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Some estimates for multilinear Calderé6n-Zygmund operators with
fractional kernels of Dini’s type and their commutators on generalized
fractional mixed Morrey spaces

Rui Li?, Shuangping Tao?", Yanqi Yang?®

?College of Mathematics and Statistics, Northwest Normal University, Lanzhou, Gansu 730070, P. R. China

Abstract. In this paper, we mainly study the boundedness of multilinear Calder6n-Zygmund operator
with fractional kernel of type h(t) and its commutators on generalized fractional mixed Morrey space
Li¥(R"). Firstly, with the help of the extrapolation theorem, the monotone convergence theorem and the
boundedness of fractional integral operator I on mixed Lebesgue space L7(IR"), we obtain the boundedness
of T on space L(R"). Secondly, the boundedness of T on space L (RR") is derived by applying the
boundedness of T on space Li(R"). Thirdly, we prove that the commutators TH ;and ng are bounded from

LPAmA(R"Y) X --- x LPniin¥(R™) to LIMY(IR"). Finally, as applications, the boundedness for the multilinear

fractional new maximal operator M,g and its commutators Mﬁw and [l_;, M, ] on space Lin¥(R") is
presented.

1. Introduction

In 1961, the L(IR") space with mixed norm was introduced by Benedek and Panzone in [2] as follows
LP(R") = {f € UR") : || fllsge) < 0,

where U(R") denotes the set of Lebesgue measurable functions on R”, 7 = (py,-
mixed Lebesgue norm || - || (R 18 defined by

r3
P2 E pn
P1
1l = fm [ fR ( fR |f(x1,xz,-~,xn)|mdx1) dxz] Cdy,|
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Since then, the boundedness of some classical operators and their commutators on mixed Lebesgue space
L7 (R") was investigated, for example see [1,7, 11,12, 17, 28]. In 2019, Nogayama [24] introduced the mixed
Morrey space Mg,(IR”), which coincides with the mixed Lebesgue space L7(R") [2] and the classical Morrey

space M, (R") [22] and M’;(IR”) [24] when some indexes take special values. The mixed Morrey space
M?(IR”) is as follows

MURY = {f € UR : fllygimey < )

where § = (q1,-* ,qn) € (0,0]", p € (0, ], Z7=1 ql] > g

and the mixed Morrey norm || - || MR 18 defined by
q
1_1 Z
Ifllsgmey = sup 1BGe Al "

xelR”,r>0

n o1
P F o -

In [24], the author also obtained some basic properties of M?(]R”) and showed the boundedness of fractional
integral operators and singular integral operators on M;(]R”). In [6], Guliyev et al. gave the generalized
Morrey space M{(IR") and proved the sublinear operators H generated by Calderén-Zygmund operators,
H,(0 < a < n) generated by Riesz potential operators and their commutators H ,(0 < & < 1) are bounded on
M;’ (R™), where the sufficient condition on the pair (u1, 1) ensures the boundedness of H, , from M;‘ll (R™) to

M;’j (IR™) with qll - ql—z = . In 2022, Wei [31] extended the mixed Morrey space MZ,(IR”) and the generalized
Morrey space M{(R") to the generalized mixed Morrey space M;i(]R”) and demonstrated the sublinear

operators H generated by Calderén-Zygmund operators, H,(0 < a < n) generated by fractional integral
operators, fractional maximal operators, Hardy-Littlewood maximal operator and their commutators are
bounded on M;ﬁ(]R”). Let u(x,r) : R" X (0,0) — (0, o) be a Lebesgue measurable function and 1 < § < 0.

Then a function f € U(R") belongs to M;f,(lR”) if

0 I1f X B lpae
MyRr) = SUp
1 xeR",r>0 u(x, T)HXB(X,V)”L’T(R”)

There are a lot of researches on the function spaces with mixed norm, such as see [32] for the generalized
mixed Hardy-Morrey space, [10] for the anisotropic mixed norm Campanato-type space and anisotropic
mixed norm Hardy space, [35] for the global and local mixed Morrey-type spaces, [21] for the Lorentz-
Marcinkiewicz space with mixed norm, [20] for the mixed A-central Morrey space, [4, 33] for the Lorentz
space with mixed norm. In 2017, Tan and Liu [29] introduced the following generalized fractional Morrey
space L7"%(IR") and established the boundedness of multilinear operator associated to singular integral
operator with variable Calderén-Zygmund kernel on L7"¥(IR"). Let i be a positive, increasing function on
(0,00),0<n<nand1<g< % Then f € U(R") belongs to L9V (R") if

Lf XBx LR
(1 f1zone ey = ————— <0

sup T ,
x€R",r>0 [Hb(r)]q n
where 1 satisfies Y(2t) < Ci(t) for t > 0 and some constant C > 0. Noting thatas 7 =0, then 1 < g < co.

In this article, we mainly study the boundedness of multilinear Calderén-Zygmund operator with
fractional kernel of Dini’s type T and its commutators on generalized fractional mixed Morrey space

LY (R"). Next, we recall the definitions of the generalized fractional mixed Morrey space LY (R") in [18],
space BMO,, 4, T and the commutators of T in [15] and Lipschitz function in [25].

Definition 1.1. Suppose that 1) is a positive, increasing function on (0, c0) and there is a constant Cy, > 0
such that
Y(2t) < Cyp(t), foranyt >0,
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here the best possible constant Cy is called the doubling constant for 1. Assume that n € [0,n), § =
(g1,--- ,qn) € (0, 00]" and 27=1 ql—/ > 1. Then the generalized fractional mixed Morrey space is defined by
LT[R = {f € UR") : || fllgnogrry < o)

where
Il f X Bl

lyn 1_1n°
" Zle ’Tj_;

||f||mn,ﬂ»(]Rn) = sup
xeR",r>0 [I,D(T)]

Throughout this paper, we always assume that h(t) : [0, 0) — [0, o) is a nondecreasing function with
0 < k(1) < co. For a > 0, we say that /1 € Dini(a), if

1
he(t
|h|Dil’li(tl) = f %dt < 00,
0

Clearly, as a, > a; > 0, Dini(a2) D Dini(a;). In what follows, A < B denotes there is a constant C > 0 such
that A < CB and A = B means there exist the positive constants C; and C, such that C;B < A < C;B. Set
T=@ - q) € O, 1<F<comeans1<gj<oo(j=1,m, %=L, Lyandi = (g, ,q)),
where q;is the conjugate exponent of q;. Let ¢(s) = (1 +s)” fors > 0and 0 <y < co.

Definition 1.2. Let 0 < < 1 and Kg(x, y1,* -+, ¥) be a locally integrable function defined away from the
diagonal x = y; = -+ = y,, in (R")""!. Suppose that T : S(R”) X -+ x S(R") — &'(R") (from the product
of Schwarz spaces to the space of tempered distributions) is bounded from L/ (IR") X --- x LP»(R") into
LP=(R") for ;—] = pll + pim with 1 <pq,--,pm < co. Then T is called the multilinear Calderén-Zygmund
operator with fractional kernel of type h(t) if there exist the constant N > 0 and Ks(x, y1, - - - , ) that satisfies

(1.1)-(1.3) such that for x ¢ () supp f;, there holds
i=1

T(fl/ e /fm)(x) = j(;[iﬂ) Kﬁ(x/ ]/1/ e /ym) Hﬁ(yl)dg)/
" i=1

where (1.1)-(1.3) are given as follows
@) forall (x,y1, -+, ym) € R withx # y;,(i=1,--- ,m), there holds

1
|K (x/ 7y m)l < m m ; (11)
PR IS o e = gy B + (T b — gy
.o . _ ’ l _ i
(i) if [x —x'| < 5 1mg12(, |x — yil, then
|Kﬂ(x/ ylr Tty ym) - Kﬁ(x// yll Tty ym)l
< — - L ( Lt ); 1.2)
(Zi:1 lx - 1/i|)m"( _ﬁ)(l + (Zi:1 |x — ]/i|)n)N Zi:l lx — yi|

i) if v — ] < L — vyl th
(iid) if |y; yll_zfﬂgfé;(llx yil, then

|K/3(x/]/1,"' yYir /ym)_Kﬁ(x/ylz"' /y:‘/”' /]/m)|

1 lyi — 'l )
< — - h| = . 13
(L e = yily™ A1 + (T2 e = vi)")N (Zizl lx — il (13)
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Definition 1.3. Let b be a locally integrable function and 0 < < 1. We say that b € BMO,, 4 if

1
vervreo (@(BCe, ADIBCe, NP

bllanio, , = t]‘ Ib(y) = baenldy < oo,
B(x,r)

where B = B(x,r) represents an open ball centered at x € IR” with radius » > 0, bp(,, denotes the mean
value of b over ball B(x,r) and @(|B(x,7)|) = (1 + |B(x,7)[)’ for 0 < y < c0. Asy =0 and B =0, BMO,g
space will reduce to BMO(IR") space. Clearly, BMO(R") ¢ BMO,g when 0 < 8 < here the fact

B(x,7)| _ Byl Bl \P .
@UBGANBEANTT — AHBaAyED = (1+|B<x,r>\) < 1is used.

1+r

Definition 1.4. Let 0 < a < 1. Then for any b € L} (R") and x,y € R", b is said to belong to the Lipschitz
space Lip (IR") if there is some constant C > 0 such that

lb(x) = b(y)l < Clx - yI%,

where the smallest positive constant C is called the Lip ,(IR") norm of b and denoted by |[b||Lip, rn)-

Definition 1.5. Let 0 < g < 1, f_): (fi,-*+, fm) and b= (by,---,by). Assume that T is the multilinear
Calderén-Zygmund operator with fractional kernel of type h(f). Then the m-linear iterative commutator

generated by T and b is defined by
HiHE = f( e H(b (@) = biyKp(x, y1, -+ ym) i) -+~ fu(ym)dY,
and the multilinear commutator generated by T and b is defined by
Tmmm:imgm»
i=1

where

T, () = 6T e ) fud®) = T( o bifi o+ fu)@), fori=1,-,m.

