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Abstract. Let p be an odd prime. We consider the solution sets
S{p)={neZ,In=a+b=ab (mod p)
and

S (p)=(ne Z;z |[n=a-b=ab (mod p*)},

where Z;z denote a reduced residue system modulo p>. We also establish congruences about sum and

product of the residues or quadratic residues in S, (p?) or in S_(p?) modulo p?. Finally, we obtain the number
of solution sets based on the classification of prime numbers, where a and b are quadratic residues or
quadratic non-residues, respectively.

1. Introduction
Let R and N be the set of quadratic residues and quadratic non-residues modulo p, in [2], define
RR:{aez;|aeR,a+1eR},NN:{an§,|aeN,a+1eN}
and
RNz{an;|aeR,a+1eN},NR={an;|aeN,a+leR},

where Z; denote a reduced residue system modulo p. Then

—4 (= _ =1
P4 (5) 2 6

IRR = —— — &
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24 (=L
=2+ 5) o

r-(3)

where (5) denotes the Legendre symbol, see [2], [5] and [1]. Recently, we [3] considered the sum and
product properties of solutions of the following equations

IRN| = /INR| =

n=a+b=ab (mod p)
and
n=a-b=ab (mod p)
with n € Z,. Analogs of Wilson’s and Wolstenholme’s theorems on the solution sets
{neZ,In=a+b=ab (modp)},
nezZ,\n=a-b=ab (mod p),

neN|n

{

fneR|n=a+b=ab (mod p)},
{ a+b=ab (mod p)},
{

neR|n=a-b=ab (modp)},

and
meN|n=a-b=ab (mod p)}

are given. In this paper, we consider the sum and product properties of solutions of the following congru-
ences

n=a+b=ab (mod p? 3)
and

n=a-b=ab (mod p? (4)
withn € Z;Z. Define the solution sets

S.(p*)={ne Z;z |n=a+b=ab (mod p*)}
and

S_(pz) ={ne Z;z |[n=a-b=ab (mod pz)}.
We consider the distribution of quadratic residues on the solution sets and give congruences for the sum
and product of quadratic residues in those sets modulo p?.
2. Auxiliary Results

In order to prove the theorems, we need the following lemmas.

Lemma 2.1 ([3]). For any prime p > 3 and integer I, we have

Y- 0_(mod p) if’%{l,
B (modyp), iffr L

aeR

Zal =1 (mod 3).

aeR
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Lemma 2.2 ([3]). For any prime p > 3, we have

_ _1(-1
[Ta-v= H}<a—1>=§(7) (mod ),

aeR\({1} a€R\{1,2
1

sy 4T 1

(mod p).

=~ W

Lemma 2.3 ([2]). Let m > 1 be an arbitrary integer. Then

1 (mod m),  otherwise.

1—[ iz -1 (mod m), ifm=24,p*2p%
1<i<m
(i,m)=1

Let R,;, denote the set of quadratic residues modulo m.

Lemma 2.4 ([4]). Let p be an odd prime and e > 1 be an integer. Then a € Ry if and only if a € R,.

3. On the solutions of equation (3)

For the rest of this article, we say that n (mod p?) is a solution of (3) or (4) if there is a pair (a,b) such
that (3) or (4) holds.

Theorem 3.1. Let p > 3 be a prime. For each solution n, except for the case of a = b = 2 (mod p), there is only one
(n,a,b) that satisfying (3) apart from the order of (a, ).

Proof. Ifa =1 (mod p), congruence (3) has no solution. For any (a(a — 1)), p?) = 1, congruence
a+b-ab=0 (mod p?

has exactly one solution b = a/(a — 1) (mod p?). Assume that both (1,a1,b1), (1,42, by) satisfy (3). Then, we
have

a a
G+ ——=a+—— (mod p?)
az

a1—1 -1
or

(a1 + ap — maz) (a1 — ap)
(a1 -1)(@a2-1)

which means a; = a; (mod p?) ora; = o} (mod p?) or a; = ay =2 (mod p) (Let go of the situation where
a1 = a, = 0 (mod p)). This indicates that except for the case of 4 = b = 2 (mod p), all other solutions are
unique apart from the order of (g, b).

=0 (mod p?),

Ifa=b=2 (mod p), leta =2+ pk (mod p?), then b = %’z (mod p?) and

2+ pk )
n=a+b=2+pk+1+pk=4 (mod p?).

