem 3.3. Assume that the hypotheses (H1) — (H3) are satisfied, then fractional pantograph differential equation
(1) has at least one solution x € C'. Moreover, the set of all solutions for (1) is bounded in C'.

In order to prove the Theorem 3.3, we will need to show some lemmas and preliminary results.

Lemma 3.4. The operator B, is p- Lipschitz with the constant L,. Moreover, B satisfies the following growth
condition

1B1x]] < |xol + Kollx|l! + My, for every x e cl. (8)

Proof. To prove that the operator B is Lipschitz with constant Lw.
Let x, y € C!, then we have

|B1x(t) = By (t)] < lo(x) — w(y)l,
by using (H;) we get
|81X(t) - Bly(t)| < Lw”x - yHr
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Taking supremum over , we obtain
|B1x = Biy| < Lollx - yll,

hence 8; is is Lipschitz with L,. By Lemma 2.13, we conclude that $B; is p-Lipschitz with the constant L,,.
To show the growth condition (8), let x € C!, then we have

[B1x(t)| = lxo — w(x)| < |xol + lw(x)],

by (H,), we get
1B1x]| < lxol + Ko lxl[7 + M.

|
Lemma 3.5. The operator B, is continuous. Additionally B, satisfies the following growth condition
1BoxIl < Tl oy (Ko lIxIP + M), for each x € C'. )

(A-1ADQ5 , +Qpp

where g1y = ompaig, -

Proof. To prove that the operator B, is continuous, let x, € C! converging to x in C!, it follows that there
exists 0 > 0 such that ||x,|| < 6 and ||x]| < 6. Now let t € ], then we have

t
|Box,(t) — Bax(t)] < %ﬁ) fo P (S)W(E) = () |g(s, xu(5), Xa(e9)) — g(5, x(5), x(e3))| ds

A t
- ’ _ -1 |, L
“ 55 [ v OwO -y e -y el

Given that g is continuous, then we have
lim g(s, x,(5), xn(£5)) = g(s, X(s), x(e5))-
n—oo

Conversely, utilizing Lemma 3.2 and (H3), we find

%ﬁ)(gb’(s)(yb(t) — PP @(6, %al5), %u(e9) = Ax4(65)) = (96, X(3), x(e5)) = Ax' )|
Qg 1, _
<2(Ky0” + My) (L4 55 s (W OWO =y,

since s — %ﬁ)(l[)'(s)(lp(f) - 1#(5))5*1 is an integrable function on [0, f], then by Lebesgue dominated conver-

gence theorem, we can conclude that

t
lim —— f PO — PO (965, %(6), x(e5)) — A, (6)) — (905, x(5), x(es)) — A ()| ds = 0.
1>+00 r(‘B) 0

Therefore,
liIP | Box, — Brx ||=0,
n—+oo

it follows that B, is continuous .
To demonstrate (9), let x € C!, then we obtain

L ' ’ _ p-1 _ /
B0 < 5 fo Y EWE — Y& (g5, x(6), x(e3) = 1 ()] ds,
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by Lemma 3.2 and (H3) we obtain

(1 + =YK, |IxlP + M,)

— - t
o) < — [ vewn-vers

it follows

(1 + T ) Kyl + My)(@(T) = p(0))"

| Brx |I< TG+ )
Thus, 0 0
B B
I 8ax I g+ T Kbl +My)

Finally, we get
| Bax |I< T, (KyllxIl” + My).

O
Lemma 3.6. B, : C' — C' is a compact operator.
Proof. Let us first prove that 8,B,, is bounded. To do so, let x € B;,. Then by (9) we have
| Bx ||< Tlg (K1 + M) := C.

It follows that 8,B,, C B;. Thus 8B, is bounded.
Now let us show that 8B;, is equicontinuous. Let x € 8,B; and t1, t; € ] such that t; < t5, then we have

(1+ =) (K, + My)

Qo .
[Bax(t2) = Bax(t)] < PWQ%) ft P E)(t) - Y(s) s,
1+ 1—8\%)(1@’7’7 +My) rh
o , 3 g1 ~ 6
T(B) fo Y (s)(Y(t2) — P(s)) (W(t1) — ¥(s))Pds
1+ K + M)
< r(ﬁ ey ((t2) — PO) +2( (k) — Y(t1))F + (Y(t1) — P(0))F).

