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Abstract. In this article, we present and investigate new type of sequence spaces called by almost
convergent Motzkin sequence spaces. We demonstrate that the newly introduced spaces are linearly
isomorphic to the spaces of all almost convergent sequences and compute the f—dual. Additionally, we
characterize (M, Z) and (Z,M) for any given sequence space Z, and also determine the necessary and
sufficient condition on a matrix # such that for every bounded sequence u, B-core(Pu) € K-core(u) and
Bpt-core(Pu) C st-core(u).

1. Introduction

Sequence spaces have played a vital role across various branches of mathematics, such as functional
analysis, operator theory, and approximation theory. The importance of sequence spaces has sparked
considerable interest among researchers in summability theory. Many researchers have introduced and
investigated different types of sequence spaces to uncover their unique properties. The primary objective
of classical theory revolves around the generalization of convergence concepts for both series and sequences.
Its main goal is to provide a framework through which limits can be assigned to series and sequences that do
not exhibit convergence. This is achieved through the use of transformations defined by infinite matrices.
The preference for utilizing matrices, rather than general linear mappings, is based on the fact that a linear
mapping between two sequence spaces can be represented by an infinite matrix. This approach offers a
powerful framework to analyze and understand the behavior of sequences, enabling researchers to explore
and extend the theory of convergence in diverse and meaningful ways.

Throughout the paper, we denote w, I, I, ¢, co, cs as the space of all sequences, the spaces of allbounded,
p—summable, convergent, null sequences, and convergent series, respectively. We denote IN, R and C as
the sets of non-negative integers, real, and complex numbers, respectively.
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The natural density of G C IN is defined by

5(C) = lim L€ C 9 <1l

i—o0

7

where |{g € G : g < i}| denotes the cardinality of the set {7 € G : g < 1}.
A sequence u = () is statistically convergent to L, indicated by st — lim uy = L, if for every € > 0,

1
lim = [{k < i : Jux — L 2 €}| = 0.
1—00
We denote st and sty as the set of all statistically convergent sequences and statistically null sequences,
respectively.
Let Z1,Z, be any two sequence spaces and P = (a,¢) be an infinite matrix with 4, € R. Then we define
a matrix mapping P : Z1 — Z, , if Pu = ((Pu),) € Z,, for every sequence u = (uy) € Z1, where

0o

(Pu), = Z Ay, wheren € IN. (1)
k=0

The set of all these matrices mappings from Z to Z, is represented by the notation (Z;, Z,). A sequence (1) is
P—-summable to L if Pu converges to the limit L. We say that  maps Z; regularly into Z, if limy uy = lim Pu,
V¥ (ux) € Z1 and we denote this by (Z1, Z2),¢y.

The concept of almost convergence, which extends the notion of convergence for sequences, was initially
introduced by Lorentz [32]. Since then, numerous researchers have developed and examined different forms
of generalizations for almost convergence (refer to [5], [7], [19], [29], [30], [31]], [34], [41]). The reader can refer
to the recent textbooks [38] and [3] for fundamental theorems on functional analysis, summability theory,
and the papers [11, [2], [4], [5], [6], [12], [14], [15], [16], [24], [35], [36], [44] and [45] on some developments
on the almost convergence and the relevant topics.

A sequence x = (x;) is almost convergent to L if

uniformly in 7n. The space containing all almost convergent sequences is denoted as A, while the space
containing almost null sequences is denoted as Ay, i.e.,

t

1
A=3x=(x,) €w:AL € C such that tlim—l Xp+j = L uniformly in n
j=0

and

Ag=1x=(xy) Ew: tlgg% Xn+j = 0 uniformly inn ¢ .
j=0

Motzkin numbers, named after Theodore Motzkin, are a remarkable sequence of integers. In mathe-
matics, the " Motzkin number represents the count of distinct chords that can be drawn between r points
on a circle without intersecting. It is important to note that the chords do not necessarily have to touch all
the points on the circle.

Motzkin numbers, denoted as M, (r € IN), have diverse applications in various mathematical fields such
as geometry, combinatorics, and number theory. They possess a recursive nature and hold significant
combinatorial properties, which make them valuable tools in multiple areas of mathematics, algorithmic
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analysis, and even practical applications like coding theory. The Motzkin numbers have proven to be a rich
source of mathematical exploration and have contributed to the understanding of fundamental concepts in
different disciplines. They are represented by the following sequence:

1,1,2,4,9,21,51,127,323,835, 2188, 5798, 15511, 41835, . ..