O

Theorem 3.2. Let p be an odd prime. Then the product of solutions of (3)

_ 1 2
H nz—ﬁ (mod p?).

neSy (p?)
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Proof. From Theorem 3.1, we know thatalla and bexcepta =b =2 (mod p)anda =b =1 (mod p) in triples
(n,a,b) satisfying (3), are not congruent to each other. Hence, a and b traverse the residue class modulo p?
exactly once except 4, if we replace n with ab in the product. Therefore

2 H 1<1<p2 i
(ip*)=1 1 )
n= =E-= (mod p?).
nel?(l;ﬂ) abel;!:p ) Hl<]k<p 1(1 + ]p)(Z + kp) zp

a<b

by Lemma 2.3. [
Theorem 3.3. Let p > 3 be a prime and integer k with 0 < k < p — 1. Then the power sum of the solutions of (3)
Z n* = %;f&pgj_lp B g(zkk)z (mod p?), lf O<k<p-1,
nes. (p?) — (mod p?), ifk = 0.

Proof. For each a with (a(a — 1),p) = 1, we have

b= 1 (mod p?),
and 7 can be written as ab or ba with a,b # 2 (mod p) except when n = 4 (mod p?). Hence, for p > 3, let
a=ip+j (mod p?),0<i<p-1,3<j<p-1 wehave

p-1 p-1 2k
Z = Z (1P+]) +22k (mod pz).
nes, (p?) lp + ] -

i=0 j=3

3 ~1)(p-2
Ifk =0, then |S,(p?)| = Znes+(p2)n = (P ) 1= )Z(P )

1 p-1
[Z (ip + j)* ] 4o
(ip+j-1
p-1 p-1 2k(1+ 1P)2k

= % 2 + 2%

i=0 j=3 (] )k
1&-& j2k 2kzp kip o
=5;;0—1)k( + )= )+2
1 & 2kip  kip
=_ : (1 =r _ _) 22k
2;;‘(1—1)k A
-1 p-1
BED ) M L A
2L j -1
pol gk
P J
=5 T +2%  (mod p?)
=

If 0 < k < p -1, by the proof of Theorem 3.3 in [3], we obtain 25:31 =i —22% _ (2") (mod p). Hence,

Z nk = 2% %1y, g(Zkk) (mod p?).

nes, (p?)
O
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Theorem 3.4. Let p > 3 be a prime. Then for integer k with 0 < k < p — 1, the power sum of quadratic residues in
solutions of (3) satisfies

PG (mod p2), ifk=0,
nk = 2% 021y P (mod p?), if0<k<bB=,

A A e o R e A
2

Proof. Since n € S,(p?), we have n = ‘% (mod p?). If n € S,(p*) N Rz, then a — 1 is a quadratic residue
modulo p?. By Lemma 2.4, we obtain a — 1 is also a quadratic residue modulo p. Leta = ip+ j (mod p?),0 <
i<p-1,3<j<p-1l,ifa-1€Rp, thena-1€R,ie,j—1€R,.

1 a2k

k — 2k 2k
= - -2 2
Z n 2 Z (a — 1)k P +

ne€S. (p?)NR 2 a-1€R »
-1 p .
115 (ip +7) - )
=5 . +2%  (mod p°)
2 ;‘ ; (1p+] 1)k P
]—IERV
= 2 Ay =1
If k = 0, by Lemma 2.1, we have [S. (p) N Ryz| = g? - ;2_;1+(2p ) b1 =0 Z( . )+4. For0 <k <p-1, wehave
-1 p-1
Y w=lY Y @
- ETY;
neS+(p2)me2 2 i=0 /-]‘1:52,, (lp +] 1)
p-1 p-1 ok . .
2k k
=2 . -(1+ Pyt - ) 4 o2
21‘:0'1:3 (]_1) ) -1
j—1€Rp
p-1 p-1 ok .
2 i=0 =3 (] - 1)k ] -1
7—15RP
_1 p-1 p-1 2 a 2kip  kip ) 4 0%
2 =3 =0 (j_l)k ] -1
j-1€Rp
p—l 2k
=2 .] -+ 22k
2 j=3 (] - 1)
j-1€Rp
p-l 2%
-1+1
= E (] k) + 22k
2 =3 (] - 1)
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-1

2% p 14+(2
- g (2k) Z (] _ 1)t—k 1= #(_1)1,‘—1( + 22k

% 2k &
= g ( ) Z (-1 —2%1p + 2% (mod p?).

