Filomat 39:16 (2025), 5703-5720
https://doi.org/10.2298/FIL2516703R

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

A study of reversible DNA cyclic codes over a non-chain ring based on
the deletion distance

Washiqur Rehman®*, Mohammad Ashraf®, H Q Dinh¢, Ghulam Mohammad®, Mohd Asim?

*Vivekananda Institute of Professional Studies- Technical Campus, Delhi, 110034, India
bDepartment of Mathematics, Aligarh Muslim University, Aligarh, India
¢Department of Mathematical Sciences, Kent State University, Warren, USA
4Department of Mathematics, ACE Engineering college Hyderabad, 501301, India

Abstract. Let R = Zs[u]/{(u? — 4,2u) be a non-chain ring of characteristic 8. In this article, DNA codes
of odd lengths over the ring R based on the deletion distance are discussed. For this purpose, we study
cyclic codes of any odd length over the ring R satisfying the reversible and the reversible complement
constraints. Also, a bijection 9 between the elements of the ring R and Sp, is constructed in such a way that
the reversibility problem is solved. Moreover, we introduce a homogeneous weight whom over the ring R
and by utilizing wWhom, a new Gray map Ohom : R" — ]FEZ‘” is obtained. Furthermore, we study the GC-content
of DNA codes and provide some examples of DNA codes with their respective deletion distance.

1. Introduction

Deoxyribonucleic acid or DNA for short, is a molecule that contains the genetic instructions necessary
for the development and functioning of all known living organisms. DNA is a double-stranded molecule
made up of nucleotides. Each nucleotide consists of a sugar (deoxyribose), a phosphate group, and one
of four nitrogenous bases: adenine (A), thymine (T), cytosine (C), or guanine (G). The DNA molecules
form a twin-stranded double helix as two sugar-phosphate chains are connected through hydrogen bonds,
specifically between G and C as well as between A and T, and linked according to the Watson-Crick
complement (WCC) rule. We call a given sequence o = apa; - - - ay—1, @ quaternary n-sequence or a DNA
sequence of length n if &; € Y, where Y = {A, G, T, C}. Moreover, DNA k-bases is defined as the collection
of all DNA sequences of length k. The Watson-Crick complement rule states that when a DNA sequence
combines with its reversible complement, it forms a helix. Specifically, T pairs with A (and vice versa),
while G pairs with C (and vice versa) We denote by C° = G, G = C, A° = T, T® = A, where C°, G°, AS,
and T¢ are the complements of C, G, A and T respectively. For example, the Watson-Crick complement
of (ATTGACC)® = AT T°GA°C°C® = TAACTGG. A DNA code C of length n is the collection of DNA
sequences of length n where each sequence occurs with its reverse complement sequencei.e., &’ € C, where
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=a° .« -~ ay is the reverse complement of a = agay * -~ ay-1.

¢ .
n-2
The ability to construct DNA codes that fulfill particular constraints is of utmost importance in various
domains, including biotechnology and security. These applications encompass a range of areas, such as
DNA computing, DNA cryptography, and DNA steganography [5], [6]. A cyclic DNA code C always
satisfies the Hamming distance constraint and it may satisfy the other three constraints. Following are the
constraints:

1. The Hamming constraint : If H(cy, ¢;) > d, where ¢q,¢; € C and ¢; # ¢, for some Hamming distance d.

2. The Reverse constraint : If H(ci,c}) > d, where c¢1,c; € C for some Hamming distance d, and
cy = (@n-1,an-2, - .., Qo) is the reverse of c; = (ao, 1, - .., ¥y-1)

3. The Reverse-complement constraint : If H(cy, c)) > d, where c1,¢; € C for some Hamming distance
d,and ¢y = (a0 |, a; _,,...,a5) is the reverse complement of c; = (a0, a1, .- ., @n-1)

4. The Fixed GC-content constraint : If any codeword contains the same number of G and C.

The first three constraints aim to minimize the likelihood of non-specific hybridization, while the fixed
GC-content constraint is employed to achieve comparable melting temperatures.

Adleman [4] initiated the exploration of DNA’s structural role in computations by solving a well-known
NP-hard problem through the application of DNA molecules. He used an approach that was based on the
Watson-Crick complement (WCC) property of DNA sequence. Moreover, Adleman et al. [5] formulated
a molecular program for breaking the symmetric cryptographic algorithm namely the Data Encryption
Standard (DES). Subsequently, Mansuripur et al. [24] demonstrated that DNA molecules can serve as
a storage medium. This advancement necessitates the development of various theories for constructing
DNA sequences that meet specific constraints. Algebraic coding theory plays a crucial role in creating DNA
codes with constraints (refer to [21] for DNA codes over different finite rings). DNA codes, rooted in error-
correcting codes, have proven effective in DNA-based computation and storage. For instance, Milenkovic
and Kashyap [23] elucidated the design of codes for DNA computing by considering avoidance of forma-
tion of secondary structures in single-stranded DNA molecules and non-selective cross-hybridization.

There are some known methods for designing DNA codes that satisfy certain constraints including the
study of reversible codes. In 1964 Massey [25] studied the reversible codes over finite fields. Later on,
Tzeng and Hartmann[31] obtained the bounds of the minimum distance for certain reversible cyclic codes.
Moreover, Srinivasulu and Bhaintwal[29] studied reversible cyclic codes over the finite ring IF4 + ulFy, u2 =0
and constructed certain DNA codes. Further, Dinh et al [13] constructed reversible complement codes and
obtained cyclic DNA codes over the ring IF>[u, v]/ (u? -1, 0% —v, uv—ou). For the intensive study of reversible
codes over finite rings, we refer the readers [1-3, 11, 14, 18-20, 26-28]. D’yachkov et al. [9, 10] identified a
similarity distance which is more worthy than the Hamming distance. Recently, Martinez-Moro and Szabo
[22] discussed the structure of the local Frobenius non-chain ring of order 16. Later on, Dougherty et al.
[15] constructed cyclic codes over a local Frobenius non-chain ring of order 16. Siap et al. [30] studied cyclic
DNA codes over the ring Fo[u]/(u? — 1) based on the deletion distance. Further, Dinh et al. [12] discussed
cyclic DNA codes over the ring Z4[u]/ (u? — 1) based on the deletion distance.

