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Berger measures for the Schur product of weighted shifts

Seunghwan Baek?

“Department of Energy Engineering, Korea Institute of Energy Technology (KENTECH), Naju, Jeonnam 58330, Republic of Korea

Abstract. In this paper we present a concrete Berger measure for the Schur product of weighted shifts.
This measure will be seen as a convolution of their Berger measures. This is related to the p-th power
problem for measures. For nn € IN, the n-th power of a Berger measure is a convolution of all same measures
and this case was solved partially by the author of this paper. We will extend this problem to a convolution
of any Berger measures. We investigate a convolution of mutually distinct measures and then we discuss
any combination of Berger measures, and any two more general weighted shifts. Since a Berger measure is
closely related to subnormal weighted shifts, our result is helpful for the study of subnormality and add to
the very small list of subnormal weighted shifts for which Berger measure is known concretely.

1. Introduction and preliminaries

Let H be an infinite dimensional complex Hilbert space and let 8(H) be an algebra of all bounded linear
operators on H. A bounded operator T € B(H) is said to be normal if TT* = T*T, hyponormal if TT*—T*T > 0
and subnormal if it has a normal extension of T, i.e., T = Ny for some normal operator N on a Hilbert space

K including H. Now we give an equivalent condition for subnormality, which is called the Bram-Halmos’
criterion ([7],[16],[8, II1.1.9]):

T € B(H) is subnormal if and only if M,,(T) = 0 for alln € N,

where an (1 + 1) X (1 + 1) operator matrix M, (T) is denoted by

I T .. T
T TT - T'T

My(T) := [T*JT’]I,,FO: L .|, neN.
™ TT" - T"T"

For each n € N, an operator T € B(H) is said to be n-hyponormal if M,,(T) > 0, i.e.,

T is subnormal <= T is n-hyponormal for all n € IN.
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It is easy to know that 1-hyponormality is equivalent to hyponormality, so we have following implications;
subnormal = --- = n-hyponormal = - -- = 2-hyponormal = hyponormal.
Recall that a weighted shift W, with a weight sequence a = {ax},?, is defined by
W (ex) = akers1 forall ke Ny := N U {0},

(o)

where {ec}?
that W, is hyponormal if and only if @, < a4 for all n € Ny. For a weight sequence a = {ay}
we define the moment sequence y = y(a) = {yk};‘;o = {yk(a)},‘(’io of a (or W,) by

is the canonical orthonormal basis for 2. It is easy to see that W, can never be normal, and

roo- formally

1 k=0,

VkEVk(Of)={ “%“'“i_y keN.

For the sequence y, we denote a Hankel matrix of y by

Yk Vi+1 te Vik+n
n Vi+1 Vi+2 ot Vien+l
Hyux(y) == [Vk+i+j]i,j:0 = : : . : , for n,k € Njp.
Vi+n  Vik+nsl =70 Viks2n

From [10, Theorem 4], we can obtain that an equivalent condition for the subnormality of weighted shifts
as follows:

W, is subnormal if and only if H,x(y) > 0 for all k € Ny and n € IN.
Recall that another equivalent condition for the subnormality of weighted shifts as follows:

Theorem 1.1 ([8], [15], Berger’s Theorem). Let W, be a weighted shift with a weight sequence a and y = {yi};?,
be a moment sequence of a. Then W, is subnormal if and only if there exists a probability Borel measure u (called the

Berger measure) on [O, ||Wa||2] with ||W,ll* € supp u such that

Vi = f t'du (t), k € Ny.
[0IWel?]

From the Berger’s theorem, we can see that there is a relationship between the subnormality of weighted
shifts and the moment problem. By using the moment problems, we can understand the subnormality.

