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Some new characterizations of normal matrices
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Abstract. In this paper, many interesting properties of normal matrices are given by means of such concepts

as the power equivalities, projections, the regularity of vectors, one sided A-equality, A-commutativity and
SO on.

1. Introduction

Throughout this paper, C"™" stands for the set of all n X n complex matrices. A denotes the conjugate
transpose matrix of A € C"™". Let A € C"™". Then B € C"™" is said to be the Moore-Penrose inverse matrix
of A if

A = ABA, B = BAB, (AB)H = AB, (BA)H = BA.
The matrix B always exists by [8, 10] and is uniquely determined by the above equations. We always denote
it by A™.
A € C"™" is said to be group invertible if there exists B € C"™*" such that

A = ABA, B = BAB, AB = BA.

The matrix B is called the group inverse matrix of A, which is uniquely by above equations [11], and we
denote it by A*.

Let A € C"™" be a group invertible matrix. Then A is called an EP matrix if A* = A", It is known that A
is EP if and only if AAY = ATA. For the study of EP matrices, we can also refer to [1, 5,7, 10]. A is called a
SEP matrix [4, 5] if A* = A" = AH. And A is called a normal matrix if AFA = AAP. In [5], some properties of
normal matrices and the conditions for the establishment of SEP matrices are introduced. The rest study of
normal matrix can be found in [10]. The rest study of normal elements over a ring can be found in [6, 9, 12].

In this paper, we continue to study normal matrices. In Section 2, we use power equivalities to
characterize normal matrix. In Section 3, with the help of projections, we discuss some new characterizations
of normal matrices. In Section 4, we use the regularity of vector to describe normal matrices. In Section 5, we
use one sided A—equality to characterize the normal matrix. In Section 6, by researching A—commutativity
matrices, we obtain some interesting results about normal matrix.
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2. Using power equivalities to characterize normal matrices

In [3, Theorem 2.1], it is shown that for a group invertible matrix A, A is normal if and only if AA#(A*)H =
AHA(AT)H. This inspires us to give the following theorems.

Theorem 2.1. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if (AAH(A*)F)k =
(AHAAYDE for k = 2, 3.

Proof. " = " If A is a normal matrix. Then, by [3, Theorem 2.1], we have AAH (A" = AHA(ANH. It follows that
(AAH(AHE = (AHAANDHY fork =2, 3.
" &= " From the hypothesis, one has
(AAT(ANT) = (ATAADT)

Multiplying the equality on the left by ATA, one gets

ATAZAH(AHTAAT(AHT = AAH(AHHAAH (AH.
Multiplying the last equality on the right by AYA*A, one obtains

ATA* = A

Hence, A is EP. Now, for k = 2, 3, one yields

A = (AAF(AMYYE = (AHAATH)E = AHAR(ADYH,
This gives

AHA3 (AN = A3 = A%A = AHA2(AM)HA.
Multiplying the equality on the left by A*AT(A*)H, we have
AANHT = (AHHA.
It follows that
A*AH = ATAR = (A(AHP)H = (AHTAYH = APAT = AP A,

Hence, A is a normal matrix by [5, Theorem 1.3.2]. 0O

Let A, B € C"™". Then A is called (3, B)-regular, if A3 = ABA. Tt is evident that for any A € ™", Ais
(38, A)—regular. Also, for any A € C"™", we have

(1) A% = E,, if and only if A is invertible and (3, A~!)-regular;

(2) A% = A if and only if A is group invertible and (3, E,)—regular;

(3) A = Aif and only if A is EP and (3, A")-regular.

Where E, is the n-order identity matrix.

Theorem 2.2. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if A is EP and
AAR (AN is (3, ALA(ANH)—regular.

Proof. 7 = " It is an immediate result of [3, Theorem 2.1].
" &= " From the assumption, we have

(AATANTY = (AAT (AT (ATAATTAAT AT,
Since A is EP, one gets
A% = AAFAANHA,

This gives
A=APASA* = APAAHAANHAAY = AHAANH.

