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Multidimensional characterization of asymptotically 75— equivalent
sequences

Rabia Savas®

?Department of Mathematics and Science Education, Istanbul Medeniyet University, Istanbul, Turkey

Abstract. In 1951 Fast [12] introduced the concept statistical convergence of sequences which is a gener-
alization of convergence. Afterward, Kostyrko et al. [14] extended the notion of statistical convergence to
ideal convergence and established some basic theorems. Taking inspiration from this new approach, in this
paper we introduce the matrix characterization of asymptotically 7,—equivalent and asymptotically 7,-
statistical equivalent double sequences with an up-to-date perspective on multidimensional matrix trans-
formation. Consequently, we will obtain conditions on (@, ;) which assure us that the transformation is
asymptotically 7,—regular. This will be accomplished through a series of regularity-type theorems.

1. Introduction

The concept of statistical convergence was used to prove theorems on the statistical convergence of
Fourier series by Zygmund [39] in the first edition of his celebrated monograph published in Warsaw. He
used the term “almost convergence” place of statistical convergence and at that time this idea was not
recognized much. Since the term “almost con vergence” was already in use Lorentz [17], Fast [7] had to
choose a different name for his concept and “statistical convergence” was mostly the suitable one. Active
research on this topic started after the paper of Fridy [9] and since then a large collection of literature has
appeared. At the last quarter of the 20th century, statistical convergence has been discussed and captured
important aspects in creating the basis of several investigations conducted in main branches of mathematics
such as the theory of number [5], measure theory [19], trigonometric series [39], probability theory [4], and
approximation theory [10]. In addition, it was further investigated from the sequence space point of view
and linked with summability theory by Connor [2], Et at. al. [6], Kolk [13], Salat [31], and many others
made substantial contributions to the theory.

In 1980, Pobyvanets [29] introduced the concept of asymptotically regular matrices. This concept
assess the preservation of asymptotic equivalence of two non-negative number sequences x and y. Thus
in general, if i has the limit 1, then 4% of the transformed sequences also has a limit. In short, x ~ y

implies Ax ~ Ay. Fridy [8] introduced the following methods of comparing rates of convergence. Let

x in ¢, and define the m-th term of the remainder sum as R,,x = Y, |x,|, and examined the ratio ﬁ:j;

n=m
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as m — oo. For the case where x is not in £, Fridy used the following partial sums S,x := Y, |x,| to
n<m

examine the ratio. If x is a bounded sequence then Fridy used the supremum of the remaining term which
is presented by u,t = sup,., |t:|. Additionally, Marouf [18] and Li [16] presented significant results which
are similar to Pobyvanets’ by considering summability matrices that map sequences x and y with  tends
to 1 to sequences with property that the ratio of the sums of their tails or the ratio of the supremum of
their tails also tends to 1. In 2003, Patterson [24] presented Pobyvalents’ type result by replacing ordinary
convergence with statistical convergence. Additionally, Patterson and Savas [27] presented necessary and
sufficient conditions for sequences to be asymptotically equivalent with respect to statistical convergence,
lacunary statistical convergence, and lacunary strong summability.

Let us consider the definitions and notations. Let ¢y, c denote the collections of real-valued sequences
which, respectively, converge to 0, converge to a limit and

Coo = X2 X |kl < 00p,da = {xp s Uim Y a,, kX exists. p,
k=1 m k=1
Ps = {The set of all real number sequences such that x;, > 6 > 0 for all k} , and
Py ={The set of all non-negative sequences which have at most a finite number of zero terms}.
The definition of statistical convergence of a real sequence x = (x;) first studied by Fast [7] and Fridy in
[9] as follows:

Definition 1.1. Let A be a subset of IN, the set of natural numbers. Then the natural density of A denoted by 6 (A).
This is defined as

5(A) = lim%|{k3p:k6A}(
p—oco

where |A| denotes the cardinality of the enclosed set. The sequence x = (xi) has statistic limit L, denoted by
st —limx = L provided that for every € > 0,

1
lim; |{the number of k <n : |x — L| > e}| = 0.
n

In 2003, R. F. Patterson introduced the concept of asymptotically equivalent as follows:

Definition 1.2. [24] Two non-negative sequences x = (xi) and y = (yx) are said to be asymptotically equivalent if

lim— =1.

kyk

In this case, we denote this by x ~ .