For two sequences a = {a,};, and = {B,})",, a o B := {anfu},., is called the Schur product of a and .
Similarly, for two matrices A = [a;;] and B = [b;;] of the same size, the matrix A o B := [a;;b;;] is called the
Schur product of A and B. Then we can see

Wa o Wﬁ = Waoﬁ-

It follows from [12, Theorem 2.3, Corollary 2.4] that if W, and Wy are n-hyponormal (subnormal, respec-
tively), then W, is n-hyponormal (subnormal, respectively). For moment sequences y(a) and y(f) of a
and f3, respectively, we can see

y(aop)=y(@) o) = {ya(@)y(B)- (1.1)

In this paper we consider the moment problem for the Schur product of weighted shifts and we are interested
in what the Berger measure for the Schur product is, and how such measure is obtained.

If 4 and v are probability measures on R, := {x € R : x > 0}, then p * v is called the convolution of ;i and
v and is defined by, for all Borel set E C R,

(H*V)(E) = (uxv) (p7 (),
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where p(s, t) = st for s, t > 0 (see [17]). Then p *v is well-defined probability measure on R,. By the Fubini’s
theorem, we have

(ft”dy) (ft”dv) = ffs”t”dy(s)dv(t)
- [[[era(wxnop)en
= fu”d(y*v)(u).

Then we can see that the Berger measure of W, is the convolution of the Berger measures of W, and Wj.
This is our goal for this paper:

Given 2 or more Berger measures, what is their convolution?

We now introduce problems about convolutions of measures. In [11]], Curto and Exner introduce the square
and square root problems for measure as follows:

Problem 1.2 (Square and square root problems for measure). Let u and v be positive probability Borel
measures on R.. Suppose

p=v=v.

Then u is called the square of v and v is called the square root of 1.

(i) Givenv, find p.
(ii) Given p, find v if it exists.

As a consequence, the square and square root problems can be combined to extend generally as follows:

Problem 1.3 (The p-th power problem for measure). Suppose p > 0. Let v be a positive probability Borel
measure with suppv C IR,. Is there a positive Borel measure u satisfying

f du(t) = ( f t”dv(t))p 1.2)

for all n € Ny? If so, find such measure p.

If two probability Borel measures p and v are satisfying (1.2), u is called the p-th power of v and v is called
the p-th power root of . The equation (1.2) can be rewritten in terms of measures as u = v'7 (see [18. For

p > 0 and a sequence a = {a,}, ,, we denote by a? := {aZ}:;O. Then the p-th power of the Berger measure

of W, is the Berger measure of W,y if it exists. We now introduce a class of weighted shifts whose Berger
measure is infinitely divisible in the classical sense.

Definition 1.4 ([5]). Let @ be a weight sequence. The associated weighted shift W,, is called moment infinitely
divisible (MID) if W,y is subnormal for all p > 0.

It is easy to see from the Berger’s theorem that every MID-shift has the Berger measure and its p-th
powers for all p > 0.
To study the operator theory, many operator theorists use weighted shifts, especially, they use the

n+l

- +2} . This is because the moment sequence of the Bergman sequence is
n=0

Bergman weight sequence {

DThe authors in [I8] consider p as an integer greater than 1, but we extend to positive real numbers.
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{ﬁ}m and its Hankel determinant can be obtained easily. In this paper we will use more generalized
n=0

Bergman weight sequences, which is defined by

o= an+b ”
- cn+d ’
n=0

where a,b,c,d > 0 and ad > bc. In [13] Curto-Poon-Yoon defined a new class of generalized Bergman shifts,
whose weight sequence is such a. They denote S(a,b, c,d) for the weighted shift W,. In [6] the authors
named it the homographic shift. This is our main model in this paper. We can see some properties from [13],
[©], [14] and [4]:

1° ([13] Theorem 2.7]) S(a, b, ¢, d) is subnormal.
2° ([9, Theorem 2.4]) The Berger measure of 5(a, b, c, d) is

du(t) = % (g)b pi-1 (1 - gt)H_l dt (1.3)

with supp u = [O, %], where I' is the classical gamma function.
3° ([14, Theorem 3.4]) S(a, b, c,d) is MID.
4° ([4, Theorem 2.1]) If p1 is the Berger measure of the shift S(1,4,1,q+1) and p > 0, then its p-th power is

