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Abstract. In approximation theory, various type Durrmeyer operators have been defined and their
approximation properties have been investigated. We include some of them in the article. In this article, we
define a Durrmeyer type Neural Network operators within a compact interval [4, b]. Moreover we examine
approximation properties of this operators in different function spaces.

1. Introduction

Artificial Neural-Networks are known as a mathematical model of the brain’s cell, inter-neuronal com-
munication. Generally, using some special functions ¢ called activation functions feed-forward artificial
neural networks with a one hidden layer are defined as;

n
N,u(x) := zcio(wix +b) , w€R’, xeR’, s e INY,
i=0

where, b; € R are treshold value, ¢; € R are coefficents.

The importance of George Cybenko’s density theorem proposed in 1989 in this field should be noted.
Cybenko [17] confirmed that any continuous function defined on [g, b] can be approximated by a linear
and positive sequence of sigmoidal functions on Cl[a,b]. In other words, Cybenko demonstrated that
artificial neural network operators activated by feed-forward one hidden layer of sigmoidal functions can
approximate a continuous function.

Owing to Cybenko’s idea, models of artificial neural network operators defined in 1992 with the paper
of Cardaliaguet and Euvrard [8]. Subsequently, various studies have been conducted by many authors
(see [3], [5], [19]).

Cardaliaguet and Euvrard’s work shed light on important details between Cybenko’s density theorem
and approximation theory due to the availability of centered bell-shaped functions frequently used in
artificial neural networks with sigmoidal functions.
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With the study by Anastassiou in 1997 [4], the approximation properties of artifical neural network
operators began to be investigated. Especially in the last two decades, researchers such as G. Anastassiou
([1]), Chen Z. and Cao F. ([9]), D. Costarelli ([10] — [16]), G. Vinti ([10], [13], [16]), H. Karsli ([26]), Xiang C.,
Zhao'Y., Wang X. and Ye P. ([35]) have defined more flexible operators and better approximation properties of
neural network operators using Kantorovich, wavelet, and other forms and examining their approximation
properties in various ways.

In approximation theory, many authors have defined integral-based operators like Kantorovich, Dur-
rmeyer and quasi-interpolant to have more flexible operators and to extended them to different spaces,
examining many different properties (see [18], [21] — [25], [27], [29], [30] and [31]).

In the present study, we define a Durrmeyer-Type Neural Network Operators and investigate their
approximation properties in C[a, b] and Ly[a, b] spaces.

The second section of the this article includes preliminaries and auxiliary results and while the main
results are presented in the third section.

2. Preliminaries and auxiliary results

In this section, we will introduce definitions, notations and materials related to the theory of neural
network and Durrmeyer Type neural network operators. Additionally, we will denote the norms and
moduli of continuity for the aforementioned function spaces.
Definition 2.1. (Sigmoidal Function)

A function ¢ defined on the R is termed a sigmoid functions if the following conditions,

lir_n o(x) =0and liIP ox)=1

are satisfied. The sigmoidal function has many known forms such as the logistic function and the hyperbolic
tangent function as follows,

and o;(x) = %(1 +tanhx), x € R

1
o(x) = 1+e>

It should be noted that sigmoidal functions are not a new concept. These functions were defined in
population dynamics studies conducted by P.F. Verlhust in 1838 and 1845 (see [33],[34]). Verlhust provided
an example of a function where the population density of species is limited by themselves.

Sigmoidal functions have a wide range of applications across various research fields. These include
biology, economics, chemistry, population dynamics, statistics and probability and geoscience.

Definition 2.2. A function Q) : R — R s said to be centered bell-shaped (cbs) < Q € Li(IR), its integral is nonzero,
it is nondecreasing on (—oo, 0) and nonincreasing on [0, +00).

In 2011 Anastassiou [2, Chapterl] defined the following Neural-Network operators whose compact
support [a, D].
Let,

hZ]R—>(0,1), h(X)Z ﬁ

7

be a sigmoidal function of logistic type and centered bell-shaped (cbs) function H(x) is given by;

hxt D) —hr=1)

H(x) = > , xeR.
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Definition 2.3. Let n € IN. For a bounded function f defined on [a, b] and let [na] < |nb]. Then the corresponding
neural-network operators are defined as,

Lnb)
Y F(£) A -k

k=[na]
Gulfix) = —

Z Anx - k)

k=[na

Where H is a cbs function obtained from a sigmoidal function of logistic type.
Now, we summarize some well-known and remarkable properties of H(x).