The Motzkin numbers satisfy the recurrence relations

= 2r+1 3r—3
r = Vly—1 siVlp—s—2 = ———IVly—1 T —~IVly-2.
M, =M +;;MM > M

Another relation provided by the Motzkin numbers is given below:

Miyo =M, = Z MM, _, forr > 0.
5=0

Furthermore, there are two another relations between Motzkin and Catalan numbers C, can be given as

L

M, = ( er )Cs and Cr1 = Z( : )Ms,

s=0 s=0

—

where |.] is the floor function.
The generating function m(u) = Y.;2 M,u" of the Motzkin numbers satisfies

W+ [m)P? + (u—-Dmu)+1=0
and is described by
1—u— V1-2u-3u?

2u?

m(u) =

Expression on Motzkin numbers with the help of integral function is as follows:
2 TU
M, = p f sin? u(2 cos u + 1)"du.
0

They have the asymptotic behaviour

Mr ~ L (§)2 37, r — oo.
24w \r
For more detail on Motzkin numbers one can refer to [18].

Using the Motzkin numbers and the form of Schroder matrix [10], the Motzkin matrix M = (m,;) as
follows:

Mr+Z_My+1 4

My 1= )
rs ifs>r

7

{M ifo<s<r

for all 7,s € IN. Note that M is conservative (see [26]).
The inverse M™ = (m;sl) of the Motzkin matrix M as

o |rysteMap o if0<s<r
- :
8 0, Lifs>r
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where Py = 1 and

M; My 0 0 0
M, Mi My 0 0
Mz M, M; My 0
Pr=IM, M; M, M, 0
Mr Mrfl MPZ MV*3 e Ml

for all € IN\{0}. Erdem et al. [26] introduced Motzkin sequence spaces and explored various core
theorems associated with them. Building on this work, Erdem further examined compact operators on
Motzkin sequence spaces, specifically focusing on £,(M) in [22] and co(M) in [23]. More recently, Erdem
et al. [25] extended this line of research by defining Paranormed Motzkin sequence spaces and analyzing
their properties.

Lemma 1.1. [43] An infinite matrix H = (hy,) € (c, c) iff

sup Z hpg| < o0 ()

peN

and there are ag,a € C such that

lim hy, = a,, foreachq € N (©)
p—oo
lim E N0l = a. 4

Additionally, H = (hyy) € (co, co) iff the condition (2) and limy,_,« hypy = 0 hold.

In a recent study conducted by Jasrotia et al. [28], they examined sequence spaces derived from
the Catalan matrix that are associated with almost convergence. They also introduced the concept of
the Catalan core for sequences with complex values. Building upon this research and considering the
widespread applications of Motzkin numbers and almost convergence in diverse fields of mathematics and
computer science, the aim of our research is to extend the notion of almost convergence by employing a
matrix transformation characterized by Motzkin numbers. In this paper, we introduce the concept of the
almost convergent Motzkin sequence spaces (5Ss). Moreover, we establish the f-dual of these sequence
spaces and study core theorems for the newly defined sequence spaces.

Motivated by [26], we are exploring almost convergent Motzkin SSs and aim to extend the existing
knowledge on convergence and related properties in the context of Motzkin numbers. Through the study
of almost convergent Motzkin SSs, we can gain insights into the combinatorial and structural aspects of the
underlying Motzkin numbers.

2. Almost convergent Motzkin sequence spaces (M)

In this section, we define and study the almost convergent Motzkin SSs 9t as a collection of sequences
whose M-transforms belong to the space A. We also establish an isomorphism between these spaces.
Subsequently, we determine the f—dual of .

Let v = (v;) be the M~transform of a sequence u = (u;), which is given by the expression:

9

1
Z)q = (Mu)q = m ngMq_sus (5)
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for all g € IN. Based on this definition, we define the almost convergent Motzkin SSs as follows:

t
1
M ={u=(us) € w: AL € C such that tlim 01 Up+j = L uniformly in n
j=0

and

Mo =<u=(u) €w:lim — T Z Upyj = 0 uniformly inn .

t—oo f +

Theorem 2.1. The almost convergent Motzkin SSs M and My are linearly isomorphic to A and Ay, respectively.