In 2003, the commutators of multilinear Calderén-Zygmund operators were introduced by Pérez and
Torres in [27], and they also gave the strong and weak type estimates for the commutators of multilinear
Calderén-Zygmund operators. From this time on, many researchers investigated the related contents. In
[5, 13], the authors studied the multilinear Calderén-Zygmund operators with standard kernels (i.e. =0,
N = 0and &(t) = t(¢ > 0) in (1.1)-(1.3)) and their commutators. In [19], Lu and Zhang considered the
m-linear operators with m-linear Calderén-Zygmund kernels of type h(t) (i.e. f = 0 and N = 0 in (1.1)-
(1.3)) and their commutators. In [26], Pan and Tang established the certain classes of multilinear operators
(e B=0 1+ x=y)N =@+ X% |x— yi)N and h(t) = t(¢ > 0) in (1.1)-(1.3)) and their iterated
commutators. In [36], Zhao and Zhou considered the certain multilinear Calderén-Zygmund operators
with kernels of Dini’s type (i.e. B = 0and (1 + (X712, [x — yi)")N = (1 + L, Ix — yi))N in (1.1)-(1.3)) and their
commutators. In [16, 34], the authors studied the multilinear singular integral operators with generalized
kernels and their commutators.

The paper is organized as follows. In Section 2, we give some important lemmas. In Section 3, the
boundedness of T on generalized fractional mixed Morrey space L7"¥(R") will be showed. In Section 4,
we will prove that Ty and Ty,  associated with BMO,,4 functions and Lipschitz functions are bounded

on space L7V (IR"). Fmally, the estimates for the multilinear fractional new maximal operator and its
commutators on space L7¥(IR") shall be presented in Section 5.
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2. Some preliminaries

The following extrapolation theorem and the boundedness of I on mixed Lebesgue space L(R") have
been proved in [31, 35]. Before stating Lemma 2.1, we first recall the definitions of A,(IR") weight, A;(IR")
weight and L7(w) in [13, 23]. Let w be a locally integrable function on R” which takes values in (0, o) at

almost everywhere, 1 < p < co and % + % = 1. Then w € A,(R") if there exists a constant C > 0 such that for
all balls B,

1 (1 oV
(|B|fcu(x)dx) (Ejl;a)(x)1 ’“dx) <C,

where B = B(x, r) denotes an open ball centered at x € R" with radius r > 0. In particular, this is called that
w belongs to A1(IR") when p = 1, if there is a constant C > 0 such that

1
—_— w(x)dx < Cinfw
|B|fB‘ ( ) te le ’

where the infimum of these constants C is called the A;(IR") constant of w. And the weighted Lebesgue
space LP(w)(0 < p < o) consists of all f € U(R") such that

Al @) = (jﬂ;” If(x)l’”a)(x)dx)P < oo,

Lemma 2.1. [31] Let G be a family of ordered pairs of nonnegative measurable functions, § = (g1, ,qn) € (0, 00)"
and 0 < g < oo with gy < 4. If

(£ 11290 (@) < Ngllzs0 (@)
for w € A1(R") and (f, g) € G, then the inequality

ATl < 1917
holds for (f, g) € G such that the left-hand side is finite.

Lemma 2.2. [35] Suppose that 1 < < § < oo, Y 1q =2 1——Cand0<C<n Then

M (HMliwey < Mfllsweys

where I; is the fractional integral operator defined by

e = [ Ly

From [2], we know that Holder’s inequality and Minkowski inequality still hold on space L7(IR").

Lemma 2.3. Assume that 1 < § < oo and %, + q% = 1. Then for any f € LY(R") and g € L7 (R"), we have

|f x)g(x)|dx < ||f||m mn)llgllm (R")

R"

Lemma 2.4. Let 1 < § < oo. Then for any f,g € LY(R"), there holds

||f + !]”Lq‘(]Rn) < ||f||m‘(]Rn) + ”f]”yi(]Rn)-
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Next, we give the following relationship between the dyadic fractional maximal operator Mg(p 5 and the

dyadic fractional sharp maximal function Mg’d P and the inequality for the dyadic fractional sharp maximal
function of T in [15]. Before stating the lemmas, we need to provide some necessary concepts. Let0 < < 1

and 0 < 6 < . Then M‘g(p 5 and Mg’d are defined as follows

Mg, () = (M3 (fP)T and Mt (f) = (MEL(F)Y,

where .
M f(x) = su — f If(y)ldy,
o xeB(dyad}iz cubey (P(BDIBDF Jp fWldy
and
M (F)(x) = su inf f | cld
R S <<p(|B|>|B|>1ﬁ fy) ~ady

= su — | | — fgldy.
xeB(dyadE: cube) ((P(|B|)|B|)1_ﬁ f]; f(y) fB Y

Let f_): (fi,--- , fm) be a collection of locally integrable functions and 0 < < 1. Then the multilinear
fractional new maximal operator M, s was given in [14] as follows

N m 1
Mo = su | vy
b= b H @UBG DB AT gy Y
Here we recall the definition of the weight A, g(¢) in [9], which included A, (¢)(8 = 0) weight in [30] and
the classical Muckenhoupt weight A,(IR")(,7 = 0)in [23]. Let1 <p < 0,0 < f < 1 and % + !% = 1. Then
w € App(ep) if there is a constant C > 0 such that for all balls B,

1

1 ; 1 3
((¢(|B|)|B|)1-ﬁ Jye x) ((<p(|B|)|B|>1-ﬁ Jyor x) =C

where B = B(x, r) denotes an open ball centered at x € IR” with radius r > 0. Especially, this is called that @
belongs to Ay (@) when p = 1, if there exists a constant C > 0 such that
1
(@(BNIB)'F
where the infimum of these constants C is called the A;g(p) constant of w. Noticing that A g(p) =
Upzl Ap/ﬁ ((P)

Lemma 2.5. [15] Assume that 0 <p < 00,0 <6 < 00 and w € Aw () with 0 < p < 1. Then for f € LF(w), there
holds

fa)(x)dx <Cinfw,
B B

£l < UM, (Al < IMES (Alircay-

Lemma 2.6. [15] Suppose that T is the multilinear Calderén-Zygmund operator with fractional kernel of type h(t),
0<p=< % with0 <y < coand 0 < 6 < <. Ifh € Dini(1), then for all bounded measurable functions

f9= (f1,+++ , fm) with compact support, we have
M (T(H)) € Myp(HR).
Lemma 2.5 together with Lemma 2.6 implies that the following lemma is true.

Lemma 2.7. Let T be the multilinear Calderdn-Zygmund operator with fractional kernel of type h(t), 0 < <
with0 <y <ocoand 0 <p < co. If h € Dini(1) and w € A (), then

IT(All @) < 1My p(H)llrw)-

- 1+y
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3. T on space L71¥(R")
The main result of this section is stated as follows.

Theorem 3.1. Let T be the multilinear Calderdn-Zygmund operator with fractional kernel of type h(t), h € Dini(1),
O<7/<m—1 0<B< Land0<C4,<2” Ifnp<mi<Z4nB(i=1,--,m),n=YrLn—mnp, 271%=

Yia Lt p —mnfwith ¥ 4 p >n;,m=2and1 < §,p; < oo, then T is bounded from LV ¥ (IR")x- - -X P/ (R™)
to LMY (R"), i.e.

m
TPl iy < | T Illsso ey
i=1

To prove Theorem 3.1, we need the following boundedness of T on space L(IR").

Lemma 3.2. Suppose that T is a multilinear Calderon- Zygmund opemtor with fractional kernel of type h(t), m > 2,
h € Dini(1) and 0 < B < %y with0 <y < oo If Y14 q =Yg Li p —mnBand 1 < §,p; < co, then T is bounded

from LVi(R") X - - - X LP"(R") to L1(R"), i.e.
5 m
ITAlligey < [ T oy
i=1

Proof. Let f_)e LFI(R") X - - - x LP"(R"). We only need to prove the case f; € L*(R")(i = 1,--- ,m) because the
class of bounded functions with compact support are dense in L7 (R™) (see [2]). Set

T*(f)(x) = min{k, T(F)xzon (),

and

= (T, My () : f e LXR™)™, k € N},

where IN* represents the set of the positive integers. Then for every pair (TX( f_j, M s( f_i) €G,any0 < gy <o
with qo < §, and w € A1(R") C A1 4(@) C Aw (@), by applying Lemma 2.7, there holds

”T(f)”L’iO((u) < ”M(p,ﬁ(f)||L‘70(w)-

This inequality together with the definition of T* implies that

IT* (Ao ) < Mo, (FllLo (@)

And because IxB, k)IILq(]Rn < o0, then IT%( fSIILq(R,l < oo for each fﬁe (L (R™)™. We may choose ¢; such that
% =y" 7 L and Z] 1 q,, Z; 1 p —pi, then § = % Y.ir; Bi- Thus, using Holder’s inequality, Lemma 2.1 and

Lemma 2 2 to each pair in G, we have

”Tk(f)”Lri(]Rn) < ”M(p,ﬁ(f)”in(]Rn) < ” HMﬁ,(fi)”Li(]Rn)

m
< T T s 0D o
i=1

m

||ﬁ||LP7(IRn)/
i=1
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here My, is the fractional maximal operator defined by

My = sup —— [ VA,

xeRnr>0 |B(x, )|

and we use the following estimate

Mgl = sup e ﬁ)H S, vty

xelR",r>0

m

1
< swp []——7 f Vil
B(x,r

xeR",r>0 .7 |B(x r)|

< [ Moo (3.1)
i=1

Since TX( f_j(x) increases almost everywhere to T( f_j(x) for each f_)e (LZ(R™))™, then from the monotone
convergence theorem on mixed Lebesgue space in [2], it follows that

m
”T(f)”Lfi(]Rn) = ]}1_{?0 ”Tk(f)”UT(IRn) < H ”ﬁ”m(nzny
i=1

The proof is finished. [

Proof. [The proof of Theorem 3.1] It is sufficient to prove the case m = 2 because the similar arguments also

work for the other cases. Let f_): (fi, fo) € LPVm¥(R™) x LY (R"), B =: B(x, ) for r > 0, 2B(x, ) =: B(x, 2r)
and (2B(x, ))° =: R" \ 2B(x, r). Then from Minkowski inequality, we have

T, e ey < NT (X200, f2X 2B ILins e
+ IT(frxzsen, f2X @B lpine g
+IT(fix ey, f2x286n)Line ey
+ IT(frxeseny, X eBem N g
=I+0+II+]IV.