Hence, AAH(AMH = A = AHA(ANH. By [3, Theorem 2.1], A is normal. [
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Let A, B € C"™". Then A is called left (right) B—idempotent, if A> = BA (A? = AB). Clearly, for any
A € ™", A is left and right A—idempotents. Also, we have
1) A is an idempotent matrix if and only if A is right or left E,—idempotent;
2) if A is left or right B—idempotent, then A is (3, B)-regular;
3) If A is group invertible, then A is partial isometry if and only if A is left or right (A*)”—idempotent;
4) A? = E, if and only if A is invertible and A is left or right A~!—idempotent;
5) Aisright A+ E, - A*A + U - A*AlU—-idempotent for all U € C"™"

(
(
(
(
(
(6) A = AM if and only if A is right A + E, — A*A + U — A* AU—idempotent for all U € C"™".

Theorem 2.3. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AAT(AM)H is left
AHA(ANYH —idempotent.

Proof. ” = " It is clear by [3, Theorem 2.1].
7= "If AAH(AMH is left AT A(ATYH —idempotent, then

(AAT(ANT)? = (ATAAHT)AAT AN,
Multiplying the equality on the right by ATA, one gets
AAT(AHHA = AHAANHHA.
Multiplying the last equality on the left by ATA, one has
ATAZAH (AN A = AAT(AHHA.

Noting that
AAT = AAHAHEAT = ATAZAH(AHHAT = ATAZAT

Then A is EP. Since
(AAH(A#)H)3 — AAH(A#)H(AAH(A#)H)2 — AAH(A#)H(AHA(A‘i')H)AAH(A#)H,
AAH(AMH is (3, AHA(AN))-regular. Hence, A is a normal matrix by Theorem 2.2. [

Theorem 2.4. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AAT(AM)H is
right A A(ATYH —idempotent.

Proof. " = " It is evident by [3, Theorem 2.1].
" <= " The condition " AAH (A" is right AL A(ATYH —idempotent” gives

AATAHTAAT(AHH = AAH(AHFATAANT = AATAANY,

and
AHAANDT = ATAAHAANE = ATAAT(AHHAAT(AHHE = AHAMHTAAT(AHH,

Noting thta (A*) = (A" )HAAY. Then
AFAANHT = AHAATHAAT,

It follows that
(A‘I')H — A#(AT)HAHA(A‘I')H — A#(A‘I')HAHA(AT)HAAT — (A‘I’)HAA‘I'

Hence, A is EP and
(AAT (AN = (AAT(AHTP(AAT (AT = (AAT (AT (AT AATT)AAT (AH).

By Theorem 2.2, A is normal. [
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Theorem 2.5. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(ATT —
AAR(AHH is right AHA(AY)H —idempotent.

Proof. 7 = ” It is an immediate result of [3, Theorem 2.1].
7 =" If AHA(ANH — AAH(AMH is right AHA(ATYH —idempotent. Then

(AHA(A'f)H _ AAH(A#)H)Z — (AHA(A‘I')H _ AAH(A#)H)(AHA(A‘I')H)
This gives
(AAH(A#)H)Z — AHA(A+)HAAH(A#)H.
Hence, AAH(A*)H is left A A(AT)H-idempotent. By Theorem 2.3, A is normal. [J

Theorem 2.6. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(ANH —
AAR(AMH is Teft ALA(ATYH— idempotent.

Proof. ” = " It is evident by [3, Theorem 2.1].
7 &= " The condition "AHA(ATH — AAH(AMH is left ALA(A")H - idempotent” gives

(AP AAN — AAHAHH)? = (AR AATY) (AP AAT = AAH (AR,
This gives
(AAH(A*)HY2 = AAH(AMYH AH A(ADYH.
Hence, AAH(A*)H is right AHA(AY)H —idempotent. By Theorem 2.4, A is normal. [
Let A, B € C™". If A is right B—idempotent, then
A% = A(A?) = A(AB) = A’B = AB?,

and
A® = APA° = A’AB* = A’A’B* = A°B°.
Hence, A? is right B>—idempotent and A? is right B*~idempotent.

Theorem 2.7. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if (AAH(A*)H)* is
right (AHA(ATY)E idempotent for k = 2, 3.

