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Abstract. Let p be an odd prime. We consider the solution sets

S+(p2) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2)}

and

S−(p2) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2)},

where Z∗
p2 denote a reduced residue system modulo p2. We also establish congruences about sum and

product of the residues or quadratic residues in S+(p2) or in S−(p2) modulo p2. Finally, we obtain the number
of solution sets based on the classification of prime numbers, where a and b are quadratic residues or
quadratic non-residues, respectively.

1. Introduction

Let R and N be the set of quadratic residues and quadratic non-residues modulo p, in [2], define

RR = {a ∈ Z∗p | a ∈ R, a + 1 ∈ R},NN = {a ∈ Z∗p | a ∈ N, a + 1 ∈ N}

and

RN = {a ∈ Z∗p | a ∈ R, a + 1 ∈ N},NR = {a ∈ Z∗p | a ∈ N, a + 1 ∈ R},

where Z∗p denote a reduced residue system modulo p. Then

|RR| =
p − 4 −

(
−1
p

)
4

, |NN| =
p − 2 +

(
−1
p

)
4

, (1)
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|RN| =
p −

(
−1
p

)
4

, |NR| =
p − 2 +

(
−1
p

)
4

, (2)

where
(
·

p

)
denotes the Legendre symbol, see [2], [5] and [1]. Recently, we [3] considered the sum and

product properties of solutions of the following equations

n ≡ a + b ≡ ab (mod p)

and

n ≡ a − b ≡ ab (mod p)

with n ∈ Z∗p. Analogs of Wilson’s and Wolstenholme’s theorems on the solution sets

{n ∈ Z∗p | n ≡ a + b ≡ ab (mod p)},

{n ∈ Z∗p | n ≡ a − b ≡ ab (mod p)},

{n ∈ R | n ≡ a + b ≡ ab (mod p)},

{n ∈ N | n ≡ a + b ≡ ab (mod p)},

{n ∈ R | n ≡ a − b ≡ ab (mod p)},

and

{n ∈ N | n ≡ a − b ≡ ab (mod p)}

are given. In this paper, we consider the sum and product properties of solutions of the following congru-
ences

n ≡ a + b ≡ ab (mod p2) (3)

and

n ≡ a − b ≡ ab (mod p2) (4)

with n ∈ Z∗p2 . Define the solution sets

S+(p2) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2)}

and

S−(p2) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2)}.

We consider the distribution of quadratic residues on the solution sets and give congruences for the sum
and product of quadratic residues in those sets modulo p2.

2. Auxiliary Results

In order to prove the theorems, we need the following lemmas.

Lemma 2.1 ([3]). For any prime p > 3 and integer l, we have

∑
a∈R

al
≡

0 (mod p), if p−1
2 ∤ l,

p−1
2 (mod p), if p−1

2 | l,∑
a∈R

al
≡ 1 (mod 3).
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Lemma 2.2 ([3]). For any prime p > 3, we have∏
a∈R\{1}

(a − 1) ≡
∏

a∈R\{1,2}

(a − 1) ≡
1
2

(
−1
p

)
(mod p),

∑
a∈R\{1}

1
a − 1

≡
3
4

(mod p).

Lemma 2.3 ([2]). Let m > 1 be an arbitrary integer. Then

∏
1≤i≤m
(i,m)=1

i ≡

−1 (mod m), if m = 2, 4, pα, 2pα,
1 (mod m), otherwise.

Let Rm denote the set of quadratic residues modulo m.

Lemma 2.4 ([4]). Let p be an odd prime and e > 1 be an integer. Then a ∈ Rpe if and only if a ∈ Rp.

3. On the solutions of equation (3)

For the rest of this article, we say that n (mod p2) is a solution of (3) or (4) if there is a pair (a, b) such
that (3) or (4) holds.

Theorem 3.1. Let p > 3 be a prime. For each solution n, except for the case of a ≡ b ≡ 2 (mod p), there is only one
(n, a, b) that satisfying (3) apart from the order of (a, b).