Noticing that 0 <y <1, then + <i
np <n; <nand 0 <1 < n. Thus, it gets from )"

And because np < 17, <Z+ nﬁ(z =1,2)and = Y2, n; — 2nB, then

=y". L4 Z =1 pz —2np and Lemma 3.2 that

j=1 ‘7 =1 pyj

IT(fix2e, f2X2B00)) X B Lire

I= 1yn 1_1
xeR",r>0 [¢(r)]n j=lg;n
”leZB(x,r)”Uﬁ (R") “fZXZB(rr |ILP§(Rn)
< sup -
xeR",r>0 [¢(r)]rx Z] 1 q/ T
1 Z’f 1_m lyn 1 _Mm
2 [4)(27)]" =lpyom [lp(zr)]n =1 g "
<[]l sup -
i=1 x€R",r>0 [170(7‘)] W=l g T
2 4lynm L _mtm
71

=1 paj n

[Cpyp()]" = 7
<[]0l sup —

i=1 xeR",r>0 [1/)(1’)]% =1 q; "
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2
< [T e
i=1

Next, we prove II. For y; € 2B(x,7), y» € 2*'B(x,r) \ 2*B(x,7) and z € B(x,r), it holds that |z — ya| 2
12¥B(x, )| . Thus, by (1.1), we have

1

(T2 Iz = g2 P+ (L7 Jz — yil))N
<1
[2%B(x, r)21-)

IKs(z, y1, y2)| <
3.2)

Hence, according to (3.2) and Holder’s inequality, we have
IT(f1X2B(x,)s f2X @By ) (2]

< f i IKs(z, y1, y2)Il frX2Boon (YOI f2X @By (Y2)ldy1dy2
(R™)

|f2(y2)!
s (LB(xr |f1(]/1)|dy1)[z ﬁﬂg(x r) |2kB(x 1’)|21 -B) dy

< WAax2Ben |l woliX2enlly g

Z ”,fZXZ"“B(x r)||LV2(]RM)I|X2k+1B(x V)HU)Z (Rn)
X
|2kB(x, r)Pa=h)

1 1 n

e i |2B(x r)|1 =1 7y

(2k+1 / 1 ;’2] n |2k+1B(x 7’)| T ] 1 pzl
X Z |2kB(X, 1’)|2(1 ) H ”fl”LP, i (R 7

_lyn 1
the last inequality follows from the fact [[x2p(, ;1 ®Y) [2B(x, r)|1 # Lty in [24]. Therefore, by 0 < Cy, < 2"

and £ > nﬁ =p>26-1,weget

IT(fixzpen, f2X@Bem )X B llLige

II= sup Ty 11
XeR?,r>0 [p(r)]" =5
TR MR ) T
< [Cop(n]" ™" i [C*IP(V)]" Koty
< su
xe]R"IrD>O "Ly
0% [Y(] !
2
13 T+ L 35 k1 1=5 Ky +26-1)
X |B(x, 1)l 4 1127 B(x, )] ! il e
i=1
’ o0 (Ck+1) ’/’1%_”72
Dmexwwmmw%
5 (k+1)(1 Y =12,
C n ~j=1 p2] n
< H ||f1||Lm Mind (RN Z ( on )
i=1
2

< [T oy

i=1
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Similarly, it is not difficult to obtain that

2
11 < [ [l oy
i=1

Finally, we prove IV. It follows from (3.2) and Holder’s inequality that
IT(fix @By f2X @By ) (2)]

= f( | ‘B( /]/ ’yZ)”le(ZB(X,r))C(yl)HfZX(ZB( / ))C(]/ )|d]/ ]/
R")2 X1 2 ]d 2
, v 2 1- i\Yi d

zlexmmmIIM&mmMmm&mmmMmmn
=1

i

k+1 n S —
< Z —zkﬂ PR H[w( i

—; Z = f
X 2B, | Fll s -
Thus, by 2 + 2 > Mp +n’3 = 2B, there holds

IT(frx@Becmys f2X @B )X B Lime

1V = sup Lyn 11
xeR",r>0 [IP( )]n j=1 a "
k+1 Vit D gy R
[Chrty(p)]* = i B txn
< sup 1 B, I =
xeR",r>0 =1 [w(r)] n Z; 1 177 "
no 1 " +2(ﬁ 1)
A H CAZERLY
Lylyn L _”i—"—z
2 Ck+1)" 1 P1j T

< ) n
B 1———:1[ |fZI|U9'""’ *® )Z (k+1)(n Z) 1 V] +n Z] 1 Vz 2ﬁ)

1 1yn 1 m_m

0o CIP (k+1)(3 L 1 T ;1;72]_7_7)
< | | ”fz”Lﬂ,mV(]Rn) 2 (2”)
i=1 k

= =1

< [T ey

i=1

N

N

The proof is complete. [

4. Ty and Ty ; on space Lin¥(R")

The main results of this section are formulated as follows.

Theorem 4.1. Let Ty be the m-linear iterative commutator generated by T and b,b= (by,---

6238

b )b-eBMO(pﬁ(i:

1, m)0</3<mm{3 LYy with0 <y < oo, h € Dini(1) and 0 < Cy <2". Ifnp<ni <L (i=1,---,m),

1+y’ m
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n=Liin Z] 1q = Yia Lt 1p with m > 2, Y7y 1j > niand 1 < §,p; < oo, then Ty is bounded from
LPIMmA(R?) X - - - X [Pmn¥ (R to LYY (IR™), i.e.

m
3
Iy llnsey < | [ Wbillsnao, ol fll sy
i=1

Theorem 4.2. Suppose that TZ ;18 the multilinear commutator generated by T and b = (b1, ,bw), b; €

BMOyyp, i = 1,---,m, 0 < p < 75 with 0 <y < oo, h € Dini(1) and 0 < Cy < 2. If ¥,y =
1 np

Z?llez%—mnﬁ+nﬁwithm > 2, Z]lp— >ni(i=1-,m),1<qgp<oco,np<mn<nf+i—---
and n = Y.L, n; — mnB + np, then Ty ; is bounded from [PVmA(RY) X - - - x LPnind (IR™) to LIY(R™), ie.

m
- -
T 5 llisreny < Wellsio, | T 1Ay
i=1

where ||bllsmo, ; = max{||billemo, -« / 1bmllBmO, 41
Theorem 4.3. Assume that 0 < a <1,0< B <1-7, a+nf <n <minfa +np+ -,n} (i =1, ),
n =Y n—mnp—maand 0 < C¢, < 2" If Ty is the m-linear iterative commutator generated by T and b,

b= (b, ,bw) b € Lip,(R"), i=1,---,m, Z] -1 q} Z 21.:1 o —mnp —ma, ijl P >niand 1 < q,pi < 00,
then

m
T o Pllnsey < T T 0, ol fill s ey
i=1

Theorem 4.4. Let T P be the multilinear commutator generated by T and b= (by,--- ,bw), bj € Lip (R"), i =

5 0<ﬁ<m1n{1+y 1-2} with0 <y < 0o, h € Dini(1) and 0 < Cy, < 2", If

a+nB<n<L+np+L(i=1, ---,m),n_lelm—mnﬁ—a,z’;zlqu=Z]’7=12i’11;%—mnﬁ—a,m22,

271;1 >n;and 1 < §,p; < oo, then

1,--, O<oz<m1n{1

m
15 5O llinseny S WBlip, e [ T 1Ay
i=1

where ||bl|Lip, k) = max{lIb1llLip, @), -, 1bmllLip, @}
In order to prove Theorems 4.1-4.4, we need recall the following lemmas. We first recall the characteri-
zations of bounded mean oscillation BMO on space LA (R™) in [8].

Lemma 4.5. Let b € BMO(R") and § = (g1, ,qn) € (1, 00)". Then for any ball B(x,r) C R" and any j € IN, there
holds

(6 = b mX B lLiwey S IDllBMO®RA X B, iR
and
b2i1Bxr) — bBa| < (j + DIIblIBMO®R?)-
The following characterizations of Lipschitz space have been established in [3].

Lemma 4.6. Suppose that 0 < a < 1and b € Lip (R"). Then for any ball B(x,r) C R" and B(x,r) C B*(x,r), we
have

1
Ibllip, ) & su —f 1b(y) — bp,nldy,
p.(R") P |B(x,r)|1+? Ber) Y (xn1dy

xeR",r>0

and
DB,y = bB x| S bllLip, @B (x, 7)] .
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Lemma 4.7. Assume that b € Lip (R") with 0 < a < 1and § = (q1,--+ ,4x) € (1,00)". Then for any ball
B(x,r) c R", there holds

a1 no 1
i Lj= g

16 = beeen) X B lLiwey S WPllLip, &eIB(x, N i

Lyn 1
Proof. Since |[xpe,|l LiRry ® [B(x, 7)|" Liy in [24], then Lemma 4.7 directly follows from the first part of

Lemma 4.5 and Lemma 4.6. The details are omitted here. O
Now, we give the proofs of Theorems 4.1-4.4.