Motivated by these studies, we study cyclic DNA codes of odd length over the ring R = Zg[u]/{u* — 4,2u)
based on the deletion distance. We discuss the reversibility of cyclic codes over the ring R. We have also con-
structed a bijection 3 (see Table 1) between the elements of the ring Rand Sp,,, where Sp,, = {x1x2 : x1,x2 € Y}.
The novelty of this article is that by utilizing the bijection 9, we have solved the reversibility problem. More-
over, Dougherty et al. [15] studied binary cyclic codes as the images of the Gray map with respect to the
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Lee weight. In this article, we obtain cyclic codes with respect to the homogeneous weight. Also, we study
the GC-content of cyclic DNA codes and find their deletion distance.

The rest of the article is organized as follows: Section 2 is devoted to familiarize the readers with basic
terminology. In Section 3, we discuss the structure of cyclic codes over the ring R. We obtain a new Gray
map Ophom : R" — IFg” with respect to the homogeneous weight wpom in Section 4. In Section 5, we provide
some necessary and sufficient conditions for: (i) a given cyclic code of odd length over the ring R to be a
reversible cyclic code, and (ii) a given cyclic code of odd length over the ring R to be reversible complement
cyclic code. The study of the GC-content of cyclic DNA codes of odd length and their deletion distance is
included in Section 6. Section 7 consists of examples of DNA codes with respect to their deletion distance.

2. Preliminaries

We begin this section by characterizing the ring R. In [22], the authors obtained all local Frobenius non-chain
rings of order 16. Suppose Zs is a ring of integers modulo 8. Throughout the article R := Zg[u]/(u? — 4, 2u).
Therefore R is a finite commutative ring, which is an extension of Zg. Moreover, R is a vector space over [F,
with basis {1,2, 4, 4}. Thus, any element x € R can be uniquely expressed as x = &1 + 2&; + ués + 4&4, where
&i € IF,. The cardinalty of R is 16 and characteristic of R is 8. Then all elements of the ring R are as follows:
R=1{0,1,2,3,4,5,6,7,u,1 +u,2+u,3+u,4+u,5+u,6+u,7+ u}. Moreover, the non-trivial ideals of R are
as follows:
(4) =10,4},

(2) =10,2,4,6},
)y =1{0,u,4,u + 4},
Q2+u)y=1{0,4,2+u,6 +uj,
2,uy=1{0,2,4,6,u,2 +u,4 +u,6 +uj.

The ideal lattice of the ring R is given in Figure 1. It is worth to notice that ideals of R do not form a chain
under the set theoretical inclusion relation. Therefore, R is a non-chain ring and the ideal (2, u) is the unique
maximal ideal of R. Hence, R is a local Frobenius non-chain ring of order 16. Recall that a linear code C of
length n over R is an R-submodule of R" and members of C are known as codewords. A linear code C of
length n over R is called cyclic if for each codeword a = (ap, a1, . ..,a,-1) € C, the n-tuple (a,-1,40, ..., a-2)
obtained by the cyclic shift of coordinatesitoi+1 mod # is also in C.

1)
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Figure 1: Ideal lattice of the ring R

n-1
The inner-product of two given n-tuples a = (ag, 41, ...,a,-1), b = (bo, b1, ..., by—1) is defined asa-b = Y a;b;,
i=0
a and b are said to be orthogonal if 2 - b = 0.
For a given linear code C, we define the dual code C* over the ring R in the following manner

Ct={aeR"|a-b=0 forallb eC}.

One can verify that C* is a linear code over the ring R of same length as C. In addition, If C C C* then
a linear code C is said to be self-orthogonal and if C = C* then we call a linear code C is self-dual. The
reciprocal polynomial p*(x) of a given polynomial p(x) = pg + p1x + -+ + pp_1x"1 € R[x], is defined as
pr(x) = x38PDp(ly = p, 1 + puox + -+ + pox"1. It is worth to mention that deg(p(x)) > deg(p"(x)) and if
po # 0, then deg(p(x)) = deg(p*(x)). A given polynomial p(x) is said to be self-reciprocal if p*(x) = p(x).

We need the following result which provides the criteria for obtaining the reciprocal of sum and product of
polynomials.

Lemma 2.1. [3] Let f1(x) and f1(x) be any two polynomials in R[x] with deg(fi(x)) = deg(f2(x)). Then the following
statements hold:

L (A A@) = ) ),
2. (i) + H)) = f() + X f3(), where i = deg(fy(x)) — deg(f2(x)).

Let A = apar1 -+ a1 and B = Bof1 - -+ fn1 be any two quaternary n-sequences. Suppose ¢ € {1,2,...,n}
and 1 < t < £. We define by C = yoy1---Y¢-1, a common subsequence of length £ between A and B if
Yt =ap =Py, wherel <p; <pp <---<pr<n1<q <qa<---<qe < n. The energy of DNA hybridization
E(A, B) is measured by the longest common subsequence (not necessarily contiguous) of either strand or
the reverse complement of the other strand. The deletion similarity is define as the length of the longest
common subsequence for A and B and is denoted by S(A, B). If A and B are any strands of length #, then
we have S(A, B) = n and S(A, B) = S(B, A). Moreover, the deletion similarity S(A, B) can be identified by the
number of base pair bonds between A and B’ i.e.,

S(A,B) = S(B, A) = E(A, B*) = E(A™, B) (1)

Example 2.2. Suppose A = TAGATT and B = TCGATT, are two DNA sequences of length 6. Clearly, GAT is
a largest common subsequence of length 3, TAT is also a common subsequence of length 3. There is no common
subsequence of length € > 3. Therefore, the deletion similarity between the DNA sequences A and B is given by
S(A,B) =3.

Definition 2.3. [9, 10] Let C be a DNA code of length n. Then C is called a DNA code of distance D based
on the deletion similarity or equivalently an (n,D)-code if there exists a smallest positive integer D such that
S5XY)sn-D-1forall X,YeC, X#Y.

Example 2.4. Let B = {GAGC, GCTC, GCGA, TCGC} be the collection of DNA sequences of length 4. Clearly,
(GAGQ)"™ = GCTC, (GCTC) = GAGC, (GCGA)™® = TCGC, (TCGC)™® = GCGA. Therefore, we can conclude that
B is a DNA code of length 4. Notice that GC is a common subsequence of length 2. There is no subsequence of
length € > 2. Hence, the deletion similarity S(X,Y) = 2, for all X,Y € B. By using Definition 2.1, we must have
4 — D —1 > 2, which further yields D < 1. Thus, B is a (4,1)-code.