Proof. If a ≡ 1 (mod p), congruence (3) has no solution. For any (a(a − 1)), p2) = 1, congruence

a + b − ab ≡ 0 (mod p2)

has exactly one solution b ≡ a/(a − 1) (mod p2). Assume that both (n, a1, b1) , (n, a2, b2) satisfy (3). Then, we
have

a1 +
a1

a1 − 1
≡ a2 +

a2

a2 − 1
(mod p2)

or

(a1 + a2 − a1a2) (a1 − a2)
(a1 − 1) (a2 − 1)

≡ 0 (mod p2),

which means a1 ≡ a2 (mod p2) or a1 ≡
a2

a2−1 (mod p2) or a1 ≡ a2 ≡ 2 (mod p) (Let go of the situation where
a1 ≡ a2 ≡ 0 (mod p)). This indicates that except for the case of a ≡ b ≡ 2 (mod p), all other solutions are
unique apart from the order of (a, b).

If a ≡ b ≡ 2 (mod p), let a ≡ 2 + pk (mod p2), then b ≡ 2+pk
1+pk (mod p2) and

n ≡ a + b ≡ 2 + pk +
2 + pk
1 + pk

≡ 4 (mod p2).

Theorem 3.2. Let p be an odd prime. Then the product of solutions of (3)∏
n∈S+(p2)

n ≡ −
1

2p−2 (mod p2).
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Proof. From Theorem 3.1, we know that all a and b except a ≡ b ≡ 2 (mod p) and a ≡ b ≡ 1 (mod p) in triples
(n, a, b) satisfying (3), are not congruent to each other. Hence, a and b traverse the residue class modulo p2

exactly once except 4, if we replace n with ab in the product. Therefore

∏
n∈S+(p2)

n ≡
∏

ab∈S+(p2)
a≤b

ab ≡

2
∏

1≤i≤p2

(i,p2)=1

i∏
1≤ j,k≤p−1(1 + jp)(2 + kp)

≡ −
1

2p−2 (mod p2).

by Lemma 2.3.

Theorem 3.3. Let p > 3 be a prime and integer k with 0 ≤ k < p − 1. Then the power sum of the solutions of (3)∑
n∈S+(p2)

nk
≡

22k
− 22k−1p − p

2
(2k

k
)

(mod p2), if 0 < k < p − 1,
(p−1)(p−2)

2 (mod p2), if k = 0.

Proof. For each a with (a(a − 1), p) = 1, we have

b ≡
a

a − 1
(mod p2),

and n can be written as ab or ba with a, b . 2 (mod p) except when n ≡ 4 (mod p2). Hence, for p > 3, let
a ≡ ip + j (mod p2), 0 ≤ i ≤ p − 1, 3 ≤ j ≤ p − 1, we have∑

n∈S+(p2)

nk
≡

1
2

 p−1∑
i=0

p−1∑
j=3

(ip + j)2k

(ip + j − 1)k

 + 22k (mod p2).

If k = 0, then |S+(p2)| =
∑

n∈S+(p2) nk =
p(p−3)

2 + 1 = (p−1)(p−2)
2 .

∑
n∈S+(p2)

nk
≡

1
2

 p−1∑
i=0

p−1∑
j=3

(ip + j)2k

(ip + j − 1)k

 + 22k

≡
1
2

p−1∑
i=0

p−1∑
j=3

j2k(1 + ip
j )2k

( j − 1)k(1 + ip
j−1 )k

+ 22k

≡
1
2

p−1∑
i=0

p−1∑
j=3

j2k

( j − 1)k
(1 +

2kip
j

)(1 −
kip

j − 1
) + 22k

≡
1
2

p−1∑
i=0

p−1∑
j=3

j2k

( j − 1)k
(1 +

2kip
j
−

kip
j − 1

) + 22k

≡
1
2

p−1∑
j=3

p−1∑
i=0

j2k

( j − 1)k
(1 +

2kip
j
−

kip
j − 1

) + 22k

≡
p
2

p−1∑
j=3

j2k

( j − 1)k
+ 22k (mod p2).

If 0 < k < p − 1, by the proof of Theorem 3.3 in [3], we obtain
∑p−1

j=3
j2k

( j−1)k ≡ −22k
−

(2k
k
)

(mod p). Hence,∑
n∈S+(p2)

nk
≡ 22k

− 22k−1p −
p
2

(
2k
k

)
(mod p2).
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Theorem 3.4. Let p > 3 be a prime. Then for integer k with 0 ≤ k < p − 1, the power sum of quadratic residues in
solutions of (3) satisfies

∑
n∈S+(p2)∩Rp2

nk
≡


p2
−4p−p

(
−1
p

)
+4

4 (mod p2), if k = 0,
22k
− 22k−1p − p

4
(2k

k
)

(mod p2), if 0 < k < p−1
2 ,

22k
− 22k−1p − p

4

((2k
k
)
+ 2

( 2k
k− p−1

2

))
(mod p2), if p−1

2 ≤ k < p − 1.