Proof. [The proof of Theorem 4.1] Without loss of generality, we only consider the case m = 2, the same

method is applied to Theorem 4.2-Theorem 4.4. Let f_)= (fi, f2) € [PimA(R™) x P24 (R"), B =: B(x, r) for
r >0, 2B(x,r) =: B(x,2r) and (2B(x, r))* =: R" \ 2B(x, ¥). Then

Ty g(f_j(z) = (01(2) — (01)Bn)(b2(2) = (b2)Ben)T(f1, f2)(2)

= (b1(2) = (01)Ben) T(f1, (b2 = (b2)B(x,1) f2)(2)
— (b2(2) = (02)Bx,n) T((b1 = (b1)Bx,) f1, f2)(2)
+ T((b1 = (b1)Bx,n) f1, (b2 = (02)B(x,1) f2)(2)-

Then by using Minkowski inequality, we have

1T g(fﬁ)||mwmn) <1 = (01)Ben) b2 = 02BN T(f1, f)lline re)
+ (b1 = (b1)Ben) T (f1, (02 = (b2)B(xr) f2)ll s rey
+ (b2 = (b2)Ban T((01 = (b1)Bx,n) f1, f2)llLins @rey
+IT((b1 = ©1)Ben) fr, (02 = (b2)Bexr) f)ll s rey
=:E1+E,+E;+E,.
We first estimate Ei. Let f; = fixopus) + fiXesan)<(i = 1,2). Using Minkowski inequality again, there
holds
Ey < |I(0r = (b1)Bx,n) (b2 = (b2)Ben) T(f1X2Bn, f2X 2B ILine g
+ (b1 = (b1)Ben) (b2 = (02)Bn) T (frx28en, f2X @BemlLans @)
+ (b1 = (b1)Bn) (b2 = (02)Becn) T (frx@seny, f2X2Ben)ILins g

+ (b1 = (b1)Bn) (b2 = (02)Been) T(frX@Beny, X @B Line®ey
=: E11 + E12 + E13 + E14.

- 1_1,1,1 21 _
For Eq1, as y1, Y2 € 2B(x,7) and z € B(x, ), we may choose # such that iy + Py + 5 and 27:1 Y1 = 2np,

2 2 2
then Y7, ul] =Y Yia r%; —2np. Let 3 = Yoy 7 and Y1y “lu =Y r%; —Bi- Then B = 3 Y., Bi. By (3.1),
we have

S 1 2
= (yi)ldy;
MoplNE)= b @B, NDIBG, NI Hfgu Liyidy

2 1

sup - [ il
sereo0 14 [p(BCx, DDI-ABCc, D% Jacen

1

2
P Tt e LM @D
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Thus, by using (4.1) and the similar arguments as in the proof of Lemma 3.2, we have
IT(fix2Ben, f2X286n)XBecn L)

2
1
< _ i el oy - 4.2
S sup [(P(lB(X, r)I)]z(l_ﬁ) El[ ”fXZB( ’ )”L?’x(IR ) ( )

xelR",r>0

Sincenf < n; < 5 and n = Y2, i, then np < n; < nand 2nf < n < n. Thus, it gets from (4.2), Holder’s
inequality and Lemma 4.5 that

(b1 = (B1)Bx,n) (b2 = (b2)Be ) T (frx2en, f2X 286X Bl

Ey1= sup

Tyr 1.1
xeR",r>0 [1[1(1’)]" j=Lq; n
< sup |I(br = (0)Been)X Bl i gy 102 = B2)Beon)X B i oy
xeR",r>0
1
X WT(fix2pen, f2X280XBenllLiwy —Tr 7
()] =
2
< sup HHszB( yll ! 1b1(y1) = (b1)B s ldyllxBe» |l
S i X, (R D7 1 1 — \W1)B(x, x, )y (g
xR, r>0 57 e (]R)lB(x,r)| B(x,r) ' L ()
1
X — b — (b d -
B ) B(x,r)| 2(y2) = (02)Beon|dy2llXBen |l i gy

1 1

lyn 1_1

B0, AP T
(@(B(x, )DIB(x, )21

xeR",r>0 |B(x/ 7’)|2

2
< [T 1ilemio, 1 il
i=1

lyn 1 M 1yn 1 M
n Z4]':l p1j n +rl j=1 P2j n

B, It B IR R [yan)
[p(BG, )PP o

2
< [ T eilovion ol £l ioss oy
i=1

For Eqy, as y; € 2B(x, 1), y, € 2°*1B(x, ) \ 2*B(x, ) and z € B(x, ), we have that |z — 5| 2 [2*B(x, 7)|#. Thus, by
(1.1) and N = 2y(1 — B), there holds

1
25B(x, )PP (1 + 2°B(x, r))N
1

" (@(2B(x, N)2"B(x, )PP (4.3)

IKs(z, y1, y2)| < |

Thus, from Holder’s inequality and (4.3), we obtain
IT(f1X2Br)s f2X 2B ) (2]

- If2(v2)l
d E d
s (fw(m A yl) [k:1 fm(m ((2°B(x, NDI2B(x, N0 2

(o8]

< L AXancen i e 2menlli oy Y
k=1

”fZXZ"*lB(x,r)”erz (]Rn)”XZ"“B(x,r)”LPE’ (Rn)
(@(1241B(x, r))I2E1B(x, r)])*1F)
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(@(25 B(x, )21 B(x, 1)))* P
(p(12%B(x, )12 B(x, r)|)2(1—ﬁ)

1 n 1

2
< [T @1 57 7 2B, ™7 E
i=1

o Ly -k 1T
[p@ ) R PR B )
<)

((12K+1B(x, 7)) |2k+1B(x, 7)[)20-P) ,

k=1

where

((p(|2k+1B(x, F)|)|2k+1B(X, 7,)|)2(1—,8) ~ (1 + |2k+1B(x, P )2)/(1—ﬁ) (|2k+1B(x’ r)|)2(1—/3)

(p(2°B(x, DB, NPTH  ~\ 1+ 2°B(x, 1) [2¢B(x, )]
< (IZ"”B(x r)|)2"“ ) (IZk“B(x r)l)
“\ [2¥B(x, )| [2€B(x, 7)|
<C

1]2

Applying Holder’s inequality and Lemma 4.5 again, there holds for 0 < Cy < 2" and

(b1 = (b1)Bn) (b2 = (02)Been) T (frX2Been, f2X @B )X B lLiwe)
Eip = sup 1

lyr 1_1
xeR",r>0 [l])(?’)]" j=lgj n

< H ”fz”Lp, 10 (R sup (bl (bl)B(x r))XB(x r) ”th(]R”
i=1 xeR",r>0
X I(b2 = (02)Bex )X BeoA iy oy IX B R

0 1-Lyn L 1olyn 1
y Z IB(x, 1’)| n &=L py; |2k+1B(x, r)l 0 L=l
((P(|2k+1B(x ))|25+1B(x, r)[)2(1-F)

k=1
lyn 1_Mn
[Cwm] R k() T

lyn 1.1
) K

2 k+1 2(1-B)
(@(2°B(x, r)DIB(x, 7)])
< | | |b”BMOW“fz”mrwa[{n) sup E 4
1

xeR",r>0 40y IB(x, )2
n 1 lyn 1 ,1yn 1 1lyn 1
|B(x T)| j=1 p]+ j=1 ”1/' n ~j=1 112 n ~j=1 uj

(@(251B(x, r)I)[25+1B(x, 7)])20-P)

_lyn 1 lyn 1 _1M
X |2k+lB(x, 7’)|1 n 21:1 P2 [C]:[jl] n Z/zl Y

n 1 mn

’ 00 [Ck+1]1 =1 paj o m
Hnb||BMo¢,5||ﬁ||U,u,»(Rn) TR

2
< [T 1ilovio, 1 il sy
i=1

For Eq3, similar to E1», we have

2
Ers < [ [ 10ilovio, il s oy

i=1

l’l

6242

(4.4)

P -p>28-1,
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For Eyy, it follows from Holder’s inequality and (4.3) that

IT(fiXeBE):, f2X @B )@

1
Z (@ (2B, D)2 B, 0P H LHB(xr fiyoldy:

— 1
<)) B B )P H 125 s ey 2Bl oy
k=1 ’
1 « lyr L1
< 2 +1 n =1 pi; T
,;‘ (2B, DD 1B, NP HW

Z:i

=R ||ﬁ||Lp‘iru,ww(]Rn)' (45)

X [2¥1B(x, )| 1=
Since 0 < Cy < 2" and m+nz Znﬂ = 2B, then using Holder’s inequality and Lemma 4.5, we have
(b1 — (B1)B(x,r) (b2 — (b2)B,n) )T(fl)( @B L2X @B )X B lire

Eiy = sup T

xeR",r>0 [lp(i’)] 114] n

xeR",r>0

<H||ﬁ||m,q,w) sup 11(b1 = (1)) X8y o
i=1

X I(b2 = (02)Bex )X BeoA iy oy IX B LR

lyn 1 1yn X 11’71):1¢_Lz
|2k+1B(x r)ll—ﬁ izlﬁjﬂ 11P2 CHIJJ(I’)]" J=lpyon J=lppj
~ (p(27 B, N)2-TB(x, NP R
2 [Ck+1] 2/1,,,1] leé_rh;m
b, : Z
1;“ a0l e ny® G L 75+ T 20
2
< [T 1ilovio, 1 il sy
i=1

Therefore,

2
Ev < | [ billonon s fill s e
i=1

Next, we estimate E,. From Minkowski inequality, we get that

Ey < 1I(b1 = (01)Ban) T(fix2sen, (b2 = (b2)Been) faX 286 pans ey
+ (b1 = (b)) T(fix2pe,n, (02 = (b2)Bx,n) f2X @B lLars @)
+11(b1 = (b1)Ben) T(frx @)y, (b2 = (b2)Ben) f2X 286 Mpine rr)
+11(b1 = (b1)Ben) T(frx @), (b2 = (b2)Ben) f2X @B Mpinswe)
=: Ey; + Ep + Ep3 + Ep4.

