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Vanishing results of the F-stress energy tensor

Guoqing Hea

aSchool of Mathematics & Statistics, Anhui Normal University, Wuhu 241000, P. R. China

Abstract. In this paper, we study some vanishing results of the F-stress energy tensor SF associated to the
F-energy where the target manifold is equipped with a metric connection having non-vanishing torsion. By
estimating the norm of SF, we introduce aΦS,F-energy functional for maps. The critical map of this functional
is called a ΦS,F-harmonic map. We obtain some vanishing results of SF by studying Liouville theorems for
the ΦS,F-harmonic map. Firstly, we find that the equation of ΦS,F-harmonic map with respect to the metric
torsion connection coincides with that of ΦS,F-harmonic map with respect to the Levi-Civita connection.
This shows a rigidity signature ofΦS,F-harmonic map being invariant under connection transforms from the
Levi-Civita connection to the metric torsion connection. Then, under suitable conditions on the Hessian of
the distance function and the degree of F(t), we derive several Liouville theorems for theΦS,F-harmonic map
by assuming either growth condition of the ΦS,F-energy or an asymptotic condition at the infinity for the
maps. In the end of paper, we also obtain the unique constant solution of the constant Dirichlet boundary
value problemson on starlike domains for the ΦS,F-harmonic map. These vanishing theorems extend some
results in [18, 19] where F(t) are given as t and (2t)p/2/p (p ≥ 2), respectively, and target manifolds are
endowed with Levi-Civita connections.

1. Introduction

M. Ara [4] introduced the F-harmonic map between two Riemannian manifolds and its associated
stress energy tensor named as F-stress energy tensor. The concept of F-harmonic maps is a generalization
of harmonic maps, p-harmonic maps or exponentially harmonic maps. Let F : [0,+∞) → [0,+∞) be a C2

function with F(0) = 0 such that F′ > 0 on (0,+∞). A smooth map u : (Mm, 1)→ (Nn, h) between Riemannian
manifolds (Mm, 1) and (Nn, h) is said to be an F-harmonic map if it is a critical point of the following F-energy
functional EF(u) given by

EF(u) =
∫

M
F(
|du|2

2
)dv1

with respect to any compactly supported variation, where |du| is the Hilbert-Schmidt of the differential du of
u and dv1 denotes the volume element on M. It is the energy, the p-energy, the α-energy and the exponential
energy when F(t) = t, (2t)p/2/p (p ≥ 2), (1 + 2t)α (α > 1, dimM = 2) and et, respectively.
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The F-stress energy tensor associated with the functional EF(u) is given by

SF(X,Y) = F(
|du|2

2
)1(X,Y) − F′(

|du|2

2
)u∗h(X,Y),

where X,Y are vectors on M. It is known that the stress energy tensor is a useful tool for studying the energy
behavior and vanishing results of related functional (cf. [14]). If M is compact, the set G of the Riemannian
metrics on M is an infinite dimensional manifold and its tangent space at 1 is identified with symmetric
(0, 2)-tensors T1G. For a deformation {1t} of 1, we denote ω = d

dt1t|t=0. Now we fix u : M→ (N, h) and define
the functional EF(1t) =

∫
M F( |du|2

2 )dv1t . Using lemma 2.1 in [14], we can easily obtain the following result.

Theorem 1.1. Let u : M → (N, h) be a smooth map and assume that M is compact. Then d
dtEF(1t)|t=0 =

1
2

∫
M⟨SF, ω⟩dv1.

From Theorem 1.1, we know that SF = 0 is the Euler-Lagrange equation for the functional EF(1t). So it
is necessary to get some results of SF = 0 under some conditions. In fact, the vanishing results of the stress
energy tensor S associated to the energy E(u) =

∫
M
|du|2

2 dv1 and the p-stress energy tensor Sp associated to the

p-energy Ep(u) =
∫

M
|du|p

p dv1 have been studied in [17–19]. As natural generalizations of the stress energy
tensor S and the p-stress energy tensor Sp, we will obtain the vanishing problem of the F-stress energy
tensor SF.

Similar to [29] (see also [14, 15]), we may define the upper degree dF and the lower degree lF of F as
follows:

dF = sup
t≥0

tF′(t)
F(t)

and

lF = inf
t≥0

tF′(t)
F(t)

.

In general, we have lF ≤ dF. From now on, we always assume that dF < +∞, m > 4lF and F′′ > 0 on (0,+∞).
Let {e1, · · · em} be a local orthonormal frame field on M. Let ||SF|| denote the norm of the F-stress energy
tensor. Now we first estimate ||SF||

2 in the following

||SF||
2 =

m∑
i, j=1

(
SF(ei, e j)

)2
=

m∑
i, j=1

(
F(
|du|2

2
)1(ei, e j) − F′(

|du|2

2
)u∗h(ei, e j)

)2
= m
(
F(
|du|2

2
)
)2
− 2F(

|du|2

2
)F′(
|du|2

2
)|du|2 +

(
F′(
|du|2

2
)
)2
||u∗h||2

=
[
m − 4

F′( |du|2
2 ) |du|2

2

F( |du|2
2 )

](
F(
|du|2

2
)
)2
+
(
F′(
|du|2

2
)
)2
||u∗h||2

≤ (m − 4lF)
(
F(
|du|2

2
)
)2
+
(
F′(
√

m
2
||u∗h||)

)2
||u∗h||2

= (m − 4lF)
(
F(
|du|2

2
)
)2
+

4
m

[F′( √m
2 ||u

∗h||
√

m
2 ||u

∗h||

F(
√

m
2 ||u

∗h||)

]2
F(
√

m
2
||u∗h||)2

≤ (m − 4lF)
(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2

(1)

where we used |du|2 ≤
√

m||u∗h|| and F′′ > 0. According to (1), we introduce the definitions of ΦS,F-energy
functional EΦS,F and the ΦS,F-harmonic map as follows in order to study vanishing problem SF = 0.
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Definition 1.2. The ΦS,F-energy density eΦS,F (u) of u is given by

eΦS,F (u) = (m − 4lF)
(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2
.

The ΦS,F-energy EΦS,F of u is defined by

EΦS,F (u) =
∫

M
eΦS,F (u)dv1 =

∫
M

[
(m − 4lF)

(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2]
dv1.

Definition 1.3. A smooth map u is said to be aΦS,F-harmonic map if it is a critical point of theΦS,F-energy functional
EΦS,F with respect to any smooth compactly supported variation of u.

We may study the vanishing results of SF = 0 by investigating the Liouville theorems for ΦS,F-harmonic
maps. It is well known that studying Liouville type results is one of important problems for harmonic
maps, generalized harmonic maps or generalized harmonic forms (see [5, 12, 14, 16–20, 24, 26–28, 35] and
the references therein). Most Liouville results have been established by assuming either the finiteness of
the energy of the map or the smallness of whole image of the domain manifold under the map. But Jin
[28] proved several interesting Liouville theorems for harmonic maps from complete manifolds, whose
assumptions concern the asymptotic behavior of the maps at infinity. Dong, Lin and Yang [16] generalized
Jin’s method to F-harmonic maps, obtained some Liouville theorems and gave their applications.

In the literature on harmonic maps one usually choose to utilize the Levi-Civita connections. Harmonic
maps with a connection different from the Levi-Civita connection on the domain manifold have already
been investigated in great generality. Such maps become known as V-harmonic maps and include the
classes of Hermitian, affine and Weyl harmonic maps into Riemannian manifolds, see the introduction of
[11] for more details. In [8], V. Branding gave the equation for harmonic maps where the target manifold is
endowed with a connection with metric torsion, named as harmonic maps with torsion. But the V-harmonic
map and the harmonic map with torsion can not be obtained as a critical point of some energy functional in
general. They are given only by adding some extra structures to the standard harmonic map equation. In
this paper, we are going to study ΦS,F-energy functional EΦS,F where the target manifold is equipped with a
metric torsion connection.

