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Convergence analysis of the improved 0-scheme for two-dimensional
double singular stochastic Volterra integral equations

Omid Farkhondeh Rouz®*, Davood Ahmadian?

?Faculty of Mathematics, Statistics and Computer Science, University of Tabriz, Tabriz, Iran

Abstract. This study contributes to the understanding of the behavior of two-dimensional double singular
stochastic Volterra integral equations (DSSVIEs) and provides a comprehensive analysis of their properties.
The evaluation of well-posedness, convergence, and the introduction of a numerical technique such as
the improved O-scheme (ITS) for solving the equation offer valuable insights for future research in this
field. The proposed improvement utilizing sum-of-exponentials (SOE) approximation promises enhanced
computational efficiency, which is crucial for practical applications. Overall, this study advances the
knowledge of two-dimensional DSSVIEs and provides a solid foundation for further investigation and
development in this area. An example is presented to demonstrate the effectiveness of the results achieved.

1. Introduction

Two-dimensional DSSVIEs are based on the concepts of stochastic Volterra integral equations (SVIEs)
with weakly singular kernels. Their ability to capture memory effects and pervasive noise disturbances

has led to extensive theoretical exploration and real-world use. In two-dimensional cases, the structure
commonly displayed by DSSVIEs is as follows:

t S t S
x(s, t) = X +j0\ jo\ Kl(S, t, Tl,Tz)f(x(Tl, Tz))d’fld’fz +j0\ f(; Kz(S, t, Tl,Tz)g(x(Tl, Tz))dW(Tl)dW(Tz). (1)

In the Eq. (1), the unknown function denoted as x(s, t) is referred to as the solution, (s, f) € [0, T] X [0, T], 71 <'s
and 7, < t. This characteristic makes SVIEs well-suited for representing phenomena involving memory and
noise across diverse scientific and technological domains, including biological population models [2, 3],
mathematical finance models [4, 7, 14], and beyond [8]. In mathematics, numerous pertinent investigations
have been conducted, as seen in [9, 10, 22-25]. Simultaneously, numerous researchers have concentrated
on numerical analyses for SVIEs [16]-[19]. It’s essential to understand the significant implications of the
kernel functions Ki(s, ¢, 71, 72),i = 1,2 in Eq. (1) to grasp the characteristics of these equations. For instance,

the Euler-Maruyama (EM) scheme’s strong convergence order for regular SVIEs is 1 [19]. However, for
weakly singular SVIEs, this order diminishes [11, 37].
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As closed-form solutions for SVIEs are rarely available, numerical approximations have emerged as
crucial tools for understanding solution behavior. The majority of numerical techniques are designed for
SVIEs featuring smooth kernels. Various methods have been cited in literature, such as the EM method
[12, 15, 19-21, 26, 27], enhanced rectangular method [28], the operational matrix technique [29-31] and
Picard iteration approach [32, 33]. Regarding weakly singular SVIEs, Wang [34] formulated an existence
and uniqueness theorem amidst non-Lipschitz prerequisites, alongside a linear growth criterion and specific
integrable criteria. Under certain conditions and specific integrable prerequisites, Zhang [36] delved into
the convergence analysis of the EM scheme. In a recent study [1], we established the convergence rate of
the proposed scheme for one-dimensional DSSVIESs, specifically applied to the rough Heston model. In this
paper, our emphasis shifts to two-dimensional DSSVIEs as detailed below:

t S
x(s, t) = xo(s, 1) + f f (s—T11) ™M (t— Tz)_"”’c;[gl T;ﬁlf(x(’ﬁ, 15))dT1dT;
0 Jo

f S
" f f (5 — 1)t — T2 TP TP g (e, W)W, (5, € [0, T] % [0,T], )
0 0

where

e The function x((s, f) is a known deterministic function that satisfies ]E(lxo(s, t)|2) < +o00. The functions
f and g are both nonlinear and measurable functions.

e The expression fot fos(s —T1)72(t - Tz)—ale—ﬁ ZT;ﬁZ g(x(t1, 72))dAW(11)dW(12) represents the double Ito in-
tegral, where W(t;) and W(t,) are two independent Brownian motions defined on the complete
filtered probability space (Q, 7, 7, IP).

e a;and §; (i = 1,2) are non-negative, and they satisfy the conditions0 < a1 + 1 < 1,and 0 < a + 2 < %

To tackle the numerical solution of two-dimensional DSSVIEs (2), one might contemplate devising high-
order numerical methods. However, the absence of the key It formula, a crucial tool in studying SDEs,
poses a challenge. Therefore, advanced techniques such as the Milstein method [38], utilizing It6-Taylor
expansion, are not suitable for constructing effective solutions for Eq. (2). As a result, our focus turns to the
improved 0-scheme based on the SOE approach. As evidenced in [37, 39], the presence of weakly singular
kernels diminishes the convergence rate of EM method, necessitating the adoption of sufficiently small
step sizes to ensure reasonable accuracy in concrete computations. Consequently, the paper will primarily
concentrate on the subsequent three items:

e Our initial goal is to examine the well-posedness of two-dimensional DSSVIEs (2) under the conditions
of global Lipschitz and linear growth. Furthermore, we will explore the boundedness and Holder
continuity of the analytical solution, considering its reliance on the initial value.

e Secondly, we will introduce the 6-scheme for two-dimensional DSSVIEs (2) and determine its strong
convergence rate.

e The incorporation of the SOE approximation in the suggested method provides substantial benefits
concerning computational efficiency. By decreasing the computing expenses and storage demands
to O(NlogN) and O(logN) respectively for large T values, and even further to O(Nlog?N) and
O(log® N) for T approaching 1, the method proves to be highly effective in handling the computational
complexity associated with solving SVIEs.