(du®)y = d(u?)t) = (p) L1 (- Ingy e (1.4)

with supp u = [0, 1].
5° ([4) Corollary 3.3]) If u; is the Berger measure of 5(1,4,1,4+ j—1)and j = 2,3, ..., then its measure is

CT@H Y ey, 9@HD 4 =2) 5 -
duj(t) = D (1 - )2t = Ty Z( 1yi(! i 2o 44 (1.5)
with supp u = [0,1], where (}) denotes the usual binomial coefficient and its square measure, for
j =2,3,4, can be obtain as follows:

(i) (dyz(t))z = (qtq’ldt)2 =~ In tdt,
(i) (dus(®))’ = g+ D2 [2(t = 1) — (t+ 1) Int]dt,
(iti) (dug(p)? = LUV g1 322 = 1) = (2 + 4t + 1) Int] dt.
6° ([4, Theorem 4.2]) If y1 is the Berger measure of S(1, 4, 1, 4 + 2), then its square root measure is

1 2m
i = VT Y S

with supp u = [0, 1].

The above properties are related to Berger measures of homographic shifts. We also studied properties for
Berger measures of the Schur product of specific homographic shifts. The equation with a positive
integer p shows the Berger measure for the p-th Schur power of a homographic shift. On the other hand,
we consider the Schur product of mutually distinct homographic shifts in this paper.

This paper is organized as follows. In Section 2, we present a concrete Berger measure of the Schur
product of finitely many second Agler-type shifts (the definition is shown in Section 3), which are mutually
distinct. Furthermore, we give the result for the mixed case which is the Schur product of weighted shifts,
where some shifts have the same weight sequence and the others are mutually distinct. In Section 3, we
give the concrete Berger measure of any two generalized Agler-type shifts.
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2. Berger measures of Schur products

In this section we will find the Berger measures for the Schur product of finitely many generalized
Bergman shifts. Firstly, we consider Schur product of two shifts. Let a and  be weight sequences
associated to weighted shifts W, = 5(1,41,1,q1 + 1) and Wg = 5(1, 92,1, g2 + 1), respectively. Then we can
see easily that the Schur product of @ and f is

(9]

3 (n+q)(n + q)
aop= \/(n+q1+1)(n+q2+1) ’

n=0

and its associated weighted shift W.s is subnormal. Now we find the Berger measure for W,e. Actually
the case of g1 = g5 is the square problem which is same as (L.4) with p = 2, so we assume that q; # g».

Lemma 2.1. Suppose g1 and q, are positive real numbers. Let o and B be weight sequences associated to weighted
shifts Wy = S(1,41,1,q1 + 1) and Wy = S(1, 2, 1, q2 + 1), respectively. If g1 # qo, then the Berger measure p of Wiop
is given by

1192 -1 -1
du(t) = —— (¢~ — =1 dt
ue) = 2= )
with supp u = [0,1].

Proof. For the reader’s convenience, we give an elementary proof. Let (@), v,(B) and y,(a o f) be moments
for W,, Wg and Woep, respectively. It follows from and that

1 1
yn(a o B) = yu(@)yu(B) = f g thldt f s"qps™ 1 ds
0 0

1 Al
=q192 f f (ts)t=1s=m g ds
0o Jo

1 S
=M f f utn-lghmn=lgyds  (substituting u = ts)
0o Jo

1 1
= Q142 f f w1 g dy
0 Ju

1
= f u" (—qlqz uh =t (1 — w1y du.
0 92— q

Hence, du(t) = %tql‘l (1 —t=mydt. O

This lemma is related to the Aluthge transform. A operator T € B(H) can be represented as the

polar decomposition T = U|T|, where |T| = (T*T)% and U is a partial isometry with ker U = ker T and

ker U* = ker T*. Then the Aluthge transform of T is defined by T= |T|% UlTI% [2]. It is well-known that the
Aluthge transforms of weighted shifts are also weighted shifts. For a weight sequence a = {a,}, the

n=0"
(9]
n=

weight sequence of W, is { N } o 't € N. See the following example.

Example 2.2. In Lemma ifg1 =qgand g2 = g+ 1, then Woep = W, and its Berger measure y is
du = q(g + D11 - t)dt.