3. Structure of cyclic codes over R

Dougherty et al. [15] have obtained structure of cyclic codes over a local Frobenius non-chain ring of order
16. In this article, the aforementioned ring R is also a local Frobenius non-chain ring of order 16, and hence
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we obtain the structure of cyclic codes over R using results given in [15]. Throughout this article, we use
a symbol N, where N is the ideal generated by {2, u}, i.e,, N = (2, u). For example, Nf(x) = (2f(x), uf(x)),
where f(x) € R,.

The following theorem provides the structure of cyclic codes of any odd length over the ring R.

Theorem 3.1. [ 15] Let Cbea cyclic code of odd dd length n over the ring R. Then C is generated by the following polyno-
mials {Hy (x), NHy(x), 2H3(x), uHy (x), (2+1)Hs(x), 4H6(x)} wherex"—1 = Ho(x)H1 (x)Ha(x)H3(x)H4(x)Hs(x)He (x);

al , 0 <i < 6. Moreover, C is of the type
Hi(x )

Hi(x) are coprime monic polynomials and H i(x) =
16des(H1 () gdeg(Ha(x)) 4 (deg(Hs(x))+deg(Ha(x))+deg(Hs(x))) pdeg(Hs (x)

Observe that there is no relationship between the generating polynomials of the cyclic codes over the ring
R in the aforementioned theorem. The following equivalent structure of cyclic codes over the ring R, in
which generating polynomials are dividing some other generating polynomials, is obtained using the above
structure of cyclic codes over the ring R.

Theorem 3.2. Let C be a cyclic code of odd length n over the ring R. Then C is given by

C = {g0(x), Ng1(x), 292(x), ugs(x), (2 + u)ga(x), 4g5(x))
such that g;(x) € R[x] for 0 < j < 5 and g5(x)|gi(x)|g1(x)|go(x), where k = 2,3, 4.

Proof. By using Theorem 3.1, wehave C = (E (%), NI:I; (%), 2?[; (x), uI:IZ (x), 2+ u)I/-I; (%), 4?[;(95)), where x"—1 =
Ho(x)H1 (x)Ha(x)H3(x)H4(x)Hs(x)He (x); Hi(x) are coprime monic polynomials and I/-fi(x) );{ e )1 0<i<e.
Now construct the polynomials g;(x), where 0 < j < 5 using the polynomials H;(x) as follows:
go(x) = Ho(x)Ha(x)Hs(x)Ha(x)Hs(x)He(x),
g1(x) = Ho(x)Hs(x)Ha(x)Hs(x)He(x),
g2(x) = Ho(x)Ha(x)H5(x)He(x),
g5(x) = Ho(x)Hs(x)Hs(x)He(x),
ga(x) = Ho(x)Ha(x)Ha(x)He(x),
g5(x) = Ho(x).

Let C' = (go(x), Ng1(x), 292(x), ugs(x), (2 + u)ga(x), 495(x)), where gj(x) are polynomials as defined above. Our
claim is that C' = C. First we prove C C C. To do so, notice that fl\l(x) = go(x) € C". Now consider the
polynomial

NH(x) = NHo(x)H: (x)Hs(x)Ha(x)Hs(x)Ho(),
and substitute the value of g;(x) in the above expression we obtain

NHy(x) = Ngi(x)Hi().
Therefore, NH\z(x) e C. Similarly, the polynomials 2?1\3(x):2;]2(x)H1 (x)Ha(x) € C,
uH,(x)=ugs(x)H1(x)Hz(x) € C and (2 + u)Hs(x)=(2 + u)gs(x)H1(x)Ha(x) € C'. Also, the polynomial
4Hg(x) = 4g5(x)H;(x)Ha(x)H3(x)Hs(x)Hs(x) € C'. Hence, we obtain that C € C. To prove C' C C, we proceed
as follows. Notice that go(x) = Hi(x), then go(x) € C. First, we check if Ng;(x) € C. Since H1(x) and H,(x) are
coprime polynomials, there exist polynomials p;(x), p2(x) € R[x] such that

p1(x)H1(x) + pa(x)Ha(x) = 1. (2)
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Now multiplying by g1(x) in both sides of (2), we obtain
91(0) = prOH1(0)g1(x) + p2()Ha(0)g1 (),
70 = pEHE) +p20)90)

and Ng1(x) = Np (x)ﬁ; (x) + Npa(x)go(x) € C. Next, we check if 2¢,(x) € C. Since the polynomials H;(x)Hz(x)
and Hj3(x) are coprime, there exist polynomials g1 (x), g2(x) € R[x] such that

q1(x)H1(x)Hz(x) + g2(x)H3(x) = 1. 3)
Now multiplying by g-(x) in both sides of (3), we obtain

72(0) = q()H1(x)Hz(x)g2(x) + g2(x)H3(x)g2(x),

72(0) = pi1(0)H3(x) + p2(x)g1(%).

This implies that 2g,(x) € C. Similarly, we can also verify that the polynomials ugs(x), (2 + u)g4(x) and
4g5(x) € C. Therefore, we can conclude that C' € C and hence C' =C. O

Now, using the above structure of cyclic codes we define the following particular cases of cyclic codes.
These codes are helpful in determining the conditions for reversibility over the ring R.

Definition 3.3. Let C; be a cyclic code of odd length n over the ring R, where i € {1,2,3}. Then
Ci = {9o(x), Ng1(x), £i2(x), 495(x)),
where g3(x)|g2(0)|g1(X)|go(x), &1 =2, & =uand &3 = 2 + u.
The annihilator A(Z) for any ideal 7 of R,, is given by the following expression
A) = {g(x) € Ru | f(x) - g(x) = 0,V f(x) € I}.

Since A(J) is an ideal of the ring R,, A(J) a cyclic code over the ring R. Moreover, if a cyclic code C of
length n over R is given by C = (I) then C* = (A*(Z)), where A*(1) = {a*(x) | a(x) € A(D)}.

The following theorem is useful to obtain the structure of annihilator A(C;) of cyclic code C;, wherei € {1, 2, 3}
over the ring R.

Theorem 3.4. Let C; be a cyclic code of odd length n over the ring R, where i € {1,2,3}. Then annihilator A(C;) of

Ci is given by o1 o1 Y1\ (" —1
N@=«%m)wmm)qm@)4%@»'

where C; = {go(x), Ng1(x), Eiga(x), 4g3(x)) such that gz3(x)|g2(x)g1(x)|go(x), E1 =2, & =uand E3 =2 +u.