Firstly, we introduce connections with torsion. Let∇N denote the Levi-Civita connection of a Riemannian
manifold (N, h). For any affine connection there exists a (2, 1)-tensor field A such that

∇̇
N
UV = ∇N

UV + A(U,V)

for all vector fields U,V ∈ Γ(TN). The torsion tensor T(U,V) is related to the torsion endomorphism A(U,V)
via

∇̇
N
UV − ∇̇N

V U − [U,V] = T(U,V) = A(U,V) − A(V,U).

If ∇̇Nh = 0, then ∇̇N is called a metric torsion connection on N. Obviously, if ∇̇N is a metric torsion, then
the endomorphism A(U, ·) has to be skew-adjoint

h(A(U,V),W) = −h(A(U,W),V).

There exist several geometric settings where connections with metric torsion naturally appear. For a
compact Hermitian manifold, it has a canonical connection, the so-called Chern connection, which has non-
vanishing torsion (see [30]). Another famous connection in Hermitian geometry that carries non-vanishing
torsion is the Gauduchon connection (see [21, 22]). In the case of a pseudo-Hermitian manifold, there exists
a canonical linear connection which preserves both the CR structure and the Webster metric. This particular
connection is called the Tanaka-Webster connection (see [13, 33, 34]), and it also has non-vanishing torsion.
Connections with metric torsion have been intensively studied in the physics literature (see [32]). Cartan
[10] classified connections with metric torsion. The geodesics of connections with vectorial torsion were
investigated in [3], and various geometric aspects of manifolds having a connection with vectorial torsion
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were studied in [2]. The uniformization theorem on closed surfaces for a metric connection with vectorial
torsion was proved via the Ricci flow in [9]. For more details on the geometry of Riemannian having a
connection with metric torsion we refer to the lecture notes [1].

In this paper, we derive the first variation formula of the ΦS,F-energy functional EΦS,F and obtain the
equation of ΦS,F-harmonic maps where the target manifold is equipped with a metric torsion connection.
We find that the equations of ΦS,F-harmonic map obtained via the variational principle are same under
the Levi-Civita connection and connections with metric torsion, respectively. This shows some rigidity
signature of ΦS,F-harmonic map being invariant under connection transforms.

To generalize the Liouville results for harmonic maps to the ΦS,F-harmonic maps, we first introduce the
ΦS,F-stress energy tensor SΦS,F associated to the functionalΦS,F. We prove that theΦS,F-harmonic map satisfies
the conservation law, that is, divSΦS,F = 0. Using a basic integral formula linked naturally to the conservation
law enables us to establish a monotonicity formula for these ΦS,F-harmonic maps. Consequently, several
Liouville type theorems and vanishing results from these monotonicity formulae under suitable growth
conditions on the ΦS,F-energy. We also obtain a vanishing result under the condition of slowly divergent
energy.

Next we generalize Jin’s method and results to the ΦS,F-harmonic maps. The procedure consists of two
steps. The first step is to use the monotonicity formula to establish a lower bound for the growth rates
of the ΦS,F-energy. The second step is to use the asymptotic assumption of the maps at infinity to obtain
the upper functional growth rates of the ΦS,F-harmonic maps. Under suitable conditions of the domain
manifolds, one may show that these two growth rates are contradictory unless the ΦS,F-harmonic map is
constant. In this way, we establish some Liouville theorems for the ΦS,F-harmonic maps with asymptotic
property at infinity from some complete manifolds.

In addition to establishing Liouville type results, we investigate the constant Dirichlet boundary value
problem as well. We obtain the unique constant solution of the constant Dirichlet boundary value problem
on starlike domains for the ΦS,F-harmonic map.

2. TheΦS,F-harmonic map under metric torsion connections

In this section, we give the first variation formula for the ΦS,F-energy functional EΦS,F by using the
connection with metric torsion on the target manifold. Then we obtain the equation of the ΦS,F-harmonic
map. We may conclude that the equations of the ΦS,F-harmonic maps are invariant under the connection
transform by variational principle.

Let ∇, ∇N and ∇̇N always denote the Levi-Civita connections of M and N, and a connection with torsion

of N, respectively. Let ∇̃ and ˜̇∇ be the induced connections by ∇N and ∇̇N on u−1TN, which are defined by

∇̃XW = ∇N
du(X)W,

˜̇
∇XW = ∇̇N

du(X)W,

where X is a tangent vector of M and W is a section of u−1TN. Now we define the tensor σF,u, which plays
an important role in our argument, as follows:

σF,u(X) =
m∑

j=1

8d2
F(
√

m||u∗h||)−1F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)h(du(X), du(e j))du(e j)

+ 2(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)du(X)

(2)

for any vector field X on M, where {e j}
m
j=1 is a local orthonormal frame. If u is a constant map, we may define

σF,u = 0.
Denote divσF,u and divσF,u the divergence of σF,u with respect to the Levi-Civita connection and the

connection with torsion, respectively, that is, divσF,u =
∑m

i=1(∇̃eiσF,u)(ei) and divσF,u =
∑m

i=1(˜̇∇eiσF,u)(ei). We
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define ΦS,F-tension field τΦS,F (u) of u by

τΦS,F (u) = divσF,u −

m∑
i=1

A(du(ei), σF,u(ei))) = divσF,u.

Theorem 2.1. Let u : (Mm, 1) → (Nn, h) be a smooth map where (Nn, h) is endowed with a metric connection with
torsion. Let ut : (Mm, 1) × (−δ, δ) → (Nn, h), −δ < t < δ, be a family of compactly supported variations such that
u0 = u and V = ∂ut

∂t |t=0. Then

dEΦS,F(ut)

dt

∣∣∣∣
t=0
= −

∫
M

h(V, τΦS,F (u))dv1. (3)

Proof. Let Ψ : M × (−δ, δ) → N be a smooth map defined by Ψ(x, t) = ut(x), where M × (−δ, δ) is equipped
with the product metric. We extend the vector fields ∂

∂t on (−δ, δ) and X on M naturally to M × (−δ, δ), and

denote these vectors also by ∂
∂t ,X. We shall use the notations ∇, ∇̃ and ˜̇∇ for the Levi-Civita connections on

M × (−δ, δ) and induced connections onΨ−1TN, respectively.
Now we compute

∂
∂t

{
(m − 4lF)[F(

|dΨ|2

2
)]2 +

4d2
F

m
[F(
√

m
2
||Ψ∗h||)]2

}
= 2(m − 4lF)F(

|dΨ|2

2
)F′(
|dΨ|2

2
)
∂
∂t

(
|dΨ|2

2
) +

4d2
F
√

m
F(
√

m
2
||Ψ∗h||)F′(

√
m

2
||Ψ∗h||)

∂
∂t

(||Ψ∗h||)

= 2(m − 4lF)F(
|dΨ|2

2
)F′(
|dΨ|2

2
)

m∑
i=1

h(˜̇∇ ∂
∂t

dΨ(ei), dΨ(ei))

+
8d2

F
√

m
||Ψ∗h||−1F(

√
m

2
||Ψ∗h||)F′(

√
m

2
||Ψ∗h||)

m∑
i, j=1

h(˜̇∇ ∂
∂t

dΨ(ei), dΨ(e j))h(dΨ(ei), dΨ(e j))

=

m∑
i=1

h(˜̇∇ ∂
∂t

dΨ(ei), σF,Ψ(ei))

=

m∑
i=1

h(˜̇∇ei dΨ(
∂
∂t

), σF,Ψ(ei)) +
m∑

i=1

h(A(dΨ(
∂
∂t

), dΨ(ei)) − A(dΨ(ei), dΨ(
∂
∂t

)), σF,Ψ(ei))

=

m∑
i=1

[
eih(dΨ(

∂
∂t

), σF,Ψ(ei)) − h(dΨ(
∂
∂t

), ˜̇∇eiσF,Ψ(ei))
]
+

m∑
i=1

h(A(dΨ(ei), σF,Ψ(ei)), dΨ(
∂
∂t

)).

Here we used ˜̇
∇ ∂

∂t
dΨ(ei) − ˜̇∇ei dΨ(

∂
∂t

) = A(dΨ(
∂
∂t

), dΨ(ei)) − A(dΨ(ei), dΨ(
∂
∂t

))

and
m∑

i=1

h(A(dΨ(
∂
∂t

), dΨ(ei)), σF,Ψ(ei)) = 0.