Since 5(1,9,1, g + 2) = W,ep, we can also obtain same result from with j = 3.

To obtain the Berger measure for the Schur product of finitely many generalized Bergman shifts, we
need the following notation and lemma.



S. Baek / Filomat 39:17 (2025), 6047-6058 6052

Notation 2.3. For a sequence x = {x,}”, and i,{ € N, we set

P.(i,0) := H(x]—xl

1<j<l
j#i

Lemma 2.4. For any sequence x = {x,},; | of mutually distinct real numbers, it holds that

=

1
0 0, forall k> 2.

Proof. For k = 2, it holds that

1,1 1
P:(1,2) Pu2,2) x-x X -X

=0,

for any sequence x = {x,} | of mutually distinct real numbers.
To use the induction, we suppose that the sum of the first m terms is 0 for any sequence of mutually
distinct real numbers (i.e., the statement holds for k = m.) and we now will show that

Z2P(1m+1) 0.

for any sequence x = {x,}” ; of mutually distinct real numbers. By assumption, we have

— P.i,m)

Observe that

m+1 m+1 m+1

m
1 Xm+1 —
;Px(i,m) P(zm+1) '”“szm+1 ZP(zm+1)

it follows that

m+1 m+1

el Z Px(z m+1) Z P (1 m+1) 2.1)

Lety = {x,+1},7,. Since y is also a sequence of mutually distinct real numbers,

o1
Z Py (i, m) =0,

i=1

by assumption. Observe that

m

X1 — Xit1
Z y(l ) Z‘ (x1 = xi41)Py (i, m)

i=1
_Z X1 — Xit+1
Pi+1,m+1)

m+1

_ X1 — X
& Py(im+ 1)
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m+1 m+1

_ 1 Xi
- ; Py, m +1) ; PG, m+1)

it follows that

m+1 1 m+1 i
I o 22
u ; P.G,m+1) ; PGm+1) (22)
From (2.1) and (2.2), we have
m+1

1
(Xme1 — xl);‘ Pm+1) =0

m+1
Hence, )15 57

% = 0, which completes the proof by the induction. [J

We are ready to see our main result; finding the Berger measure for the Schur product of finitely many
generalized Bergman shifts.

Theorem 2.5. Suppose £ > 2. Let 0 = {4}, be a sequence of mutually distinct positive real numbers and let a®
be a weight sequence associated to weighted shift Woo = S(1,4;,1,q: + 1) fori =1,2,..., L. Let a = aBlo...0a®
be a Schur product of a?’s. Then a Berger measure i of W, is given by

du(t) = q1- "WZ mdt
i=1 = 7V

and supp p = [0, 1].

Proof. Without loss of generality, we assume that 0 < g; < g < g3 < ---. Let 7,(a?”) be the moment of a(?
and y; be the associated Berger measure for W,». Then we can see that

1
i qi n n i—1
(@) = :f td i(t):ft 4171 dt
4 n+gi Jo ! 0 (q )

and the moment y,,(aV o --- 0 a(9) of a is obtained as

¢ ¢ ¢
@V o 0a®) = T yua®) = f Pdu(h) = ftn 59 d.
" [ren=IL ), rwo=11), e

Considering du = d(uq * - - - + u¢), we will use the induction in £ > 2. Firstly,

q192 -1 -1
d * t) = —— ([t~ — 17 ) dt
(i * pa)(t) = = ql( )

and supp(u1 * i2) = [0,1] by Lemma[2.1} Secondly, we suppose that

k
pai=t
s s p)O) = 1 ), 5t
i—1 a\by

and supp(uy # -+ * ) = [0,1]. Then we obtain the moment y,(a®)) o --- o a®*V) of the Schur product
al)o...oa(k+1 by