Proof. Since n ∈ S+(p2), we have n ≡ a2

a−1 (mod p2). If n ∈ S+(p2) ∩ Rp2 , then a − 1 is a quadratic residue
modulo p2. By Lemma 2.4, we obtain a− 1 is also a quadratic residue modulo p. Let a ≡ ip+ j (mod p2), 0 ≤
i ≤ p − 1, 3 ≤ j ≤ p − 1, if a − 1 ∈ Rp2 , then a − 1 ∈ Rp i.e., j − 1 ∈ Rp.

∑
n∈S+(p2)∩Rp2

nk
≡

1
2

 ∑
a−1∈Rp2

a2k

(a − 1)k
− 22kp

 + 22k

≡
1
2


p−1∑
i=0

p−1∑
j=3

j−1∈Rp

(ip + j)2k

(ip + j − 1)k

 + 22k (mod p2).

If k = 0, by Lemma 2.1, we have |S+(p2)∩ Rp2 | =
p
2

p−3
2 −

p
2

1+
(
−1
p

)
2 + 1 =

p2
−4p−p

(
−1
p

)
+4

4 . For 0 < k < p− 1, we have

∑
n∈S+(p2)∩Rp2

nk
≡

1
2


p−1∑
i=0

p−1∑
j=3

j−1∈Rp

(ip + j)2k

(ip + j − 1)k

 + 22k

≡
1
2

p−1∑
i=0

p−1∑
j=3

j−1∈Rp

j2k

( j − 1)k
(1 +

2kip
j

)(1 −
kip

j − 1
) + 22k

≡
1
2

p−1∑
i=0

p−1∑
j=3

j−1∈Rp

j2k

( j − 1)k
(1 +

2kip
j
−

kip
j − 1

) + 22k

≡
1
2

p−1∑
j=3

j−1∈Rp

p−1∑
i=0

j2k

( j − 1)k
(1 +

2kip
j
−

kip
j − 1

) + 22k

≡
p
2

p−1∑
j=3

j−1∈Rp

j2k

( j − 1)k
+ 22k

≡
p
2

p−1∑
j=3

j−1∈Rp

( j − 1 + 1)2k

( j − 1)k
+ 22k

≡
p
2

2k∑
t=0

(
2k
t

) p−1∑
j=3

j−1∈Rp

( j − 1)t−k + 22k
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≡
p
2

2k∑
t=0

(
2k
t

) 
p∑

j=2
j−1∈Rp

( j − 1)t−k
− 1 −

1 +
(
−1
p

)
2

(−1)t−k

 + 22k

≡
p
2

2k∑
t=0

(
2k
t

) p∑
j=2

j−1∈Rp

( j − 1)t−k
− 22k−1p + 22k (mod p2).

By Lemma 2.1, if 0 < k < p−1
2 , then

∑
n∈S+(p2)∩Rp2

nk
≡ 22k

− 22k−1p −
p
4

(
2k
k

)
(mod p2).

If p−1
2 ≤ k < p−1, except t− k = 0,± p−1

2 , other terms in the first sum are congruent to 0 modulo p2 by Lemma
2.1, thus ∑

n∈S+(p2)∩Rp2

nk
≡ 22k

− 22k−1p +
p
2

p − 1
2

((
2k
k

)
+

(
2k

k − p−1
2

)
+

(
2k

k + p−1
2

))

≡ 22k
− 22k−1p −

p
4

((
2k
k

)
+ 2

(
2k

k − p−1
2

))
(mod p2).

By Theorem 3.3, Theorem 3.4 and

∑
n∈S+(p2)

(
n
p

)
nk =

∑
n∈S+(p2)∩Rp2

nk
−

∑
n∈S+(p2)∩Np2

nk = 2
∑

n∈S+(p2)∩Rp2

nk
−

∑
n∈S+(p2)

nk,

where Np2 is the set of quadratic non-residues modulo p2. We obtain the following corollary.

Corollary 3.5. Let p > 3 be a prime and arbitrary integer k with 0 ≤ k < p − 1. Then

∑
n∈S+(p2)

(
n
p

)
nk
≡


1 − p

2

(
1 +

(
−1
p

))
(mod p2), if k = 0,

22k
− 22k−1p (mod p2), if 0 < k < p−1

2 ,

22k
− 22k−1p − p

( 2k
k− p−1

2

)
(mod p2), if p−1

2 ≤ k < p − 1.