The outlined structure of the remaining sections provides a clear roadmap for the study, starting with
the introduction of essential assumptions and lemmas in Section 2. The subsequent sections explore the
examination of well-posedness in Section 3, the determination of strong convergence properties of the
proposed scheme in Section 4, and the implementation of the 0-scheme using the SOE approximation in
Section 5. Section 6 focuses on presenting numerical experiments to validate the theoretical findings from
Sections 4 and 5, while Section 7 offers a summary of the work conducted in the study.
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2. Mathematical preliminaries

1
In this paper, | - | represents the Euclidean norm, where fora x € RY, |x] = ( Zflzo xlz) *.and || - || denotes the

trace norm of a matrix, that is, for A € R®", ||A|| = +/trace(ATA). Consider a full probability space (Q2, 7, IP)
with a filtration {#}};>0 that meets standard criteria (i.e. it is right continuous, increasing and contains all

the P-null sets). The indicator function for a set S is symbolized as 1g, defined as 1s(x) =1 if x € S and
0 otherwise. For any pair of real numbers 2 and b, we denote the maximum as a V b := max{a, b} and the
minimum as a A b := min{a, b}. Furthermore, the uppercase letter C stands for a general positive constant,
the specific value of which may differ between instances but remains constant regardless of the step size h.

Assumption 2.1. f and g comply with the following criteria:
e [n accordance with the global Lipschitz condition, there is L > O that quarantees the validity of the following

inequality:
If(u) — f@)I* V llg(u) — g@)I* < Liu — 0%, Yu,veR. 3)
o In accordance with the linear growth condition, there is K > 0 that guarantees the validity of the following
inequality:
FP v Ig@)lF < KO+, VueR @

We will frequently utilize the Beta function B(p, g) := fol(l — s)P~1s771ds, which is well defined for p,q > 0. It
_T(I()
~Tlp+q)
following lemma is classical, and we present a concise proof for thoroughness since it is relevant to our
discussion.

is known that B(p, q) , Where I' is the Gamma function defined as I'(p) := fooo sP~texp(—s)ds. The

Lemma 2.2, Let 0 <t <t, a>0and B < 1. Then for t > t; we have:
t
f (t=5)"%s —t)Pds = (t — 1) " “PB(1- 0,1 - p). (5)
5]
Proof. Change the variable of integration from s to u where s = #; + u(f — t;) and the integral becomes:

(= e = ) (e = 1) e = )
0

1
= (t— tp) @D fo (1- u)_au_ﬁdu = (t—t)"*PB(1-a,1-p). (6)
O

Corollary 2.3. If « and f are positive constants such that o + p € (0, 1), it implies that for all (s,t) € [s,, Sp+1] X
[tm, tis1], wheren,m =1,2,--- ,N — 1.

Em Sy
j(; ](; (Sn - Tl)_a(tm - 72)_01’17;[3’1?;[3(1’[1(1’[2
1 1
= f f (8n — $,0) “(t — tmu)_"‘(snv)_ﬁ(tmu)_ﬁsntmdvdu
0 0

1 1
= f (n — 5,0) " *(5,0) Ps,dv - f (tm = Etd) ™ (bptt) Ptyudu
0 0

=5, Py P21 a,1-p). (7)
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Lemma 2.4. ([35]) Let a > 0 and b > 0 be constants and suppose that « > 0, > 0and o + p < 1. If u is an element
of the space LY[0, T] and fulfills the inequality:

t
ult) <a+ bfo (t = 5) ¥ Pu(s)ds. (8)

We define By = B(l -a,1 —,8). Forr>0lett, = (L

1/(1-a-p)
bBy )
Then, if r < rg and also r < 1 we have:

, and let ro := bBeT' =P so that t, < T for r < ro.

a bt;® _
u(t‘)ﬁ1_1’exp<(1_r)(1_‘8)1‘1 ﬁ). )

Moreover, for r1 = ﬁ, we have:
1-p exp( btr—]a
—a-p P\ T=a—p

Specifically, there is a defined constant C(b, a, B, T) such that u(t) < aC(b, a, B, T) for nearly all t within the interval
[0, T].

u(t) < 111 tl‘ﬁ), forae. tel0,T]. (10)

Lemma 2.5. Let G be a stochastic process with E(|G|?) < co. Define:

t t
w0 = [ coane,  an- [ cokds,
0 0
then for every p > 0, there exists a universal positive constant C, (depending only on p), such that:

E( sup [x()F) < GE(IA(1)]?),

O<s<t

forall t > 0 (see [13], Theorem 7.3).

3. Well-posedness of two-dimensional DSSVIEs

In this section, the investigation includes examining the boundedness of the pth moment and studying
how the solution of two-dimensional DSSVIEs (2) depends on the initial data.

Theorem 3.1. Considering x(s, t) as the solution of two-dimensional DSSVIEs (2), it can be stated that, subject to
condition (4), x(s, t) fulfills the following:

sup E(lx(s, ) < G, (11)

0<s,I<T
for some constant C,.
Proof. For every integer [ > 1, define the stopping time:
pir =inf{(s,t) € [0, T] < [0, T] : |x(s, )| = [} A T. (12)

It is obvious that p — T almost surely when ! — +oco. Concurrently, we define x(s, f) = x(s A p;, t A p;) for
(s,t) €[0,T] X [0, T] and derive:

Elx(s, I

EADI SApP]
< 37 VE|xofP + 3’7_1IE| fo fo (SApr—T1) ™ (AP — Tz)_al’[]_ﬁl T;ﬁlf(xl(’fl,’[z))d’fld’fzr
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) EAD SAP] b —ps .
+ 3 ]E| fo [) Ap —T1) (A p — 1)1 T, g(xl(Tl,Tz))dWT1dWT2|

—(x +pyp+q

o tAp] SAP] —(ag +B)p+q —(a1+B1)p+q = p-1
<3 (IE|XO|p + Cl( (s A pr— T1)” T (A pr— )" 1 (T1’l’2) dT1dT2)
0 0

EADI SApP]
R Y R R e SR T TS R
AP Api —2ap+Bp)p+2q —2ap+Bp)p+2q ZagtPpp+2 22)’”2" p=2
+C2(f SApi—m1) 72 (tAp—T) 7 (Tsz) ! dTldT2)
0 0