Proof. ” = " It is clear by [3, Theorem 2.1] and Theorem 2.4.
" &= " From the hypothesis, one has

(AAT(ANTY = (AAT(AHTHHATAAN Y.

Multiplying the equality on the right by AAY , one gets
(AAT (AN AHAANYY = (AAP (A2 (AP A(ADH)2AAT,
Multiplying the last equality on the left by AAT(A*)2(AYH(AT)?, we have
A=AA"
Hence, A is EP. Now, for k = 2, 3, one yields
AF = (AAH (AN (AHAATHY = AHARAHYH,

From the hypothesis, one has

(AAT(ANT)® = (AAT (AN ATAANTY.
This gives

AS = APAH A3 AN = A%A2 = AtAH A2 (AN
Multiplying the equality on the left by (A*)3 and on the right by A™(A*)?, we have
APA = AAT

Hence, A is a normal matrix. [
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3. Using projections to characterize normal matrices

Let A € C™". Then A is called projection if A> = A = AH. Clearly, A is projection if and only if A = AA"
if and only if A = AHA if and only if E, — A is projection. The results of characterizing generalized inverse
with projections can be found in [2, 13]

Theorem 3.1. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(AT)AY is
projection.

Proof. " = " If A is a normal matrix, then, we have AFA(ATYHAT = AAY. Clearly, (AA")? = AAT = (AADHH.
Hence, AH A(AYHAT is projection.
7" If AHA(AN)AY is projection, then we have
AHA(AT)HAT(AHA(AT)HAT)H — AHA(A+)HA+.
Multiplying the equality on the left by ARAAHA*(A)H, one gets
ATAFA =AM
Hence, A is a normal matrix by [5, Theorem 1.3.2]. O

Let A € C"™", Then A is called Op-projection if —A? = A = AH. Clearly, A is Op-projection if and only if
—A is projection.

Corollary 3.2. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if ATA(ATYHAT —
AAT is Op-projection.

Proof. 7 = " It is evident by Theorem 3.1.
7" If AHA(AHHAY — AAT is Op-projection. Then, AAT — AHA(AY)HAT is projection. We have

(AAT — ATAANHTANAAT - AHAANHANH = AAT — AHAANHP AT

This gives
(AHA(A‘I')HA‘I')H — AHA(A+)HA+(AHA(A+)HA+)H.

Hence, AR A(AYYH AT is projection. By Theorem 3.1, A is a normal matrix. [

Theorem 3.3. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(ATAT
and AHA(AHPAY — AHA(ANHHAT(AHAANYTANH are idempotents.

Proof. 7 = ” It is clear by Theorem 3.1.

7« " Since AHA(ANAY and AHA(ATHAT — AHA(AHHAYAHAATYE AN are idempotents, by a simple
computation, we have

AP AANHAT AT AANT ANYHAEAATY AT = (AHAAD AT (AT AATHATY)2.
Multiplying the equality on the left by AARA*(AM)H and then applying the involution, one gets
(AP AANYIANY AR AANHAT = AHAAYHAT(AP AT AN AR AATHAT,
Multiplying the last equality on the right by AAFAA* AT (AT, we have
(AFAAHYHEAYH = AHAAN AT AP AATH AN,

Hence, ATA(AY)HA? is projection. By Theorem 3.1, A is a normal matrix. [



Z. Du, ]. Wei / Filomat 39:17 (2025), 5915-5928 5920

Theorem 3.4. Let A € C"™" bea group invertible matrix. Then A isanormal matrixifand onlyif AHA(ATYAY, AHA(ANHHAT(AHA(
and
AHAANHAT — AHA(ADHHAYAHAANHEAT + (AHAAMHATYH(AHA(AYHEAT) are idempotents.