S:M->A

Proof. Let us define i — Su = M)

Clearly, S is linear. Also, S(u) = 0 implies u = 0, which shows

that S is injective.
To prove that S is surjective, let y = (y;) € A and define x = (x,) by

g
M - M;
Xg = Z ((—1)‘7 —HZM[I a2 Pq—i) Yi
i=0

forall g € N.
Then, we have

n+]

Z MM+ j-sXs
n+j

1 2= M
=—— Y MM y-iMisz = Miny P_-) :
Mn+j+2 - Mn+j+1 Z e Z (( ) Ms i)Y

Mn+]+2 - n+]+1

n+j (n+j—i
1
= E E —1YM,is—iPs | M0 — M; i\ 6
Mn+j+2—Mn+j+1 = [ s=0( ) sl s]( i+2 i+1)Yi (6)

Since Z”“ 1( 1)°M,1j—s-iPs = 0 for n + j # i, so the right hand side of equation @) reduces to

1
m(—l)OMOPO(Mn+j+2 - Mn+j+1)]/n+j~
Thus, we conclude that

I’H—]

ZM Mn+] sXs = lgg P Zynﬂ

tlg?ot+1ZM

n+j+2 = n+]+1

exists uniformly in n. This shows that x = (x;) € 9t and so S is surjective. Hence, M is linearly isomorphic
to A. The space M is linearly isomorphic to Ay can be proved in a similar way. [

For any sequence spaces Z; and Z,, the set 5(Z1, Z,) is defined by
S(Z1,Z0) ={z= () € w : yz = (ygz;) € Zy for all y = (y,) € Z1}.

If we take Z, = cs, the the set S(Z;, cs) is called the f—dual of Z; and is denoted as Zf .
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Lemma 2.2. [42] H = (hy;) € (A, c) iff

supZIh gl < o,

peIN
and there are ag,a € C such that

lim h,, = a,, foreachq €N

p—)OO

lim |hpgl = a,

p—)OO

li A(hy, —a;)| = 0.
pggozq“l (pq q)'

Theorem 2.3. The f—dual of M is defined as
ME =My NV NN NNy N M,

where

t

z=(z5) € w:sup Z
t—oo p=0

ETJh: <

7

t
_ Mp+2 - Mp+1
Z(_l)q pTPq—qu
q=p 1

My =1z=(zg) Ew: hm Z( 1)1~ ” My ———P; 7 exists} ,

My ={z=(z) €w: lim Z( 107 ”*2 ”“Pq_,,zq =

t [t
M +2 Mp+1
M3 =3z = (z)) € w: lim ()PP | exists
{ >§ Mq

¢
My — My
W=z =(z) €w: lim Y [A|Y (-1 Pquppq_,,zq —zp} =
In this case

. p+2 p+1
z, = thm Z( 1P ——r—P; 7.

Proof. Let z = (z;) € w and the equality

¢ ¢ p
_ Mq+2 - Mq+1
Z ZpYp = Z Zp [Z(—l)” quPq—pxq]

¢
My — My
- [Z(_l)q P%pq_pzq] x, = (Dx);
=0 q

5756

(7)



K. Raj et al. / Filomat 39:17 (2025), 5751-5764 5757

for all t € N, and the matrix D = (dy,) is defined by

t
Mys2 — M
Yy P e if0spst
dyy = { = M ()

0 otherwise.

Thus, from we get zy = (z,1p) € cs whenever y = (y,) € Miff Dx € c for x = (x,) € A, where D is defined
by . Thus, z = (z;) € MF iff D € (A, c). Hence, from Lemma we get the result. [J

3. Matrix transformations on the spaces Mt and Wi,

Consider the infinite matrices C = (c,x) and E = (e,), which map the sequences u = (1) and v = (vy) to
the sequences z = (z,) and t = (t,), respectively, as defined by the following relations:

z, = (Cu), = Z Cuklty, 1 €IN (12)
k
and
t, = (Ev), = Z e, 1 € IN. (13)

k

Here, the method E is applied to the M-transform of the sequence v = (v¢), while the method C is applied
directly to the sequence u = (uy). Therefore, the methods C and E are fundamentally different.