)/n(Oc(l) 0---0 oz(k+1)) - )/n(Oé(l) 0---0 a(k))yn(oz(k“))
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- f P oo )0) [ S
[0,1] [0,1]

k

- [ g [ s
gy - f G181 ds
~ P, k)
. (ts)ﬂt qu+l qi
ff(ts) qi-- qk+1 TG R ———dtds

k qi—1ok+1—qGi—
f f u"q1 - Qi 2 S(k 0 duds (substituting u = ts)

i=

Ll qi— quﬂ*q:'*
f f u'qy - qk+1 P00 —————dsdu
uqr _uqlﬁl 1
‘f Wi ‘”‘“Z Gt~ PGB

k
uq’ uqk+1_1
—f u'qy - qk+1[z Pa(lk-f-l = Po(i1k+1)]du
k+1 i1
=f u'q - ‘lk+1[Zp (i,k+1 ]

note that the last equality holds by lemma Hence, the proof is complete by the induction. [J

This theorem shows a Berger measure for mutually distinct weighted shifts, and a case where all shifts
have the same weight is n-th power problem, which was solved in ([4]). Now some questions have arisen;
in Lemma if o approaches g1, dose the convolution of their measures converges to square measure? If
S0, is it true for the convolution of finitely many measures, generally? The answer is affirmative as follows.

Proposition 2.6. Under the hypothesis in Theorem it holds that for x; = (q1,...,q¢) and qc = (q, ..., q) in R,

4

. g1 ¢
lim g1---q¢ 9

q-1,¢_ -1
xioa Lp,got = @-myt T

with supp u = [0, 1], which is the £-th power of Berger measure of S(1,4,1, 9 + 1).

Proof. For each k € IN, let Fi(t; x¢) = Z, 1 Ptq‘lk) and Gi(t;q) = % (=In#)*. Then

=1 _ -1
lim F(tq,92)= lim ————
(q1,42)—=(q.9) @2)—@q) g2 —q1
tn=1(1 — tm
= lim —( )
O ST q2 —q1
= GZ(t/ ‘7),

which shows the case of £ = 2. Suppose that lim Fi(t; x¢)dt = Gi(t; g)dt. By the proof of Theorem we
Xk =Gk

have

1 1 1
lim t"Frqdt =  lim (f tandtf Snﬂn‘”_ldS)
Xk+1 > Gk+1 0 Xk+1 > k+1 0 0
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1 1
= f t”detf §" 11
0 0

1 1 1
=& f f (ts)™H 71 (= In £)dsdt
-4 Jo 0

1 1 t . U
= n+q—=2¢__ k=12 P —
(k=1)! jo‘ fo‘ u (—1Int) tdudt (substituting u = ts)

1 1ot . u
= n+q=2(_ k=12
« mj; j; u (—=Int) tdtdu

1 1 —Inu
= k—1)! f f u" 119" dody  (substituting v = — Int)
— ) Jo Jo

1
= f 1" Gre1(u; q)du,
0
which completes the proof by the induction.

By using this proposition, we can obtain mixed cases, which mean that g;’s are neither mutually distinct
nor all the same. See the following example.

Example 2.7. Consider three weighted shifts S(1,4;,1,4; + 1), i = 1,2,3. If g;'s are mutually distinct, the
Berger measure of their Schur product is

-1 12-1 13-1
+ + dt
@2—q)@s—q1) (1 —-q2)(@q3—92) (91— 93)(92 — q3)
with supp u = [0, 1]. If g3 approaches g,, we have

du(t) = 919293

li -1 a1
m = s
-0 (g2 —q1)(@3 —q1) (92 —q1)?
and

1121 151

lim +
=0\ (1 — 92)(q3 — 92) (91 — 43)(92 — q3)
_ qp-1 _ _ q3-1
_ lim (1 — g3)t (g1 — q2)t
=0 (g1 — q2)(q1 — q3)(q3 — 92)
@t — gt 4 g (R - 107