Proof. 7 = " It is an immediate result of Theorem 3.1.
" &= " From the assumption, we have

AHA(A'I*)HA'I'(AHA(A‘I')HA'I*)H - AHA(A+)HA+(AHA(A+)HA+)HAHA(A+)HA+(AHA(A+)HA+)H.
Multiplying the equality on the left by AAEA*(AM)H, one gets
(AHA(A‘l')HA‘l')H — (AHA(A‘I')HA‘I')HAHA(A‘l')HA‘I'(AHA(A‘i')HA‘I')H,

and
AHA(A+)HA+ — AHA(A+)HA+(AHA(A+)HA+)HAHA(A+)HA+.

Since AHA(AHAT — AHA(AYHATAHA(AYHANH + (AHA(AMHAYH(AHA(AYHAY) is idempotent, we have

AHA(A'I')HA“l' + (AHA(A‘I')HA'I')H — AHA(A+)HA+(AHA(A+)HA+)H + (AHA(A+)HA+)HAHA(A+)HA+.

This gives
(AHA(A'I')HA“l' _ (AHA(A+)HA+)H)2 =0.
Noting that
(AHA(A‘I')HA‘l' _ (AHA(A+)HA+)H)H — _(AHA(A‘i')HA‘l' _ (AHA(A+)HA+)H).
So

(AHA(AT)HAT _ (AHA(AT)HAT)H)(AHA(AT)HA‘I' _ (AHA(AT)HAT)H)H =0.

Now we have AHA(AYHAT = (AHA(ANYHAN. Noting that AHA(AYHAT is idempotent. Then AHA(ATHAT is
projection. Thus A is a normal matrix by Theorem 3.1. [

Lemma 3.5. Let A, B € C"™" be Hermitians. If AB is projection, then BA is projection.

Proof. From the assumption, we have
AB = (AB)Y = BHAH = BA.

Hence, BA is projection. [
It follows from Theorem 3.1 and Lemma 3.5, we have the following corollary.

Corollary 3.6. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if (AT)HATAHA
is projection.

Proof. ” = " It follows from Theorem 3.1 because (AT)HATAHA = (AHA(AMHAM)H,
” &= " Noting that (AY)HA" and ARA are Hermitian. Then, by the assumption and Lemma 3.5, we have
AHA(ANYHAY is projection. Hence, A is a normal matrix by Theorem 3.1. [

Theorem 3.7. Let A € C"™". Then A is a projection if and only if A is right AAH— and A" A—idempotents.
Proof. " = " Suppose that A is projection. Then A = AAH and A = AHA, this deduces
A% = A2AT = A(AAT,

and
A% = A(AFA).

Hence, A is both right AA"— and A” A—idempotents.
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" &= " From the hypothesis, one obtains
A% = A(AAH),

and
A% = A(APA).

Noting that
rank(A) = rank(AAR) = rank((AAR)(AAT)H) = rank((AATA)AT)

< rank(AAR A) = rank(A?) < rank(A).
Then rank(A) = rank(A?), this induces A is group invertible and
A= A*A? = A*(A2AM) = AAH.

Hence, A is projection.
O

Theorem 3.7 inspires us to give the following result.

Theorem 3.8. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(AT)AY is
right AHA(ATYHEAT(AHA(AN AN —idempotent.

Proof. 7 = ” It is an immediate result of Theorem 3.1.
" &= " From the assumption, we have

(AHA(A'I')HA‘I')Z - (AHA(A+)HA+)2(AHA(A+)HA+)H.
Multiplying the equality on the left by (A")HAHAAH A*(ATYH, one gets
AHA(AT)HAT - AHA(AT)HAT(AHA(AT)HA‘I')H

Now AHA(AN)IAY is projection. Hence, A is a normal matrix by Theorem 3.1. [J

4. Using vectors to characterize normal matrices

Theorem 2.1 implies us to give the following result on normal matrix. Let A € C"™", A is said to be
regular if there exists B € C"™" such that A = ABA. The matrix B is called an inner inverse of A. The inner
inverse matrix of A is not unique , and A{1} is used to denote the set of all inner inverses of A.