By Lemma 2.1, if 0 < k < £&*, then

Z nk = 2% — %1y, _ Z(Zkk) (mod p?).

n€S+(p2)anz

If % <k<p-1,exceptt—k =0, ipTl, other terms in the first sum are congruent to 0 modulo p? by Lemma
2.1, thus

k_ ook _ogok1, PP 1((2k 2k 2k

Z nt=2"-2 p+2—2 ((k +k—p;1+k+”;1

}1ES+(p2)ﬁRPZ 2 2
_ o2k ook, _ P ([2k 2k )
=27 -2%"p 4((k)+2(k—’%1 (mod p”).

O

By Theorem 3.3, Theorem 3.4 and

Z(g)nk: Y owo Y w2 Y oa- Yo

nesS.(p?) 11ES+(p2)ﬂRp2 n€S+(p2)ﬁNp2 n€S+(p2)ﬂsz neS.(p?)
where N, is the set of quadratic non-residues modulo p*. We obtain the following corollary.

Corollary 3.5. Let p > 3 be a prime and arbitrary integer k with 0 < k < p — 1. Then

L3 P
P

1-5(1+(3)) (mod p?), ifk=0,
2% —22%-1p  (mod p?), if 0 f k<2
22k _ 921y p(k_zf%) (mod p?), if - <k<p-1.

In particular, we obtain

IS+(p*) N Np| = 1S, (pH)| = IS+(p*) N Ry
CpPodpe2 Pod-p(3)+4
B 2 a 4
_r-wee(3)
ik ALL Y
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4. On the solutions of equation (4)

1l
|
e~

Theorem 4.1. Let p > 3 be a prime. For each solution n, except for the case of a = —b = -2 (mod p),n
(mod p?), the solutions of (4) come in pairs of the form (n,a,b) and (n, p* — b, p* — a).

Proof. Ifa = -1 (mod p), congruence (4) has no solution. For any (a(a + 1)), p?) = 1, congruence
a-b-ab=0 (mod p?

has exactly one solution b = a/(a + 1) (mod p?). Assume that both (n,a1,b1), (n,a2,b3) satisfy (4). Then, we
have

— ) = — % 2
“ a1+1_a2 a+1 (mOdP)
or
(11 +ax + man) (a1 — az) _ 2
@+ D@+n 0 medr)
which means a; = 4, (mod p?) or a; = —a2+1 (mod p?) or a; = a; = -2 (mod p) (Let go of the situation

where a; = a, = 0 (mod p)). This indicates that except for the case of 2 = —=b = -2 (mod p), all other
solutions come in pairs of the form (1,4, b) and (n, p* — b, p* — a).

Ifa=-2 (mod p), leta = -2+ pk (mod p?), thenbs% (mod p?) and
ca—b=—24pk- 2P 4 (mod p?
n=a-b= p Tk (mod p?).

O

Theorem 4.2. Let p > 3 be a prime and integer k with 0 < k < p — 1. Then the power sum of the solutions of (4)

T e[ ) ot ozt

(P-D(p-2) .
nes_(p?) % (mod Pz)/ ifk=0.

Proof. For each a with (a(a + 1),p) = 1, we have

a
a+1

b

(mod p?),

and 7 can be uniquely written as ab or (p> — b)(p*> — a) except n = —4 = —2x 2 (mod p?). Hence, for p > 3, let
a=ip+j (mod p?),0<i<p-1,1<j<p-3 wehave

p-1p-3 k
Y, = [ G+ ] + (=4 (mod p?).

nes_(p?) i=0 j=1 lp + ] * 1
If k =0, then |S_(p2)| = @ +1= w. If 0 < k < p—1, similar to the proof of Theorem 3.3, we obtain

LR )L
Z 2[ Z p+]+1 =4

nes_(p?) i=0 j=1

k(n2k  ~oke1, P(2k 2
(-1 (2 -2 p—z(k)) (mod p?).
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Theorem 4.3. Let p be a prime, then the product of solutions of (4)

__ 1 (A 2
m:—zp_2( ” ) (mod p?).
meS_(p?)

Proof. We see that (a, -%5), (— %4, a) satisfy congruences (3), (4) separately. Therefore, by Theorem 4.2

[T m=0= [ n=0% J] n (modp.

meS_(p?) neS,(p?) nes., (p?)