Let Xt be a compactly supported vector field on M such that 1(Xt,Y) = h(dΨ( ∂∂t ), σF,u(Y)) for any vector
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Y on M. Then

∂
∂t

{
(m − 4lF)[F(

|dΨ|2

2
)]2 +

4d2
F

m
[F(
√

m
2
||Ψ∗h||)]2

}
=

m∑
i=1

[ei1(Xt, ei) − h(dΨ(
∂
∂t

), ˜̇∇eiσF,Ψ(ei)) + h(A(dΨ(ei), σF,Ψ(ei)), dΨ(
∂
∂t

))
]

=

m∑
i=1

[1(∇ei Xt, ei) + 1(Xt,∇ei ei) − h(dΨ(
∂
∂t

), ˜̇∇eiσF,Ψ(ei) − A(dΨ(ei), σF,Ψ(ei)))
]

= divXt −

m∑
i=1

h(dΨ(
∂
∂t

), ˜̇∇eiσF,Ψ(ei) − σF,Ψ(∇ei ei) − A(dΨ(ei), σF,Ψ(ei)))

= divXt − h(dΨ(
∂
∂t

), divσF,Ψ −

m∑
i=1

A(dΨ(ei), σF,Ψ(ei)).

(4)

From (4) and Green’s theorem, we have

d
dt
ΦS,F(ut)

∣∣∣∣
t=0
= −

∫
M

h(V, divσF,u −

m∑
i=1

A(du(ei), σF,u(ei))dv1 = −
∫

M
h(V, τΦS,F (u))dv1.

Remark 2.2. If we use the the Levi-Civita connection on the target manifold (Nn, h), we can deduce that the first
variation formula for the ΦS,F-energy functional EΦS,F is

d
dt
ΦS,F(ut)

∣∣∣∣
t=0
= −

∫
M

h(V, divσF,u)dv1 = −
∫

M
h(V, τΦS,F (u))dv1.

This shows that the critical points of the ΦS,F-energy functional EΦS,F are the same under the Levi-Civita connection
and the connection with metric torsion on the target manifold, respectively.

Proposition 2.3. A smooth map u : (Mm, 1) → (Nn, h) is ΦS,F-harmonic where N is equipped with metric torsion
connections if it is a solution of the Euler-Lagrange equation

τΦS,F (u) = 0. (5)

3. ΦS,F-stress energy tensor

In this section, we introduce the definition of the ΦS,F-stress energy tensor SΦS,F associated with the
ΦS,F-energy functional EΦS,F and obtain some properties of the ΦS,F-stress energy tensor SΦS,F .

Following Baird [7], we define a symmetric 2-tensor SΦS,F of u associated to the functional ΦS,F (which
we call, the ΦS,F-stress energy tensor of u, in short) by

SΦS,F (X,Y) =
{
(m − 4lF)[F(

|du|2

2
)]2 +

4d2
F

m
[F(
√

m
2
||u∗h||)]2

}
1(X,Y) − h(du(X), σF,u(Y))

where X,Y are any smooth vectors on M.
Recall that for a two tensor field T ∈ Γ(T∗M ⊗ T∗M), its divergence divT ∈ Γ(T∗M) is given by

(divT)(X) =
n∑

i=1

(∇ei T)(ei,X)

where {ei} is an orthonormal basis of TM.
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Theorem 3.1. Let u : (Mm, 1)→ (Nn, h) be a smooth map where N is endowed with a connection with metric torsion
and SΦS,F be the associated stress-energy tensor. Then for any vector field X on M, we have

(divSΦS,F )(X) = −h(τΦS,F (u), du(X)).

Proof. We choose a local orthonormal frame filed {ei}
m
i=1 at a point x such that ∇ei e j|x = 0. Then for any vector

field X ∈ Γ(TM), at x, we have

(divSΦS,F )(X)

=

m∑
i=1

(∇ei SΦS,F )(ei,X) =
m∑

i=1

[
ei(SΦS,F (ei,X)) − SΦS,F (ei,∇ei X)

]
=

m∑
i=1

{
ei

[
[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]1(ei,X) − h(σF,u(ei), du(X))

]
− [(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]1(ei,∇ei X) + h(σF,u(ei), du(∇ei X))

}
=

m∑
i=1

ei[(m − 4lF)(F(
|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]1(ei,X)

−

m∑
i=1

ei(h(σF,u(ei), du(X))) +
n∑

i=1

h(σF,u(ei), du(∇ei X))

= X((m − 4lF)(F(
|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2) −

n∑
i=1

h(˜̇∇eiσF,u(ei), du(X))

−

m∑
i=1

h(σF,u(ei), ˜̇∇ei du(X)) +
m∑

i=1

h(σF,u(ei), du(∇ei X))

=

m∑
i=1

h(˜̇∇Xdu(ei), σF,u(ei)) −
n∑

i=1

h(˜̇∇eiσF,u(ei), du(X))

−

m∑
i=1

h(σF,u(ei), ˜̇∇ei du(X)) +
m∑

i=1

h(σF,u(ei), du(∇ei X))

=

m∑
i=1

h((˜̇∇Xdu)(ei), σF,u(ei)) −
n∑

i=1

h((˜̇∇eiσF,u)(ei), du(X)) −
m∑

i=1

h(σF,u(ei), (∇̃ei du)(X))

=

m∑
i=1

h(A(du(X), du(ei)) − A(du(ei), du(X)), σF,u(ei)) −
n∑

i=1

h((˜̇∇eiσF,u)(ei), du(X))

=

m∑
i=1

h(A(du(ei), σF,u(ei)), du(X)) −
n∑

i=1

h((˜̇∇eiσF,u)(ei), du(X))

= −

n∑
i=1

h((˜̇∇eiσF,u)(ei) − A(du(ei), σF,u(ei)), du(X))

= −

n∑
i=1

h(τΦS,F (u), du(X)),

where we used

(˜̇∇Xdu)(ei) − (˜̇∇ei du)(X) = A(du(X), du(ei)) − A(du(ei), du(X))
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and

m∑
i=1

h(A(du(
∂
∂t

), du(ei)), σF,u(ei)) = 0.

Corollary 3.2. If u : (Mm, 1) → (Nn, h) is a ΦS,F-harmonic map. Then u satisfies the ΦS,F-conservation law, i.e.,
divSΦS,F = 0.

Recall that for two 2-tensors T1,T2 ∈ Γ(T∗M ⊗ T∗M), their inner product is defined as follows:

⟨T1,T2⟩ =

m∑
i, j=1

T1(ei, e j)T2(ei, e j)

where {ei} is an orthonormal basis with respect to 1. For a vector field X on M, its dual one form θX is given
by

θX(Y) = 1(X,Y),∀Y ∈ TM.

The covariant derivative of θX is given by

(∇θX)(Y,Z) = (∇YθX)(Z) = 1(∇YX,Z),∀Y,Z ∈ TM.

If X = ∇φ is the gradient of some C2 function φ on M, then θX = dφ and ∇YθX = Hess1(φ).

Lemma 3.3. ([7, 14, 16]) Let T be a symmetric (0, 2)-tensor and Let X be a vector field, then

div(iXT) = (divT)(X) + ⟨T,∇θX⟩ = (divT)(X) +
1
2
⟨T,LX1⟩, (6)

where iXT ∈ A1(M) denotes the interior product by X and LX is the Lie derivative of the metric 1 in the direction of X.

Let D be any bounded domain of M with C1 boundary. By applying (6) to SΦS,F and using the divergence
theorem, we obtain the following integral formula∫

∂D
SΦS,F (X, ν)ds1 =

∫
D

[⟨SΦS,F ,
1
2

LX1⟩ + (divSΦS,F )(X)]dv1 (7)

where ν is the unit outward normal vector field along ∂D. In particular, if u is a ΦS,F-harmonic map, then
divSΦS,F = 0. So we have∫

∂D
SΦS,F (X, ν)ds1 =

∫
D
⟨SΦS,F ,

1
2

LX1⟩dv1. (8)

4. Monotonicity formulae and vanishing results under the growth condition

In this section we will apply (8) to obtain the monotonicity formula for theΦS,F-energy ofΦS,F-harmonic
map. Furthermore, some Liouville type results will be obtained.