In particular, we obtain

|S+(p2) ∩Np2 | = |S+(p2)| − |S+(p2) ∩ Rp2 |

=
p2
− 3p + 2

2
−

p2
− 4p − p

(
−1
p

)
+ 4

4

=
p2
− 2p + p

(
−1
p

)
4

.
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4. On the solutions of equation (4)

Theorem 4.1. Let p > 3 be a prime. For each solution n, except for the case of a ≡ −b ≡ −2 (mod p),n ≡ −4
(mod p2), the solutions of (4) come in pairs of the form (n, a, b) and (n, p2

− b, p2
− a).

Proof. If a ≡ −1 (mod p), congruence (4) has no solution. For any (a(a + 1)), p2) = 1, congruence

a − b − ab ≡ 0 (mod p2)

has exactly one solution b ≡ a/(a + 1) (mod p2). Assume that both (n, a1, b1) , (n, a2, b2) satisfy (4). Then, we
have

a1 −
a1

a1 + 1
≡ a2 −

a2

a2 + 1
(mod p2)

or

(a1 + a2 + a1a2) (a1 − a2)
(a1 + 1) (a2 + 1)

≡ 0 (mod p2),

which means a1 ≡ a2 (mod p2) or a1 ≡ −
a2

a2+1 (mod p2) or a1 ≡ a2 ≡ −2 (mod p) (Let go of the situation
where a1 ≡ a2 ≡ 0 (mod p)). This indicates that except for the case of a ≡ −b ≡ −2 (mod p), all other
solutions come in pairs of the form (n, a, b) and (n, p2

− b, p2
− a).

If a ≡ −2 (mod p), let a ≡ −2 + pk (mod p2), then b ≡ −2+pk
−1+pk (mod p2) and

n ≡ a − b ≡ −2 + pk −
−2 + pk
−1 + pk

≡ −4 (mod p2).

Theorem 4.2. Let p > 3 be a prime and integer k with 0 ≤ k < p − 1. Then the power sum of the solutions of (4)

∑
n∈S−(p2)

nk
≡

(−1)k
(
22k
− 22k−1p − p

2
(2k

k
))

(mod p2), if 0 < k < p − 1,
(p−1)(p−2)

2 (mod p2), if k = 0.

Proof. For each a with (a(a + 1), p) = 1, we have

b ≡
a

a + 1
(mod p2),

and n can be uniquely written as ab or (p2
− b)(p2

− a) except n ≡ −4 ≡ −2× 2 (mod p2). Hence, for p > 3, let
a ≡ ip + j (mod p2), 0 ≤ i ≤ p − 1, 1 ≤ j ≤ p − 3, we have

∑
n∈S−(p2)

nk
≡

1
2

 p−1∑
i=0

p−3∑
j=1

(ip + j)2k

(ip + j + 1)k

 + (−4)k (mod p2).

If k = 0, then |S−(p2)| = p(p−3)
2 + 1 = (p−1)(p−2)

2 . If 0 < k < p − 1, similar to the proof of Theorem 3.3, we obtain

∑
n∈S−(p2)

nk
≡

1
2

 p−1∑
i=0

p−3∑
j=1

(ip + j)2k

(ip + j + 1)k

 + (−4)k

≡ (−1)k
(
22k
− 22k−1p −

p
2

(
2k
k

))
(mod p2).
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Theorem 4.3. Let p be a prime, then the product of solutions of (4)

∏
m∈S−(p2)

m ≡ −
1

2p−2

(
−1
p

)
(mod p2).

Proof. We see that (a, a
a−1 ), (− a

a−1 , a) satisfy congruences (3), (4) separately. Therefore, by Theorem 4.2

∏
m∈S−(p2)

m ≡ (−1)
(p−1)(p−2)

2

∏
n∈S+(p2)

n ≡ (−1)
p−1

2

∏
n∈S+(p2)

n (mod p2).

Then, by Theorem 3.2, we obtain the theorem.