, =1 =1 =1y (x"-1
K=o Mo o e )
93(%) 72(%) 71(%) go(x)
Given that C; is a cyclic code of odd length n over the ring R. By using the definition of annihilator, A(C;)
becomes a cyclic code over the ring R. Let

A(C) = (p1(x), Npa(x), Ep3(x), 4pa(x)),

Proof. Suppose that

where p4(x)|p3(x)[p2(x)lp1(x). As g3(x) € C; and p1(x) € A(C;), we get
g3(x) - p1(x) =0 mod (x" —1).

We have p;(x) = ;:(:;a(x), for some a(x) € R[x], p1(x) € <;Z(_x1) ). Similarly, we also have pa(x) € (% ,

ps(x) € <;;l_(_3c1)> and p4(x) € (%). This implies that A(C;) € K. Similarly, we must have K' C A(C;). Thus,
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x" -1 x" -1 x" -1 x"-1
e ey
©) g5(x) g2(x) g1(x) go(x)

Now by using the above theorem, we obtain the structure of the dual of a cyclic code C;, where i € {1,2, 3}
over the ring R.

O

Theorem 3.5. Let C; be a cyclic code of odd length n over the ring R given by

Ci = (go(x), Ng1(x), &ig2(x), 493(x)),
where g3(x0)|g2(x)g1(X)Igo(x) and &1 = 2, & = u and &3 = 2 + u. Then dual of the cyclic code C; is given by

Ci = <(x;3(_x)1 )*' N(J:z(_x)1 )*' 51.(3:1(;)1 )*' 4(950(_36)1 )>

Proof. The result directly follows from the Theorem 3.4. [

4. Homogeneous weight of cyclic codes over R

The idea of homogeneous weight over the residue class rings of integers was introduced by Constanttinescu
and Heise [8]. Subsequently, Greferath and Schmidt [17] generalized this notion to arbitrary finite rings
and they have proved the existence of such a weight function on arbitrary finite rings. Dougherty et al.[15]
constructed cyclic codes over the ring R with respect to the Lee weight. In this article, we obtain cyclic
codes over the ring R with respect to the homogeneous weight on R.

Definition 4.1. Suppose R is a finite ring. A real valued function w on R is called a homogeneous (left) weight, if
w(0) = 0 and the following are true:

(1) If Rx = Ry, then w(x) = w(y) for all x, y € R.
(i1) There exists a real number a > 0 such that

Z w(t) = a|Rx]|

teRx

for all non-zero x € R.

Yildiz and Karadeniz [32] studied cyclic codes over the non-chain ring R = [F, + ulF, + vlF, + uvlF,, where
u> = 0,0 = 0 and uv = vu with respect to the homogeneous weight. Later on, Yildiz and Kelebek
[33] studied homogeneous weight for an infinite family of rings Ry = Faluq, up, -+, ux]/ (uf, Uiy = uju;).
Motivated by this work, in this article we introduced homogeneous weight over the ring R as follows:

Let x € R be an arbitrary element. Then we define,

0 ifx=0,
Whom(X) =38 ifx =4,
4 otherwise.

In order to obtain a distance preserving map 0 from R to F5, we assume the following: 0(0) =
(0,0,0,0,0,0,0,0), 6(1) = (1,0,1,0,1,0,1,0), 6(2) = (1,1,1,1,0,0,0,0), () = (1,1,0,0,1,1,0,0) and
0¢4) = (1,1,1,1,1,1,1,1). Now, we extend this map to the whole ring R in the following manner. No-
tice that any x € R can be expressed uniquely x = a1 + 2a; + uas + 4a4, where a; € F,. Then, we define

O(aq + 200 + uag + 46!4) = a19(1) + a0(2) + as0(u) + a40(4).

We can verify that the map 0 : R — F§ defined above is a distance preserving map (Gray map). Notice
that 0(6 + 2) # 9(6) + 0(2), therefore we can conclude that the Gray map 0 is not linear. Moreover, 0 can be
extended to the map Onom : R" — ]Fg” such that

Onom (Bo, B1, B2, - - -, Pu-1) = (B(Bo), O(B1), O(B2), - - -, O(Bn-1)),



W. Rehman et al. / Filomat 39:16 (2025), 5703-5720 5710
where (Bo, B1, B2, - - -, Bn-1) € R". Recall that a cyclic shift on R" is the permutation ¢ given by
G(COI Cl/ cecy C?’l—l) = (Cn—lz CO/ cecy CTL—Z)'

A code C is said to be an ¢-quasi-cyclic code if it is invariant under o and we call ¢ the index of the
quasi-cyclic code.

Lemma 4.2. Let ¢ be the cyclic shift. Then Onom © 0 = 7% 0 Bhom.

Proof. Suppose an element ¢ = (cg, ¢y, ..., cn-1) € R, then

Ohom © 0{(€0,€1, -+, 6-1)) = (0(61-2),0c0), Ocr) ., B(cu2) ) (4)

Also, we can write Onom(co,C1,---,cn-1) = (B(co), O(c1), O(c2), ..., O(cs-1)), where each O(c;) is of length 8.
Therefore, if we apply the cyclic shift eight times then we must have

7* & Ohom( (€0, 1+ €0-1)) = (00€1-1), 6(c0), Oca), ., 0(c-2)) ©)
Hence, by using (4) and (5) we get the desired result. [

Based on the above lemma we have the following result.

Theorem 4.3. Let C be a cyclic code of length n and minimum homogeneous weight d over the ring R. Then Onom(C)
is an 8-quasi-cyclic binary code of length 8n and minimum distance d.

Proof. Given that C is a cyclic code of length 1 over the ring R. Then, we have (C) = C, where o is the cyclic
shift. Now, apply Ohom to both sides we obtain

Ohom(0(C)) = Onom(C).
Consider the Gray image of a given cyclic code C as

Ohom(C) = Ohom(a(C))
(Qhom o CT)(C)

By making use of Lemma 4.2 we obtain

Ghom(c) = Us(ghom(c))-

This implies that Ohom(C) is invariant under 08. Therefore, Opom(C) is an 8-quasi cyclic binary code. [

5. The Reversible DNA codes over R

In this section, we discuss the reversibility of cyclic codes of odd length over the ring R. We provide
necessary and sufficient condition for a given cyclic code to be reversible. Moreover, we study the reversible
complement cyclic codes of odd length over the ring R and construct a bijection § in such a manner that
the reversibility problem is solved.