Let (M, 1) be a complete Riemannian manifold with a pole x0. Denote by r(x) be the distance function
relative to the pole x0, that is, r(x) = dist1(x, x0). On a complete Riemannian manifold with a pole, one can
take r to go to infinity. Set B(ρ) = {x ∈ N : r(x) ≤ ρ}. Because of Hess1(r2) = 2dr ⊗ dr + 2rHess1(r), it is known
that ∂

∂r is always an eigenvector of Hess1(r2) associated to eigenvalue 2. Denote by λmax (resp. λmin) the
maximum (resp. minimal) eigenvalues of 2rHess1(r) at each point of M \ {x0}.
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Theorem 4.1. Let u : (Mm, 1)→ (Nn, h) be aΦS,F-harmonic map. If there exists the following inequality on (Mm, 1),

1 +
m − 1

2
λmin − 2dF max{2, λmax} ≥ Λ, (9)

where Λ is a positive constant, then we have∫
B(ρ1)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

ρΛ1
≤

∫
B(ρ2)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

ρΛ2

for any 0 < ρ1 < ρ2.

Proof. Taking D = B(R) and X = 1
2∇r2 = r ∂∂r in (8), we have∫

∂B(R)
SΦS,F (r

∂
∂r
,
∂
∂r

)ds1 =
∫

B(R)
⟨SΦS,F ,

1
2

Lr ∂
∂r
1⟩dv1. (10)

Let {ei}
m
i=1 be an orthonormal basis and em =

∂
∂r . We also assume that Hess1(r2) becomes a diagonal matric

with respect to {ei}
m
i=1. Then we have

⟨SΦS,F ,Lr ∂
∂r
1⟩

=

m∑
i, j=1

SΦS,F (ei, e j)(Lr ∂
∂r
1)(ei, e j)

=

m∑
i, j=1

{[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
1(ei, e j)(Lr ∂

∂r
1)(ei, e j) − h(du(ei), σF,u(e j))(Lr ∂

∂r
1)(ei, e j)

}
=

m∑
i=1

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
Hess1(r2)(ei, ei) −

m∑
i, j=1

h(du(ei), σF,u(e j))Hess1(r2)(ei, e j)

≥

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
[2 + (m − 1)λmin] −max{2, λmax}

m∑
i=1

h(du(ei), σF,u(ei)).

(11)

Here

m∑
i=1

h(du(ei), σF,u(ei))

=

m∑
i=1

h(du(ei),
m∑

j=1

8d2
F
√

m
(||u∗h||)−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)h(du(ei), du(e j))du(e j)

+ 2(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)du(ei))

=
8d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + 2(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

=
8d2

F
√

m

√
m

2 ||u
∗h||F′(

√
m

2 ||u
∗h||)

√
m

2 F(
√

m
2 ||u

∗h||)
(F(
√

m
2
||u∗h||))2 + 2(m − 4lF)

|du|2
2 F′( |du|2

2 )
1
2 F( |du|2

2 )
(F(
|du|2

2
))2

≤ 4dF

[4d2
F

m
(F(
√

m
2
||u∗h||))2 + (m − 4lF)(F(

|du|2

2
))2
]
.

(12)
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From (11), (12) and (9), we obtain

⟨SΦS,F ,
1
2

Lr ∂
∂r
1⟩ ≥

[
1 +

m − 1
2

λmin − 2dF max{2, λmax}
][

(m − 4lF)(F(
|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
≥ Λ
[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
.

(13)

On the other hand, by the coarea formula, we have∫
∂B(R)

SΦS,F (r
∂
∂r
,
∂
∂r

)ds1 = R
∫
∂B(R)

{[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
− h(du(

∂
∂r

), σF,u(
∂
∂r

))
}
ds1

= R
∫
∂B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
ds1

− R
∫
∂B(R)

[ m∑
j=1

8d2
F
√

m
(||u∗h||)−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)(h(du(

∂
∂r

), du(e j)))2

+ 2(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)h(du(

∂
∂r

), du(
∂
∂r

))
]
ds1

≤ R
∫
∂B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
ds1

= R
d

dR

∫
B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1.

(14)

Hence by (10), (13) and (14), we obtain

R
d

dR

∫
B(R)

[
(m−4lF)(F(

|du|2

2
))2+

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≥ Λ

∫
B(R)

[
(m−4lF)(F(

|du|2

2
))2+

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1.

i.e.,

d
dR

∫
B(R)[(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2]dv1

RΛ
≥ 0.

Integrating the above formula on [ρ1, ρ2], we can get∫
B(ρ1)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

ρΛ1
≤

∫
B(ρ2)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

ρΛ2
.

Using the monotonicity formula, we immediately obtain the following vanishing results.

Theorem 4.2. Under the same conditions of Theorem 4.1 and∫
B(r)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 = o(rΛ),

then u is a constant map. Hence the F-energy stress tensor SF is vanishing, i.e., SF = 0.
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Proof. By Theorem 4.1, we have

1
ρΛ

∫
B(ρ)

{
(m−4lF)[F(

|du|2

2
)]2+

4d2
F

m
[F(
√

m
2
||u∗h||)]2

}
dv1 ≤

1
rΛ

∫
B(r)

{
(m−4lF)[F(

|du|2

2
)]2+

4d2
F

m
[F(
√

m
2
||u∗h||)]2

}
dv1

for any 0 < ρ < r.
Letting r→ +∞, under the assumption, we can obtain∫

B(ρ)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≡ 0.

Since ρ is arbitrary, then

(m − 4lF)[F(
|du|2

2
)]2 +

4d2
F

m
[F(
√

m
2
||u∗h||)]2

≡ 0.

From the assumption of F, we can obtain

du ≡ 0,u∗h ≡ 0.

This implies that u is a constant map. So we have the vanishing result of SF.

We can apply the above vanishing result to some concrete pinched manifolds. In order to do it, we need
the following lemmas.

Lemma 4.3. (see [14, 23, 31]) Let (M, 1) be a complete Riemannian manifold with a pole x0 and let r be the distance
function relative to x0. Denote by Kr the radial curvature of M.
(i) If −α2

≤ Kr ≤ −β2 with α > 0, β > 0, then

β coth(βr)[1 − dr ⊗ dr] ≤ Hess1(r) ≤ α coth(αr)[1 − dr ⊗ dr].

(ii) If − A
(1+r2)1+ϵ ≤ Kr ≤

B
(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ, then

1 − B
2ϵ

r
[1 − dr ⊗ dr] ≤ Hess1(r) ≤

e
A
2ϵ

r
[1 − dr ⊗ dr].

(iii)If −A(A−1)
r2 ≤ Kr ≤ −

B(B−1)
r2 with A ≥ B ≥ 1, then

A
r

[1 − dr ⊗ dr] ≤ Hess1(r) ≤
B
r

[1 − dr ⊗ dr].

(iv) If − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ], then

1 +
√

1 − 4b2

2r
[1 − dr ⊗ dr] ≤ Hess1(r) ≤

1 +
√

1 + 4a2

2r
[1 − dr ⊗ dr].

Lemma 4.4. Let (M, 1) be a complete Riemannian manifold with a pole x0 and let r be the distance function relative
to x0. Assume that there exist two positive functions h1(r) and h2(r) such that

h1(r)[1 − dr ⊗ dr] ≤ Hess1(r) ≤ h2(r)[1 − dr ⊗ dr] and rh2(r) ≥ 1,

then

1 +
m − 1

2
λmin − 2dF{2, λmax} ≥ 1 + (m − 1)rh1(r) − 4dFrh2(r).
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Proof. Applying the Hessian operator to the composed function r2, we have

Hess1(r2) = 2rHess1(r) + 2dr ⊗ dr.