We only need to consider Eyj, Ex and Ej4 because the estimates of Ey; and Ej; are analogous. For Ejq,

1 _ 1 _ 1 1 n 2 1 _ no 1 _ yn 1 no 1 no 1 _

let 7= h; + ;, w—ﬂz = + jz and z j=1 2 =1 = 2nﬁ, then Z j*l By T Zj*l s + z j=1 I and Zj*l 5=
1 1 _v2 1 1 _

Y ot Yia o 211[3 Assume that § = Yoy 5, Xjy o Y.ica rn —prand X7, 52] =Y wZ — 2. Then
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B = 21n =1 Bi- Thus, by using Lemma 4.5, Holder’s inequality, (4.1) and the similar arguments as in the

proof of Lemma 3.2, we have
IT(fix2B,n, (b2 = (02)Bex,n) f2X 2B XBn g

1
S sup ———————=Ifix2BeA)l wn (G2 = (52)Bexn) f2 X280 |03 (e
xe]R”,lr3>0 [@(IB(x, r)])]21=A) fxasenlli ey (o) f2X250e s ey

2

1

< sup ———————||(ba — (02)Bx,»)) X2 )| i e Il fix 2Bl (e

xe]R",Ir)>0 [(P(|B(xr7’)|)]2(l_ﬁ) (x,7) (x,7) L;Z(R)g fl ()P (Rm)
1

< sup ———————=(l(b2 — (02)2B(x1)) X2l iy e
xerr>0 [P(B(x, r))]20-P TSR R
+1(02)28(en) — (02)B X280l 1 (]R,,)) H Il fix 2B n |l oy

i=1

ivn
2B(x,r)|" =" 1
S sup 2(1-B)
xeR",r>0 [§0(|B(X, D] IB(x, )l B(x,r)

2
X H “ﬁXZB(x,r)”Lp?(Rn)- (46)
i=1

b2(y2) — (b2)B(x,n|dy2

Thus, applying (4.6), Holder’s inequality and Lemma 4.5, we have

(61 = (b1) ) T(f1X2B(x,), (b2 — (b2) B(xr 1) f2X280:0) X B lirr)

Ey; = sup Ty
xeR",r>0 [llj(}’)]n ’1'7/ "
< sup ||(br = (01)Be)XBen i e
xe€R",r>0 o v LIT(R)
1
X NT(fix2sen, (b2 = (b2)Ben) f2X2B0) )X B sy ——Tor T

[y =

n

2 Pl

|2B(x, r)ln j=1 hl j=1 hzl
< [T1finegn sup =
i=1

xeR",r>0 [p(IB(x, )]21-F

1 1
X |B(X 1’)| " r) |b1(y1) (bl)B(xr |d Mo — |B( 1’)| b |b2(y2) - (bZ)B(x,r)ldyZ
R L _m*m
Gyt A

n 1 n

[p()]"

2 _
(¢(B(x, NIB, NI21P
< [ Weilisnaon 1 fill e ey 4
i=1

xeR",r>0 |B(x, 7")|2

1yn 1

lyn 1 1yn 1
|2B(x, r)|n j=1 hl]’ n Hj=1 hzj
[(IB(x, r))]*2F)

2
< [T 1itovio, 1 il s gy
=1

For Ey, applying Lemma 4.5, (4.3) and Holder’s inequality, there holds

IT(fix2B(x,, (b2 = (02)Bxr) f2X 2By ) (@)
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1b2(y2) — (02)Be I f2(12)]
d d
s (fzs(x " iyl yl)(z‘ ﬁ”B(x » (@(128B(x, ))|2%B(x, r)])*1-F) V2
Il f2X 2615 |5 ()
(p(121B(x, )21 B(x, r)])>1-F)

< IAascen i el sl ey Z

X (I(b2 = (b2)2t+1 5 ) X2t1B )l 37 ey
+|(b2)21p(x,) = (b2)Ben X 20418 |37 ()

2

T e DN

< | | | fill o oy D2 llBMO, 4 [ (27)] i 12B(x, 7’)| g
=1

_lyn 1
Z (k + 1) ¢(2k+1 ] 1 nz] |2k+1B(x, 7’)| 1 =1y

4.7
(@12 1B(x, r))[2F1B(x, r)|)!-F “7)
Hence,
Ep = sup (b1 = (b1)Ben) T(frX 2B, (b2 = (b2)B(x) f2X @B )X B |Liwe)
22 = n [
€R"r>0 [llf(i’)]% T gi
2
< H |fz||LP1 Ir,u(]Rn)HbZHBMOq,p ?RUP OH(bl (bl)B(x r))XB(x r)”Ll‘l(IR”
i=1 X€ER™,r>
(k + 1)|B(x, r)| R [2K+1B(x, r)| R
X S n
beseenllure >Z (P (2 TBCx, DB, N)1-F
[Copr)]" = T (k)
X — v
Tyn 11
Z6) K
2 no1m
H lIbillBvo, ll fill v ey SUP Z(k + 1)[CkJrl Fipy
i=1 xeR",r>0 %=
|B(x, r)| 7 1 pi + j:] E F Z/:l §|2k+1B(x, 7’,)|_% ;‘:1 %
(@(291B(x, r))I2K+1B(x, 1)) F
(@(2"'B(x, ))|B(x, 1)) F
IB(x, 1)l
2 k+1)(E X, =12
CIJ, j=lpgj
< [T 1ilovio, 1 fill ey Z k+1) ( o )
i=1
2
< [T billsnao, s fill s oy
i=1
For Eyy, from (4.7), we derive
T(fix@sery, (b2 = (02)B(xn) f2X @B ) @)
2 |2k+1B(x r)l “u T ﬁj_% i Paj
S 1 7 i (RN b
H Fll ey B2l Z; B IEBE )
( + 1)[¢(2k+1 )] Z] 1 PLJrlr ;‘=l é7711nﬂz . (48)
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Thus, by @ > 2:_;; =2p > p, we have
(b1 = (b1)BE T(frX ), (b2 = (02)Bexn) f2X @B )X B iR

E24 = sup Tyn 1.1
xeR",r>0 [IP(I”)]” =g n

xeR",r>0

2
< [Tl bllonio,, sup 1161 = (1)) s nll i o
=1

k+ DRMIBx, )| " R
x eaenllisn Y | — = —
L (@(251B(x, )25 B(x, 1)) P

1 1): 1 _m*m

1y
[Chrt (] =
X

1

1yn 1.1
[ =
Ck+1 %Z'f’:l pij 5 Z/ 1 %_Yh:h

2
P
L[”b”BMO“’ﬁ”fl””‘”’“’GR”>Z(k+1) R+ Xt 5+ Dt 5 =P)

k=1 (271) =1

2
< [T 1ilovion, 1 il s oy
i=1

Therefore,

2
Ea < | [ billono I fill oo ey

i=1

Now, we estimate E3. By using the similar arguments as E,, we can easily check that
2
Es < | [ Billonon s Lfill s e
i=1

Finally, we estimate E4. From Minkowski inequality, it follows that

Ey < |IT((b1 = (b1)Bn) fix2ses, (b2 = (02)Ben) f2X 2B line o)
+IT((b1 = (01)Ben) frXasen, (2 = (b2)Bx,n) f2X @B lLans qrr)
+IT((01 = (B1)Ben) frxeseny, (b2 = (02)Ben) f2X 286 nans ey
+ IT((b1 = (1)Bxn) frx sy, (b2 = (b2)Ben) f2X @B Line @rry

=:Eqn + Egp + Es3 + Ega.

For Ey, let & = ;ﬂ + h-{’ &= p% ;- and PREP I hl = Znﬁ then Y7, ql—] = Lim oy =+ Y wz —2nB. Assume
that %4 = le 17 and Z] 1 q = Z7=1 w%/ —Bi. Then g = £ Y%, pi. Thus, by using Lemma 4.5, Holder’s

inequality, (4.1) and the similar arguments as in the proof of Lemma 3.2, we have

IT((b1 = (©1)Bexn) frXesen, (b2 = (b2)Bx) f2X2B6en) X B lLigrr)

~

2
1
T = )sn) fixzsenllame
el [¢<|B<x,r>|>12<1-ﬁ>£[ onlfikanten sy

2
1
sup ToUBG DR H ®: = ©0)Becn)X 2B i o LfiX 2B st ey
' 4 i=1

x€lR",r>0
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= xe]sR” >0 [P(IB(x, r)l)]2(1 p) H(”(b (bi)28n)X 2Bl i ooy

+ |(bi)2B(x r) T (bi)B(x r)”IXZB(x r)||Lh7(IRn))”fiX2B(x,r)”LP?(IR%)

B, T B 2

< su
wrmo lp(BG PP LLBGnT Jye

X |l fix2sen |l qrey-

bi(yi) — (b)) |dyi

Then
IT((b1 = (b1)Ben) frx2sen, (b2 = (02)B,n) f2X 2800 X Bl Lirn)
Ey = sup =
xeR",r>0 [ljz(r)]" 114, 3
2 -
(@(IB(x, r)))|B(x, )[)*1=F)
< | HIbilsmo, Ll e ey ST
1:1[ illBvo, 4l fill» i (R )xew,lf>0 B(x, P

1 1 _m*m
rz Z4] 1 paj n

n n 1yn 1
RB(x, [ T R T [Cyp(n)]
[(IB(x, P))]21-F) T

2
< [T 1ilovio, 1 il s gy
i=1

For E4, according to Lemma 4.5, (4.3) and Holder’s inequality, we have

IT((b1 — (b1)B(xr) f1X2B(r), (b2 = (b2)B(x,) f2X 2B(x,1) ) (2)]