Definition 5.1. A cyclic code C of length n over the ring R is called reversible if a” € C whenever a € C, where
reverse of a codeword a = (@, a1, . . ., (p—1) s given by & = (ay—1, A2, ..., Ap).

The following theorem provides a necessary and sufficient condition for cyclic codes of odd lengths over
the ring R to be reversible.
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Theorem 5.2. Let C be a cyclic code of odd length n over the ring R given by
C = (Hi(x), NHa(x), 2H3(x), uHa(x), (2 + u)Hs(x), 4Ho(x)),

-1
Hi(x)’
0 <i < 6. Then C is a reversible cyclic code if and only if each Hi(x ) for 1 <i <6, is a self-reciprocal polynomial.

where x" — 1 = Ho(x)H1 (x)Ha(x)H3(x)H4(x)Hs(x)He (x); Hi(x) are coprime monic polynomials and H (x) =

Proof. Suppose that C is a reversible cyclic code of odd length n over the ring R. We have to show that each
Hi(x) is self-reciprocal polynomial. To do so, let on contrary Hi(x) is not a self-reciprocal polynomial i.e.,
I’-fi(x) # I’-\I,-*(x), wherei € {1,2,3,4,5,6}. Now, consider a polynomial H(x) given by H(x) = gcd(I’fE(x),I:fi*(x)).
There exist a;(x) and a,(x) such that

H(x) = () Hi(x) + axF; (x).
Let P = {N,2,u,2 + u,4} be a set. Now, multiplying by p € P on both sides in the above expression we get
PH(x) = a1 ()pHi(x) + aa(x)pH; ().

Since C is a reversible cyclic code, pH(x) € C for all p € P. Notice that deg(pH(x)) < deg(pﬁ (x)) forallpe P
which contradicts the fact that H;(x) is the minimal degree polynomial such that pH (x) € C . Hence, each

Hi(x)isa self-reciprocal polynomial. For the converse part assume that each Hi(x), where i € {1,2,3,4,5,6}
is a self-reciprocal polynomial over the ring R. Let c(x) € C be an arbitrary polynomial. Then there exist
Ai(x) € R[x], where 1 < i < 6 such that

o) = A()H(x) + Ay(x)NHa(x) + A3(x)2H5(x) + Ag(x)uHa(x)
+A5(x)(2 + )Hs(x) + Ag(x)4Hs (x).

By using Lemma 2.1, the reciprocal polynomial c*(x) is given by

() = A@H; () + X A3(0NH, (x) + x2A5(x)2H; (x) + x5 (x)uH; (x)
+xB AL ()2 + 1) Hs (x) + x5 (x)4H, (x).
Since each E(x) is self-reciprocal i.e., E(x) = ITL-*(x) and 1 <i < 6, we obtain
@) = AJH; () + X AL (X)NHa(x) + x2 A% (x)2H3(x) + 1 A (x)uHa(x)
+x AL (0)(2 + u)Hs (x) + x5 A% (x)4H, (x).
This implies that ¢*(x) € C for A}(x) € R[x]. Hence, C is a reversible cyclic code over the ring R. [
The following result provides the reversibility conditions for cyclic codes C;, where i € {1,2,3}.

Theorem 5.3. Let C; be a cyclic code of odd length n over the ring R given by

Ci = (go(x), Ng1(x), Eiga(x), 493(x)),

where g3(x)|g2(x)|g1(x)|go(x), &1 = 2, & = wand & = 2+ u. Then C; is a reversible cyclic code over the ring R if and
only if go(x), g1(x), g2(x) and gs(x) are self-reciprocal polynomials.

Proof. The proof is similar to the Theorem 5.2. [

The next result is useful to obtain the reversibility of the dual of cyclic codes C;, where i € {1, 2, 3}.
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Theorem 5.4. Let C; be a reversible cyclic code over the ring R given by
Ci = {g0(x), Ng1(x), £ig2(x), 493(x)),
where g3(x)|g2(x)|g1(x)|go(x), &1 =2, &, = uand E3 = 2 +u. Then C+ is also a reversible cyclic code over the ring R.

Proof. By making use of Theorem 5.3, we must have go(x) g1(x), g2(x) and gg(x) are self-reciprocal poly-

x" -1 -1 x"—=1
nomials. Suppose that —— , = = s3(x), and ——— = s4(x). Notice that
! pp () s1(x) n() 52(x), = e 3(%), 700 4(x)
(x_—l) = 5] (x), which further yields — S - D = 53 (x). Since g3(x) is self-reciprocal polynomial, we obtain
93(%) 75(x)
n
-1
- (3; o ) = s](x) and —s1(x) = s](x). Similarly, we obtain —s>(x) = s3(x), —s3(x) = s3(x) and —s4(x) = s} (x). Let
3

¢(x) € C; be an arbitrary codeword. By using Theorem 3.5 there exist polynomials Pi(x), P2(x), P3(x) and
Py(x) in R[x] such that

w=[pof ] peon(S) el non( )

Which on simplifying yields,

&(x) = [P1(%)s}(x) + P2(x)Ns3(x) + P3(x)&is3(x) + Pa(x)4s;(x)]-
Now, consider the reciprocal polynomial of ¢(x)

C'(x) = [P1(x)s](x) + Pa(x)Ns3(x) + P3(x)&;s5(x) + Pa(x)4sy(x)]".
Replace s;(x) by —s;(x) in above expression we obtain the following

(%) = [Pr(0)(=51(x)) + P2(x)N(=52(x)) + P3(x)&i(=53(x)) + Pa(x)4(=s4(x))]".
By using Lemma 2.1 we obtain
&'(x) = [=P1(x)s} (x) = XM Py (x)Ns (x) — x*2P3(x)is3(x) — x P (x)4s(x)].