= lim
w2 (g1 = 2)(1 = 93)(q3 — 42)
2 el il g1 _ a1
= 72 > lim T [ > lim d d
1= 42)° B2 43— 42 1= 42)" B2 43— 42
(@ =g2f 6=n g3—q2 (1 =q2)* e>n 431
=—— P YgInt-1) - _ T _eyng
(1 — 92)? ” (1 — 92)?
It follows that
2
. 7193 -1 -1 -1
lim du(t) = ————= (177 — 77 + 172 —g1)Int)dt
Jim du) = =15 ( (@2 = ) Int)
on [0,1], which is the Berger measure for a weight sequence % by Proposition In
particular, if g1 = 1 and g, = 2, a weight sequence ("(%(3";2) corresponds to the Berger measure du(t) =

4(1 -t + tInt)dt with supp p = [0, 1].
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Consider S(a, b, ¢, d) with % - 2 =1, whose weights are given by

3 / a(n+q) _
oy = C(n+q+1)’ 1’1—0,1,2,....

Now we discuss the Berger measure of the Schur product of weighted shifts, whose type is given above.

Lemma 2.8 ([3], [91). Let a = {a,} ;) be a weight sequence and W, be a associated subnormal weighted shift with
IWell = 1. Suppose i is the Berger measure of W,. Then for k > 0, Wy, is subnormal and its Berger measure v is

given by dv(t) = du (k—tz) with supp v C [O, kz], where ka = {ka, }°,.

Lemma [2.8] is an elementary computational property which seems to be well-known. By using this
lemma, we can obtain a more general result as follows.

Theorem 2.9. Suppose € > 2. Let 0 = {q,}%,
be a weight sequence asspciated to weighted shift W,» = S(a,aq;,c,cqi+c)fori=1,2,...,¢ Leta = a®o...0ql
be a Schur product of a?’s. Then the Berger measure p of W, is given by

14 la; -1
c qi tqz
dy(t)=q1-~q52(;) .G g)dt
1 a\*s

i=

be a sequence of mutually distinct positive real numbers and let o)
0

and supp i = [O, (’g)f] Moreover, if g1, ..., q¢ approach q, then

o\ gt o\ )\
i =< —]—#-1n|=
ql,}.lfa?aq aue) (a) (€ - 1)!t ( ln(a) t) @,

which is the €-th power of the Berger measure of S(a,aq, c, cq + ¢).

3. The j-th Agler-type shifts

For j =2,3,..., the j-th Agler shift is the weighted shift with weight % [1]. In this section we discuss
generalized Agler shifts. For j = 2,3,4, ..., consider S(a, b, ¢, d) with % — % = j — 1. Then its weights form of

3 a(n+q) 3
ay = ‘/c(n+q+j—1)’ n=0,1,2,....

These weighted shifts are called j-th Agler-type (weighted) shifts [4]. Theorem [2.9| shows a result for the
second Agler-type shifts. We now discuss the Berger measure of Schur product of the third Agler-type
shifts. By (L.5), the property 5°(ii) in Section 1 and Lemma[2.8] we can obtain the following corollary.

Corollary 3.1. Let W, = S(a,aq,c,c(q + 2)). Then the Berger measure p of W, is given by
q
du(t) = g(q + 1)(2) 1 (1 - gt)dt

with supp u = [O, %] and the Berger measure u + 1 of W2 is given by

d(p = w)(t) = @ub)? = ¢*(q + 1) (f)zq -1 [2 ((5)2 - 1) - ((2)2 - 1) 1n(§)2 t] dt

a a

with supp u = [O, (%)2]
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The above corollary presents the square of the Berger measure for the second Agler-type shifts. The
following theorem is related to convolutions of the Berger measures for two different second Agler-type
shifts.

Theorem 3.2. Let q1 < q, be positive real numbers and let Wy, = S(1,4q1,1,q1 +2) and Wg = S(1,492, 1,92 +2). Then
the Berger measure of W e is

(g + 12 [2(E=1) = (t+ 1) Int] dt, 42 = qu,
du(t) = Mt‘“ (1= £ +2tInt)dt, =g+,
(q2—q1+ 1) (#2711 ) (g2 —q1 - 1) (#7211~ .
ng2(q +1)(g2 + 1) = (qg—m—1)(q2—q12)(q21—q1+(1) )dt, otherwise,

with supp u = [0,1]. Moreover, for q» # q1,q1 + 1, if g2 approaches q, (resp. g + 1), then du(t) converges to the
Berger measure for the case g1 = qa (resp. q» = g1 + 1).