Remark 2.4. Clearly we have;

° H(X) — [h(x+1);h(x71)] _ (ez—l

1
) e 70

* H(-x) = (iT_zl) m = H(x)

oH(x)z%(%—#)<l(ﬂ+ "Y)<1.

14+e1 1+e~+1 2 \1+e1 7 e+e¥

° ZH(nx -k)=1

keZ

. i Ay = 1.

e A(x)is non-decreasing on (—oo, 0) and non-increasing on [0, +0).

Lemma 2.5. Let a,b € R be such that [na] < |nb] for n € IN*. Then we have,

! < ! . (1)
b N 2
nb) A [AW)] @0 -a)
Z Anx - k) f At — k)dt
k=[na] i

Proof. The proof can be carried out easily in a similar manner to the proof of “"Lemma ix)” on page 5 in [2] (see
2). O

Lemma26. Let0<pf<1,neN*,2<nP

Z Ax —k) <. )
kez
|nx — k| > n'=P

(for proof see [1].)
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Lemma 2.7. For [a,b],n € N*,k€ Zand 0 < B <1,k € Z,1 < n'"P, we have,

f HAnt - k)dt < ™", 3)

R
[nt — k| > nlF

Proof. Similar to proof of Lemma 2.6., using mean value theorem, we obtain the following inequality,

f H(lnt - k|)di’ < f et = el,nl—ﬁ'

R nl=p
[nt — k| > ni=F [nt — k| > n'=F

Definition 2.8. For 6 > 0 and f € Cla, b] , the modulus of continuity of the function f is defined by;

w(f,0)=  sup  |f(H)- f(x)|. 4)
t,x € [a,b]
[t—xl <6

As for Ly[a, b], (1 < p < o0) spaces, for 6 > 0, the modulus of continuity of the function f is defined as,

b 1/p
wr,(f,0) = sup f|f(t) —f(x)|p dx (5)
t,x€lab]l |~
[t—xl <0

and forVo > 0and f € Ly[a, b],
lima, (£,5) = 0.

Now we define Durrmeyer Type Neural-Network Operators.

Definition 2.9. (Durrmeyer Type Neural-Network Operators)

For a,b € R be such that [na] < |nb] ,n € N*, f € L1[a, b], we consider the following positive and linear
Durrmeyer Type Neural-Network Operators,

Lib) b
Z A(nx — k) f F(HA(nt - kdt
D k=[na a
N, (f;x) = . ,X € [a,Db].
ﬁ : f : k)d
H(nx — k) | H(nt — k)dt
k=[na] a

Where H is centered bell-shaped function. Easily can be observed that the N2 (1;x) = 1.
In the following section, we will examine the approximation properties of the N2 (f; x) operators in the
Cla,b] and L,[a, b] (1 < p < o0) spaces.
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3. Fundamental properties and main results

In this section using the auxiliary results and definition from Section 1 and Seciton 2, we will provide
some theorems and proofs regarding the approximation properties of N2 (f; x) operators.

Theorem 3.1. Let [a, b] be a compact subset of Rand t,x € [a,b], n € N¥,2 <n'P and f € Cla,b],
1 1 1) 1—
N’?f_f su S—(a)(_f,_)‘+‘2 f el_n ﬁ+e3_2n ﬁ)
625~y o ol )2 )

Proof. Let f € Cla, ] clearly;

Lnb) p
Y Ax-k) f [F() - £(x)] H(nt — k)dt
INE(F0) = £ = | R ,
S fine - |- toa
H(nx - nt — k)dt
k=[na ;
using (1),
1 Lnb]

INP(f;x) - f(x)| <

b
Y, it ) [ 1) = £0) rcut - o

k=[na]

[AQ] ©-a)

Lnb]

b
Z H(nx—k)f[f(t)—f(x)] H(nt - k)dt

k=[na]

<1
[E] ¢ -a)

|nb]

b
<N - [ |f0) - )
)] (b—a>k;m f |

For 0 < B < 1and |t - §| + |x— %‘ < nP follow that |t —kyk_ x( < |t - %( + (x - %) < n7P. Therefore, this
implies that |[nt — k| < n'™f and |nx — k| < n!"#. By using these we divide the last inequality as;

HA(nt - k)dt

b

Lnb)
IND(f;2) - f(x)| < + A(nx —k) f |f(t) = F(x)| A (nt - kydt
[AO] @-a) |k T g
[nx — k| < n'=P nt — k| < n1~B
Lnb) b
+ 2 A(nx — k) f £ = F(0)| At — Kyt
k = [na a
[nx — k| < n*=# It — k| > 1P
Lib) b
+ 2 A(nx — k) f (D)~ f)| Ant — Kyt |
k = [na a