Equivalently we can write

(%) = [s1(0)q1(x) + Ns3(x)g2(x) + Eis3(x)q3(x) + 4s3(x)ga(¥)],

where q1(x) = —P;(x), q2(x) = —x"Py(x), g3(x) = —x*P;(x) and g4(x) = —x*Py(x). Hence, ¢*(x) € C;* and
which implies that C;- is also a reversible cyclic code over the ring R. [

Our current focus is to characterize the reversible-complement cyclic codes of odd lengths. We will establish
a condition that is both necessary and sufficient for a cyclic code to be categorized as a reversible-complement
cyclic code over the ring R. To accomplish this, we discuss the foundational concepts of complement over
the ring R. We denote the complement of an element z € R by Z and define as: z¢ = z + 4. For example, the
complement of z = 3+ uisz® =3+ u+4 =7 +u. Let p(x) € R[x], where p(x) = po + p1x + pax> + -+ - + pp1x™ L.
Then the complement of p(x) is defined as follows: p°(x) = p§ + p5x + p5x* + -+ p°_ x""!, where p¢ denotes
the complement of p; for p; € R, 0 < i < n — 1. The reverse-complement of p(x) € R[x] is denoted by p™(x)
and is defined as: p"(x) = p°_| +p _,x + -+ +pix"!
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Table 1: DNA correspondence 9 between R and Sp,,

Elements of the ring R | anaz € Sp,,
0 AA
2 AT
3+u GT
3 CT
u GG
24+u GC
1+u AC
1 AG
4 TT
6 TA
7+ u CA
7 GA
4+u cC
6+1u CG
5+u TG
5 TC

In Table 1, we establish a bijection 9 between the elements of the ring R and Sp,, to address the reversibility
problem. To illustrate the reversibility problem, consider any codeword A = (A, A2, A3, A4) over the ring
R. Let ATCGGATG be the DNA sequence corresponding to A = (A1, A2, A3, A4), where A1 corresponds to
AT, A, corresponds to CG, A3 corresponds to GA, and A4 corresponds to TG. The reverse of A is denoted
as A" = (A4, A3, A2, A1), with the corresponding DNA sequence being TGGACGAT. It is noteworthy that
TGGACGAT is not the reverse of the DNA sequence ATCGGATG; rather, the reverse of ATCGGATG is
GTAGGCTA. We resolve this reversibility issue by employing the correspondence outlined in Table 1.
Consequently, we present the following lemma, which plays a pivotal role in solving the reversibility
problem.

Lemma 5.5. Let x = (x1,%2,...,%,) be any codeword over the ring R. Also, suppose that X = didy - - - dpy—1day, is
the DNA sequence corresponding to the codeword x. Then, DNA sequence corresponding to the codeword 7x" is the
reverse of X i.e., doydon—1 - - - dody.

Proof. The above result can be easily verified by using Table 1. For example, suppose that A = (4 + 1,6 +
u,5 + u,5) be a codeword over the ring R. According to Table 1, the DNA sequence corresponding to A is
CCCGTGTC. Now consider the codeword 7A" = (3,3 + 1,2 + u, 4 + u). By using Table 1 corresponding DNA
sequence to the codeword (3,3 + 1,2 +u,4 + u) is CTGTGCCC. We can verify that CTGTGCCC is the reverse
of CCCGTGTC. O

Lemma 5.6. Ifx,y € R, thenthex +y =X+ i + 4.
Proof. The above lemma can easily be verified by observing Table 1. [J

Now, we provide a necessary and sufficient condition under which a given cyclic code C;, where i € {1, 2, 3}
over R of any odd length is a reversible complement cyclic code.

Theorem 5.7. Let C; be a cyclic code of odd length n over the ring R given by
Ci = (go(x), Ng1(x), &ig2(x), 493(x)),

where g3(x)|g2(x)1g1(X)|go(x), &1 = 2, & = u and E3 = 2 + u. Then C; is a reversible complement cyclic code if and
only if
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(1) Ciis a reversible code;

4(x" - 1) c

(i) the element Ci.

Proof. First we prove the second condition. Assume that C; is a reversible complement cyclic code over
the ring R. Since C; is a reversible complement cyclic code, 0 € C;, where 0 = (0,0,0,...,0,0) € C;. Now
consider the codeword,

0¢=0,0,...,0) = (4,4,...,4) € C;
=4(1,1,...,1,1) € C;

_ 4(x" - 1) cC,
x—1
where (1,1,...,1,1) € C; can be identified by ’;”_‘11 in C;.

For the first condition take any c(x) € C;. Then there exist polynomials g;(x) € R[x], 0 < i < 3 such that
c(x) = [90(¥)g0(x) + Nq1(0)91(x) + £i2(0)92(x) + 4q3()g3(x)].
Then by using Lemma 2.1, the reciprocal polynomial c*(x) is given by
¢(x) = [q0(x)g0(x) + Ng1(x)g1(x) + £iq2(x0)g2(x) + 4q3(x)g3 ()],
¢'(x) = G(X)go(x) + T Ng; () (%) + X2 &gy ()95 (x) + 4x° 73 (x)g5(x) (6)
Let
go(x) = By + Brx + -+ B X+ B,
be a polynomial over R. Then the reverse of go(x) is given by
00(0) = B+ Brgx o+ BT 4 B,
and the reverse complement of go(x) is given by
G5 () = Brt B b4 B+ By

Now multiplying both sides of the above expression by x"~~! we obtain

(xn—r—l)g(r)C(x) — ﬁ‘;xn—r—l + ‘B‘;_lxn—r T E’lxn—Z + ‘B_;)Xn_l
= 0+0x+- +0x""2+ "1
X e B 4 By
ETHGER) = A tdx e+ AT BT R BT
+oet a4 Bt 7)
4(x" -1
On adding % in both sides of (7), we obtain
4(x" -1 ,
" hgl(x) + —(i — ) _ 0+0x+0x>+ -+ 0x"" 24 ga 1
B By B
= x”_r_l[ﬁ; + ﬁ;_lx +e ﬁ;)xr],
4(x" -1
@)+ D = g, ®

Therefore, using (8) we can conclude g;(x) € C;. Similarly, g;(x), g5(x) and g;(x) € C; and by using (6), we
obtain ¢*(x) € C; for g;(x) € R[x]. Thus, C; is a reversible cyclic code over the ring R.
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For converse part, let B(x) = by +bix+- - -+b,,x™ € Cbe an arbitrary codeword. Then the reverse-complement
of the polynomial B(x) is given by

B(x) = Dy +Dbpo1x+ -+ bix™ L+ bhox™,
multiplying by x"~~! on both sides in the above equation, we obtain

(Xn_m_l)BrC(x) = b " 4 DX+ +

I_ﬂlx”’z + onnil.
. 4" -1) . . .
On adding —~—1 in both sides of the above expression, we obtain
4(x" -1
(xn—m—l)Brc + (i — ) — xn—m—l[bm + bm—lx 4ot box’"]