Patterson also extended this concept by presented the following definition which is natural combination
of the concept of statistical convergence and asymptotically equivalent.

Definition 1.3. [24] Two non-negative sequence (xi) and (y) are said to be asymptotically statistical equivalent if,

for every € > 0,
lim — 3—1’25} =0,
m m ]/k

{the number of k < n :

. . S
In this case we write x ~ y.

We shall now consider the widely used form of 7 —convergence, which was presented in [14]. Additional
results of this concept was presented in the following papers [36], [37], [22], [35], [38] and, [1], [3], [12], [15],
[20], [21], [32], [33], [34]. Be begin the process by inspecting the following definitions of ideals:
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Definition 1.4. [14] If X is a non-empty set then a family of sets I C 2% is called an “proper ideal” if and only if for
each A,B € 1 we have AU B € I, and for each A € I, B C A implies B € 1.

Definition 1.5. [14] A non-empty family F C 2% is said to be a “filter” of X if and only if 0 ¢ F, for each A,B € F
wehave ANB e F,and A € F,and B D A we have B € F.

Definition 1.6. [14] An proper ideal T is called “non-trivial” if I + Qand X ¢ 1.
Definition 1.7. [14] I c 2% is non-trivial ideal if and only if
F=F@)=(X\A:AeT}
is a filter of X. It is called the filter associated with the ideal.
Definition 1.8. [14] A non-trivial ideal I C 2% is called admissible if and only if T > {{x} : x € X}.
Throughout 7 will represent a non-trivial admissible ideal of IN.
Definition 1.9. [14] Let I be an ideal of subsets of IN, x = (x,) be a real-valued sequence and L € IR. The sequence
x is said to be T—convergent to L, and we write I — limx = L, provided that A(e) = {n € N : |x, — L| > ¢} € T for
every € > 0.

Definition 1.10. [15] Let (x) and (yx) be non-negative real sequences and let I be an ideal in IN. If, for every & > 0,

g

Yk

{ke]N: ZS}EI

then x and y are called asymptotically I —equivalent sequences, this is denoted by x e V.

Theorem 1.11. (Pobyvancts [29]). A non-negative matrix is asymptotically reqular if and only if for each fixed m,

. Ap,m
lim — =0
n=e0 Yy nk

The following concept of convergence for double sequences was presented by Pringsheim.

Definition 1.12. [28] A double sequence x = (xi;) of giving complex (or real) numbers is called convergent to a
scalar L in Pringsheim’s sense(denoted by P — lim x = L) provided that for every ¢ > 0 there exists N € N such that
(xk,, - L| < & whenever k,1 > N. Such an x is described more briefly as "P — convergence”.

Definition 1.13. Let I be an ideal in IN X IN. A double sequence x = (xx;) of real numbers is said to be convergent
to a number L with respect to the ideal 15, if for every € > 0,

Ae)={(,) eENXN: |x) —L| > e} € I.

In this case, we write 1, — limxy; = L.
k1

Note that if 75 is the ideal
JTo={ACNXxN:(@mA)eN) (G,jzmA) =mA) = () ¢A)},

then 7,—convergence coincides with the convergence in Pringsheim’s sense and if we take
T, ={ACINxXIN:0;,(A) =0}, then 7;—convergence becomes statistical convergence for double sequences.
In 2003, Patterson extended asymptotically statistical equivalent of multiple L to double sequences.
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Definition 1.14. [25] Two non-negative double sequence (xy;) and (y) are said to be asymptotically equivalent if

denoted by x ¢ y.

Definition 1.15. [23] Let A = (ay, 1) denote a four dimensional summability method that maps the complex double
sequence x = (xy;) into the double sequence Ax where the mn — th term to Ax is as follows:

00,00

(Ax),,, = Z Do 0 ) XK 1

k,1=0,0

Let us consider the following notations:

) 00,00
0 =1x1: L |xk,z| < ooy,
K

=11

dg =% 1 P —limy,, Z Ay f 1 Xk ] = exists},
kl=1,1
P} = {The set of all real double number sequences such that x; > 6 > 0 for all k and [}, and
Py ={The set of all nonnegative sequences which have at most a finite number of columns and/or rows with
zero entries},
Let us define ¢ as follows: a double sequence x = (x;;) belong to the set ¢/ provided that P—limy x;,; = 0.
The four dimensional matrix transformation A is called an cj — ¢ if Az is in the set cj whenever z is in ¢/

0 0

and z is bounded. Furthermore, the following is a characterization of ¢{/— c; matrices.