Let {ei}
m
i=1 be an orthonormal basis and em =

∂
∂r . We also assume that Hess1(r2) becomes a diagonal matric

with respect to {ei}
m
i=1. Let eα and eβ be eigenvectors of 2rHess1(r) associated to eigenvalue λmax and λmin,

respectively. Then

1 +
m − 1

2
λmin − 2dF max{2, λmax}

= 1 +
m − 1

2
2rHess1(r)(eα, eα) − 2dF max{2, 2rHess1(r)(eβ, eβ)}

≥ 1 +
m − 1

2
2rh11(eα, eα) − 2dF max{2, 2rh21(eβ, eβ)}

= 1 + (m − 1)rh1(r) − 2dF max{2, 2rh2(r)}
= 1 + (m − 1)rh1(r) − 4dFrh2(r).

From Lemma 4.3 and Lemma 4.4, we have the following lemma.

Lemma 4.5. Let (M, 1) be a complete Riemannian manifold with a pole x0 and let r be the distance function relative
to x0. Denote by Kr the radial curvature of M.
(i) If −α2

≤ Kr ≤ −β2 with α > 0, β > 0, then

1 +
m − 1

2
λmin − 2dF max{2, λmax} ≥ m − 4dF

α
β
.

(ii) If − A
(1+r2)1+ϵ ≤ Kr ≤

B
(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ, then

1 +
m − 1

2
λmin − 2dF max{2, λmax} ≥ 1 + (m − 1)(1 −

B
2ϵ

) − 4dFe
A
2ϵ .

(iii)If −A(A−1)
r2 ≤ Kr ≤ −

B(B−1)
r2 with A ≥ B ≥ 1, then

1 +
m − 1

2
λmin − 2dF max{2, λmax} ≥ 1 + (m − 1)A − 4dFB.

(iv) If − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ], then

1 +
m − 1

2
λmin − 2dF max{2, λmax} ≥ 1 + (m − 1)

1 +
√

1 − 4b2

2
− 2dF(1 +

√

1 + 4a2).

Using Theorem 4.2 and Lemma 4.5, we can obtain the following vanishing result.

Corollary 4.6. Let u : (Mm, 1)→ (Nn, h) be a ΦS,F-harmonic map from a complete Riemannian manifold with a pole
x0. Assume that the radial curvature Kr of M satisfies one of the following conditions:
(i) −α2

≤ Kr ≤ −β2 with α > 0, β > 0 and (m − 1)β − 4dFα > 0;
(ii) − A

(1+r2)1+ϵ ≤ Kr ≤
B

(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ and 1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ > 0;

(iii) −A(A−1)
r2 ≤ Kr ≤ −

B(B−1)
r2 with A ≥ B ≥ 1 and 1 + (m − 1)A − 4dFB > 0;

(iv) − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ] and 1 + (m − 1) 1+
√

1−4b2

2 − 2dF(1 +
√

1 + 4a2) > 0.
If ∫

B(r)

{
(m − 4lF)[F(

|du|2

2
)]2 +

4d2
F

m
[F(
√

m
2
||u∗h||)]2

}
dv1 = o(rΛ),
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where

Λ =


m − 4dF

α
β , i f Kr satis f ies (i)

1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ , i f Kr satis f ies (ii)

1 + (m − 1)A − 4dFB, i f Kr satis f ies (iii)
1 + (m − 1) 1+

√

1−4b2

2 − 2dF(1 +
√

1 + 4a2), i f Kr satis f ies (iv)

then u is a constant map. So we know SF = 0.

The functional ΦS,F of u is said to be slowly divergent, if there exists a positive function ψ(r) such that∫ +∞

R0

dr
rψ(r)

= +∞

for some R0, and

lim
R→+∞

∫
B(R)

(m − 4lF)[F( |du|2
2 )]2 +

4d2
F

m [F(
√

m
2 ||u

∗h||)]2

ψ(r)
dv1 < +∞. (15)

Theorem 4.7. Let u : (Mm, 1)→ (Nn, h) be aΦS,F-harmonic map. If r(x) satisfies the condition (9) andΦS,F is slowly
divergent, then u is a constant map and SF = 0.

Proof. From the proof of Theorem 4.1, we have

R
d

dR

∫
B(R)

[
(m−4lF)(F(

|du|2

2
))2+

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≥ Λ

∫
B(R)

[
(m−4lF)(F(

|du|2

2
))2+

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1.

If u is not a constant map, there exists constants R1 > 0 and c0 > 0 such that∫
B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≥ c0

for any R ≥ R1. Thus∫
∂B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
ds1 ≥

Λc0

R
,∀R ≥ R1.

Since ΦS,F is slowly divergent, then

lim
R→+∞

∫
B(R)

(m − 4lF)[F( |du|2
2 )]2 +

4d2
F

m [F(
√

m
2 ||u

∗h||)]2

ψ(r)
dv1

=

∫ +∞

0

dR
ψ(R)

∫
∂B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
ds1

≥

∫ +∞

R1

dR
ψ(R)

∫
∂B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
ds1

≥

∫ +∞

R1

dR
ψ(R)

c0Λ

R

= c0Λ

∫ +∞

R1

dR
Rψ(R)

= +∞.

This contracts with (15). Therefore, u is a constant map and SF = 0.
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5. Vanishing results under the asymptotic condition

In this section, using a similar technique in [16], we can derive a Liouville theorem for theΦS,F-harmonic
map. Furthermore we can obtain the vanishing result of F-stress energy tensor SF. First we give the lower
ΦS,F functional growth rate for the ΦS,F-harmonic map by using the monotonicity formula.

Proposition 5.1. Let u : (Mm, 1) → (Nn, h) be a ΦS,F-harmonic map from a complete Riemannian manifold with a
pole x0. r(x) is the distance function relative to the pole x0. If r(x) satisfies (9) and u is not constant, then∫

B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≥ C(u)RΛ as R→ +∞,

where C(u) is a positive constant only depending on u.

Proof. Since u satisfies the condition in Theorem 4.1, we have∫
B(ρ)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

ρΛ
≤

∫
B(R)

[
(m − 4lF)(F( |du|2

2 ))2 +
4d2

F
m (F(

√
m

2 ||u
∗h||))2

]
dv1

RΛ

for any 0 < ρ < R. Note that u is not a constant map, there exists some ρ > 0 such that∫
B(ρ)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 > 0.

Set C(u) =

∫
B(ρ)

[
(m−4lF)(F( |du|2

2 ))2+
4d2

F
m (F(

√
m

2 ||u
∗h||))2
]

dv1

ρΛ , then∫
B(R)

[
(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2

]
dv1 ≥ C(u)RΛ.

This completes the proof of the proposition.

Set

ER
ΦS,F

(u) =
∫

B(R)

[
(m − 4lF)

(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2]
dv1.

Next we will use the assumption for the map at infinity to derive an upper bound for the growth rate of
ER
ΦS,F

(u) as R→ +∞.

Proposition 5.2. Let u : (Mm, 1)→ (Nn, h) be a ΦS,F-harmonic map from a Riemannian manifold M with a pole x0.
Suppose lF > 0 and F(

√
m

2 ||u
∗h||)F′(

√
m

2 ||u
∗h||) < +∞ . Assume that r(x) satisfies (9) and (

∫ +∞
R

1
vol(∂Br)

dr)−1
≤ C0RΛ

for R large enough. If u(x)→ p0 ∈ N as r(x)→ +∞, then u must be a constant map, or there exists positive constants
R0, C, c(u) and η(R)→ 0 as R→ +∞, such that

ER
ΦS,F

(u) ≤ C(
η(R)
2lF
+

c(u)
Rσ

)Rσ f or R ≥ R0.

Proof. Suppose the ΦS,F-harmonic map u is not constant, then by Proposition 5.1, the ΦS,F-energy of u must
be infinite. That is, ER

ΦS,F
(u)→ +∞ as R→ +∞.