= X""B(x).
Now, on simplifying the above expression we find that

4" - 1)

(xnfmfl)BVC(x) — xnfmle*(x) _ —

©)

Utilizing conditions (i) and (ii) in theorem with equation (9) leads to the conclusion that B(x) belongs to C.
Consequently, we must have C is a reversible-complement cyclic code over the ring R. [

6. The GC-content and the Deletion distance D

The DNA is a long chain of nucleotides. Each base binds with another complementary base with hydrogen
bonds. For example, the A forms two hydrogen bonds with the T, vice versa and G forms three hydrogen
bonds with the C, vice versa. The percentage of the Guanine (G) and the Cytosine (C), nitrogenous bases
present in a DNA, nucleic acid sequence is known as the GC-content. Moreover, in DNA codes the same
GC-content in every codeword ensures that the codewords have similar hybridization energy and melting
temperature. This motivates to consider such DNA codes in which all codewords have the same GC-
content. In this section, we study the GC-content of DNA cyclic codes over the ring R and deletion distance
D of such DNA codes.

Definition 6.1. Let C be a cyclic code over the ring R. Then Hamming weight enumerator of C is denoted by We(x)
and is define as follows:

Wel(x) = Z B,
T

where By = |{c : w(c) = k}| i.e., the number of codewords in C whose Hamming weights equal to k. By making use of
the Hamming weight enumerator, we can identify the minimum distance of the code as the smallest non-zero exponent
of x with a non-zero coefficient in We(x).

Let C; = {go(x), Ng1(x), &ig2(x), 493(x)) be a cyclic code of odd length n over the ring R. Then we define a
subcode Cf4) of C; such that Cl(.4) consist of all codewords in C; which are multiples of 4. The next result
provides the structure of C§4).

Theorem 6.2. Let C; be a cyclic code of odd length n over the ring R given by
Ci = {g0(x), Ng1(x), £iga(x), 4g3(x)),

where g3(x)|g2(x)g1(xX)|go(x), &1 =2, & =uand &3 =2 4+ u. Then C§4) = (4g5(x)).
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Proof. Notice that (4g3(x)) C C§4). For the reverse inclusion, C§4) C (4g3(x)) we proceed as follows. Let
c(x) € C; be any codeword. Then there exist polynomials a;(x), b;(x) € R[x] such that

c(x) = go(x)ai(x) + Ngi(x)az(x) + &iga(x)az(x) + 4go(x)b1(x)
+4Ng1(x)ba(x) + 4E;g2(x)b3(x) + 4g3(x)as(x).

If c(x) is a multiple of 4, then we must have x" — 1|go(x)a;1(x), x* — 1|Ng1(x)az(x) and x" — 1|&;g2(x)az(x) and
hence we obtain

c(x) = 4go(x)b1(x) + 4Ng1(x)ba(x) + 4E&ig2(x)b3(x) + 4g3(x)as(x).

Since g3(x)|g2(x)lg1(x)|go(x), c(x) € (4g3(x)). Therefore, we can conclude Cl@ C (4g3(x)) and hence 6‘54) =
(4g3(x)). O

The next theorem provides the spectra of the GC-content of cyclic codes C;, where i € {1, 2,3} of any odd
length over the ring R.

Theorem 6.3. Let C; be a cyclic code of odd length n over the ring R given by

Ci = (go(x), Ng1(x), &ig2(x), 493(x)),

where g3(x)|g2(x)g1(x)|go(x), &1 =2, & = uand E3 = 2 + u. Let ¢ € C; be any codeword such that w(c) = Wr(C),
€ € Zg[x]. Then all possible spectra of the GC-content of C; are determined by the Hamming weight enumerator of
the code generated by gs(x).

Proof. Notice that GC-contents of ¢; can be obtained by multiplying the elements of ¢; by 4. By using the

structure of (El(,4), we can conclude that the Hamming weight enumerator generated by the polynomial g3(x)
provides the spectra of the GC-content. [

By using the following theorem one can obtain the deletion distance of the subcode C§4).

Theorem 6.4. Let C; = {(go(x), Ng1(x), £ig2(x), 493(x)) be an (n, D) cyclic code over the ring R, where n is any odd
integer and Dy be the deletion distance of the code C§4). Then D = Dy.

Proof. Observe that CZ<.4) C C;j, then for any A,B € C; we obtain S(A,B) < n—D — 1 and hence Dy > D.
Let A;,A; € C; be two codewords such that S(A;,Ay) > n— Dy — 1. Since A;, A, € C; by making use

of Theorem 6.2, we obtain 4A; and 4A, are two codewords in 654). Therefore, we can conclude that
S(4A1,4A,) > S(A1,Az) > n— Dy — 1, a contradiction. Hence D = Dy. O

7. examples

In this section, we present some examples of reversible cyclic codes over the ring R and their $ images are
DNA codes which satisfying reversible and reversible complement constraint (see Tables 2, 3 & 4). In Table
5, we provide some examples of reversible cyclic codes and their Gray images.

Example 7.1. Consider the factorization of the polynomial x> — 1 over the ring Zs as follows:
-1 = x-D2+x+1)

a (xX)az(x).

Let C be a cyclic code of length 3 over the ring R given by C = {ay(x)). Notice that C satisfies all conditions of Theorem
4(x* -1

5.3. Hence, C is a reversible cyclic code of length 3 over the ring R. Since % = 4g0(x) € C, C is a reversible

complement code over the ring R. Observe that in Table 2, we have A’ € C for all A € C. Also, S(A, B) € {0, 3} for all

A,B € Cand A # B. Moreover, 9(C) is a DNA code of length 6 and S(A, B) < 3 and we obtain D = 2. Hence, 3(C)

is a (6,2) DNA cyclic code.



W. Rehman et al. / Filomat 39:16 (2025), 5703-5720 5717

Example 7.2. Consider the factorization of the polynomial x> — 1 over the ring Zg as follows:

i=12

WBo1 = (x—l)(fo).
i=0

Let C be a cyclic code of length 13 over the ring R given by C = {go(x)), where go(x) = Y..25> x'. Clearly, go(x) is

a self-reciprocal polynomial. Since C satisfies the Theorem 5.3, C is reversible cyclic code of length 13 over the ring

4(x1B -1
R. Moreover, ad ) = 4g0(x) € C, then by using Theorem 5.7, C is a reversible complement code over the ring

R. Observe that in_Table 3, we have A’ € C for all A € C. Notice that S(A,B) € {0,13} forall A,B € Cand A # B.

Moreover, 9(C) is a DNA code of length 26 and S(A, B) < 13 and we obtain D = 12. Hence, 9(C) is a (26,12) DNA
cyclic code.