Theorem 1.16. (Hamilton, [11]) A four dimensional matrix A is an ci/— ¢ if and only if
LY |aipg| < oo forallk,f;
pg=1,1
2. Let q = qo then there exists C,(k, ) such that a,,, = 0 whenever g > C,(k,]) for all k, I, p;
3. Let p = po then then there exists C,(k,[) such that ay,, = 0 whenever p > C,(k,]) for all k, I, g;
4. P - limy;a,,, = 0 for all p, and g.

The following Hamilton’s ideas in [11], Patterson presented the following definitions in [26].

Definition 1.17. [26] For each x = (xi;) € ¢* the "Pringsheim remainder sequence” R (x) is the double whose
m,n — th term is

Ry = ) Jew]-

k>mmn
Definition 1.18. [26] Let x = (xx;) be a convergent double sequence with limit L. Then the "maximum remaining
Pringsheim difference” is given by

PmpX = Max |xk,l - L|.
kI>mn

Also if x is in €2, let p (x) denote the double sequence given by

tn (¥) = sup [xi].
kI>m,n
Definition 1.19. [26] Let x = (xi;) be a double sequence of real numbers and for each n, let a, = sup,, {xi; : k, 1 > n}.
The Pringsheim limit superior of x = (xx,) is defined as follows:

1. If @ = +oo for each 1, then P — lim sup (x) := +oo;
2. If @ < co for some n, then P — lim sup (xx;) := inf, {a,}.
Similarly, let B, = inf, {(xx;) : k,I > n} then the Pringheim limit inferior of (xy,) is defined as follows:
1. If B, = —oo for each n, then P — lim inf (xy ) := —oo;
2. If B, > —co for some n, then P — liminf (xy,) := sup,, {B.}-
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2. Main Results

In this section, we will present the matrix characterization of asymptotically 7,—equivalent and asymp-
totically 1,— statistical equivalent double sequences with an up-to-date perspective on multidimensional
matrix transformation. At the end, we will obtain conditions on (4, , ;) which assures us that the transfor-
mation is asymptotically 7,—regular.

Definition 2.1. Let (xx;) and (yx,) be two real double sequences, then we say that xi; = yx; for almost all k and |
related to I, (a.a.k.l. 1) if the set

{(k,l) eINXIN: X1 # ]/k,l} e J,.

Definition 2.2. If A = (ay,ux)) is a four dimensional matrix, then a double sequence x = (x;) € €* is said to be
A—summable to L if
P —lim (Ax)m,n =P —-1lim am,n,k,lka =L
mn mn
ki=1,1
Definition 2.3. Two nonnegative double sequences x = (xi;) and y = (yx) are said to be asymptotically I,—equivalent
of multiple L € R, if every € > 0,and yy; # O, the set

{(k,l)ele]N:

Xk,
— — L’ > e} e 1,.
Ykl

e

Whenever this occurs, it will be denoted by x L y , and we write I, — limy, v

Ir—equivalent if L = 1.

= L, simply asymptotically

Let us consider the following example.

Example 2.4. Let us consider the following two nonnegative sequences:

0 (kl)f2 , if k and | are even
(VO VR + VB) , ifk and l are odd
(— VoK + \/5)2 , if k is even, | is odd
0 (kzl3)_4 ,ifkis odd, 1 is even

Xkl =

and
k12, if k and | are even
(‘/H+ 1)2, ifk and I are odd
(kI — 1)2 , if k is even, | is odd
(kzl3)_4 ,ifk is odd, 1 is even
where 0 € R\ {0}. Therefore, we obtain

Y1 =

0, if k and I are even
X 0, if k and | are odd

% 0, if k is even, l is odd

0, if k is odd, 1 is even.
Thus,
{(k,l)e]Nx]N: i _g Ze}efz.
/3

Hence, x = (xx;) and y = (yx,) are asymptotically I,—equivalent of multiple O.
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Definition 2.5. A nonnegative ¢ — ¢,/ summability matrix A is said to be asymptotically 1,—reqular of multiple

0o~ %
¢ e, if Ax 2 Ay whenever x & y, x € P, and y € P for some 6 > 0.