Proof. From CorollaryB.Ijwith a = ¢ = 1, the case of q; = g, was proved. Now we assume q; < q2. By (L.3),
the n-th moment of a o f is

1 1
yal@ o B) = quga(@r + (g2 + 1) f P11 f (1 5)ds
0 0

1 1
= q1q2(q1 + D(g2 + 1) f f (ts)" =150 (1 — t — 5 + ts)dtds.
0 0

By using the idea of the proof of Lemma 2.1} we have

1 1 1 qn-1 _ 5,q2-1
ff(ts)”*"‘_lsqz_qldtds:f u”%du,
0 42—

u" -1 _ym
f f (ts)n+ql qu ql( t)dtds _ { ‘fo U 114 du qZ * 171 + 1/

f u" (u‘“lnu)du 2=q+1,

1
u4? _u%
(ts)”*qllsqqu(—s)dtds=f U ————du
j; j; 0o G2-qm+1
1l 1 o o;
ff(ts)””“_lsqz_”“(ts)dtds:f T
0o Jo 0 42 —q

By direct computation, we have, for g, # g1 + 1,

(2-q1+1) (qu_l - u‘h) —(@2-qn -1 (uqz - uql_l)

du,
@2-1—-1D)@G2—q1)G2—q1+1)

1
yn(@op) = qga(q1 + 1)(q2 + 1) f u"
0
and forg, =q1 +1,

1 _ 2
ala o B) = qi(g1 +1)(q1 + 2)f =l wd”"
0

This is as desired. The convergence of measure, as g» — 41,41 + 1, holds by simple computation. O

By Lemma 2.8} we can obtain a general version for the third Agler-type shifts S(a, aq, c, c(q + 2)).
Consider the Schur product of two j-th Agler-type shifts (j > 4); S(1,41,1,q1+j—-1)and 5(1, 42,1, g2 +j—1).

By (L.5), their Berger measures are dy; () = %tm 1(1 - #)/=2dt and duy(t) = %tqz 11 - t)/~2dt,

respectively. If 41 = g, =: g, we can obtain the Berger measure of Schur square of j-th Agler-type shift by [4,
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Corollary 3.3]; for j = 4, the Berger measures are shown in the property 5°(iii) in Section 1. Without loss of
generality, we assume that g; < go. Then the n-th moment of Schur product is

1 1
Yy = f f K =tgnte=1(1 — 1)i=2(1 — s)/=2dtds
0 0

1
= Kf f prm=lgnt=1(1 _ t — s 4 ts)/=2dtds

2
_Kff Sjv ? (=1)eth prp=lgntp-lgpgs,
0 k . +k ] kl k2.k3.k4.

ki,...ks>0

2)! 2)!
where K = (qim;)],(] )2), (q(zqu)j,(] )2),, p1 = q1+k +ksand p2 = g2 + ks + ks, and then p;,p, > 0. As you can

see, since the moment is a sum of finite terms, it suffices to find the Berger measure if we can express
101 . . : .
fo fo gmri=1gntPaldtds as a single integral. By the idea of the proof in Theorem we have

Tt U1 (- In )du =
f f i =lgnp=14140 — fO it 1—(qu ) )du, p1=pz, 3.1)
0 Jo fo P s du, p1 # pa.

By using (3.1)), we can obtain the n-th moment of the Schur product two distinct j-th Agler-type shifts and
its Berger measure.

In [4], for p > 0O, the p-th power measure for the second Agler-type shifts 5(1,4, 1,9 + 1) is given but it is
difficult to find the p-th power measures for the j-th Agler-type shifts 5(1,4,1,4+ j—1), j = 3. We conclude
this section with an interesting open problem:

Problem 3.3. Let j > 3 be a positive integer.

(i) Find the p-th power of Berger measure of the specific j-th Agler shift for p > 0.
(ii) Find the Berger measure for the Schur product of mutually n distinct j-th Agler shifts for n > 3.
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