EADI SAPI o
: f f (s A pr =) (A pr = 1), 77, Ellg (11, 72) )P dradr)
0 0

EAD SAP)
<Cy(1+ f f (s A pr=T1) (A pr = 1)1, "1, Bl (T, T2)PdT1d ), (13)
0 0

where we used elementary inequality, Holder’s inequality, Lemma 2.5 and condition (4) for any g €
(1 —pmin{l — (a1 + p1), 5 — (a2 + P2)}, 1). It is concluded that:

sup ]E(lxl(f’l, V2)|p)

0<r1<s, 0<r<t

T2Ap1 T1AP] B
< C,,(l + sup j; fo (mApr—71) 2 A pr— 72)_‘77'172‘7

0<r1<s, 0<rp<t

sup  E(lx(m, m)P Jdridts)

1 pl
= Cp(l +  sup  (r1 Ap) Ty Ap)tTH f f (1 =971 —u) ™™
o Jo

0<r1<s, 0<rp <t

sup ]E<|Xz(171, )l )dvdu)

0<m<(r1Ap)v, 0<m<(raAppu

1 1
< Gy(1 + 5121 f f (1=o) (1~ sup  E(palm, n2)l )dodu)
0 0

0<m<sv, 0<n<tu

t S
=G+ f f -t -GG sup E(lm, mF Jdud). (14)
0 0 0<n1<11, 0<2<12
By letting v = — 9 andu=—2 , we can utilize Lemma 2.4 and Fatou’s lemma as [ approaches infinity
AP ra A pi

to finalize the proof. O

Theorem 3.2. Given that the solution of relation (2) exhibits continuous dependency on the initial value for every
& > 0and any € > 0, in accordance with Assumption 2.1, the following relationship is established:

Elx(s, t) — z(s, )] <€, (15)
where E|xy — zo|? < &.
Proof. We introduce two stopping times as:

wr = inf{(s,t) € [0, T1 X [0, T] : |x(s, £)| > 1}, vy =inf{(s,t) € [0, T] x [0, T] : |z(s, t)| > I}. (16)

Then, we define 9, = y; A vy and (s, t) = x(s, t) — z(s, t). By choosing any positive number 6 and r > 2, we
have:

Ely(s, O = E(ly(s, H*Ljs5m ) + E(19ls, P 1js,e)
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v —

26 2
<E(Ip(s A 81t A S)PLosm) + ~Ely(s, 0l + P(8 < T), (17)
2

2
=

where we have used the Young’s inequality. Using Theorem 3.1, we obtain:
Ely(s, )" < 2r’1(]E|x(s, HI" + Elz(s, t)Ir) <2'C. (18)
Furthermore, we have:

P(9 < T) <P(u < T)+P(v; < T)

()l lz(v)l"
< E(l{ylfﬂl—r) + IE(l{VIST} I )
1 2C,
< 17(1E|x(yl AT) + Elz(vi A T)|) < - (19)
According to (18) and (19), we have:
24105 2C,(r—2
EIY(6,OF = EIp(s A 9y £ 9)f + T2 + 2202, (20)
rlror—2
We can explore:
Elyp(s A 91, £ A )
tAD) SAD;
< CL(]EIXO —zol* + f f (SAY —T)™ ™M (A - Tz)_alr;ﬁlT;ﬁllElyb(ﬁ,Tz)lzd’[ld’[z
0 0
tAD; SAD;
+ f f (s A9 = T1) 22 (t A 8 — 1) 221, P PRl (n, 1) Pdrdr), 1)
0 0

where we have used the condition (3) and the Cauchy-Schwarz’s inequality. Therefore, we achieve the
following:

Elp(s A, t A \91)|2 < 2CE|xy — Z()|2
A SAD;
+ 2C1f(; f(; (SAY —T1) *(EAS - Tz)_aTl_ﬂT;ﬂ]E|¢(T1, ) dtids. (22)

For parameters a, f > 0 and a + < 1, employing Lemma 2.4 and substituting (22) into (20) results in:
2*1C,6 N 2C(r-2)
r e

2+1C s
By selecting suitable constants Tr <

El(s, t)* = CElxo — 2ol +

(23)

cand /=~ < €, the proof is finalized when E|x — ZoP? < &

1

3
1

and C/¢ < 56' O

4. Convergence analysis

Within this section, we investigate the convergence analysis of a proposed method for two-dimensional
DSSVIEs (2). The approach entails the approximation of (2) through a 0-scheme on a grid I, =: {s, :=
nh,ty :=mh: n,m=20,1,...,N}in the following manner:

tY?l SVI
X(Sn, tm) = X0 + fo fo (8n—T1) M (ty — T2)™ Tl_ﬁl T;‘B1f(x(T1,T2))dT1dT2
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i Sn ;
+ f f (sn — 1) (tm — Tz)_alelszﬁzg(x(Tll 72))dW(11)dW(12)
0o Jo

tl” SVI

=m+9jﬂtf(%—Tﬁmﬁm—hymﬂmgmﬂﬂﬁﬂﬁﬂﬁﬁz
0o Jo

t”l S’Z

+(1- 9)f f (sn — 1) Mt — Tz)_“l’fl_ﬁ1 Tz_ﬁlf(x(’fl,’fz))d’fld’fz

f f = T b — T2) P g e, T)AW (T AW ()

m=1 n-1
~xg+0) Y (5= ) b — £) S ED fx(sia, b))
j=0 i=0
m—1 n—1
+(1-06) (50— i)™ (tw — 1))” msl—fll ]+1f(x(s,,t ))
=0 =0
m-1 n-1
+ Z(sn —=5) 2 (tn — tj)” “Zsm ]+1g(x(si, t]-))AWi,j. (24)
j=0 i=

Here 0 € [0,1] and AW; ; represents two-dimensional Brownian motion. The 6-scheme for two-dimensional
DSSVIEs (2) is introduced as follows:

m=1 n-1
nm =X+ th Z(Sn =S ) al(tm —t ) alsjll ]_fllf(xzﬂ j+1)
j=0 i=0
m=1 n-1
U= Oh Y Y (o= )™ (b — 1) s ER (X))
j=0 i=0
m=1 n-1
+ (su—si) @ (tm — t ) azsl—ff ]+1g(X1])AW1] (25)
j=0 i=0