Example 2.6. Let us consider two double sequences x = (xy;) and y = (y,) as follows:
Xy =12 and yi; = 4 forall k,1 € N X N,

Xkl
Y1

thus {(k, NeNxIN: - 3| > e} € I,. We shall define four dimensional matrix A as the following:

Lforn=3m-2k=1=1
%,forn=3m—1,k:1,l=2
%, forn=3m,k=1,1=3

0, otherwise.

A= (am,n,k,l) =

Since A is ¢ — ¢ matrix and x L Y, we can say that Ax ck Ay. Therefore, we obtain the following

3.

Ax
T —Hm> =3and I, — im A% _
kL Ykl kI (Ay)y

As aresult, A is asymptotically 7,—regular of multiple 3.

Definition 2.7. Two double sequences x = (x,;) and y = (yy,1) are said to be asymptotically I~ statistical equivalent
of multiple L, if for every € > 0,and 6 > 0,

{(m,n)e]leN:Ll{kSmandlSn:
mn

Xkl s
——L'Ze} 26}6[2
Yk,

Is
(denoted x = y).

Theorem 2.8. Let A be a nonnegative ¢ — ¢ summability matrix, also let x and y be member of (%, and I and

be ideals in IN X IN. Suppose that x 3 y with x, y € P; for some 6 > 0, then iy, , (Ax) g Umn (Ay) if and only if for
eachi,j=1,2,3,...and for some € > 0 and y > 0 such that

amnl
[f;—limL k<sml<n:|— |>etl>yt=0,
mn mn .
Z amnrs
rs=1,1
for{(k,l)e]NXlN:ﬁ{kém,lSn: %—L'Ze} 2)/}6[3,

Proof. Suppose for € > 0 and y > 0, and for each 7, j = 1,2, 3, ... such that

1 Am,n,ij s
(mn)e NxN:—Rk<ml<n:|———|2¢es|>yr €T,
mn a

00,00
Z Amn,rs
rs=1,1

then we will show that i, , (Ax) % U (AY).
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Since x 4 y,let e > 0 and y > 0 then there exists a Pringsheim bounded null sequence n = (7). Let

e>0and
Xk,1
—'—L'Zé‘ > .
Yr,1 } V}

Observe that S € 75, when xx; = yx; (1 + i) for k, 1 =1,2,3, ... Additionally,

S={(k,l)€lN><]N:L‘{k§m,lSn:
mn

o <o o

for each (k,I) ¢ S. Also,

am,n,i,j &
(m,n)E]NX]N: ~e |2 g
v Amn,is
ij=1,1

e F(U).

Then for each ordered pair (1, 1), we obtain the following

Hmn (Ax) _ SUPy 1>m,n (Ax)k,l
tmn (AY) SUPy 150 (A

00,00

SUPY 1oy 2u ki jXij
1,]=1,

00,00

SUPLpsyn o ki jYi
i,j=1,1

SUPL 1> m,n (Zi, jes Ak,l,ijXij + Y ¢S ak,l,i,jxi,j)

00,00

supk,IZm,n . Zi Ak 1ijYij

7, ’

SUPy e | X ki (V37 + Yiiii) | SUPkismmn | T Aot
i,jesS i,j¢S
= +

00,00 00,00
SUPYsmn L OkLijYi SUPLpsyn o ki jYi
,j=1,1 ,j=1,1
SUP i | 5 Bkt (Vi + Uijmig)| L+ (€/5))supy iy, | T ki i
i,j€S i,j¢S
< +
OO,DO O0,00
SUP 1o L OkLijYij SUPY i Lo Bkl Vi
=11 =11
SUPY 151 ,Zsﬂk,z,i,j]/i,j i
1,j€ &
< L+ — + (L + 5)
SUP 1oy L OkLijYij
i,j=1,1
ho,to 0,k
SUPk 1> mn 21 1'1k,l,i,jyi,j )Uz',j| SUPy 1omn hZ ) 1”k,l,i,jyi,j |77i,j )
J=1, ,]=1o ’
< L+ 00,00 + 00,00
SUPL s Lo Bl jYij SUPY s o Bl Y