Theorem 4.4. Let p > 3 be a prime. Then for integer k with 0 ≤ k < p − 1, the power sum of quadratic residues in
solutions of (4) satisfies∑

n∈S−(p2)∩Rp2

nk
≡


p2
−4p−(p−2)

(
−1
p

)
+2

4 (mod p2), if k = 0,

(−4)k−1
(
1 +

(
−1
p

))
(p − 2) − (−1)kp

4
(2k

k
)

(mod p2), if 0 < k < p−1
2 ,

(−4)k−1
(
1 +

(
−1
p

))
(p − 2) − (−1)kp

4

((2k
k
)
+ 2

(
−1
p

) ( 2k
k− p−1

2

))
(mod p2), if p−1

2 ≤ k < p − 1.

Proof. Since n ∈ S−(p2), we have n ≡ a2

a+1 (mod p2). If n ∈ S−(p2) ∩ Rp2 , then a + 1 is a quadratic residue
modulo p2. By Lemma 2.4, we obtain a+ 1 is also a quadratic residue modulo p. Let a ≡ ip+ j (mod p2), 0 ≤
i ≤ p − 1, 1 ≤ j ≤ p − 3, if a + 1 ∈ Rp2 , then a + 1 ∈ Rp i.e., j + 1 ∈ Rp.

∑
n∈S−(p2)∩Rp2

nk
≡

1
2


p−1∑
i=0

p−3∑
j=1

j+1∈Rp

(ip + j)2k

(ip + j + 1)k

 + (−4)k
1 + (−4

p )

2
(mod p2).

If k = 0, by Lemma 2.1, we have |S−(p2) ∩ Rp2 | =
p
2

p−3
2 −

p
2

1+
(
−1
p

)
2 +

1+( −1
p )

2 =
p2
−4p−(p−2)

(
−1
p

)
+2

4 . For 0 < k < p − 1,
we have

∑
n∈S−(p2)∩Rp2

nk

≡
1
2


p−1∑
i=0

p−3∑
j=1

j+1∈Rp

(ip + j)2k

(ip + j + 1)k

 + (−4)k
1 + (−1

p )

2

≡
1
2

p−1∑
i=0

p−3∑
j=1

j+1∈Rp

j2k

( j + 1)k
(1 +

2kip
j

)(1 −
kip

j + 1
) + (−4)k

1 + (−1
p )

2
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≡
p
2

p−3∑
j=1

j+1∈Rp

j2k

( j + 1)k
+ (−4)k

1 + (−1
p )

2

≡
p
2

p−3∑
j=1

j+1∈Rp

( j + 1 − 1)2k

( j + 1)k
+ (−4)k

1 + (−1
p )

2

≡
p
2

2k∑
t=0

(−1)2k−t
(
2k
t

) p−3∑
j=1

j+1∈Rp

( j + 1)t−k + (−4)k
1 + (−1

p )

2

≡
p
2

2k∑
t=0

(−1)t
(
2k
t

) 
p−2∑
j=0

j+1∈Rp

( j + 1)t−k
− 1 −

1 +
(
−1
p

)
2

(−1)t−k

 + (−4)k
1 + (−1

p )

2

≡
p
2

2k∑
t=0

(−1)t
(
2k
t

) 
p−2∑
j=0

j+1∈Rp

( j + 1)t−k
−

1 +
(
−1
p

)
2

(−1)t−k

 + (−4)k
1 + (−1

p )

2
(mod p2).

By Lemma 2.1, if 0 < k < p−1
2 , then

∑
n∈S−(p2)∩Rp2

nk
≡ (−4)k

1 + (−1
p )

2
+

p
2

(−1)k
(
2k
k

)
p − 1

2
−

p
2

(−4)k
1 +

(
−1
p

)
2

≡ (−4)k−1

(
1 +

(
−1
p

))
(p − 2) −

(−1)kp
4

(
2k
k

)
(mod p2).

If p−1
2 ≤ k < p−1, except t− k = 0,± p−1

2 , other terms in the first sum are congruent to 0 modulo p2 by Lemma
2.1, thus ∑

n∈S−(p2)∩Rp2

nk
≡

(−4)k
1 + (−1

p )

2
+

p
2

p − 1
2

(
(−1)k

(
2k
k

)
+ (−1)k− p−1

2

(
2k

k − p−1
2

)
+ (−1)k+ p−1

2

(
2k

k + p−1
2

))

−
p
2

(−4)k
1 +

(
−1
p

)
2

≡ (−4)k
1 + (−1

p )

2
−

p
4

(
(−1)k

(
2k
k

)
+ 2(−1)k− p−1

2

(
2k

k − p−1
2

))
−

p
4

(−4)k
(
1 +

(
−1
p

))
≡ (−4)k−1

(
1 +

(
−1
p

))
(p − 2) −

(−1)kp
4

((
2k
k

)
+ 2

(
−1
p

) (
2k

k − p−1
2

))
(mod p2).