1b2(y2) — (02)Bn |l f2(y2)l
< o 100 = OO0l Z fwm (2B, DB, NP 2

S N fixzsenllys ey (l(b1 = (b1)2B(x) )XzB(x Al gy

lf2 X261 B e ) s (e
(@251 B(x, )|)|2K+1B(x, 1)])>1-P)

+1(b1)28n = (O1)BE X280 37 ) Z

X (Itb2 = (b2)2t+1 X218l a7 ey + |(b2)zk+13(x,r) = (b2)Bn X 2e1BGn I (gey)

1 m

2
1 " Lo
< | | “bi”BMOWl|ﬁ|lLP7f'1ir¢(er)[17[1(27”)]” =1 by
i=1

. PR
1y 1 k+1 2k+1 =1 pgj ~n
X B, i+ A Ty y DI
=1 (2")(k+1) By 1)
Hence,
IT((b1 = (B1)Bxr) f1X2B(xer), (b2 = (b2)B(x,1) f2X 2B )X B i re
(R")
Ep = sup

Tyn 11
x€R",r>0 [llj(r)]” =lajn

2
sHnb||BMoq,/||fl||U,n,V(Rn) sup sl
1:1 R)l 0

_1yn _lyn i
x Bl PRy kL
L o 0G T 75 518)



R. Liet al. / Filomat 39:18 (2025), 6229-6260

[Cl:blil](r)] / ! Pl/ [C’;}‘Flw(r)]% Z;‘:l ,,;*,—”72

1 7

Y]
[p(]" =
2
< [T 1ilovio, 1 il s oy
i=1

Similarly,

2
Exs < [ [ 10ilovio, il s oy

i=1

For Ey44, by Lemma 4.5, (4.3) and Holder’s inequality, we have

IT((b1 — (b1)B(xn) f1X @B )» (b2 = (D2)B(x, ) f2X 2B, )(2)]
1

(o] 2
<Y e ] f2 o D = OOy

(o)

1
Z (@(25TB(x, D)2 B(x, ))20P H ficzerpon iy

(”(bi = (i)t g ) X215 | oy + |(bi)zk+13(x,r) = (BB lllX2e1 el ()

_lym 11
w L1 pij Zl 1 sz

2 )
< H 161100 L fill i ey kZ:(k DB )
= 1

1_m_ 1 1_m
n o n

X [p(@+H )] TR R

Then
IT((b1 = (G1)Ben) frx ey, (b2 = (02)Ben) f2X @B )X B iR
Ey = sup TS 1o
xeR",r>0 [IP(T’)]; ST
2
< [ Teiltssio, ol fll e,
i=1
Thus,
2
Ex < | [ billonon s fill s e
i=1
Consequently,

m
T 5 Miaorny < [ T I0itlomo, oL fill s oy
i=1

This completes the proof of Theorem 4.1. [J

6248

Proof. [The proof of Theorem 4.2] Let f_): (fi, fo) € LPAm¥(R") x LP¥(R™), B =: B(x,r) for r > 0, 2B(x, r) =:

B(x,2r) and (2B(x, 7)) =: R" \ 2B(x, r). Then

ng(f3(2)=(b1(z) (01))T(f1, 2)(2) = T((b1 = (b1)Bn) f1, f2)(2)

+ (b2(2) — (02)B,)T(f1, f2)(2) = T(f1, (b2 = (b2)B(x,r) f2)(2)-
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Then by using Minkowski inequality, we have

Ty g(f3||L¢n,w(Rn) < 161 = 1B T (1, f)llins ey
+IT((b1 = (b1)Ber) frr )l ine ey
+ (b2 = (b2)Be) T (f1, f)llpine rr)
+IT(f1, (b2 = (02)Bexn) f)llLane g
=:F+F,+F3+Fy.
First, we estimate Fi. Let f; = fixopxn + fiX@Br)y(i = 1,2). Using Minkowski inequality again, there
holds
Fy <||(by - (bl)B(x,r))T(lezB(x,r),szzB(x,r))||m,w(mn)
+ (b1 = (61)Ben) T(frX2Bn, foX @Ba )N Linewe)
+ (b1 = (b1)Ben) T(fix ey X280 e we)
+ (b1 = (b)) T(frx ey, f2X B0 Mians gy
=:F11 + F1o + F13 + Fy4.

For Fy1, we may choose # such that & l = % Z Land ¥

=npi =1,2), then L1y & = Ly X2y 5 — 2np.

Noting that nf < n; < nﬁ+§——andn Zl 1Mi—2np+np, thennf <n;<(n-3)p+35 <nandnf <n<n.
Thus, it gets from Lemma 4.5, Holder’s inequality and (4.2) that

Jlt

(b1 = (b1)Be) T(frX2Bn, f2X 28X B lLigry)

11 = Ssup

x€R",r>0 [l]l)(r)]% }’:1%7%
< sup ”(bl_(bl)B(x,r))XB(x,r)”L:{(Rn)
x€R",r>0
1
X T (frx2sen, f2X2Br) X B llLawe — T
[y(n]” L
S I fillsine ey S — [b1(y1) — (b1)B(x,n|dy1
H i) S e 00~ 0108

n 1 12 1 _m*tm

B, A" T [Cpyp(r)]? T R
(B FTD (P E i

[p(B(x, NP PIB(x, ) #

x€R",r>0 |B(x/ i’)l

2
< ||b1||BMO¢,,; H ||ﬁ||Um,v"(R”)
i=1
lyn 1
1B, )" =™
[(IB(x, )PP

2
< lballsioys [ [ 1fllsnscren,
i=1

For Fy,, applying (4.4), Lemma 4.5, Holder’s inequality and 2 > ™ =8>28-1,wehave

(b1 = (b1)Be) T (frX2Bn, f2X (2B(x,r))‘)XB(x,r)”[J?(]R”)

Fi» = sup T~ 1T
x€R",r>0 W(’”)]” ]'lql n
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x€R”,r>0

2
< [T1nsmn sup 1@ = Esemxsenll g
i=1

Zn 1

Jlt’z/

2L

B I ER g,
st e Z (P(2ZTBG, DB, AE0D

n 1 mn

[y = P kg
X n 1_1

(G

o1 m
k+1] j=1 paj  n

<o, [[Whcns 3} =y

A H [z
i=1

For F13, similar to F1p, we obtain

2
Fia < 1llovoy, | [ 1Al -

i=1
For Fy4, by 112 1+T’2 = 2B, (4.5), Holder’s inequality and Lemma 4.5, there holds
(b1 = (b1)Ben)T(fix (2B(x T f2X(ZB(x,r))”)XB(x,r)”L'T(]R")
Fiy= sup -
xeR",r>0 [l/l(l’)] qu, i

n,r>0

2
sl"][ illsinemey P 161 = Br)ocen)Kocenlli oy
=

|2k+1B(x’r)|1’ﬁ /=1 ﬁjﬂﬂlx Jﬂ:l%

s lhsoee Z (¢ (1251 B(x, D2 Bx, D20

k+1 n /1171 _'1"1 gzzlli n
[C '#(T)] i i
() =
o k+1] e Pl; I HTT/_M:IZ

<||b1||BMoWH||ﬁ||mw(m2 I T
J=tp =1 poj

1j

< IIB1llsvio, , H fill s ey
i=1

Therefore,
2
Fr $ Ibllsvio, , | T 1Al soss e
i=1

Next, we estimate F,. From Minkowski inequality, we get that
Fy < IT((b1 = (01)Bexn) frX e, f2X2B0 ) pinere)

+IT((b1 = (01)Ben) frXeben, f2X @B Linewe
+IT((b1 = (01)Ben) X ey f2X2B0) e wey
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+IT((b1 = (01)Ben) X ey f2X@Be) Miins gy
=:Fy + Foy + Fo3 + Foy.

For Fy;, assume that%=pl:1 }and Z]“ = nf(i = 1,2), then Y
1

1_y2 1 yn 1 _yn 1

7 Yic1 7 Lie L

i=1 77 Lij=1 7, =1y~ p1and ijl e ijl P —po. Thenp = & 2 Bi Thus, Lemma 4.5 together
with Holder’s inequality, (4.1) and the similar arguments as in the proof of Lemma 3.2 implies that

n

IT((b1 = (b1)Ben) frX2Bem, fZXZB(x,r))XB(x,r)”Lﬁ(]Rn)
Fy1 = sup

x€R",r>0 [ll)(r)]z‘zf 1’7/ "
1
S sup ———————= (b1 = (b1)B.r) fix2Be s
cerme0 [@(BCx, )P enlhiasenlim)

1
1

X ||f2XZB(x,r)”LP§(]Rn)ﬁ
o) =i

1
sup ——————— (b1 = (b1)Ben) X280l (R
oo Tp(IBGx, DDA e Xaptellsi e

2
1
X H I fixasenllyiwn—vr T -
i=1 Y] ==

: 1y,

[2B(x, r)|" =7 1

Wrltssoy, [ [ 1Al sup s
] L) illpiniy (R )xEIR”,r>0 [o(IB(x, r)l)]Z(l—ﬁ)

N

[(p(|B(X, 1’)|)]2(1_ﬁ)|B(x, r)|1—ﬁ [Clplll(i’) ; Z/ 1 1’1, / 1 Vz, T
IB(x, 1)l [1]2(1’)]; Lje 3=

2
< Wbrllsoy | T 1Al g
i=1

For Fy, by (4.7), there holds

IT((b1 = (b1)Ben) frX2Bem, fz)( 2B(x,1) ) X B | Larm)
Fy» = sup

1
xeR",r>0 n ZJ 1 q/ T

[p(™]