L]=1, L)=1,
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ho,OO 00,00
SUPy o Yo Aoiij [Tl WPk X kiiiig i)
+ i,j=1,t0+1 + i,j=ho+1,t0+1
00,00 00,00
SUP) 15 Zi kLY SUP) js Zi kLY
L]=1, L]=1,

€
+(L+ =
(t+5)
where hg and t, are positive integers. Since 1 is bounded double null sequence, sup; ]. |171»,j| < oo. Therefore,

there exist positive integers ty and hg for i > ty, j > ho, then |17,-,]-| < £. Thus,

Ln (AY) < L'*ng|ﬂw'

ho,to oy
Hm,n (AX) supk,IZm,n ak,l,l/] ]/1,/
00,00
ELLSUPL sy L Bk jYi
ij=11
©,f

£ YRR
ESUPL iy X (kLijVig
i,j=ho+1,1

+

00,00

SUPLIzmn . Zi A LijYij

hg,00
& ..
ESUP by X kil
Z,]:l,t0+1
O0,00

Supk,lzrﬂ,n X Z ak,l,i,j]/i,j
Lj=1,

+

00,00

& ..
ESUPL iy L Okl

i,j=ho+1,tp+1 &
+ +L+ =
00,00 5
Supk,IZm,n X Z ak,l,i,j y ij
=1,
Tig
- ]/i,j Supk,IZm,n ak,l,i,j
< L + Sup |Tlr,5‘ Z 00,00
1,8 ;o ..
=110 SUPy 15, Z A i
i,j=1,
il
5 5 5 5
Tig
- k1 j
< L+ Sup |T]V/5‘ Sup yi/j Z Sup 00,00
ij {(ns)1<r<ho &1sssto} 7071 y a1
ij=00

P
5 5 5 5

According to the hypothesis, there exists zg such that k, | > zj, then we obtain the following:

Amni,j £
< 2 fora.akl. J3
2 a tohgsup |nr,s| sup Yij
pot AT s {(r,5):1<r<hy & 1<s<ty}

for m > hy and n > ty we have

Hmn (AX) € € € € ¢
m52L+g+g+5+5+gfora.a.k.z.j;,
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This implies that,

Lmn (AX)
tmn (Ay) ~

Hence,

<2L+¢ foraakl J5.

hmHmn( )

<L foraakl 75,
mn Ly (Ay) ~ ! 2

where L; = 2L. In a similar manner, let us establish the following inequality

im0 A0 o aakl T3,
mi L (AY)
Thus, we have
. M (Ax)
lim———— =L, fora.a.kl 73,
mn Ly (AY) 2
ie.
1 Wmn (Ax) &
L < <n:|—/— = - - s
{(m,n)e]leN.mnHk_m,l_n. ton (A7) 25 >yredgs.

Hence WUmn (Ax J; Hm,n (A]/)

5

Suppose that i, (Ax) tmn (Ay), for x gt yandx, y € P" for some 0 > 0. If we consider the sequences
x and y defined by

Xki = Ykl = Lforallk,l €N,

then iy, (Ax) pm n(Ay) ie
00,00
SUPy 15,1 D Ak 1,1,jXi, j
ij=1,1
S H —
J> —lim Py =L,
supk,lzm,n Z ak,l,i,j]/i,j
ij=1,1

Therefore, there exists M > 0 such that {Zz 11 Ml ]}00 ” isbounded by M. Suppose that

mnl]

Z Ai,nr,s

ij=1,1

(m,n) e NXIN: <ep € F(U)

for some i, j and ¢ > 0. Then, the exists ¢ > 0 and a index sequence m; <my <mz <..andn; <np, <nz < ...
such that

Ayp,i i
— > yforu,v=1,23...