By Theorem 4.2, Theorem 4.4 and∑
n∈S−(p2)

(
n
p

)
nk =

∑
n∈S−(p2)∩Rp2

nk
−

∑
n∈S−(p2)∩Np2

nk = 2
∑

n∈S−(p2)∩Rp2

nk
−

∑
n∈S−(p2)

nk,

we obtain the following corollary.
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Corollary 4.5. Let p > 3 be a prime and arbitrary integer k with 0 ≤ k < p − 1. Then∑
n∈S−(p2)

(
n
p

)
nk
≡


(
−1
p

)
−

p
2

(
1 +

(
−1
p

))
(mod p2), if k = 0,

(−4)k
(
1 − p

2

) (
−1
p

)
(mod p2), if 0 < k < p−1

2 ,(
(−4)k

(
1 − p

2

)
− (−1)kp

( 2k
k− p−1

2

)) (
−1
p

)
(mod p2), if p−1

2 ≤ k < p − 1.

In particular, we obtain

|S−(p2) ∩Np2 | = |S−(p2)| − |S−(p2) ∩ Rp2 |

=
p2
− 3p + 2

2
−

p2
− 4p − (p − 2)

(
−1
p

)
+ 2

4

=
p2
− 2p + (p − 2)

(
−1
p

)
+ 2

4
.

5. Problem

In the last section, we further consider the solution sets

S+(RR) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2), a, b ∈ Rp2 },

S+(NN) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2), a, b ∈ Np2 },

S+(RN) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2), a ∈ Rp2 , b ∈ Np2 },

S+(NR) = {n ∈ Z∗p2 | n ≡ a + b ≡ ab (mod p2), a ∈ Np2 , b ∈ Rp2 },

S−(RR) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2), a, b ∈ Rp2 },

S−(NN) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2), a, b ∈ Np2 }

S−(RN) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2), a ∈ Rp2 , b ∈ Np2 }

and

S−(NR) = {n ∈ Z∗p2 | n ≡ a − b ≡ ab (mod p2), a ∈ Np2 , b ∈ Rp2 }.

If n ∈ S+(RR), since n ≡ a + b ≡ ab (mod p2), a, b ∈ Rp2 , we have b ≡ a
a−1 (mod p2) and a − 1 ∈ Rp2 . Then both

a − 1 and a are quadratic residues modulo p2. Due to symmetry, |S+(RR)| is half the number of pairs (a, b)
(mod p2) such that n ≡ a + b ≡ ab (mod p2), a, b ∈ Rp2 or half the number of pairs (a − 1, a) (mod p2) such
that both a − 1 and a are quadratic residues modulo p2, except a ≡ 2 (mod p2). Since(

2
p

)
=

1, p ≡ ±1 (mod 8),
−1, p ≡ ±3 (mod 8),

(5)

(
−2
p

)
=

1, p ≡ 1, 3 (mod 8),
−1, p ≡ 5, 7 (mod 8),

(
−1
p

)
=

1, p ≡ 1, 5 (mod 8),
−1, p ≡ 3, 7 (mod 8),

(6)
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By Lemma 2.4 and (5), we obtain a − 1 and a are also quadratic residues modulo p. Let a ≡ ip + j
(mod p2), 0 ≤ i ≤ p − 1, 3 ≤ j ≤ p − 1, j − 1, j ∈ Rp, where j = 2 ∈ Rp or Np needs to be considered separately.
we have

|S+(RR)| =

p |RR|−1
2 + 1, p ≡ ±1 (mod 8),

p |RR|
2 , p ≡ ±3 (mod 8).

Similarly, we can obtain

|S+(NN)| =

p |RN|
2 , p ≡ ±1 (mod 8),

p |RN|−1
2 + 1, p ≡ ±3 (mod 8).