A H illsns ey suP Weotss bz

ZIB(x TR ke B I A
B

1 n

[cwm] ck“w(r)] ST

n

1 _n
[p()]" =5
2
< Wbrliso, [ T 1Al g
i=1

For F,3, similar to Fy,, we have

2
Fas < Ilballsmoy , [ [ Il s oy
i=1
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For Fy4, applying ~—2 mﬂ’z 21 = 2B > fand (4.8), we get

IT((b1 = (B1)Becn) X By f2X@Ben )X B llLigre)

F24 = sup

x€R",r>0 [1#(;/)]'1’ ;‘U]l g
< Ilb1llsno, H [V — ESUp o i Z(k +1)
k=1
X 141 L 1 _m*n
|2k+1B(x r)l T 1 1 Vl/ T ] 1;,27 CkJrll)b(r)] J p1j } P2j n
|2k+1B(x, )| =P [W()] J, Yia q} -1

2
< Wbrliso, [ T 1Al gy
i=1

Therefore,
2
F» < ||b1||BMOq,,,; H ||ﬁ||LF7ir’)ir’nl'(I[{”)‘
i=1

Finally, we estimate F3 and Fy, it follows from F; and F, that

2
F3  Iballovio, ; [ [ Ifillsoss ey

i=1
and

2
Fy 5 ballonio, ; | T 1Al oss e

i=1
Thus,

m
”TZ l;’(f)”L/i,r},v,b(JRn) < “b”BMOWg H ||ﬁ||U§JM"(Rn)'
i=1
The proof is finished. [

Proof. [The proof of Theorem 4.3] Let f_)= (fi, f2) € LPVmA(RM) X LERA(RY), fi = fixapan + fiX@pen: (i = 1,2),
B =: B(x,r) for r > 0, 2B(x,r) =: B(x,2r) and (2B(x,r))* =: R" \ 2B(x, r). Then it follows from Minkowski
inequality that
Ty (s PNine ey < T p(Axaseen s fax2seonMlpine e

+ 1T (X @By f2X 280 lians re)

+ 1T 5( fixasen, faX @B Npinewe

+ 1T g(ixeseny  f2X @B ine e

= Hl +H2+H3+H4.
Noticing that0 <a<1,0<p<1- 7, a+np <n; <min{a + nf + 5,n}and n = Y2, ni —2np — 2a. Then
(@ fa+np<n <a+np+7,thena+np<n <nand0<1n<2a+2nf+n-2np—2a=n.

(b) Ifa+np <n; <n,thena+nf <n; <n <a+np+5and0 < n < 2n-2np-2a < 2(a+nf+5)-2np—2a = n.
For Hj, as y1, 2 € 2B(x,r) and z € B(x, 1), then we get from (1.1) that

Ty 5(fLX2Bn f2X 280 (2)]
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2

< H fz . Ibi(z) — bi(y)IIKs(z, y1, y2)ll fiyi)ldy;

2
Iz = yil*lz = ol
< [ [ 1p, 0 | il fidyid
1:1[ Lipa(RY) @B (2 =yl + 1z = ya)21 0P AIf(yldydy:
2
Iz =l f Iz — ol
= billLip, (Rr —_— d — S d
[ fz e [ iy,
2
< 1_[ WillLip, R Lnp+a(fiX 2B,n)(2)- (4.9)
i=1
Assume that % =Y7, 1 Then Y v] =Y px —np —a. Since 0 < nf + a < n, then by applying Lemma

2.2,(4.9) and Holder’s 1nequa11ty, we have

T 51X 2BGcr) s faX 2B XBGn i)

Hy = sup ST
xeR",r>0 [I{J(T’)]" j=lqj n

2
< H ”b ”L1p (R") SUp ”Ltﬁ-%—a(fl)(ZB(xr))HLH(]Rn
i=1

xeR™,r>0
1

1
n Z) 1 q/ T

X ”Inﬁ+a (fZXZB(x,r))“LUE (R™)
[ (n)]
2

H”b”Llp ®) Sup [ fixesenllp el f2x28000 |5 ey
-1 x€R",r>0 1/}(7’)]

1
1
nZ/ lq] "

noo1_m,1 1_m
n n

[p@n]* = 7 g

]1p2/ n
“bi“Lipa(IR”)||fi”U?/ni/1P(]Rn) sup Ty 1

xeR", >0 [(r)]” Lhig=a

IN

~:1~ e

I
—_

Wilip, ol Fll s -

1

For H,, by Lemmas 4.6-4.7, (4.3) and Holder’s inequality, there holds
T (X eBeny s f2X280n) (@) S (fB( )Ibz(z) - bz(}/z)llfz(}/z)ldyz)
2B(x,r
b1(z) = b1 (y)Il f(ya)l
Z k k 2a—p 4
215G,y (@(128B(x, ))[2%B(x, 1))
< (nbznupa(m f 2~ ol fz(yz)ldyz)
2B(x,r)
1b1(y1) = (b1)2x1peenll f1(y2)l
Z k k 20 A
218G,y (@(128B(x, )))[2%B(x, 1))

+ Z |b1(Z) - (bl)B(x,r)| + |(b1)B(x,r) - (bl)z"*lB(x,r)l f |f ( )|d
LT (2B DB D gy

< 1b2lip, ey 2B, DI M| fox 2B, Al ey IX 2B 37 (o)
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i ”fl X2’~+1B(x 7) | |U’1 (R") ”(bl (bl )2k+1B(x,r))X2k+1B(x,r) | |erlr ®")
X

k=1 (p(12K1B(x, 7)])I2K+1B(x, )[)2(1-F)

+ Z |b1(Z) - (bl)B(x,r)| + |(b1)B(x,r) - (b1)2k+1B(x,r)|

k=1 (@(12%B(x, )])|12€B(x, r)])2(1-F)

X||f1X2k+1B(x,r) | |Uf1 (]Rn)“)(zkﬂ B(x,r) | |U’i' (]R“))

S-S i o il
S Wb2llLip, (1 f2l s ey 2B, P " 7 221 [ (2] 7 P
sl % n Z 1 k: 1 i 1 L _,1711
121 B(x, 7)| " ’”’ [ =i
X (11 i, el ill sy Y — - —
‘ (p(121B(x, r)I2 1 B(x, T)|) P

k=1

|b1(2) = (b1)Becn| + b1 llLip, )25 B, 7))+
Wil Z (@(25+1B(x, )21 B(x, ) )20H)

n L
X B(, l'E A p@i ERA

G+1-3 Liy ﬁ i L %*TYT’Z
S Wb2lLip, (w1 f2ll s a0 rey 2B, 7)) ’[IP(Z”)] i

1y am
1B, )RR A [k E

X b 1 n o n
(Il il ,;‘ (@(21B(x, 1)) 2 1B(x, 7)])20-P)

+ |b1(Z) - (bl)B(x r)”lfl“[ﬁ 1Y (IR

[25+1B(x, r)| EREET [ (25+17)] F L
X .
)y (@(2TB G, ND2TBG, r)|)2(1”3)

(4.10)
k=1

nﬁ+a

Thus, Lemma 4.7 together with (4.10), 2 > >%+28-1>28-1and 0 < Cy <2", we have

T} f(frxeseny s faX2pen)Xpenllign

H2: sup lLyn 1_1
x€R",r>0 wj(r)]n =1 g

2
S H ”bi”Lipa(R")||ﬁ||LV?/’iif¢(R") sup ”XB(X,V)”Lri(Rn)
i=1 x€R",r>0

FURTE R L B
XlZB(X,T)|"+1 i D=1 P2 [ (I2k+1B(x/r)|)]2(1—ﬁ)
%

k=1
|2k+1B(x, r)ln —3 L m] [Clpllf(r) Zja P [Ckﬂl/)(r) i L r‘?
(@(21B(x, )2+ B(x, 7)[)2(1=F) G e

+ [1b2lluip, (]R”)H”ﬁ”L”I’M(JR") sup (b1 = (b1)Ben)X B lLiry
i=1

xeR",r>0

115}
a 1 2k+1B j=1 pl 2k+1B 2(1 ﬁ
x [2B(x, |1 E Z' Co Nl " P Lp(2" B, D))
L (@2 B(x, r)IF 1 B(x, 1) 20
[CWP(T’)]% 1 p;, [Ck+1¢(r)] ]TPL W
X

no1_1

[p()]" =
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Loy, odyr L
n ~j=1 qj n j=1 Paj

x€R”,r>0

2
o+
< [ Tellip, mll fill sy, sup 1B, P
i=1

0 a 11 n 1
|2k+1B(x, 1’)| il e ):;—1 p1j Ck+1 %Z}':l ﬁ_r%
X Z 251B(x, )PP (G, ’

no1_1yn 1

1 j= n
+ H ”b “Llpa(]R”)“fz”Ln, i (R sup IB(x 7’)| = aj =1 paj

i1 xeR",r>0
k+1 —5 L o
Z |2 B(X T' Ry [Ck+1]% }1:1 %_%1
|2+1B(x, 7)[2A-P 4
k+11n i e k+1 e
0 [C + ]n /: pij n 0 [C + ]rl l Py on
< +
kZl‘ (2”)(k+1)(" Z] i L 4+1-2-28) Z (2n) (k+1)(2 Z/ Ty L +1-2p)

xﬂmm%mmmmw

2
< [T biluip, ol fill sy
i=1

For Hj3, similar to Hp, we obtain

2
Hs; < H ”bi”Lipa(]R”)||fi||mm/u'}(]Rn)‘
i=1

For Hy, according to (4.3), Lemmas 4.6-4.7 and Holder’s inequality, we have
Ty 5UfLx@Ben) - f2X @B ) (@)

1
Z (@(2B(x, r)DI2"B(x, n])20-P H LH sy 1B ~ iyl

00

1
Z‘ (@(12"B(x, NI2*B(x, r)|)* P

=1

X H (fsz(x ; bi(yi) — (bi)pes g pll fi(y)ldyi

+[|bi(z)_(bi)3(x,r)|+|(bi)B(x,r)_(bi)2k+13(x,r)|] j;k o )|fz‘(3/i)|d}/i)