Since ¢ is a continuous function, then we obtain

lim |Byx(t1) - Bax(ta)| = 0.

thus B,B,, is equicontinuous.
Given that $;B, is uniformly bounded and equicontinuous. Then by Arzela—Ascoli Theorem [23] we
conclude that 8,B,, is relatively compact, hence 8, is compact. [J

Corollary 3.7. B, : C! — C' is p-Lipschitz with zero constant.

Proof. Since the operator B, is compact and from Lemma 2.12 it follows that 8, is p-Lipschitz with zero
constant. []

Now, we have all tools to establish the proof of Theorem 3.3.

Proof of Theorem 3.3.

Let 81, B,, B: C! — C! be the operators given by the equations (5),(6) and (7) respectively.

B4, B,, B are continuous and bounded. Moreover, by using Lemma 3.4 we have 8, is p-Lipschitz with
constant L, and by using Corollary 3.7 we have 8, is p-Lipschitz with zero constant. It follows from
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Lemma 2.11 that 8 is a strict p-contraction with constant L.
We consider the following set

S, ={xeC':x=yBx for some y €[0,1]}.

Let us show that S, is bounded in C'. For this purpose let x € S,, then x = yBx = y(Ax + Byx). It follows
that
llxll = yl1Bxll < y(I1Ba1xll + [|B2x1l),

by using Lemmas 3.4 and 3.5 we get

el < (ol + Kallxll? + My, + TTg 4 g (Kl + My)). (10)

From the inequality (10) we deduce that S, is bounded in C' withp <1and g < 1.
if it’s not the case, we suppose that & := ||x|| — oo. Dividing both sides of (10) by &, and taking & — oo, it
follows that

(ol + K& + My, + g 1,4 (Ky&P + My))

1< lim =0,
-0 é

which is a contradiction.
Finally, by Theorem 2.14, we conclude that 5 has at least one fixed point, which serves as a solution to (1).
Moreover, the set of fixed points of 8 is bounded in Cl.o

Remark 3.8. Note that if the assumptions (Hy) and (Hz) are formulated for g = 1 and p = 1, then the conclusions of
Theorem 3.3 remain valid provided that
K, + KgHﬁ,/\,¢ <1

4. An illustrative example

In this section, we give an example to illustrate the usefulness of our main result.
Consider the following problem:

CD§%m+%fw=g@ﬂmﬂd»f€f=mﬂL

(11)

20
¥(0)=0, x(0)= Z Oilx(t;), 6;>0, 0<t;<1, j=1,2,.,20.
j=1

here g(t, x(t), x(ct)) = sin( ) [
where gt 1), MED) = 5o [m(v’a)
20 20
B=3,T=19®=¢,A=Land w) = Z 0,lx(t)| with 21 0;<1.
=1 =

20
Clearly (H1), (Hz) hold with K, =L, = }, 0, My=0andg=1.
i=j

Heree = L
ﬁ’

Indeed, we can write

lw(x(®))l =

7

20
Z Oilx(t))
=

hence

20
@)l < Y, 05 ldl,
j=1
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20
thusK, = ). 0, M, =0andg=1.
i=1

Alternatively, we have
20 20
lw(x(t) - w®) = Y Ojlxt) - Y 0ily(t))|,
=1 =1

hence

20
() - 0@l < Y 0=y,

=1

20
thus L, = ). 0;.

j=1
To prove (H3), lett € [ and x € R, then we have

cosx )
V2 |x(®)]
(t, x(t), x(et))| = < (llxll + 1)
7 | @O+e)V2 |1, 10V2

t
(<)
1
Thus, (H;) holds with K, =M, = ——and p = 1.
’ 7T T o P

Consequently, Theorem 3.3 implies that problem (11) has at least one solution.
Moreover, from the inequality (10) we have

__ D)y 1)3/2)
(1 + er(3/2)—ge(e—1)ﬂ/2> )(e 1)

[lxl < = 0.0598798162,
10 V2I(8/3) — 1

thus the set of solutions for (11) is bounded.

5. Conclusion

In this paper, we studied the existence of solutions for a class of nonlocal pantograph differential equa-
tions with damping and a y-Caputo type fractional derivative. The existence results were established using
topological degree theory for condensing maps. Finally, an illustrative example was presented to support
the theoretical findings.
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