Now, suppose the matrix product EM exists, which is a weaker assumption compared to the conditions
typically required for the matrix E to belong to any specific matrix class. The methods C and E are called
dual summability methods of a new type if t, reduces to z, or z, reduces to t, through formal summation
by parts. This implies that EM exists and equals C, and the formal relation (EM)u = E(Mu) holds if one
side exists. Hence, the entries of C = (c,x) and E = (e,x) are related by the following expressions:

= MM, Mo — My
Cuk = ——¢ iorey = ———(Cuk — Cp 14
k ~ Mj+2 — Mj+1 ] nk M, ( k ,k+1) ( )
for all n,k € IN.
Lemma 3.1. H € (A, l) if and only if
sup Z hpgl < o0. (15)

peN 7

Theorem 3.2. Suppose that the infinite matrices C = (c,x) and E = (e,x) are connected with the relation ({I4). Then
CeM, 2Z)ifand only if E € (A, Z) and

(Mn+2 - Mn+1

M )an € co, (16)

for every fixed k € IN, where Z is any given sequence space.

Proof. Let C € (M, Z) and take u € M and keep in mind v = Mu. Then (ck)ken € d1 N cs, where dy =
=u = (uy) : {(Mk*ZM;iw“l)uk} € loo} and EM exists which implies that (e, )ren € 1 = AP for each n € N. Thus,
Ev exists for each v = (v¢) € A.
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_ Zm:i MM (17)
— Mo —Mjs1 o

for all m,n € IN. Taking m — oo and using the relation (I4), we have Ev = Cu. This implies E € (A, Z).
Conversely, suppose that 6) holds and E € (A,Z). Then, (ex) € &1 = AP for all n € N which gives
together with (16) that Cu ex1sts
Now,

(Ev)n = Z €nk Uk

= (Cu),, (neN). (18)
This implies Cu = Ev. Hence Cu € Z for all u € 9, thatis, C € (M, Z). O

Theorem 3.3. Suppose that the matrices L = (lx) and V = (v,) are connected with the relation

MM,
ZM 1]k,7’l,k€N.
+

n+2 = n

Then L € (Z,9) if and only if V € (Z, A).

Proof. Letu = (1) € Z and consider the following equality

n

L Vi~ Mo

Taking m — oo implies that Lu € 9t whenever u € Z if and only if Vu € Awheneverue€Z. [J

Now, we present the following propositions derived from Lemmas and Theorems

m

M M
L Z Ly = Z Upktly, (m,n,k € N).

n+2 — n+1 k=0

Proposition 3.4. P = (a,x) € (M, l) if and only if

= MM,
A[ #anj _ ﬂk]

lim
= My — Mjn

n—oo

=0, (19)
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{@niheen € MP, V0 € N. (20)

Proposition 3.5. P = (a,x) € (M, ¢) if and only if (19), hold and

MM
lim A, =4, 21
n—»mZZM]+2— ]+1 nj ( )
= MM,
11m anj = ay foreachk € N, (22)

n—eo M]+2 - Mj+1

also hold.

Proposition 3.6. P = (a,x) € (Ieo, M) if and only if

MM
su < 00, (23)
neﬂl\? Z ‘ Z Mz — My
= MM,
A - lim il ayj = ay exists for each fixed k € IN, (24)

n—oo = Mj+2 - Mj+1

m (o]
. 1 MM , )
”111_{2" Z ‘ ; m+1 = Mji2 = Mjn Aniyj — ak’ = 0 uniformly in n, (25)
also holds.

Proposition 3.7. P = (ax) € (c, M) if and only if 23),(24) hold, and

- MkM] k

]+1

hold.

4. Core theorems

Following Knoop, a core theorem is characterized as a class of matrices for which the core of the
transformed sequence is included by the core of the original sequence. For instance, Knoop’s Core Theorem
[8] establishes that K-core(Pu) C K-core(u) for any real-valued sequence u, provided that ¥ is a positive
matrix belonging to the class (c,c)r;. In this section, we introduce a new type of core, referred to as the
B-core of a bounded sequence and also determine the necessary and sufficient conditions on a matrix £
for which B -core(Pu) C K—core(u) and B -core(Pu) C st—core(u) for all u € £w.