Theorem 4.1. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if (AH, A- En) €

#ATH\H
)

Proof. ” = ” Assume that A is a normal matrix. Then, A is EP by [5, Lemma 1.3.3], and A*(A")H = (AHHA®. It
follows that

A#(A+)H AH A_F A#(A+)H 3 A#(A+)H(AHA#(A+)H + AAT — A+)
ar | A-E) T )= ATAFARANH + ATAAT - ATAT
Noting that
A#(A+)H(AHA#(A1‘)H +AA'I‘ _A'l') - A#(A+)H +A#A#(A+)H _A#(A'I')HA“I‘ — A#(A“l')H,

and
ATAEAR AN £ ATAAT — ATAT = ATAH(ANHAR + AT - ATAT = AT,
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Hence,
#0 AT\H #0 AT\H #0 AT\H
[ e a-e)(GY)=(TR)
One gets (AH, A-— En) € (A#%UH) {1}.

" &= " From the assumption, we have

(A#(A+)H) (AHI e En) (A#(A+)H) _ (A#(A+)H) '

At At At
This gives
A#(AT)H(AHA#(AT)H + AAT —A*) — A#(AT)H, (1)
ATAEAR AN = ATAT, )

Multiplying (4.2) on the left by (A")HAHA, we have
AHA*ANH = AT,
Multiplying the last equality on the right by ATA, one yields AT = ATATA. Hence, A is EP. It follows from (4.1) that
AFATYH = ATAT(ATH 1 ATAYH — AT(AY)HAT,

this gives
A#A#(A‘l')H — A#(A‘i')HA*l"

Multiplying the above equality on the left by A, one gets
A#(AT)H — (A+)HA1‘ — (A+)HA#.
Hence, A is normal. O

Itis well known that A is a normal matrix if and only if A” = AAH A" and A*(AT)H = (AT)H A*[5, Theorem
1.3.2]. Hence, Theorem 4.1 leads to the following corollary.

Corollary 4.2. Let A € C"™" beagroup invertible matrix. Then A is anormal matrix ifand only if (AAHAJF, A- E,,) €

TH A #
((A P ){1}.

Proof. 7 = " If A is a normal matrix. Then, we have AH = AAUAY and A*(ANH = (ANH)HA*. Hence,
PN

(AAHA+, A- En) € (Af)\*rA ){1} by Theorem 4.1.

" &= " From the assumption, we have

((A+)HA#) (AAHA*, A En) ((A+)HA#) _ ((A‘P)HA#)‘

At At At
This gives
AA*A*(A*)HA# + (A+)HA+ _ (A+)HA#A+ — (A+)HA#, 3)
AHAT(ANHAR = ATAT, (4)

Multiplying (4.4) on the right by ATA, we have
ATATATA = ATAT
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By [4, Lemma 2.11], AT = ATATA. Then A is EP. It follows from (4.3) that
A'I’(A'I‘)HA# - (A+)HA#A+.

This gives
A#(A‘l')H — A‘I'(A‘i')H — A‘I‘(A‘I')HA#A — (A‘l')HA#A‘i'A — (A+)HA#.

Hence, A is normal. O

Noting that SEP matrix is always normal. Hence, Corollary 4.2 implies the following corollary which
characterizes SEP matrix.

Corollary 4.3. Let A € C™" bea group invertible matrix. Then Aisa SEP matrix ifand only if (AAHAH , A- En) €

T™H A #
((A Js ){1}.

Proof. ” = " It is an immediate result of Corollary 4.2.
" &= " From the assumption, we have

((A+)HA# (A+)HA#)
At At
_ ((A+)HA#AAHAH(A+)HA# + (A+)HA+ _ (A+)HA#A+)'

)(AAHAH, A- E)(

AFAHANHHA* + AT — ATAT
Noting that (AHHA*AAHAH(ATYHA* = AATATAA*. Then one gets
AATATAAY + (ANHAT — (ANHHAPAT = (ATHA?, (5)
ATAHANHHAR = ATAT, (6)
Multiplying (4.6) on the right by ATA, we have
ATATATA = ATAT
A is EP by Corollary 4.2. Hence, the equality (4.5) changes into
At = (AHHA*AT,

So,
A :A‘i’AZ — (A‘l')HA#A‘I'AZ — (A‘f)HA#A — (A‘l')H
Thus, A is a SEP matrix. [

Since Hermite matrices are normal. Hence, Corollary 4.2 implies the following corollary which charac-
terizes Hermite matrix.