[nx — k| > n'=F Int —k| > n'b
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N2 - ] € ———— H(nx ~ k) f |f(®) = fe0| H(nt ~ Kyt
[AD] -2 keZ -
Inx — k| < n'=P Int — k| < nlF
+ Z A(nx — k) f £ = F(o| H(nt — Kyt
keZ R
[nx — k| < n'-F Int —k| > n'~#
+ Z A(nx — k) f £ = F(0| F(nt = Kyt |
keZ R
[nx — k| > n'-F Int —k| > n'~f

Using the Remark 1 property (4), (5) and (2), (3), (4) we obtain;

INP(fi) - )] < off =)+ 2l A (e + )

1
(AW -0 (

Where ||o|| is the classical supremum norm of C[a,b]. O

Theorem 3.2. Let [a, b] be a compact subset of R, Vt,x € [a,b], n € N*,2 < n'P and f € C[a,b],

lim |[NDf - f|| = 0.

n—o0

Proof. Using the squeeze theorem we have,

_ , 1 1 b sy
et L G B

O

Now, we will examine pointwise and uniform convergence and approximation properties of N?(f; x)
operators in Ly[a, b] (1 < p < oo) spaces please (see [6],[10],[12],[28],[31]).

Theorem 3.3. Let x( be a point of continuity of f in [a,b], f € L1[a, b], 3 <nd, 6 > 0;

pointwise

NP (frx0) " =" f(xo)-
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Proof. LetV t,xo €[a,b], f € Li[la,bland Ve > 03 6 > 0 and let |t - <e [I:I(l)]2 (b-a).

Z A(nx — k) f F(HH(nt — k)t
N (f;%) = f(x0)] = - f(x0)

Lnb)

Z A(nxo — k) f A(nt — k)dt

k=[na]

using the Lemma 1, we have

Lnb]

IND(f;2) - f(x0)| < + Z H(nxo —k)f [f(#) = f(x0)] H(nt — k)dt
[HO] 0= | kT
|t - X()l <0

1 Lnb]

+—
[AO] 0-o| & :Zr;m

[t —x0| >0

b
H(nxo - k) f LF(8) — Fxo)] H(nt — bt

using the fact that f is continuous at xp, we have

A - d (
=€[A()]2 ( ﬂ)+ : 21 Z H(nxo—k)f|f k)dt
[AO] 6-a)  [ADO] 0-a) | (T a
It = xo] > 6

Lnb) b
+ Z H(nxo — k) f |f(xo)| F(nt — k)t
= [na] a

|t = xg| > O

using the HA(x) <1, and

|N5(f;x) - f(xo)| <e4 ——— (”f”L L |f(xO)( - a)el’v—né).
[Aa )] (b-a)

When the limit as n — oo is taken, the desired equality is obtained. O

Theorem 3.4. Let f € Ly[a,b]land 1 < p < co. Then,

1
NP(f;0)|| <« ————|If]l. -
e S



C. Ding et al. / Filomat 39:16 (2025), 5405-5416 5412

Proof. Let,
p
Lnb]
2 A(nx — k) f F(HAnt - kdt
NEof = |2 :
[1b]
H(nx - k) | H(nt - k)dt
k:er:fﬂ [
. Lib) b ’
INP(f; 0| < — Z H(nx - k) f f(HHnt - k)dt
[[Hu)] ® —a)] ) )

let % + % = 1, using the Holder inequality we obtain;

Lnb]

b p
< + Y A@x k) [ f £ At - k)]M dtJ

[H(l)] ’ (b — a) k=na1
let % + % = 1, using the integral form of Holder inequality;

1/q7P
b /q

b 1
2 A(nx — k) [ f Foff H(nt—k)dt]

D —
[ 1)] (b — a)? k=[nm)

Ip b
. f HAnt —k)dt]

using the Remark 1 property (5) we have,

L § i [ Yol
S N Y < o o W N ST
(B[ © - ay g

and passing to L, — norm we get,

b

NP(f; P a _;
f N2esi) x<[H(1)]2’” (b—a)puf

a

Lnb)

k)dt] dx

k=[na

Lnb]
1)] (b-a) f f [ZH(’”"‘) |f(t)|pH(”f—k)]dtdx,
a)p

k=[na]