Let us define the following functionals on [e:

I(u) = likm inf iy,

S(u) = lim sup uy,

k— o0
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N

t

Sq(1) = lim sup su

t—oo

+1
* . 1
5*(u) = lim sup sup 1 Ui

t—oo  nelN i=0

Let u € I. Then the o-core of u is defined as [—s,(—u),s,(1)] and s,(Pu) < S(u) (o-core of Pu C K-
core of u) and s,(Pu) < s,(u) (0-core of Pu C o-core of u), have been studied in [33]. Here, the K-core
(or Knoop-core) of u is [I(u), S(u)] [8]. When o(n) = n + 1, s;(u) = S*(u), that is, o-core of u reduces to
B-core of u. Here, B-core (or Banach-core) of u is [-5*(—u), S*(1)] (see [40]). Many authors studied B-core
and o-core (see [9],[17],[33],[37],[40]). Fridy and Orhan [27] introduced the concept of statistical core of a
statistically bounded sequence as [st — lim infu, st — lim sup u], where st —lim inf u and st — lim sup u denote
the statistical limit inferior and statistical limit superior of u € I, respectively and determine the necessary
and sufficient conditions on # such that for every bounded sequence u, K-core(Pu) C st-core(u). For a more
comprehensive understanding of statistical core theorems, (see [13], [20], [21], [39]).

Definition 4.1. Let u = (uy) € lo. Then B pq-core of u is defined by [-U*(—u), U*(u)], where

t n+j
1
u) = limsup su MM u
( ) t—>oop P t+1 ]_ZO Mn+]+2 - n+]+1 Z et
n+]
—U*(—u) = liminfsu MM u
(-u) t—00 np +1 Z Mn+]+2 - n+]+1 ; st

Lemma 4.2. [11] Let ||B|| < oo and hm n sup |bi(n)l = 0. Then there is a bounded sequence v = (vi) with |[v]| < 1

* nelN
and
lim sup su by (n)v, = lim sup su b (n)]. (27)
tewpneﬂl\?z : tewpneﬂl\?z ;

Theorem 4.3. For every bounded sequence u, B p-core(Pu) C K-core(u) if and only if P € (c, M), and

l’l+]

ZM Mn+j sls k| = 1. (28)

iman Y 15 [V

Proof. Suppose Byy-core(Pu) C K-core(u), for all u € l. Let u € M, then U*(Pu) = —U*(—Pu). By the
hypothesis, we get

n+j+2 n+]+1

=S(—u) < -U"(—Pu) < U"(Pu) < S(u).
Let u € ¢, then S(u) = —S(—u) = limu. So, we have
A - 1limPu = U (Pu) = -U"(—Pu) = limu.

This yields that P € (c, M),ey-
Now, define the sequence of infinite matrices B = (by(n)) by

Vl+]

t
1 1
bi(n) = ; VW ZM Msjsasi forall t,k,n € N.

n+j+1 =0
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Then, the sequence B = (by(n)) satisfies the conditions of Lemma we have

1< hm 1nf sup Z |b(n)| < lim sup sup Z |by ()]

t—oo  neN

= limsup su by (n)oy
t—o0 P ne]II\DI de t

= U'(Pv) <SE) < |lv]| < 1.

Conversely, suppose that € (c, M),.; and hold for all u € I,. For any real number r, we write
r* = max{r,0} and r~ = max{—r,0} then |[r| =" + 7, r = r* —r~ and |r| — r = 2r~. Therefore, for given € > 0,
there kg € IN such that u; < S(u) + € for all k > k.

Now,
Z b = Y bl + Y (bre(m)) g = ) (b))t
k<ko k>ko k=ko
< Nl ) Jo(m)| + [S(w) + €] Z byeCrn)] + Il antkmn — by(n)].
k<ko

Apply lim sup sup and using hypothesis in the above inequality, we have U*(Pu) < S(u) + €. Since, € is
>

arbitrary, we have B-core(Pu) C K-core(u) forall u € I,. O

Theorem 4.4. The necessary and sufficient conditions for a matrix P € (st N loo, M)yeq is P € (¢, M)ey and

71+]
lim Z Z MsM,11j-—sas x| = 0 uniformly in n. (29)
t_mokeP,(‘)(F) 0 n+j+2 — n+]+1 pr

Proof. Let P € (st N lo, M)rey. Then P € (c, M)y, since ¢ C st N I For a given sequence u € I, we construct
a new sequence #i = (fl;) such that

. | u ;, forkeF
=10 ; fork¢F

where F € IN with zero natural density. Then, st —lim#; = 0 and # € sty, we have Pii € M. Define the
matrix T = (t,) as

D BT forkeF
=)0 ; fork¢FE

for all n. Since (Pil), = Yyer anklix, we have T = (ty) € (lo, Mo). Hence, by Proposition[3.6} the condition (29)
holds.