Then, by Theorem 3.2, we obtain the theorem. [J

Theorem 4.4. Let p > 3 be a prime. Then for integer k with 0 < k < p — 1, the power sum of quadratic residues in
solutions of (4) satisfies

nes_ (pZ)ORPZ

2 _Ap—(p=2)( =L
rw (mod p?), ifk=0,
k
411+ (F) -2 - SFEE)  (mod p?), ifo<k<Z2,
_ _ = _ pp-1
7 (14 () -2 - (B +2(2) (%) @od ), 5 <k<p-1.
Proof. Since n € S_(p*), we have n = [ﬁzl (mod p?). If n € S_(p*) N Ryz, then a + 1 is a quadratic residue

modulo p?. By Lemma 2.4, we obtain a + 1 is also a quadratic residue modulo p. Leta = ip+ j (mod p?),0 <
i<p-1,1<j<p-3/ifa+t1€Rp, thena+1€R,ie,j+1€R,

p=1 p-3 ok =4y
1 (ip +J) (,,
k— * _k 2
L "L L gy T e
1165_(;72)me2 i=0 j=1
j+1€Rp
= - 24— (p—2)( =L
If k = 0, by Lemma 2.1, we have IS_(p?) NRp| = g% - %’H(z”) + 1+(2”) _ (p42)( L )+2. ForO<k<p-1,

we have

2,

neS,(pZ)ﬂsz

-1 p-3 2k . , 1+ (—_1)
15 2ki ki
=3 I —a+=ha- )+ o
L b (j+1) j+
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p-3 ok 1+ ()
_P ] k p
=z Z O +(—4)
p-3 2k =1
o (G+1-1) ‘ ( v )
) Z‘ (j + 1) (- 2
2k p-3 =1
_ §Z< 1>2k-f(2tk) N G+ D (-0 %)
=0 =
14 = +[2k & . t—k 1+ (%]) f—k kl + (%)
=7 tzo(_l)(f) ;wn —1- — ) (-
2k p=2 =1 -1
P 2k . —k ( p ) —k k ( p 2
=§t=0<—1>f(t) ;(]+1)t LD [+ (-4 = (mod p?)

ByLemmaZ.l,ifO<k<’%l,then
1+ (&) -1 1+

ko ayr? P2\t op ol T\
Y, = +2(1)(k)2 (4 —

nES_(pz)ﬂsz
1)k
= (—4)F! (1 +(_71)) (p—2) - ( Z) P (Zkk) (mod p?).

If % <k<p-1,exceptt—k =0, i”%l, other terms in the first sum are congruent to 0 modulo p? by Lemma
2.1, thus

Y, A=

neS,(pZ)ﬂRpg
1+(3) -1 2k L 2k L 2k
k P PP k k=1t Ykt
R S e (o v K e R e
1+(;1)
P k P
B

-1

GGy 2k o 2k p .
a2t ) e )

-1
2
-1 -1)p ((2k -1\( 2k
s (G2 S AT e
By Theorem 4.2, Theorem 4.4 and

Z(g)nk= Y - Y =2 Y ae Y

neS_(p?) nES,(pz)ﬁsz neS,(pZ)ﬂsz neS,(pZ)ﬂsz neS_(p?)

O

we obtain the following corollary.
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Corollary 4.5. Let p > 3 be a prime and arbitrary integer k with 0 < k < p — 1. Then

nes_(p?)
(5)-5(+(5) (modp, ifk=0,
(4 (1-5)(5) (mod p?), if 0 <k<i3,
(4 (1-5) - D)) (3)  (mod ), if G <k<p-1.

In particular, we obtain
IS-(*) N N2l = IS-(p)| = IS-(p*) N Rpz|
_pPP-3p+2 P2_4P_(P_2)(_71)+2
2 1
Pewrp-2(F)+2
= 1 )

5. Problem

In the last section, we further consider the solution sets

S.(RR)={n¢€ Z;z |[n=a+b=ab (mod pz),a,b € Ry},

S+(NN)={neZ;2|nEa+bEab (mod pz),a,besz},
S+«(RN)={neZ,|n=a+b=ab (mod p*),a € Ry, b € Ny},
SiNR)={n€Z,|n=a+b=ab (mod p*),a € Nyp, b € R},
S_(RR)Z{HEZ;2|nEa—bE{1b (mod pz),a,besz},
S-(NN)={neZ,|n=a-b=ab (mod p),a,b € Nz}
S-(RN)={n€Z,|n=a-b=ab (mod p*),a € Ry, b€ Ny}
and
S-(NR)={ne€Z,|n=a-b=ab (mod p*),a € Ny, b€ Rp).