Applying the Generalized Minkowski Inequality, one has

b Lib)
f)N,?(f; x)|p ax< ———— [H(l)] ff[ H(nt - k)] dxdt

k=[na]

b by (0
1 ) »
TP Z H(nx —k)d A Bt = 1ol dt
[H(l)]% = g)P[ Pt [ (nx —k) x] |f( )| (n )‘
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using the Remark 1 property (5) we have,

b Lib)
N f [( for Y, H(nt—k)} dt

[a]” @ -ay-, it

using the Remark 1 property (4) we have,

b b
Dy s P 1 p
[ IND(f;2)| dx < —[H(1)]2” p— f lfo)| at

b 1/p b 1/p
[Nz dx] < —[ | |f<t>|”dt]
g [AD] ©-a)(~,

1
——|fl,-

[AD] ®

Theorem 3.5. Let f € Ly[a,bland 1 < p < o0, 2 < n'F we obtain

INZ (0], <

O

©-a) N QAP i
Ny (f;0) = f S—[wp(f,—) +2||f]] " ]

|| s St s v

Proof. Let f € Ly[a,b]and 1 <p < oo,

Lnb]

b
Y, e =) [ 1) = 7] Ficut — o

k=[na] f

INP(f;2) = foof =

Lnb]

b
Z A(nx — k) f A(nt — k)dt

k=[na]

using the Lemma 1 we obtain,

(b b

INP(f;2) - foof <

[[Hu)]z - a)]p

k=[na] f

let ;—J + % = 1, using the Holder Inequality;

b 4

[ 170 s At - g3

a

1 Lnb]

< —— HA(nx — k)
[H(l)] (b — a)P k=[na]

let ;—) + % = 1, using the integral form of Holder Inequality;

1 Lnb]

= T H(nx - k)
[H(l)] (b — a) k=na

Y A= 0 [[170) - feo] At - o

f |[H(nt—k)]1/q'q it

b 1/p
f LF - f] [ﬁ(nt—k)]l/prdt] x

5413

1/q7P
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using the Remark 1 property (5) we obtain,

1 Lnb]

b
S0 H(nx—k)f1f(t) — f@)[ At - kyt
[AO]” @ - ay & J

and passing to L, — norm we get,

/

where, if we applied the Generalized Minkowski Inequality (see [7]), we obtain following inequality,

/

|nb]

1/p
Amx -k | |f(t) - f)| Hnt - k)dt |dx
). fl |

k=na]

<—
[HO] ¢ -0

Lnb]

» 1/p
Amt—k) | [f() - F@) A@mx - kydx | dt
Y o= [ 150~ o)

k=[na)

S—
[HO] ¢ -a)

b Lnb) b

1 N N
N,?(f; o)—fl| £ ——— H(nt — k) f(t) —f(x)pH(nx—k)dx+
H b el | L2, /sl

a
[nt — k| < n'~F Inx — k| < n'F
1/p
Lib) b
+ Z Ant — k) f
k = [na] 1

|nt — k| > n'=F

[nx — k| > n'=F

the above inequality is rearranged as follows to obtain the modulus of continuity of the L, space, and using
HA(x) < 1 we obtain following inequality;

plp

(b b

1 N
NP(f;o)~ f| € ———— H(nt - k) fO - f@f x| +
n STz L [ 0 o)

Int — k| < n'~P [nx — k| < n'=#

pipy 1P

b

Lnb]
Z At — k) f [F() = oo dx|  at

= [na a
Int — k| > n'"P [nx — k| > n~F
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using the (2), (5) and Minkowski Inequality 1 < p < oo we obtain;

b Linb)
1 N 1.\
IND(fi0) - f], < ———— A(nt = k) (w1, (f, =)
" Ao e-o f k:zf‘;m] [ 59)
[nt — k| < n'-P

Lnb)
), Hm-R2 | ]a"
k = [na]
|nt — k| > n'=F

b—a)T
IND(s) - £], < B2

(A

v 2of < 2]

O

Theorem 3.6. Let f € L,[a,b], n € N, 2 < n'"F, we have,

lim [N} (f;0) = f|, = 0.

n—oo

Proof. If Theorem 5 is used and the limit as n — oo is taken, the following equality is obtained.

lim [N} (f;0) = f|, = 0.

n—o0

O

We demonstrated pointwise and uniform convergence in L, space. While some points were overlooked
in demonstrating uniform and pointwise convergence, the properties at these points will be examined in
subsequent studies (see [20]).
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