Conversely, suppose that # € (¢, M), and holds. Let u € st Nl and st — limu = L. For any given
€ > 0, write F = {k : [ux — L| > €} so that 6(F) = 0. Since, P € (¢, M);e; and M — lim }' a,x = 1, we have

Z ank(”k - L) +L Z Ank
k

k

=M - lim [Z ity — L) + L]

k

MM — lim(Pu) = M — lim

7l+]

D MM st = L) + L. (30)

n+j+2 n+]+1 =0

‘flg?osu t+1ZM
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Since

n+]

ZM Mn+] st (U — )‘

‘Z t+1 Z]\/In+]+2 - n+]+1 =0
< ||u||2 ‘Z 7

Taking limit  — oo in and using (29), we have

th—>r£10 1 ZM

Hence, M — lim(Pu) = st — limu, that is, P € (st N loo, M)yey. O

n+]

zM M j-ts| + €lPl. (31)

n+j+2 = n+]+1

l’l+]

Z MsMu1j-sask(ux — L) = 0 uniformly in 7.

n+j+2 — n+]+1

Theorem 4.5. For every bounded sequence u, Bpi-core(Pu) C st-core(u) if and only if P € (st N Lo, M),y and
holds.

Proof. Suppose B p-core(Pu) C st-core(u), for abounded sequence u. Then U*(Pu) < a(u) forallu € I, where
a(u) is the statistical limit superior of u. Since, a(u) < S(u) for all u € I, (see [27]), we have from Theorem
Also, —a(—u) < =U*(-Pu) < U'(Pu) < a(u), thatis, st — liminfu < —U*(—Pu) < U*(Pu) < st —limsup u.
Ifu € stNl, thenst—liminfu = st—limsup u = st—lim u. Thus, st-limu = —-U*(-Pu) = U'(Pu) = M-lim Pu,
that is, P € (st N leo, M)rey-

Conversely, suppose that P € (st N I, M)y and holds. If u € I, then a(u) < co. Let F C IN defined
by F = {k : ux > a(u) + €} for given € > 0. Then 6(F) = 0 and uy < a(u) + € if k ¢ F. For any real number 7, we
write " = max{r,0} and = = max{-r,0} then |r|=r* +r, r=r" —r and |r| —r = 2r".

Now,

Z bu(mug = )by + Y (bre(m)us

k<ko k>ko

= ) bulmug+ Y Bulm) e = Y (Belom)) g

k<ko k>ko k=ko

<Null) Jow(m)l + Y Gulm) e+ Y () g

k<ko kxko k¢ F kxko keF

+llull Y b (m)] = b(m)]

k>ko

< lllY_Jbum)] + [a(ue) + €] Y Ibw(m)]

k<ko k=ko k¢F

il Y Waelon)l+ Il Y [1BueCrm)] = bre(m)]

k=ko keF k=ko
Thus, by applying limsup sup and using hypothesis, we have U*(Pu) < a(u) + ¢. Hence, we have B-
t

core(Pu) C st-core(u) forallu € I,. O

5. Conclusion

In this article, we focus on modifying the research on Motzkin numbers to introduce a new space
termed as the almost convergent Motzkin SS. We demonstrate that this space is linearly isomorphic to the
space of all almost convergent sequences. Additionally, we calculate the -dual of this newly established
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space. We characterize (M, Z) and (Z,9t) and also determine the necessary and sufficient condition on
% such that for every bounded sequence u, Bp-core(Pu) € K-core(u) and Bps-core(Pu) C st-core(u). In
future investigations, it will be possible to obtain results corresponding to those presented in this paper by
utilizing the Riesz transform of the Motzkin numbers.
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