©0,00

Z Ayo,rs

rs=1,1

For r,s > 0 and define the sequences x and y by
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Xkl = .
1, otherwise

B {1+rs,ifk:iandl:j
Is
and y;; = 1forall (k,J) e NxN. Sincex ~ y, x,y € PY, let us consider the following limit:
SUPk1>u0 Zi 1amk,m,nsxns
J5 - lim e

1L,0—00
SUPL 15,0 Y. AmgnrsYrs
ij=1,1

00,00

SUPk 1540 Zi 1amk,mms + 1S Ay ny s
r,s=1,

= J5- lim

U,0—>00 090,00

SUPk 1>u,0 Z Amyny s
i,j=1,1
00,00 00,00
Supk,lza,v Zl 1amk,ﬂl,r,s + T’Slll Zi 1amk/”l/r/5
. . rs=1, r5=1, _
> 95— ulz}g}x) o =1+rsy.
SUP >0 Z Ay 1,
i,j=1,1
Choose rs = %, then we have
Ax)
S ['lmu/nv (
J5 —_— = >2.

T i, (AY)
Therefore, 1, (Ax) gt Umn (Ay). O
Now, let us consider the following example.
Example 2.9. Let us consider two double sequences x = (xy;) and y = (yx,;) which are defined by
Xi; =10 and yi; = 2 forall k,1 € N

thus, for every e > 0and 6 > 0, {(m,n) E]NX]N:’{kSm,l <n:

define B summable matrix as follows:

Xkl
— — >
e 5| > e}

3, forn=mk=1=1orn=m+2,k=1,1=_3; where m,n are odd

> 7/} € I3. Additionally, we shall

1, forn=mk=1=1orn=m+2,k=1,1=3; where m,n are even
2, form=m+1,k=11=20rn=m+3,k=1,1=4
0, otherwise.

B= (bm,n,k,l) =

Then, we obtain

[ 30mn 0 30mn 0 0 0 0

0 10mn 20mn  10mn 20mn 0 0

0 0 30mn 0 30mn 0 0

Bx=| o 0 10mn 20mn 10mn 20mn 0
0 0 0 0 30mn 0 30mn
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and

[ 6mn 0 6mn 0 6mn 0

0 2mn  4dmn 2mn  4dmn 0

0 0 6mn 0 6mn 0 0
By=1 o0 0 0 2mn 4mn 2m

0 0 0 0 oé6mn O

where (m, n) is corresponded the index of ay, , ). Since Uy x = sup )xk,l| for m,n > 0, we obtain the following

kI=mn
[ 30mn | [ 6mmn ]
20mn 4dmn
30mn 6mn
Bx) = | 20mn d By) = | 4mn
Homn (BX) and {i, (BY)
30mn 6mn
20mn 4mn
Thus,
X Bx
75— 1im™ = 5and 75 - tim P 8D _ 5
kL Y1 kL fimn (BY)
Lo J3
That means x ~ y implies [y (BX) ~ i (By). Moreover,
1 Amn,i,j s
(mn) e NXN:—Rk<mandl <n:|—s——|2¢e;| 2y €T
mn G
Z am,n,r,s
r,s=1,1

Let us also consider the following example.

S

T I 3
Example 2.10. [n this example, we examine the following cases; if ux = uy, then x < y and if ux = u, then

J; ) .
Pmp (AX) % Uy n (Ay). Now, let us consider two double sequences x = (xi;) and y = (yx,;) defined by

6, if kis odd VI
=6 Vk,land yi) =
Fid e Yei {3, if k is even V1

and let us define a four dimensional matrix which is as follows:

A = (llm,n,k,l) = 61,

pm=nk=11=4
1 _ _ _r.
spm=nk=11=5;
0, otherwise.




R. Savag / Filomat 39:17 (2025), 5777-5791 5788

Therefore,
[ 6mn 0 0 0 0
0 2mn 0 0 0
0 0 mn 0 0
Ax=1 0 0 0 = o0
0 0 o 0 "
and
[ 6mn 0 0O 0 o0
0 mn 0 0 0
0 0 mn O 0
Ay=1 0 0 0 = 0
0 0 0o o0 "

where (m, n) is corresponded the index of a,, ;. Hence, we obtain the following:

[ 6mn ] [ 6mn ]
2mn mn
mn mn

M (Ax) = | and iy, (Ay) = | m
'y T

We can say that

X
B o m=n=123,..