Choose a local coordinate neighborhood (U, ϕ) of p0 in Nn, such that ϕ(p0) = 0, and h =
∑n
α,β=1 hαβdyα ⊗

dyβ, y ∈ U satisfies

(
∂hαβ(y)
∂yγ

yγ + 2hαβ(y)) ≥ (hαβ(y)) on U



G. He / Filomat 39:17 (2025), 5973–5997 5987

in the matrices sense (that is , for two n × n matrices A,B, by A ≥ B, we mean that A − B is a positive
semi-definite matrix).

Now the assumption that u(x) → 0 as r(x) → +∞ implies that there exists an R1 such that u(x) ∈ U for
r(x) > R1 and

(
∂hαβ(u)
∂uγ

uγ + 2hαβ(u)) ≥ (hαβ(u)) f or r(x) > R1. (16)

For ω ∈ C2
0(Mm

\ B(R1), ϕ(U)), we consider the variation u + tω : Mm
→ Nn defined as follows:

(u + tω)(q) =
{

u(q), i f q ∈ B(R1)
ϕ−1[(ϕ(u) + tω)(q)], i f q ∈M \ B(R1)

for sufficient small |t|. By the definition of ΦS,F-harmonic maps, we have

d
dt

∣∣∣∣
t=0

EΦS,F (u + tω) = 0,

that is,∫
M\B(R1)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ

∂uα

∂xi

∂ωβ

∂x j
+
∂hαβ
∂uζ

ωζ
∂uα

∂xi

∂uβ

∂x j

]
dv1

+

∫
M\B(R1)

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ

∂uα

∂xi

∂ωβ

∂x j
+
∂hαβ
∂uζ

ωζ
∂uα

∂xi

∂uβ

∂x j

]
hγδ

∂uγ

∂xk

∂uδ

∂xl
dv1 = 0

(17)

Now taking ω(x) = φ(r(x))u(x) in (17) for φ(r) ∈ C∞0 (R1,+∞), we obtain∫
M\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]
× φ(r(x))

∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

+

∫
M\B(R1)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]
φ(r(x))

∂uα

∂xi

∂uβ

∂x j
dv1

+ 2
∫

M\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂φ(r(x))
∂x j

× uβhγδ
∂uγ

∂xk

∂uδ

∂xl

}
dv1

+ 2
∫

M\B(R1)
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂φ(r(x))
∂x j

uβdv1 = 0
(18)

By the standard approximation argument, (18) holds for any Lipschitz function φ with compact support.
For 0 ≤ ε ≤ 1, we define

ψε(t) =


1, t ≤ 1;

1 + 1−t
ε , 1 < t < 1 + ε;

0, t ≥ 1 + ε.

and choose the Lipschitz function φ(r(x)) to be

φ(r(x)) = ψε(
r(x)
R

)(1 − ψ1(
r(x)
R1

)), R > R2 = 2R1. (19)
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By (19), we have∫
M\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]
× φ(r(x))

∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

=

∫
B(R2)\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]

× (1 − ψ1(
r(x)
R1

))
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

+

∫
B(R)\B(R2)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]
×
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

+

∫
B((1+ε)R)\B(R)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]

× ψε(
r(x)
R1

)
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

(20)

and ∫
M\B(R1)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]
φ(r(x))

∂uα

∂xi

∂uβ

∂x j
dv1

=

∫
B(R2)\B(R1)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]
(1 − ψ1(

r(x)
R1

))
∂uα

∂xi

∂uβ

∂x j
dv1

+

∫
B(R)\B(R2)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]∂uα

∂xi

∂uβ

∂x j
dv1

+

∫
B((1+ε)R)\B(R)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]
ψε(

r(x)
R1

)
∂uα

∂xi

∂uβ

∂x j
dv1 (21)

and

2
∫

M\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂φ(r(x))
∂x j

× uβhγδ
∂uγ

∂xk

∂uδ

∂xl

}
dv1

= −2
∫

B(R2)\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi
×

∂ψ1( r(x)
R1

)

∂x j
uβhγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

= −2
1

Rε

∫
B((1+ε)R)\B(R)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ ×

∂uα

∂xi

∂r(x)
∂x j

uβhγδ
∂uγ

∂xk

∂uδ

∂xl

}
dv1 (22)

and

2
∫

M\B(R1)
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂φ(r(x))
∂x j

uβdv1

= −2
∫

B(R2)\B(R1)
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂ψ1( r(x)
R1

)

∂x j
uβdv1

= −2
1

Rε

∫
B((1+ε)R)\B(R)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβdv1

(23)
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By (18), (20), (21), (22), (23) and letting ε→ 0, we have∫
B(R)\B(R2)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]
×
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

+

∫
B(R)\B(R2)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]∂uα

∂xi

∂uβ

∂x j
dv1 +D(R1)

= 2
∫
∂B(R)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂r(x)
∂x j

× uβhγδ
∂uγ

∂xk

∂uδ

∂xl

}
ds1

+ 2
∫
∂B(R)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβds1,

(24)

where D(R1) is given by the following

D(R1) =
∫

B(R2)\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl

[
2hαβ +

∂hαβ
∂uζ

uζ
]

× (1 − ψ1(
r(x)
R1

))
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

+

∫
B(R2)\B(R1)

{
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)1i j
[
2hαβ +

∂hαβ
∂uζ

uζ
]
× (1 − ψ1(

r(x)
R1

))
∂uα

∂xi

∂uβ

∂x j

}
dv1

− 2
∫

B(R2)\B(R1)

{ 4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||))1ik1 jlhαβ

∂uα

∂xi
×

∂ψ1( r(x)
R1

)

∂x j
uβhγδ

∂uγ

∂xk

∂uδ

∂xl

}
dv1

− 2
∫

B(R2)\B(R1)
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂ψ1( r(x)
R1

))

∂x j
uβdv1.

Now we estimate the term on the left hand of (24). Take any point p ∈ ∂B(R). It is easy to known that the
term ∑

i, j,k,l,α,β,γ,δ

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂r(x)
∂x j

uβhγδ
∂uγ

∂xk

∂uδ

∂xl

+
∑
i, j,α,β

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβ

does not depend on the coordinate on M and N at point p and u(p). So we choose the adapted coordinate
systems on M and N such that 1i j(p) = δi j, 1i j(p) = δi j and hαβ(u(p)) = δαβ. We compute at p.∑

i, j,k,l,α,β,γ,δ

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂r(x)
∂x j

uβhγδ
∂uγ

∂xk

∂uδ

∂xl

+
∑
i, j,α,β

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβ

=

m∑
i, j=1

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)

[ n∑
α=1

∂r(x)
∂x j

∂uα

∂xi
uα
][ n∑
γ=1

∂uγ

∂xi

∂uγ

∂x j

]
+

m∑
i=1

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ n∑
α=1

∂uα

∂xi
uα
]∂r(x)
∂xi

≤
4d2

F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)

[ m∑
i, j=1

(
n∑
α=1

∂r(x)
∂x j

∂uα

∂xi
uα)2
] 1

2
[ m∑

i, j=1

(
n∑
γ=1

∂uγ

∂xi

∂uγ

∂x j
)2
] 1

2
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+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

(
n∑
α=1

∂uα

∂xi
uα)2
] 1

2
[ m∑

i=1

(
∂r(x)
∂xi

)2
] 1

2

=
4d2

F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)