Considering X,, ,, as x(sx, t), the continuous version of relation (25) is formulated as follows:

t S
X@n=m+ejif@—nrqugmnﬁ—ﬁﬂxngmmm@
0 Jo - -
t S
+1-0) [ [ 6= mrte- e m it e, i
0 Jo - -
t S
e[ [ - mr T g, wawndwe, 26)
0o Jo - -
where Ty =i for 11 € [si,Si+1), Tp =t for 7, € [t]-, t]-+1) denote the left endpoints, 71 := s;41 for 71 € (5, 51411,
Ty := tjy1 for 73 € (t},j41] denote the right endpoints, X(’q,’[z) := Xiy1,j41 for 11 € (s;,8i11], T2 € (¢, tj41] and

X(11,T2) := X j for 11 € [s;,8i41), T2 € [t}, tj+1) stand for the piecewise constants interpolation of the proposed
method. We introduce the following lemmas that indicate the rate of strong convergence of (26).

Lemma 4.1. For ay, 1 > 0and oy + p1 < 1, there is a constant C > 0 not dependent on h, such that:

t S
f f (s — 7)™ (t = T2)™" Tl_ﬁl T;ﬁl — (s - )t - )T P P ldride, < CREHOR), (27)
0 Jo — -
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Proof. Lett € [0,t3] and s € [0, s3]. Using the relation (7) yields:
t S
f f 15— 1) (t - 1) = (s - ) (- ) P P dnde
0 Jo - -

t S
< f f (s—T1) ™ ™M(t-12)™ TIﬁl T;‘Bld’fld’[z
0 Jo

S t
= fo (s—Tt)™ Tl_ﬁldl'l . fo (t—T1)™ Tgﬁldrz
— 51—(ﬂ1+ﬁ1)t1—(“1+51)B2(1 —ay,1- ﬁl) < CH22aa+p1) (28)

For s € (s3,T] and t € (t3,T], there are distinct positive integers n,m >3 such that s € [s;,sy+1) and
t € [tm, tm+1). The integral can be divided into three parts:

t S
f f 15— 7)™ (t - ) G~ (s - 1) (- )T P P e
0 Jo - -
t 51
- f f 6 = 1)t = 1) TP — (5 - 1) (= 1) TP P dr
Sn—1
f f (s — 7)™ (t - 1) P~ (s — ) (- )T P Pldride

+f s — 1) (t - 1) P — (5 - 1) (- 1) P P dnden
tm-1 JSn-1 - -
= 11 (S/ t) + 12(5/ t) + 13(51 t)/ (29)

where we have:

f1 S1
e A A B e R O T S Rl LT
0 0

t S1
< f f (s— 1) ™ (t - Tz)_“lfc;ﬁl T;’gld”cld’cz
0 Jo
1 ; sl
< f (51— 71) "7,y - f (t — 1) M7, dr, < R, (30)
0 0

and the second term exibits:

En—1 Sn—1
O I I s e R B R
tH S1

fin-1 Sn—1
o R R O S R A )
31

51

En—1 Sn—1
[ [ (e - - my - e e
f1 S1 - -

= In(s,t) + Ina(s, t), (31)
such that:
m—2 n—2 £
IGs,)< Y Y f f w = 5i21) b = 1) (5,6 = 5 PR
j=1 i=1

= 5P P (50— 52) M (b — 1) 2 = PP (5 = 80m) ™ (b — bnen) VI

nlml
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7
[
:
I\)

+ Si I ‘Bl((sn = $i+1)” " (b — fj+1)_a1 — (80— 81) """ (tm — t]')_al )h2

j

< sy (50 = 52) (b — 1)
m=2n-2

+ sz_ﬁ1 t;ﬁ‘ Z Z ((Sn =5i1) Mt — tjp1) ™ = (5p = 8i) " (b — £) T )h2

=2 =2

= 5,7 P (5 = 2) ™ (b — 1)
m—-2 n-2

ﬁ1 ﬁl Z Z (Sn Sz+1 —ar _ (Sn - Si)’al)(tnz - tj)falhz

j=2 i=2

||
N
||
N

i

+ zﬁl zﬁl (( m tj+1) i (tm - tj)_m)(sn - si+1)_a]h2

\.
N
I
N

m—2

<5 PP (53 = 52) (1 = ) 4 5,7 (s = 5™ Y (b — 1) R
j=2

n-2
+ S;ﬁl t;ﬁl (R Z(S” _ si+1)—a1h2 < Chz—z(aﬁﬁl),
i=2
and
m=2 n-2 £+ Sit1
(s, £) < s1l31 tlﬁ1 f f ((Sn = 8ix1) "t = 1) = (S = 80) " (1 — tj)_al)dTldTZ
=1 i=1 Yt Si

- Sl_ﬁ] tl_ﬁ]hz Z ((S” = 5i1) " = (Sna1 — Si)_m)(fm —tjp1)™
=1

+ SIﬁl tIﬁlhz ((t = tjs1) ™ = (b1 — tj)_al)(snﬂ —s)™ "

m=2
= 51_/51 tl_ﬁl K2 Z ((7’1 —i— )M —(m—i+ )™ )h—al . Z(m _ ] _ 1)

1 j=1
m—=2 n-2

+ s;ﬁltzﬁl W2 ((m - —(m-j+ 1)7”‘1)h*“1 . z(ﬂ —i+ 1) h

j=1 i=1

ﬁl t‘ﬂth 201 (1 I, (Tl _ 1)—a1 _ n—m) + Sl_ﬁl tl_.Bth—Za] (1 — am _ (m _

< Ch272(a1+ﬁ1 .