Corollary 4.4. Let A € C"™" bea group invertible matrix. Then A is a Hermite matrix if and only if (A2A+, A- En) €

TWH A #
((A Js ){1}.

Proof. 7 = ” It is an immediate result of Corollary 4.2.
" &= " From the assumption, we have

T\H A # T\H A # THAT\H A # TWH AT _ TWH A# AT
e B e s O )
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This gives
(A'I')H(A'[')HA# + (A‘l')HA'I' _ (A'l‘)HA#A'[' - (A‘I‘)HA#I (7)
ATAANHA? = ATAT, 8)

Multiplying (4.8) on the right by ATA, we have
ATATATA = ATAY,
A is EP by Corollary 4.2. Multiplying (4.7) on the right by A, we have
(AHFAHH = (A A,
Multiplying the last equality on the left by AHAH, it gets
ATA = AP AT,

Hence, A is a Hermite matrix. [

5. Using one sided A—equality to characterize normal matrices

Let A,B,C € C"". Then B and C are called left (right) A—equal if AB = AC (BA = CA). Clearly, we have
(1) A is right C—idempotent if and only if A and C are left A—equal;

(2) A% = Aif and only if A and E,, are left A—equal;

(3) Ais (3, B)—regular if and only if A? and BA are left A—equal;

(4) A is projection if and only if A" and E, are left A—equal.

Theorem 5.1. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(A")H and
Aare left AAH(A*YH —equal.

Proof. 7 = " If A is a normal matrix, then A is EP. We have
AFTAAHE = AAT(AMH = A.

Hence, AR A(A"H and A are left AAT(A*)H—equal.
" &= " The condition "A"A(A*)! and A are left AAH(A*)H —equal” gives

AATAHTARAAHT = AAH(AHHA. 9)
Multiplying the equality on the right by AAY, we have
AATAHHA = AAT(AHHAZAT
Multiplying the last equality on the left by (ANYTAHAY, it gets
A=AA".

So A is EP. Multiplying (5.1) on the left by A* and on the right by AH, it gets AHA = AAH. Hence, A is a normal
matrix. O

Theorem 5.2. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(A)H and
AAT (AN are left A—equal.
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Proof. 7 = ” It is evident by [3, Theorem 2.1].
" &= " From the assumption, we have

AAFAANT = A2AH AN, (10)
Multiplying (5.2) on the right by ATA, we have
AZAHANH = AZAHAMHATA.
Multiplying the last equality on the left by ATATA?, it gets
ATATA = AT

So A is EP. Multiplying (5.2) on the left by A* and on the right by A", it gets AHA = AAH. Hence, A is a normal
matrix. [J

Theorem 5.3. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(A*)H and
AAR(AHH are left AH—equal.
Proof. 7 = " It is evident by [3, Theorem 2.1].
" &= "From the assumption, we have
ATAHAANE = AHAAR (A, (11)

Multiplying (5.3) on the right by ATA, we have
AFAAB(AHHE = AHAAR(AHHATA.
Multiplying the last equality on the left by ATAT(ATYH, it gets
At = (A)?A.

So A is EP. Multiplying (5.3) on the left by (AN and on the right by AY, it gets AHA = AAY. Hence, A is a normal
matrix. [J

Theorem 5.4. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if A and (A*)HAAH
are left ALA(A*H —equal.

Proof. 7 = "If A is a normal matrix, then A is EP. We have
AHAAHT = A = (AHHAAH,

Hence, A and (A")1AAM are left A A(A*)H —equal.
" <= " From the assumption, we have

AHA(AHHA = AHA(AHT(AHHAAR, (12)
Multiplying (5.4) on the right by AA" and on the left by AATAHAT(ATYH, we have
A=AA"
So A is EP. Multiplying (5.4) on the left by AHAHAT(ATY, it gets
APA = AAT.

Hence, A is a normal matrix. [
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Theorem 5.5. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if A* and
(AHHAARYE are left AHA(A*)H —equal for k = 2, 3.