Hy
. 7 L
i.e. ux ~ py. Additionally,

tmn (Ax) [ 1, if m,n are odd
tmn (Ay) | 2,if m,n are even

However, ~22—
’ ,um,n(Ay)

I J3
demostrates that x + y and [y, (AX) %ty (Ay).

i) s 110 Pringsheim limit as m,n — oo, and also i has no Prinsheim limit as k,1 — oo. This status

Theorem 2.11. Let x = (xi;1) and y = (yx,;) belong to Py N €* and I, be an ideal in N x IN. Then necesarry and

sufficient condition for x 1z yis I, —lim(x —y) = 0.
Proof. Let us assume that x L y, then

Xk,1
— —L

R={(k,l)e]N><lN: <s}e§"(fz)

and for (k,I) € Rand L € R we have the following

(L =€) yxs < xx1 < (L+€) yx-
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Therefore,
—&Yk; < Xk1— Lyk) < €y
0< Xk — Lyk,l — &Yk < nyk,l
= X1 — Lyki < 3eyyg
whenL =1,

Xki — Ykl < 3¢ (sup |}/k,l|] = ¢ for each (k,1) e R
Kl

Hence, 75 — lim (x — y) = 0.
Now, let us consider 7, — lim (x — y) = 0. Then

S.= {(k, D: )ka - }/k,l‘ < E} €F (12).

For each (k,I) € S;, we have

—& < Xgl— Yk <€

£ x €
= 1-—<ZXc14=

[CAN" Y

Hence, {(k, D): % - 1’ < i} € ¥ (I,). Therefore, x L y. O

Let us now present an 7,— regularity theorem.

Theorem 2.12. Let 1, be an ideal in IN X IN and consider the following double sequences x = (xi;) and y = (Yx,1).
Then a nonnegative four dimensional matrix A = (ﬂi,j,k,z) is asymptotically 1,—reqular if and only if

 Lijer Dmnk]
I —lim 55— =
k1=1,1 mnk]
for every R € 1.

Proof. Let us assume that A is asymptotically 7,-regular. Let R € 7, and define the sequences x and y as
follows:

[ Lif D gR
L= 0,if (k1) e R

and yx; = 1, for every (k,I) e N x IN.
Since x and y are bounded sequences, x € P, and y € P;. Therefore,
(AX), Lo kD)eR B 1 Xk + X lygR B 1k |
- 00,00
(Ay)m,n r k=11 FmnkiYk]
O0,00
Yiion1 B k1Yt = Lok lyer Gmn k]

00,00
Zk,l:l,l A k1

Z(k,l)e‘R Am,n k1

1- =5 .
Z‘k,l:l,l A k1
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Since Ax = Ay, we obtain the following

. Z(k,l)e‘R Amn k1
I -limcgo— =

ki=1,1 Pkl

Now, we will show that 7, — lim W = 0 is sufficient for A to be asymptotically 7,—regular. Let us
k=11 k]
define the matrix C = (cyux1) = =e— because of that the row sums equal 1 and 7, — lim —Zzoﬁ;’ff “;’"’/i’l =
Akl ki=1,1 Fmnk,

kl=1,1
is satisfied with {(m, n): |Z(k/,)€R am,n,k/l| > 8} € I, for all R € 15, Cis an J,-regular matrix. In addition, the

matrix C maps members of P to P}/, and since x L y,wehave I, —lim (x — y) = 0. Thus, 7, -limC(x — y) =

0 = 7, - lim (Cx — Cy) = 0. Consequently, we obtain Cx g Cy. Furthermore,

(Cx) Z;’:,l Conn kI XKk ]
(Cy)m,n Z[;ollzol,l Cm,n,k,lyk,l
00,00 4
oo"-xryn,n,k,l xk,l

k,]=1,1 Z A k1
kl=1,1

00,00

Ayn k1

= | Ykl
K=11 X Amuk
k=11

00,00
Zk,lzl,l B, k1 XK1

00,00 .
Y k=11 A,k 1 Yk,1

Since Cx % Cy, we have Ax g Ay. O

3. Conclusion

In this article, we introduce the matrix characterization of asymptotically J,—equivalent and asymp-
totically 7,— statistical equivalent double sequences with an up-to-date perspective on multidimensional
matrix transformation. Additionally, we obtain conditions on (@, ;) which assure us that the transfor-
mation is asymptotically 7,—regular. This result is an open problem to extend the concept of deferred
statistical convergence, and also some application areas.
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