Additionally, the final term allows:

1)~

¢
I3(s,t) = f (s — )™ (t — 12)~ “17_‘61 ﬁl —(s—T1)™ (¢ —2)_"”’[17&72 Plldeyde,
tn-1 Sn-1

t
Sf (s—t1) "t —12) "1, A ﬁld’[ld”cz
tn-1 JSn-1

:f (s—n)“"lf[l_ﬁ]drl f (t—Tg)_alT;ﬁlde
Sp-1 b1

— m_a‘l )

5435

(32)

(33)
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¢
ﬁ] f (s — 1) Mdry - ] - f (t — Tp)™MdT,y < ChE2athy), (34)
Sp-1 1

The first step is based on the fact:

t S t S
0< f f (s—m)™(t— E)_“lﬂ_’glf_{’gldﬁde < f (s—1)™ M (t—T1)™ TIﬁl T;ﬁld’tld’fz.
-1 YJSp—1 tm—1 JSn-1

Hence, combining (30)-(34) with (29) confirms the desired claim (27). O

Lemma 4.2. For ap,fy > 0and a; + f < %, there is a constant C > 0 not dependent on h, such that:
f f (s = T1)™2(t = T) T TP = (50— 1) (b — T2) T T P PdTidr, < CHEHO) - (35)
Furthermore, for any (s, t) € [0, T] x [0, T], it holds true that:
t S
f f (5 = 7)™t = 1)1, P = (5 - T (E - )T P P PdTd, < CHEHe, (36)
0 Jo
Proof. Based on Lemma 4.1, we can write:
t”l
f f (s = 1) ™2t = 1) 0T TR = (s — 1) (b — T2) T T P PATid T

t"l
f f (s —11) )22 (t— 1 Ta)~ 222 4 (s - 11)" l( - 12)" 2az

=208 — 1) (t — 12) (50 — T1) " (tn — 2)_a2)T1 W7y dry dry

tn Sn
< [T (6 mre - m e e  my e -
0 0

= 2(s - ) 2 (t - 1) 2 P Pdnidr,

i Sn
= f f ((Sn _ E)—Zocz(i,n _ 2)—2(12 _ (S _ E)—Zazz(f _ ) Zaz)— 2ﬁ2T2 ﬁszlde

f f n—T1)" 0 (t, —12)” 200y P gy dry
_ f f (s — E)—2042 (t- E)—Zaz,r—lfzﬁz,[—zfzﬁzd,rld,tz
f f(s - T1) )22 (t -1 T2)” 27 —2h 2P g dry
t’” 2
f f w—T1) 22 (t, — 1)~ 2"‘2’[ ﬁszlde
- f f (s — 1) 2% (t — Tz)_z"‘zfcfﬁz’c;zﬁzdﬁdtz
0 Jo
t S ) )
+ f f (s — 1) 2% (t — 7.'2)‘2“2’[1_ ﬁsz— ﬁszlde
by sy

S t
< sfﬁzt#ﬁz f (s — 71)22dry - f (t — o) 22 dr, < ChP~Haaba), (37)
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Similarly, for s € [0, s3] and t € [0, t3] we consider (36) and obtain:
t S
f f 15 = 1) 72t = 1) 2T P — (s - 1) (- 1) P P R d
0 Jo - -
t S
< f f (6 = 1) 202t = 1) 20 P, = (s — 1) 20t - 1) 20T P R dda
0 Jo - -
t S N ’
Sf f(s— Tq) 2% (t — 72)_2"‘2’[1_ /32’[2_ ﬁszlde
0 Jo

S t
= f(; (s— Tl)_Z“ZTIZ’gzdﬁ . j(; (t- Tg)_mz’(;zﬁzdrz
= sl 20t A2t B2(1 _ 2ar,, 1 — 2B,) < CHEHeth), (38)

and for s € (s3, T] and t € (¢35, T], it is easy to show that:

t S

[ [ 1= mree- oot - - nye - o w e

e e

ol A A R e e B S A
Oth ’ Sp—1

T R B O R S e e
ty 51

t S
o G R R e e e B e
ty—1 Sp-1
= My(s, t) + Ma(s, t) + M3(s, t), (39)

where the initial term on the right-hand side is:

t] S1
e A A A e e R B S AR E LTS
0o Jo
b 2, -2
< L I) (s — 1) 2% (t - TZ)—Mle— ﬁz’[; Pdr dr,

s1 "
: f (51 - Tl)_szIZﬂszl ' f (t — T2)—2azT;2ﬁsz2
0 0
= 51_2(a2+ﬁ2)t1_2((xz+ﬁz)B2(1 —2a5,1 — Zﬁz) < Ch274(a2+ﬁ2)l (40)

and the second term exhibits:
-1 Sp-1
M= [ e e e - ) T
< et (St ((S —z )—Zaz(t_ —2ay, ~2P2,_—2p2 . —2m(p _ 20y =—=2Pr=——2p> dr.d
_j; L 1 ) "M T, (s—1) "t -12)" T T )T1 (&)

tn-1 -1
= [ s mree () ¥ - @m
fl S1

-1 n—1
+ f f ((S =)= 1) P — (s — ) (- 2)_2“2)(T172)_2ﬁ2dT1d72
t $1
= M21 (S/ t) + M22 (S/ t)/ (41)
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such that:
-2
j+1 Si+1
-2 -2 —Zﬁz —Zﬁz —Zﬁz Zﬁz
Mn (s, t) Zf (sn = si+1) " (tm — tjs1) aZ(S,- B =8 ta )dT dty
”%%@ »ﬂwt = b)) 2 5 s = 50 1) P by — )
-2 n-2
262 ,-2 _ _ _
+ Za&t&W—mom<—mom—w—wmwwwwﬂw
j=2 i=2
R R R el
m—2 n—2
28, ,-2 - - - -
+ 52 ﬁztz & Z Z ((Sn - Si+1) 2a2(tm - tj+1) 20 — (Sn - Si) zaz(tm - tj) Zaz)hZ
j=2 i=2
— 51252 t;2ﬁ2 (Sn _ SZ)—Zaz (tm _ t2)—2a2h2
m—-2 n—2
_Zﬁz —Zﬁz Z Z (Sn _ Sz+1) 20 (S _ S) ZaZ)( _ tj)—ZaZhZ
j=2 i=2
m—2 n-2
—28,,-2 _
+s 2 ﬁzt B2 ((tm _ t]'+1) 200 (tm _ t]) 2012)(sn _ Si+l) 2“2],12
j=2 =2
<5, P P o = s0) 2ty — 1) 2P 5, s, = 5, 0) 2 Y (b — )
=2
n—2
+ ngﬁz t;zﬁz(tm _ tm_l)—ZO(z Z(S” _ Si+1)_2“2 W2 < Ch2—4(a2+/32)’ (42)
i=2
and
Mo (s, t)
m-2 n-2 £l 5:+1 5 9
< (s1t1) 72 Z Z f f (S = 5i41) 22 (b — tj41) 7 = (Sne1 — 1) 2 (b1 — 1) az)dﬁd’fz
]: i=1 tj Si
m-2 n-2