Proof. " = "It is evident by Theorem 5.4.
" &= " From the hypothesis, one has

AHA(AYHA? = AHAARH((AMHAARY.
Multiplying the equality on the right by AAY and on the left by A*AATAHAY (AN, we have
A=AA"
So A is EP. Now, for k = 2, 3, one yields
(ANHAAHY = (AHHARAH.

This gives
AFAAHHAHEAS AT = AHAAHHAZA = ATAAHH(AHHAZARA.

Multiplying on the left by ATA*AHAHAT(ATYH it gets
AAT = ATA.

Hence, A is a normal matrix. O

6. Constructing A—commutativity matrices to characterize normality

Let A, B, C € C'"™". Then B and C are called A—commuatativity if AB = CA. Clearly, we have
(1) A is left C-idempotent if and only if A and C are A—commutativity;

2) A is right B—idempotent if and only if B and A are A—commutativity;

3) A2 = A if and only if A and E, are A—commutativity;

4) A is normal if and only if A and A are A”—commutativity;

5) A is normal if and only if A" and A" are A—commutativity.

(
(
(
(
Theorem 6.1. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AAT(A*)H and

AHA(ANH are A—commutativity.

Proof. 7 = "It is evident by [3, Theorem 2.1].
" &= " From the hypothesis, one has

AZAH(AMH = AHA(ANHA. (13)
Multiplying (6.1) on the right by AA", we have
AFAANHA = AHAANHA2AT,
Multiplying the equality on the left by A*AAHA* (AN, it gets
A=AA"
So A is EP. Multiplying (6.1) on the right by A*AH, it gets
AAT = AP A,

Hence, A is a normal matrix. [
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Corollary 6.2. Let A € C"™" be a group invertible matrix. Then A is a normal matrix if and only if AAR(A*)H and
AHAANH are A*—commutativity.

Proof. It is an immediate result of Theorem 6.1. [

Theorem 6.3. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AAT(A*)H and
ATAANH are (AN —commutativity for k = 2, 3.

Proof. ” = " It is evident by [3, Theorem 2.1].
" &= "From the assumption, we have

(AYIRAAR (AP = AHA(ATYIY,
Multiplying the equality on the right by AAY, we have
AHA(ADH) = AHA((ATYPAAT,
Multiplying the last equality on the left by (A*AAT)2A*(AYH, it gets
(AN = (ANHAAT,

So A is EP. Now, for k = 2, 3, one yields

(AP AAR (A = AHA(ATYHPADH = (AT RAAH (A (AT,
Multiplying the above equality on the right by AH and on the left by (A™)3, it gets

AAT = ATA.

Hence, A is a normal matrix. O

Theorem 6.4. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(AY)H and
AAT(ANHH are AY—commutativity.

Proof. 7 = " It is evident by [3, Theorem 2.1].
" &= " From the hypothesis, one has

ATAHAANE = AAH(AHHAT = AAT, (14)
Multiplying (6.2) on the right by ATA, we have
AAT = AATATA.
Hence, A is EP. Multiplying (6.3) on the right by AH and on the left by A, it gets
AAR = APA.
Hence, A is a normal matrix. O

Theorem 6.5. Let A € C™" be a group invertible matrix. Then A is a normal matrix if and only if AHA(AY)H and
AAR(AMH are (AR)K—commutativity for k = 2, 3.

Proof. 7 = " It is evident by [3, Theorem 2.1].
" &= "From the assumption, we have

(AH)E‘)A(AT)H — AAH(A#)H(AH)Z — A(AH)Z



Z. Du, |. Wei / Filomat 39:17 (2025), 5915-5928 5928
Multiplying the equality on the right by ATA and on the left by (A*)PAT, we have
A = AFATA.
So A is EP. Now, for k = 2, 3, one yields
AAH(AMH(AHY = AHAPPAANH = AHAAH(AMH(AH),

that is,

A(AT)? = AHA(AF)?,
Multiplying on the right by ((A*)H)?, it gets
AAH — A(AH)S((A#)H)Z — AHA(AH)H((A#)H)Z — AHA

Hence, A is a normal matrix. [
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