If n ∈ S+(RN) or n ∈ S+(NR), due to symmetry, we have

|S+(RN)| = |S+(NR)| =
1
2

∣∣∣S+(p2) ∩Np2

∣∣∣ .
Similarly, by Lemma 2.4 and (6), we obtain a and a + 1 are also quadratic residues modulo p. Let a ≡ ip + j
(mod p2), 0 ≤ i ≤ p−1, 1 ≤ j ≤ p−3, j, j+1 ∈ Rp,where j = p−2 ∈ Rp or Np needs to be considered separately.
we can obtain

|S−(RR)| =

p |RR|−1
2 + 1, p ≡ 1 (mod 8),

p |RR|
2 , p ≡ 3, 5, 7 (mod 8).

|S−(NN)| =

p |NR|
2 , p ≡ 1, 3, 7 (mod 8),

p |NR|−1
2 + 1, p ≡ 5 (mod 8).

|S−(RN)| =

p |RN|
2 , p ≡ 1, 5, 7 (mod 8),

p |RN|−1
2 + 1, p ≡ 3 (mod 8).

|S−(NR)| =

p |NN|
2 , p ≡ 1, 3, 5 (mod 8),

p |NN|−1
2 + 1, p ≡ 7 (mod 8).

Combining (1), (2) and Corollary 3.5, Corollary 4.5, we can calculate the specific value of S+(RR), S+(NN),
S+(RN), S+(NR) and S−(RR),S−(NN),S−(RN),S−(NR).

Define the solution sets

S+(pα) = {n ∈ Z∗pα | n ≡ a + b ≡ ab (mod pα)}.

We know that |S+(p)| = p−1
2 in [3] and |S+(p2)| = (p−1)(p−2)

2 by Theorem 3.3. By the proof of Theorem 3.1, we

obtain that except for the case of a ≡ b ≡ 2 (mod p), all other pα−1(p−3)
2 solutions are unique apart from the

order of (a, b).

Let a ≡ 2 + pk1 + p2k2 + . . . + pα−1kα−1 (mod pα), 0 ≤ ki ≤ p − 1, 1 ≤ i ≤ α − 1, then

b ≡
2 + pk1 + p2k2 + . . . + pα−1kα−1

1 + pk1 + p2k2 + . . . + pα−1kα−1
(mod pα).
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And

n ≡ a + b ≡ 2 + pk1 + p2k2 + . . . + pα−1kα−1 +
2 + pk1 + p2k2 + . . . + pα−1kα−1

1 + pk1 + p2k2 + . . . + pα−1kα−1

≡ 2 + pk1 + p2k2 + . . . + pα−1kα−1 + (2 + pk1 + p2k2 + . . . + pα−1kα−1)

[1 − (pk1 + p2k2 + . . . + pα−1kα−1) + (pk1 + p2k2 + . . . + pα−1kα−1)2

+ . . . + (−1)α−1(pk1 + p2k2 + . . . + pα−1kα−1)α−1]

≡ 4 + (pk1 + p2k2 + . . . + pα−1kα−1)2
− (pk1 + p2k2 + . . . + pα−1kα−1)3

+ . . . + (−1)α−1(pk1 + p2k2 + . . . + pα−1kα−1)α−1

de f
≡ 4 +

α−1∑
l=2

plsl (mod pα),

where

sl =
∑

a1+a2=l
a1 ,a2≥1

ka1 ka2 −

∑
a1+a2+a3=l
a1 ,a2 ,a3≥1

ka1 ka2 ka3

+ . . . + (−1)α−1
∑

a1+a2+...+aα−1=l
a1 ,a2 ,...,aα−1≥1

ka1 ka2 . . . kaα−1 .

We have s2 = k2
1, s3 = 2k1k2 − k3

1, s4 = 2k1k3 + k2
2 − 3k2

1k2 + k4
1, s5 = 2k1k4 + 2k2k3 − 3k2

1k3 − 3k1k2
2 + 4k3

1k2 − k5
1, . . . .

If k1 runs through a complete set of residues modulo p, then k2
1 runs through p+1

2 classes of residues
modulo p. Hence,

|S+(p3)| =
p2(p − 3)

2
+

p + 1
2
=

(p − 1)(p2
− 2p − 1)

2
.

If k1 = 0, then s2 = 0, s3 = 0,n ≡ 4 (mod p4). If k1 runs through a reduced set of residues modulo p, then
k2

1 runs through p−1
2 classes of residues modulo p and 2k1k2 − k3

1 runs through p classes of residues modulo
p according to the given k1. Hence,

|S+(p4)| =
p3(p − 3)

2
+ 1 +

p(p − 1)
2

=
(p − 1)(p3

− 2p2
− p − 2)

2
.

What would be the result of the solution set about additive and multiplicative congruences for modulo
higher powers of prime, or modulo any integers?
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