= (s1t1)” 2ﬁ2h2 (50 = 5i0)72% = (su1 = 5172 )t — t141) >

i

3 -
N =
N

n—

() Y)Y (b= e = (bt = 1) ) — )7

-

—_
I

—_

=
N

m-2
= (s1h) 2 Y (=i = 1)72% = (n— i+ 1) 20 2. z(m — = 1) 2y

™

i=1 j=1
m—2 n-2

+ (s14) 7202 ((m =12 — (- j+ 1) h_z"‘2 Z(n — i+ 1)y
j=1 i=1

< (Slt1)72[32h274a2(1 + 272az _ (Vl _ 1)72042 _ 1’[720{2) + (Sltl)72ﬁ2h2f4az(1 _ 272a2 _ (m _ 1)72042 _ m*Zaz)
< Ch2~Haath) (43)



O. Farkhondeh Rouz, D. Ahmadian / Filomat 39:16 (2025), 5427-5446 5439

Furthermore, the final term allows:
t S ;
Ms(s, t) = f f I(s —T1)~%2(t - Tz)_“le_“TZ_ﬁz — (s — 1) "(t - 2)_“27_17’52’5_27‘6%251116112
tm 1 Sp—-1

t
< f f (6 = T) 22t = 1) 220 P02 — (s — 1) 2 (t - 1) 20T P dnday
bm-1 VSp—1

< f (s — 1) 2% (t — 1)~ 2"‘27 z_zﬁzdﬁd’cz
tm-1 JSp-1

< ;Z{izt;fﬁlz f f (s — Tl)—Zaz (t— T2)—2a2d,[1d,[2 < CH2-Har+pa) (44)
m-1 ' Sp-1

By replacing equations (40)—(44) into equation (39), we achieve the intended result (36). This completes the
proof of Lemma 4.2. O

Lemma 4.3. Given that Assumption 2.1 is met, we obtain:

sup E(IX(s,t)) < sup lE(IX(s HP) < sup E(IX(s,t)P) < Cy, (45)
0<s,t<T 0<s,t<T

and

E(IX(s, 1) - X(s, ) v E(IX(s, 1) = X(s, HP) < CH™" lisesspr 2]

(46)
where Cy and Cy are positive constants independent of h.

Drawing from Lemmas 4.1 and 4.2, the process of establishing Lemma 4.3 bears resemblance to the method
employed in proving Theorem 3.1.

Theorem 4.4. Let x(s,t) and X(s,t) denote the exact and approximate solution respectively for two-dimensional
DSSVIEs (2), then based on Assumptions 2.1 and Theorem 3.2 we have:

1 .
(]E(lX(S, t) _ X(S, t)l2))2 < Chmm[Z—Z(oq+ﬁ1),1—2(a2+ﬁ2)]‘ (47)

Proof. We can split x(s, t) — X(s, t) in the form:

x(s, t) — X(s,t) = Y1(s, t) + Ya(s, t) + Y3(s, t), (48)
where
Yi(s,b) = f f (s — )t = )7, 0, (f(r(11, 1)) - f(X(11, 72)) JdTad Ty

t S
+ f f ((s — )N - Ty) T;ﬁl T;ﬁl —(s— )Mt~ E)—m,[—l—ﬁl,[—z—ﬁl)f(g(ﬁ, Tz))dTldU)
0 Jo

= 0)(Yn(s,B) + Yia(s, b)), (49)

t S _
Ya(s,t) = 6 f f (s = 71) ™ (t = ), (f(x(r, 1) — f(X (1, 2) )dTad T

f f (G-t -t ™" " = s — 1) ™ (- )T PP (X1, 12))dTad )

= 0(Ya(s, ) + Yo(s, 1), (50)
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t S B _
Ys(s,t) = f f (s — 1) ™ (t - ’L'z)_az’flﬁz”lfzﬁz<g(x(71,Tz)) - 9(X(t1, Tz)))dWTlalWTz
0 0

t S

A e e o B T VO GO L
0 Jo - -

= Y31(8,£) + Ya(s, B). (51)

For Y11(s, t) and Y21(s, t), we have:
1E(|Y11(S, t)|2)
t S
<2(1- Q)ZIE(f f (s—Tt) ™ M(t—T1)™ Tl_ﬁ1 T;ﬁ] dtidty
0 0
t S B B >
[ = e mr e (o, w) - e, ) dnde)
0 0
<2L(1 - 9)231—(m+ﬁ1)t1—(a1+ﬁ1)32(1 —a1,1-pB1)
t S _ N 2
([ [ e s (o w) - e, w) dnd)
0 0
t S
<C f f (s = 71) ™ (t = 7)™ 7,71, (Elx(1y, 12) — X(11, 1) + E|X (11, 72) — X(11, )P )dT1dd 72,
0 0

(52)

and
]E(|Y21(S, t)|2)
t S
< 292]E(f f (s—T)™™(t - ’[2)_”‘“[1_‘6l T;ﬁld’cldu
0 0
t S
- - — 2
[ = e mrm e (e, w) - e, ) dnd)
0 0
< 2L0%s! @I @HIB2(] — gy, 1 — By)
t S _ B 2
([ [ e g (o, w) - e, o) dnd)
0 JO
t S
<C f f (s = 11) ™ (t = 7)™ 7,7, (Elx(1y, 12) — X(11, 1) + EIX (11, 72) — X(11, 2)P)dT1dd 72,
0 0

(53)

where we have used the Cauchy-Schwarz’s inequality along with Lemma 2.2 and condition (3). analogously
based on Assumption 2.1, we can calculate:

E(|Y1a(s, 1))

t S
<20-07E( [ [ e-r - g g - - - w T P
0 0

t S
: f f (s =) (t = 12) 1, - (5= 1) (- )T PR P (X1, T)PdTd)
0 0

< 2K(1 = 0(1 + E|X(1y, 7o) P )it ~4er#P) < Cp-dlenh), (54)

E(|Y2(s, 1))
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t S ;
< 292E(f f (s — )™ (t = Tz)_alTIllT;ﬁ] — (5 — 1) (t - To) T Py Pldeidr,
0 0 - -

t S

' fo fo s = 1) (¢t = 1) = (5 - )T (- )T PR PR, )P dTlde)

< 2KOP(1 + E[X (11, Tp) P it —Hr#P) < Ct-4leahn, (55)
Moreover, using Lemma 2.5 for Y3;(s, t) and Y3, (s, t) allows us to infer that:

E(|Ya1(s, )
t S
<28( [ [ emmrme- o e (o, w) - e, wPinds)
' * —2B, 2B
<C fo fo (s = 11) 22 (t — 1) 221, P2 P (Elx(n, 72) — X(11, 1) + EX(11, T2) - X(11, T2)P)dTd,
(56)
and
(|Y32(S Ok
A a2
< 2 f f (5 = 1) 2 = 1) P — (5 1)t - 1) T P ) lg(X ) P )
< 21< 1+ EIX(11, 72)| )h2 ~Hartpa) < Cp2-Hath) (57)

Utilizing relationships (52)-(57) along with Lemma 4.3 allows us to confirm the existence of a pair («, )
where o + < 1. This implies that:

t S
E(lx(s, 1) - X(s, 1)) < C( fo fo (s = 71) ™t = 7)1, P, E(Ix(1, T2) = X (11, 72)P)dTrd T

+ hmin {4—4((11 +[51),2—4(a2+,82)}> (58)
Hence, the application of Lemma 2.4 allows us to effectively finalize the proof. [

5. Improved 0-scheme using the SOE approach

This section highlights the obstacles posed by the reduced order of the 0-scheme (25). This diminished
order results in considerable computational expenses and storage needs necessary to attain acceptable
precision. To elevate computational efficiency, we introduce a novel technique named the SOE approxima-
tion. Experimental findings indicate a marked decrease in total computation time when utilizing this new
approach.

Lemma 5.1. ([1]) Given « in the range of (0, 1) and a designated time threshold O, we have:
pr

o — Za)le W<e  VtelsT) (59)

Here, 1) and w;, with 1 = 1,2, ..., Kexp, represent the quadrature and weight nodes, respectively. Additionally, Kexp
satisfies the condition:

Kexp = O( log %( loglog % +log %) + log %( loglog % + log %)) (60)
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Put differently, when we fix the precision at € and use a cut-off time of 6 = h, the value of Kexp is given by
O(log N), T>1,

Kexp =
P l0@og?N), T=x1.

By using the SOE approach (59) and assuming a very small tolerance €, we can rearrange the 0-scheme (25)
as follows:

m=1 n—1 Kexpa
nm — o+ Oh Z w, 6—711 (5n=si)+(tm— t]) lfll ]_fif(XHl ]+1)
j=0 i=0 I=1
m-SOE1 n-1 Kexpl
D) et )
j=0 =0 I=1
m—=1 n—1 Kexp2
+ LT Y e ) g 2
j=0 i=0 I=1

chp,k
where (s, — 5;) ™ (ty — £;)™ and (s, — 5;)"*(t, — ;)™ are replaced by Z wlrke_T"k((s”_Si)ﬂt"‘_tf)), k=1,2, re-

1=1
spectively. In addition, based on Eq. (61) we have:

Kexp,l Kexp,l Kexp,z
Xun = X0+ 0 ) | w0aMyi(su b) + (1= 0) Y wiaMo (s bu) + Y, 02Ms (s, ), (62)
=1 =1 =1
where
m—1 n-1 (( — )) .
-T Sn—Si m— -
My ta) =h Y Y ™ S f i),
=0 i=0
m—1 n-1 (( w t)) s .
-T Sn—Si m— -
MZ,Z(Sm m) =h e H_ll tj_;{if(Xi,j)/
j=0 i=0
m—=1 n-1 ( Ve (t—t; )
—T, Sp—S;i)+(tm -
M3 (sn, tm) = e ) zflzt]flzg(xi,j)AWi,j- (63)
j=0 i=l

This implies that the computational expense reduces from O(N?) to O(NKeXP).

6. Numerical experiments

In this section, we investigate the error illustrations at final point T = 1 for a two-dimensional system of
DSSVIEs. We let:

e MZWWM>WWWW (64)

In each sample path i, XD(sy, tn) represents the numerical solution, where xD(sy, ty) denotes the exact
solution. We set h* = 271 and as the reference solution is saved based on the proposed step size and
examine the errors based on h = 16k, 32h*, 64h*, 128h* and M = 5000 is the number of simulations.
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Example 6.1. Let us consider the following two-dimensional system of DSSVIEs:

t —Bu_—Pu _:
dxl(s, t) = [fO fOS(S - T1)_an(i’ - T2)_a117.'1'8 TZﬁ sin (xl(’[l, "[2) + Xz(Tl, T2))d’[1d’[2]
t P12 _—P12
b = my e - )y (W, ),

t — _
dxy(s, t) = [j(; fos(s —T9) 7 (f - Tz)_‘m’[lﬁn T2ﬁ21 cos (xl(ﬁ, T2) + x2(71, 72))d11d12]
t — _
+[ j(; fos(s —T9) 72 (t - Tz)_azz’flﬁzz’tzﬁzz cos(2x2(11, T2))dW(T1, 72)],

(x1(0,0,%20,0)) = (1,1)', (5,1 €[0,1]x[0,1].

We examine two cases involving the positive parameters a;j and B;; (i, j = 1,2).

e Casel: a11 = A1 = 04, ﬁll = ‘321 = 04, 12 = App = 02, and ﬁlZ = ‘322 = 01,

o Case II: a11 = A1 = 07, 511 = 521 = 01, 12 = Ay = 01, and ﬁlZ = 522 =0.1.