Example 7.3. Consider the factorization of the polynomial x*> — 1 over the ring Zg as follows:

-1 = -1 +x+ D)0t + 40 + 617 +3x + 1)t +3x° + 612 + 4x + 1)
P+ +x+1)
= m(x)az(x)az(x)as(x)as(x).

Let C be a cyclic code of length 15 over the ring R given by C = (4go(x)), where go(x) = a(x)as(x). Since ay(x) and
as(x) both are self-reciprocal polynomial, go(x) is also a self-reciprocal polynomial. Hence, C is a reversible cyclic code
of length 15 over the ring R.

Example 7.4. Consider the factorization of the polynomial x*” — 1 over the ring Zg as follows:

71 = -+ a7+ 6+ 7+t + 7 160 +4x+ 1)
(B +5x7 + 7x% + 3x* + 722 + 5x + 1)
= am(x)ax(x)as(x).

Let go(x) = ax(x)az(x), g2(x) = as(x) be two polynomials. Since ay(x) and as(x) are self-reciprocal polynomials, go(x)
and g,(x) are self-reciprocal polynomials.

(i) Let C be a cyclic code of length 17 over the ring R given by C = (4g»(x)). Notice that C satisfying all conditions
of Theorem 5.3. Hence, C is a reversible cyclic code of length 17 over the ring R.

(if) Let C = {go(x)) be a cyclic code of length 17. Notice that C satisfying all conditions of Theorem 5.3. Hence,

4(x17 -1

C is a reversible cyclic code of length 17 over the ring R. Since A1) = 4g0(x) € C, C is a reversible

complement code over the ring R. Thus 9(C) is a DNA code of length 34 shown in Table 4.

Table 2: DNA code of length 6 corresponding to Example 7.1
GAGAGA | GGGGGG
GTGTGT | GCGCGC
CACACA | CGCGCG
CTCTCT | cccccc
AAAAAA | AGAGAG
TGTGTG | TCTCTC
ATATAT | TTTTTT
ACACAC | TATATA
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Table 3: DNA code of length 26 corresponding to Example 7.2
TGTGTGTGTGTGTGTGTGTGTGTGTG
CGCGCGCGCGCGCGCGCGLGLGLGCG
ATATATATATATATATATATATATAT
AGAGAGAGAGAGAGAGAGAGAGAGAG
CTCTCTCTCTCTCTCTCTCTCTCTCT
CCccececeecececccecceccececceccececcec
AAAAAAAAAAAAAAAAAAAAAAAAAA
TTTTTTTTTTTTTTTTTTTTTTTTTI
GAGAGAGAGAGAGAGAGAGAGAGAGA
GGGGGGGGGGGGGEGEGGGGGGGEEEEE
GTGTGTGTGTGTGTGTGTGTGTGTGT
GCGCGCGCGCGCGLGLGLeGeaeaeae
CACACACACACACACACACACACACA
TCTCTCTCTCTCTCTCTCTCTCTCTC
ACACACACACACACACACACACACAC
TATATATATATATATATATATATATA

Table 4: DNA code of length 34 corresponding to Example 7.4 (i)
GGGGGGGGGGGGGGGGGGGGGEEGEGGGGGGGGGE
GCGCGCGCGCGCGCGCGLCGCGLGLGLGLGLGeae
TCTCTCTCTCTCTCTCTCTCTCTCTCTCTCTCTC
ACACACACACACACACACACACACACACACACAC
CGCGCGCGCGCGCGCGCGCGCGCGCGLGLGLGLCG
AGAGAGAGAGAGAGAGAGAGAGAGAGAGAGAGAG
TGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTG
ATATATATATATATATATATATATATATATATAT
CTCTCTCTCTCTCTCTCTCTCTCTCTCTCTCTCT
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
GAGAGAGAGAGAGAGAGAGAGAGAGAGAGAGAGA
GTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGTGT
CACACACACACACACACACACACACACACACACA
CCCCCCeeeececceccecececcececcecceccececcecce
TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTITITI
TATATATATATATATATATATATATATATATATA

Table 5: Gray images of reversible cyclic codes

Length Generator(s) of cyclic code Gray Images
3 2 +x+1) (24,24,12);
5 3P +x+1) (40,24, 20);
9 K +x+1) (72,2%8,16),
9 u(x® +x +1)(x% + 2% + 1)) (72,24,36),
15 A2 +x+ D)+ 83 + 2 +x+ 1)) (120,2%,32);
17 (A0 +5x7 + 7x° + 3x* + 732 + 5x + 1)) (136,23, 40),
17 (B +4x” +6x0 + 7 + x4 + 733 + 622 +4x + 1) | (136,24, 68),

(x® + 5x7 + 7x® + 3x* + 7x% + 5x + 1))

REMARK: All codes in the above examples are calculated using Magma software [7] and * delineates that
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the corresponding binary linear code is optimal with respect to the online data available in [16].

8. Conclusion

Establishing a bijection between the components of an algebraic structure, such as fields or rings, and
DNA k-bases poses a substantial challenge. This complexity is particularly giving rise to the reversibility
problem when the algebraic structures consist of exactly 4% elements (where k > 1), In this paper, we tackle
this challenge by introducing a bijection denoted as 9, identifying the elements of the ring R to Sp,, (see
Table 1). This construction adeptly resolves the reversibility problem occurred in DNA 2-bases. Also, we
have discussed DNA codes of odd length based on the deletion distance. Cyclic codes over the ring R such
that they satisfy reversible and reversible complement constraint are studied. We have also established a
relation between the GC-content of a given cyclic code C; and its subcode Cl(.4). Also, we have introduced
a Gray map Ohom from (R", Homogeneous weight) to (F5", Hamming weight). As an application of Onom,
we have provided some examples of reversible cyclic codes over the ring R such that their corresponding
binary linear codes are optimal. In the end, we have provided examples of DNA cyclic codes including
their deletion distances. For future work, it would be further fascinating to construct reversible cyclic codes
of even length over the ring R.
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