[ m∑
i=1

(
n∑
α=1

∂uα

∂xi
uα)2
] 1

2
[ m∑

i, j=1

(
n∑
γ=1

∂uγ

∂xi

∂uγ

∂x j
)2
] 1

2

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

(
n∑
α=1

∂uα

∂xi
uα)2
] 1

2

=
4d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

[ m∑
i=1

(
n∑
α=1

∂uα

∂xi
uα)2
] 1

2

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

(
n∑
α=1

∂uα

∂xi
uα)2
] 1

2

≤
4d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

[ m∑
i=1

n∑
α=1

∂uα

∂xi

∂uα

∂xi

n∑
α=1

(uα)2
] 1

2

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

n∑
α=1

∂uα

∂xi

∂uα

∂xi

n∑
α=1

(uα)2
] 1

2

=
{ 4d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

[ m∑
i=1

(
n∑
α=1

∂uα

∂xi

∂uα

∂xi
)
] 1

2

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

n∑
α=1

∂uα

∂xi

∂uα

∂xi

] 1
2
}[ n∑
α=1

(uα)2
] 1

2

≤

{ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||) 4√m

[ m∑
i=1

(
n∑
α=1

∂uα

∂xi

∂uα

∂xi
)2
] 1

4

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

n∑
α=1

∂uα

∂xi

∂uα

∂xi

] 1
2
}[ n∑
α=1

(uα)2
] 1

2

=
{ 4d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||) 4√m

[ m∑
i=1

(h(du(
∂
∂xi

), du(
∂
∂xi

))2
] 1

4

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

h(du(
∂
∂xi

), du(
∂
∂xi

))
] 1

2
}[ n∑
α,β=1

hαβuαuβ
] 1

2

≤

{ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||) 4√m

[ m∑
i, j=1

(h(du(
∂
∂xi

), du(
∂
∂x j

))2
] 1

4

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)
[ m∑

i=1

h(du(
∂
∂xi

), du(
∂
∂xi

))
] 1

2
}[ n∑
α,β=1

hαβuαuβ
] 1

2

=
{ 4d2

F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||) 4√m||u∗h||

1
2

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)(|du|2)

1
2

}[ n∑
α,β=1

hαβuαuβ
] 1

2

≤ max{2dF,
√

m − 4lF}
[
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

] 1
2
[ n∑
α,β=1

hαβuαuβ
] 1

2
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×

{[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h||

] 1
2
+
[
(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

] 1
2
}

≤

√

2 max{2dF,
√

m − 4lF}
[
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβ
] 1

2

×

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

] 1
2
.

Here we have used |∇r|2 = 1 and the concave property of the function f (x) = x
1
2 for x ≥ 0. So the following

result holds

∑
i, j,k,l,α,β,γ,δ

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂r(x)
∂x j

uβhγδ
∂uγ

∂xk

∂uδ

∂xl

+
∑
i, j,α,β

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβ

≤

√

2 max{2dF,
√

m − 4lF}
[
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβ
] 1

2

×

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

] 1
2
.

Integrating this inequality over ∂B(R), then applying Hölder’s inequality, we have

∫
∂B(R)

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂r(x)
∂x j

uβhγδ
∂uγ

∂xk

∂uδ

∂xl
ds1

+

∫
∂B(R)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂r(x)
∂x j

uβds1

≤ C1

∫
∂B(R)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

] 1
2

×

[
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβ
] 1

2 ds1

≤ C1

{ ∫
∂B(R)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
ds1
} 1

2

×

[ ∫
∂B(R)

F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβds1
] 1

2
,

(25)

where C1 = 2
√

2 max{2dF,
√

m − 4lF} is a positive constant.
By (16), we have

∫
B(R)\B(R2)

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jl[2hαβ +

∂hαβ
∂uζ

uζ]
∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl
dv1

+

∫
B(R)\B(R2)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i j[2hαβ +

∂hαβ
∂uζ

uζ]
∂uα

∂xi

∂uβ

∂x j
dv1 +D(R1)
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≥

∫
B(R)\B(R2)

4d2
F
√

m
||u∗h||−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)1ik1 jlhαβ

∂uα

∂xi

∂uβ

∂x j
hγδ

∂uγ

∂xk

∂uδ

∂xl
dv1

+

∫
B(R)\B(R2)

(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)1i jhαβ

∂uα

∂xi

∂uβ

∂x j
dv1 +D(R1)

=

∫
B(R)\B(R2)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
dv1

+D(R1).

(26)

By (24), (25) and (26), we have∫
B(R)\B(R2)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
dv1

+D(R1)

≤ C2

{ ∫
∂B(R)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
ds1
} 1

2

×

[ ∫
∂B(R)

F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβds1
] 1

2
, (27)

where C2 = 2C1 is a positive constant.
Set

Z(R) =
∫

B(R)\B(R2)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h||

+ (m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)|du|2

]
dv1 +D(R1), f or R > R2.

Then

Z′(R) =
∫
∂B(R)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
ds1. (28)

Using (27) and (28), we have

Z(R) ≤ C2[Z′(R)]
1
2

[ ∫
∂B(R)

F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβds1
] 1

2
. (29)

On the other hand, we have the following estimate.

Z(R) −D(R1)

=

∫
B(R)\B(R2)

[ 4d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + (m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2

]
dv1

≥ 2lF

∫
B(R)\B(R2)

[4d2
F

m
(F(
√

m
2
||u∗h||))2 + (m − 4lF)(F(

|du|2

2
))2
]
dv1.

(30)

Since lF > 0 and ER
ΦS,F

(u)→ +∞ as R→ +∞, there exists an R3 ≥ R2 such that Z(R) > 0 for R3 > 0. Thus from
(29), we have

(Z(R))2
≤ (C2)2Z′(R)

∫
∂B(R)

F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβds1 f or R > R3.
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If we denote

M(R) =
∫
∂B(R)

F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)

n∑
α,β=1

hαβuαuβds1,

then for any R4 > R > R3, it follows that∫ R4

R
(−

1
Z(r)

)′dr ≥
1

(C2)2

∫ R4

R

1
M(r)

dr.

Letting R4 → +∞ and noticing that Z(R) > 0, we have

1
Z(R)

≥
1

(C2)2

∫ +∞

R

1
M(r)

dr.

Thus

Z(R) ≤
C2

2∫
∞

R
1

M(r) dr
, f or R > R3. (31)

Note that F(
√

m
2 ||u

∗h||)F′(
√

m
2 ||u

∗h||) is uniformly bounded. According to the fact that u(x)→ 0 as r(x)→ +∞,
we get

M(R) ≤ c̃η(R) · vol(∂B(R))

where c̃ is a constant only depending on u and η(R) is chosen in such a way that
(i) η(R) is nonincreasing on (R3,+∞) and η(R)→ 0 as R→ +∞;
(ii) η(R) ≥ maxr(x)=R

∑n
α,β=1(hαβuαuβ)2.

Then by the assumption, we derive∫
∞

R

1
M(r)

dr ≥
1

c̃η(R)

∫
∞

R

1
vol(∂B(r))

dr ≥
1

c̃C0η(R)
R−Λ. (32)

Hence from (31) and (32), we have

Z(R) ≤ Cη(R)RΛ f or R ≥ R3, (33)

where C = C0(C2)2c̃ is a positive constant.
From (30) and (33), we obtain

ER
ΦS,F

(u) =
∫

B(R)

[
(m − 4lF)

(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2]
dv1

≤
1

2lF
(Z(R) −D(R1)) +

∫
B(R2)

[
(m − 4lF)

(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2]
dv1

≤
C

2lF
η(R)RΛ −

D(R1)
2lF

+

∫
B(R2)

[
(m − 4lF)

(
F(
|du|2

2
)
)2
+

4d2
F

m

(
F(
√

m
2
||u∗h||)

)2]
dv1

= C(
η(R)
2lF
+

c(u)
RΛ

)RΛ

for R > R3 = R0.

By Proposition 5.1 and Proposition 5.2, the following vanishing theorem for ΦS,F-harmonic map is
established.
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Theorem 5.3. Let u : (Mm, 1) → (Nn, h) be a ΦS,F-harmonic map from a Riemannian manifold M with a pole x0.
Suppose lF > 0 and F(

√
m

2 ||u
∗h||)F′(

√
m

2 ||u
∗h||) < +∞ .Asumme that r(x) satisfies (9) and (

∫ +∞
R

1
vol(∂Br)

dr)−1
≤ C0RΛ

for R large enough. If u(x)→ p0 ∈ N as r(x)→ +∞, then u is a constant map. Furthermore, we get SF = 0.

By using Theorem 5.3 and Lemma 4.5, we can apply the above vanishing theorem to some concrete pinched
manifolds.