5443

(65)

In both cases, the functions f and g fulfill the conditions of Theorem 4.4. The numerical outcomes for these two cases
are presented in Tables 1 and 2, along with Figures 1 and 2, demonstrating varying step sizes h. We generated two
plots depicting the mean-square error relative to the time step size h. Remarkably, for both © = 0.1 and 6 = 0.9 across
cases I and 11, the results closely align with each other, showcasing minimal deviation from the reference solution.

Mean square error of x1(s,t)

1071}

1072

0=0.9
—©-0=0.1
‘ ‘ ‘ - - -Ref.slope=0.4
2-10 2-9 . 2-8 2-7
Step size

Mean square error of xz(s,t)

6=0.9
—©-60=0.1
- - -Ref.slope=0.4

510 29 . 58
Step size

2-7

Figure 1: Illustrations of errors based on various step sizes for system (65) in case L.
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10° ‘ ‘ ‘ ‘

g

Na

©

S .-

5} Al -7

o 10 PP

= -

>

o

2]

o

8 —-0=0.9

= —©-6=0.1

- - -Ref.slope=0.4
10° ‘10 ‘9 ‘8 7
2 2 2 2
Step size

Mean square error of xz(s,t)

10° ‘ ‘ ‘ ‘

107 e ]
——0=0.9
—©-6=0.1
- - -Ref.slope=0.4

10° ‘10 ‘9 ‘8 7

2 2 2 2
Step size

Figure 2: Illustrations of errors based on various step sizes for system (65) in case II.
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In tables 1 and 2, a single-digit level of accuracy is achieved for the singular SVIEs using various step sizes h
and 6 values. Additionally, our findings are juxtaposed with classical techniques like Galerkin and EM methods for
comparison. The findings demonstrate that our method is more time-efficient compared to the traditional techniques
under consideration. For instance, in case [withh = 22 and 6 = 0.9, our method requires 8.06 units of time, whereas
the Galerkin and EM methods demand 264.51 and 243.08 units of time, respectively.

Table 1: The error and its corresponding CPU times(s) based on different values of 6 and h for x;(s, t).

ITS with 6 = 0.1 ITS with 6 = 0.5 ITS with 6 = 0.9 Galerkin method Euler method
h en run time en run time en run time en run time en run time

277 3.84E-02 0.34 3.91E-02 0.45 4.24E-02 0.67 3.62E-02 40.02 3.28E-02 36.53

28 3.14E-02 1.94 3.46E-02 2.38 3.71E-02 2.79 3.29E-02 73.22 3.04E-02 59.07

Case I 2 2.85E-02 7.61 2.92E-02 7.82 3.18E-02 8.06 3.14E-02  264.51 2.91E-02  243.08
2710 2.19E-02 13.64 2.30E-02 14.06 2.71E-02 14.82 241E-02  366.19  2.25E-02  351.40

order 0.2915 19.41 0.3045 19.76 0.3127 20.13 0.3231 539.11 0.3044 514.68

27 3.65E-02 0.26 3.71E-02 0.31 3.87E-02 0.37 4.02E-02 51.46 3.86E-02 48.11

28 3.11E-02 1.75 3.32E-02 2.17 3.65E-02 2.66 3.84E-02 96.68 3.53E-02 81.62

Casell 27°  2.57E-02 6.47 2.76E-02 7.32 2.93E-02 7.85 3.63E-02  298.11 3.22E-02  262.33
2710 2.08E-02 12.43 2.18E-02 11.56 2.35E-02 12.19 3.14E-02  437.24  2.93E-02  385.03

order 0.2869 18.33 0.2931 19.36 0.3074 21.07 0.3124 519.82 0.2965 496.67
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Table 2: The error and its corresponding CPU times(s) based on different values of 6 and / for x(s, t).

ITS with 6 = 0.1 ITS with 6 = 0.5 ITS with 6 = 0.9 Galerkin method Euler method

h en run time en run time en run time ey run time en run time

277 3.71E-02 0.31 3.82E-02 0.37 4.03E-02 0.45 3.83E-02 45.74 3.62E-02 43.66
278 3.26E-02 0.74 3.38E-02 0.81 3.59E-02 1.12 3.91E-02  103.25  3.40E-02 94.53
Casel  27°  2.93E-02 9.02 3.21E-02 9.67 3.56E-02 11.26 3.86E-02  251.13  3.14E-02  236.40

2710 2.41E-02 16.19 2.45E-02 17.02 2.56E-02 20.54 2.62E-02 47317  2.31E-02  438.42

order  0.3149 21.77 0.3164 22.37 0.3196 22.88 0.3218 561.09 0.3105 508.32

277 3.58E-02 0.21 3.63E-02 0.25 3.70E-02 0.31 3.66E-02 44.89 3.63E-02 42.01
2% 3.37E-02 1.16 3.42E-02 1.27 3.47E-02 1.32 3.54E-02 86.46 3.41E-02 78.92
CaseIl 27°  2.83E-02 557 2.87E-02 6.27 2.91E-02 7.18 348E-02 23426  3.45E-02  237.62

2710 2.24E-02 9.89 2.39E-02 10.46 2.42E-02 11.25 2.57E-02 50221  2.66E-02  481.05

order  0.3064 16.58 0.3271 20.62 0.3264 19.74 0.3321 574.92 0.3405 583.16

7. Conclusion

This paper extends the one-dimensional DSSVIEs to the two-dimensional case. Our focus lies in ex-
ploring foundational concepts related to the continuous dependency of the solution on the initial data.
Following this, we establish well-posedness and conduct a convergence analysis. Additionally, we assess
computational complexity through SOE approximation. Our method is put to the test and compared to
relevant approaches to demonstrate its validity and superiority. The technique of establishing strong con-
vergence may be extended to DSSVIEs with time change or jump. Additionally, one can use the split-step
0-Milstein scheme [5, 6] and the split-step 0-Milstein scheme with Poisson jump [17] to modify the 0-scheme
defined in (25).
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