If n € S4(RR), sincen =a+b =ab (mod p?),a,b € R,2, wehaveb = -5 (mod p*)anda-1¢€ Ry2. Then both
a — 1 and a are quadratic residues modulo p?>. Due to symmetry, |S,(RR)| is half the number of pairs (a, b)
(mod p?) such that n = a + b = ab (mod p?),a,b € Ry or half the number of pairs (2 — 1,4) (mod p?) such

that both a — 1 and a are quadratic residues modulo p?, excepta =2 (mod p?). Since

(g) 1, p=+1 (mod 8), )
p) p=+3 (mod 8),

—_2 ], p=13 (mod8), —_1 )1, p=15 (mod8), ©)
p)] 1-1, p=57 (mod8),\p/) |-1, p=37 (modS8),
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By Lemma 2.4 and (5), we obtain a — 1 and a are also quadratic residues modulo p. Leta = ip +
(mod p?),0<i<p-1,3<j<p-1,j-1,j€R, where j=2¢€R, or N, needs to be considered separately.
we have

\RRl 1

p +1, p=+1 (mod8),
RR)| =
1S+(RR)| {p \RZRIl p=+3 (mod 8).

Similarly, we can obtain

[RN]|

P P
IS+(NN)| = {puw 141, p=

If n € S.(RN) or n € S, (NR), due to symmetry, we have
1
[S+(RN)| = [S.(NR)| = 5 [S+(#) N Npa] .
Similarly, by Lemma 2.4 and (6), we obtain 2 and a + 1 are also quadratic residues modulo p. Leta = ip + j

(mod p?),0<i<p-1,1<j<p-3,jj+1€Ry,wherej=p-2€R,orN,needs to be considered separately.
we can obtain

‘RR|1+1 =1 (mod 8),
SRR = 1Pz Tl PEL (medd)
P, p=3,57 (mod 8).

INR| _
P, p=1,3,7 (mod 8),
S_(NN
I5-(NN)I = {p'NRZ' ! +1, p=5 (mod §).

j 2 7 4 4 ( ),
S_(RN |RN|-1 =3 8

INN] =
P p=135 (modS8),
IS-(NR)| = {pINNI 1y, p=7 (mod 8).

Combining (1), (2) and Corollary 3.5, Corollary 4.5, we can calculate the specific value of S, (RR), S+(INN),
S+(RN), S+(NR) and S_(RR), 5_-(NN), S_(RN), S_(NR).

Define the solution sets

S:(pY)=neZ,|n=a+b=ab (mod p").

We know that |S.(p)| = p — in [3] and |S,(p?)| = e-)p-2) (p 2) by Theorem 3.3. By the proof of Theorem 3.1, we

obtain that except for the case of a = b =2 (mod p) all other ~ p )

order of (a, b).

solutions are unique apart from the

Leta=2+pk; +p*ka+ ...+ p*kyer (mod p*),0<k;<p-1,1<i<a-1,then

2+ pky +pPhy + .o P kg

b=
1+pky +p?ka + ...+ p* ko

(mod p®).
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And

2+ pky 4+ p*ha + .+ PP kg
1+pki +p?ky + ...+ p* ko
=2+ pky + ko + o+ P T K1 + R+ phy + PPy + o+ P )

n=a+b=2+pki+p’hky+ ...+ p* ko1 +

[1 - (pky + PPy + ... + p* ko) + (Pk1 + PPho + .o+ P T k1)?
o+ (D kg + pPho + o+ p ) Y

=4+ (pky + pPho + ...+ P hoer)? = (k1 + PP + o+ P )’
Fo+ (CD kg + PR + o+ P )

def a—1
=4+ zplsl (mod p%),
=2

where

si= ) kakn = Y kakiks,

ay+ay=l ay+ap+az=l
ay,ap>1 aq,ap03>1

DT Y Kk

ay+ag+..t+ay_q=l
1,09 My >1

We have s, = k%, S3 = 2k1k2 - k?, S4 = 2k1k3 + k% - 3](%](2 + k4, S5 = 2k1k4 + 2k2k3 - 3k§k3 - 3k1k§ + 4k‘;’k2 - k“;', e

If ki runs through a complete set of residues modulo p, then k2 runs through ’%1 classes of residues
modulo p. Hence,

_PZ(P—3)+P+1 _p-D*-2p-1)
B 2 2 2 :

1S+(p%)|

Ifky =0, thens, = 0,53 = 0,n =4 (mod p?). If k; runs through a reduced set of residues modulo p, then
k3 runs through p;zl classes of residues modulo p and 2kik, — k3 runs through p classes of residues modulo

p according to the given k;. Hence,

_PP(p-3) pp-1)  (p-D)p*-2p*-p-2)
=Ty e 2 '

1S+ (p*)

What would be the result of the solution set about additive and multiplicative congruences for modulo
higher powers of prime, or modulo any integers?
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