Theorem 5.4. Let u : (Mm, 1) → (Nn, h) be a ΦS,F-harmonic map from a Riemannian manifold with a pole x0.
Suppose lF > 0, F(

√
m

2 ||u
∗h||)F′(

√
m

2 ||u
∗h||) < +∞ and (

∫
∞

R
1

vol(∂Br)
dr)−1

≤ CRΛ for R large enough. Assume that the
radial curvature Kr of M satisfies one of the following conditions:
(i) −α2

≤ Kr ≤ −β2 with α > 0, β > 0 and (m − 1)β − 4dFα > 0;
(ii) − A

(1+r2)1+ϵ ≤ Kr ≤
B

(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ and 1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ > 0;

(iii) −A(A−1)
r2 ≤ Kr ≤ −

B(B−1)
r2 with A ≥ B ≥ 1 and 1 + (m − 1)A − 4dFB > 0;

(iv) − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ] and 1 + (m − 1) 1+
√

1−4b2

2 − 2dF(1 +
√

1 + 4a2) > 0.
If u(x)→ p0 ∈ N as r(x)→ +∞, where

Λ =


m − 4dF

α
β , i f Kr satis f ies (i)

1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ , i f Kr satis f ies (ii)

1 + (m − 1)A − 4dFB, i f Kr satis f ies (iii)
1 + (m − 1) 1+

√

1−4b2

2 − 2dF(1 +
√

1 + 4a2), i f Kr satis f ies (iv)

then u is a constant map. So we have SF = 0.

In [31], the authors give the volume growth estimates under Ricci curvature conditions. Hence, applying
the results to the following cases, the right side of (

∫ +∞
R

1
vol(∂Br)

dr)−1
≤ C0RΛ can be expressed as a polynomial.

Corollary 5.5. Let u : (Mm, 1) → (Nn, h) be a ΦS,F-harmonic map from a Riemannian manifold with a pole x0.
Suppose lF > 0 and F(

√
m

2 ||u
∗h||)F′(

√
m

2 ||u
∗h||) < +∞. The radial curvature Kr of M satisfies one of the following two

conditions:
(i) − A

(1+r2)1+ϵ ≤ Kr ≤
B

(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ and 1 + (m − 1)(1 − B
2ϵ ) − 2dFe

A
2ϵ ≥ m − 2;

(ii) − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ] and 1 + (m−1)(1+
√

1−4b2)
2 − dF(1 +

√

1 + 4a2) ≥ (m−1)(1+
√

1+4a2)
2 − 1.

If u(x)→ p0 ∈ N as r(x)→ +∞, then u is a constant map. So we have SF = 0.

Proof. (i) From the condition of Kr, we have

Ric1(x) ≥ −
(m − 1)A

(1 + r2)1+ε ,∀x ∈M.

By a direct calculation, we have ∫
∞

0

Ar
(1 + r2)1+ϵ dr =

A
2ϵ
.

Using the volume comparison theorem (cf. Corollary 2.17 in [31]), we obtain

vol(∂B(R)) ≤ ωme
(m−1)A

2ϵ Rm−1

where ωm is the (m − 1)-volume of the unit sphere in RN, and thus

(
∫
∞

R

1
vol(∂Br)

dr)−1
≤ (n − 2)ωme

(m−1)A
2ϵ Rm−2 f or r > R0.

(ii) It follows that

Ric1(x) ≥ −
(m − 1)a2

(1 + r(x)2)
,∀x ∈M.
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By the volume comparison theorem (cf. Corollary 2.17 in [31]), we have

vol(∂B(R)) ≤ CR(m−1)A′

where A′ = 1+
√

1+4a2

2 . So

(
∫
∞

R

1
vol(∂Br)

dr)−1
≤ CR(m−1)A′−1 f or r > R0.

Therefore using Theorem 4.2, the conclusion is immediately proved.

6. Constant Dirichlet boundary-value problems

In this section, we deal with constant Dirichlet boundary-value problems for ΦS,F-harmonic maps. As
in [14], we introduce starlike domains with C1-boundaries which generalize C1-convex domains.

Definition 6.1. A bounded domain D ⊂ (M, 1) with C1-boundary ∂D is called starlike if there exists an interior
point x0 ∈ D such that

⟨
∂
∂rx0

, ν⟩
∣∣∣∣
∂D
≥ 0,

where ν is the inner normal to ∂D, and for any x ∈ D \ {x0} ∪ ∂D, ∂
∂rx0

(x) is the unit vector tangent vector tangent to
the unique geodesic joining x0 to x and pointing away from x0.

Theorem 6.2. Let u : (Mm, 1)→ (Nn, h) be a C2 map from a Riemannian manifold M with a pole x0 and D ⊂M be
a starlike domain. Assume that lF ≥ 1

4 and u
∣∣∣
∂D is constant. If u is a ΦS,F-harmonic map, then u is constant on D

provided one of the following conditions is satisfied:
(i) −α2

≤ Kr ≤ −β2 with α > 0, β > 0 and (m − 1)β − 4dFα > 0;
(ii) − A

(1+r2)1+ϵ ≤ Kr ≤
B

(1+r2)1+ϵ with ϵ > 0, A ≥ 0, 0 ≤ B < 2ϵ and 1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ > 0;

(iii) −A(A−1)
r2 ≤ Kr ≤ −

B(B−1)
r2 with A ≥ B ≥ 1 and 1 + (m − 1)A − 4dFB > 0;

(iv) − a2

1+r2 ≤ Kr ≤
b2

1+r2 with b2
∈ [0, 1

4 ] and 1 + (m − 1) 1+
√

1−4b2

2 − 2dF(1 +
√

1 + 4a2) > 0.

Proof. Set X = r ∂∂r , where r = rx0 . From the proof of Theorem 4.1 and Lemma 4.3, we get

⟨SΦS,F ,
1
2

Lr ∂
∂r
1⟩ ≥ Λ[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2], (34)

where

Λ =


m − 4dF

α
β , i f Kr satis f ies (i)

1 + (m − 1)(1 − B
2ϵ ) − 4dFe

A
2ϵ , i f Kr satis f ies (ii)

1 + (m − 1)A − 4dFB, i f Kr satis f ies (iii)
1 + (m − 1) 1+

√

1−4b2

2 − 2dF(1 +
√

1 + 4a2), i f Kr satis f ies (iv)

Let x ∈ ∂D and choose a local orthonormal frame field {e1, · · · , em−1, ν} on TxM such that {e1, · · · , em−1}

is a orthonormal frame field on Tx∂D. Since u
∣∣∣
∂D is constant, we get du(ei) = 0, i = 1, · · · ,m − 1 and
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du( ∂∂r ) = ⟨ ∂∂r , ν⟩du(ν). Hence at x

SΦS,F (r
∂
∂r
, ν) = r

{
[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]⟨

∂
∂r
, ν⟩1 − h(du(

∂
∂r

), σF,u(ν))
}

= r
{
[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]⟨

∂
∂r
, ν⟩

− h(du(
∂
∂r

),
8d2

F
√

m
(||u∗h||)−1F(

√
m

2
||u∗h||)F′(

√
m

2
||u∗h||)h(du(ν), du(ν))du(ν)

+ 2(m − 4lF)F(
|du|2

2
)F′(
|du|2

2
)du(ν))

}
= r
{
[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]⟨

∂
∂r
, ν⟩

− ⟨
∂
∂r
, ν⟩[

8d2
F
√

m
F(
√

m
2
||u∗h||)F′(

√
m

2
||u∗h||)||u∗h|| + 2(m − 4lF)F(

|du|2

2
)F′(
|du|2

2
)|du|2]

≤ r
{
[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]⟨

∂
∂r
, ν⟩

− 4lF[
4d2

F

m
(F(
√

m
2
||u∗h||))2 + (m − 4lF)(F(

|du|2

2
))2]⟨

∂
∂r
, ν⟩
}
.

≤ r⟨
∂
∂r
, ν⟩(1 − 4lF)[(m − 4lF)(F(

|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2].

(35)

Since D is starlike, by (8) and (35)∫
D
⟨SΦS,F ,

1
2

Lr ∂
∂r
1⟩dv1 ≤ 0. (36)

From (34) and (36), we have∫
D

[(m − 4lF)(F(
|du|2

2
))2 +

4d2
F

m
(F(
√

m
2
||u∗h||))2]dv1 = 0.

Therefore u is constant on D.
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