= 1
Z (@(12¥B(x, r))12¥B(x, r)[)21=F)

=1
X H ”(b 2“13 xr))XZk”B(x r)”Ln, (R»1)||fi)(2k”3(x,r)”LV',-(]R»’)

+W@‘@MmHW%Wrwwwwﬂ
X”fiXZ"’”B(x,r)||LP7(]R")||X2"+1B(x,r)“U?,"(]Rn))
2_’27 1 pi, " Zja P2/

2
|2K+1B(x, r)| "
S | | Williip, el fill i gy = — T
1:1[ ;;‘ (p(12K1B(x, r)])I2k+1 B(x, r)[)21-F)
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+1 Z 1 mtn

1 vn
EZ i=1 pyj [

o1
=1 Vl]

X [P(217)]
© 2-lyn L_lyn 1
|2k+1B(x, 7’)' n =1 py; =1 o
+)
4 (p(12541B(x, 7)])[2+1 B(x, 1)) 1P

2
x T Tl [16:2) = )bl + Wil e 254 Bx, 7]
i=1

X [¢(2k+1

11171] n 11;72] n

Z 1 'l 1 m+ny
"

6256

(4.11)

We may choose 0] such that % = Yii 2, then Y, Y2, Ui] =YL T pi/ — 2np — 2a. Thus, using Lemma

4.7, Holder’s inequality, (4.11), % > @ =28+ 2% >2Band 0 < Cy < 2", we have

T (LXx@Ber) s faX @By )X Ben i)

H, sup

1 n 1 n
YeRMr>0 [(r)]” L ~n
sﬂwmmmmwmmmmmmw
i=1
. 20 42— ]Z 1 1 'IZ 1
2 B x 7 = P1j = PZ/
X Z 2k+1B(x |)]2(1—ﬁ) | ( )
— (@(121B(x, )21 B(x, r)[)21-F)
Ck+1¢( )] 7 | pL 1 Z/ L i 111;1]2
1.1
[AD(V)] T
+[Dwmww sup  [1(B1 = (b1)) el e
i1 xe€R",r>0
lyn 1 lyn 1Mt
e [Chrty()
X [I(D2 = (b2)Bx,n) X B s rey Z Tyr 1.1
k=1 1260) S
1 no 1 _1yn
|2k+1B(x,1,)| =1 by n /w] [(p(|2k+1B(x, r)|)]2(1—ﬁ)
(p(12K1B(x, r))|2¢+1 B(x, r))21-F)
1
sﬂwm%mmmwmsw|MW|“%
=1 x€R",r>0
s 2k+1B 27a+2_% ;‘Izl ﬁi Vlt ’/lli Lyn 1,1 1_mtmn
% Z I (x/ 7")| / ! [Ck+1]; ijl p1j o Z] 1 E
|2k+1B(x, r)|2(1—,8) Y
l n 1 l 7_17 %
+HWhmmMme)wa@N T
i1 €R",r>0
b |2k+1B(x r)|2—%2}':1 ﬁ,-_ﬁ =1 P;] A lyn 1Mt
% Z s [Ck+1]n Z‘/ 1py T Lj=1 P2
251 (x, r)20H)
0o [Ck”]%):?:l piﬁl 71% e ) [Ck‘fl]% }ZzlﬁjJr% 1

1 _Mm*ng

n

- kZ: (k+1)(3 Lia pl b T Z:/ 1 Pz =1 (Zn)

= (@)

(k+1)( 27 1 Pl 5oty Z] 1 Pz -2p)
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2
X H ||bi||Lipa(]R")||ﬁ||Lp}mrw(R”)

i=1
2
< [T ituip, qoll il oy
i=1

Therefore,
. m
I lnsgey S | [ Wbiluip, e lLfill oo e
i=1

This finishes the proof of Theorem 4.3. [

Proof. [The proof of Theorem 4.4] Since 0 < a < min{l, -5} and 0 < f < mln{li)/,l——} then & + np +
L _p=24lipnB-1)<2+Linx(-2)=944+2L_g=(L_-Tja+2< 1m’"><m_1 a:o. Thus,

Lenp+2L <n Andbecausea+np <mn <2 +np+Landn=YL ni—mnp—a, thena+np <n <n
and ma —a <1 < a+mnp +n—mnp —a = n. Thus, it is not hard to get the desired result by applying the
similar arguments as F; and F3 in the proof of Theorem 4.2 and from H; to Hy in the proof of Theorem 4.3.
The details are omitted here. [

5. Some applications

In this section, we will show that the multilinear fractional new maximal operator M, g and its commu-
tators Mﬁ,@,ﬁ and [l;, M, ] are bounded from the product of spaces [PVmA(RY) X - - - x LPwn ¥ (R to space
L7"¥(IR™), which can be seen as the applications of Theorem 3.1 and Theorems 4.1-4.4. First, the definition

of the commutators of M,z is given as follows.

Definition 5.1. [15] Let 0 < § < 1, f_)= (fi, -, fm) and b= (b1, ,by). Then the fractional new maximal
commutator of M, g with b is defined by

- 1 -
Mﬁ,q),ﬁ(f)(x) xe?RI:}IrlO ((p(|B(X 1’)|)|B(JC r)l)m(lfﬁ) f(x oy s H |b x) (y1)||ﬁ(yl)|dy/

and the multilinear fractional commutator of M, g with b is defined by
[5, My g)(F@) = Y 1B, M sli(F(@),
i=1
where
[, My sl H)@) = biOMy(F0) = My s(fi o bifi-, fu) @), fori =1,
Let 0 < 8 <1and @ € C®(R") such that |@'(t)| < and Xi011() < o(t) < xpo2(f). For any r > 0, set

1 (Ix —hl+-
(@(IB(x, DB, )l =P r

+ |X - mI
Kﬁ(x,yll...,ym): y )

From [15], we know that (1.1)-(1.3) hold for Kg(x, y1,- - - , Y), where N = my(1-p) and h (z;lf\ij,-\) = Z:!,Xl l: ‘yzl'

Then the related maximal operators of T, Tz and Ty ; are defined by

T = s [ Ko [ 1w
e i=1

x€R",r>0
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o= s [ MHw(x) IR 1, I,

xeR",r>0

and

T, /(o) = ;T;;"<f3<x>, T (@) = sup T, (f)).

xeR",r>0
It is not hard to verify that the conclusions of Theorems 3.1 and 4.1-4.4 are still valid for T~, T*HE, and
T, ;- In addition, from [15], we also know that T*( £ = My (), T Alx) ~ Mg, A, T ~
[l;, M li( f_j(x) and T*Z g( f_S(x) ~ [l;, Ml f_j(x). Thus, it is easy to check that the following conclusions are

correct.

Theorem 5.2. Suppose that 0 <y <m—-1,m>22,0< B < 1+ and0<C¢,<2” If h € Dini(1), n < n; <
Linp@i=1,---,m),n=Yr n—mnp, ):]1‘7 211211,; mnﬁwzth2]1 >niand 1 < q,p; < oo, then
M is bounded from LPm¥ (R™) x - - - x L (IR) to LINY(RM), i.e.

m
”M(p,ﬁ (f)”LlTM"(]R" H ”fz”y, ¥ (R)*
i=1

The estimates for M» and [b M, ] associated with BMO,, 4 functions on space LY (R™) are estab-
lished as follows.

Theorem 5.3. Letb = (b1, ,bm), bi € BMOyp, i=1,---,m,0 < < min{ 11)/, Ywith0 < y < o0, h € Dini(1),

np<n<L@=1---,m,n=xyYhmn Z';:lqu = ijlzizl o with m > 2, Y1, !%j ni, 1< §,p; < oo and
0<Cy <2" Then

m
MG s Dllinscgey < T T 1Billanion s 1fill s gy
i=1

Theorem 5.4. Assumethatgz(bl,-u bu), b € BMOyp, i=1,--- ,m,0<p < 1= wzth0<y<oo I € Dini(1),
2]1% 2]1211p11—mn[3+n/3w1thm>22]1 >ni=1,-- m)/1<0]/791<00,11ﬁ£7]1<n‘8+m 1:5/

n=Xn—-mnp+np,0<Cy<2"and IIbIIBMOW = max{”blllBMO%ﬂr =+, Ibwllemo, 5} Then
m
”[b/ M(p,ﬁ](f)||yfm’*(1[{%) s ||b||BMOW; H ||](i||Ln?,rli,u”(]1{n)-
i=1

Next, we give the boundedness for M» and [b, M, ] associated with Lipschitz functions on space
Lin P (RY).

Theorem 5.5. Let b = (bi,-+ ,bm), bj € Lip,(R"), i =1,---,m0<a<1,0<p<1-2 a+nf <1<
minfa+np+24, n}(i=1,---, m)n—Zl’llni—mnﬁ—maand0<C¢<2".IfZ,]1q 211211,9, —mnp—ma,

Z;‘lp >niand 1 < §,p; < oo, then

m
Mg s Plliineeny S | T Wbilip, coll il oy
i=1
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Theorem 5.6. Suppose that b= (b1, ,bw), bi € Lip,(R"), i = 1,---,m, 0 < a < minfl, -5}, 0 < B <
min{%,l—%} with0 <y < oo, h € Dini(1) and 0 < Cy < 2". Ifa+np<ni < 2 +nf+ 2L (i=1,---,m),
n=Yiini—mnp—a Yi, ql] =Y Lk p% —mnf—a, m =2, |[bllLip g = max{||ballLip, &), 1bmllLip, v},

Y 1%7 >niand 1 < §,p; < oo, then

m
1B, Mo 1 Fll s < WBlip, oy [ 1oy
i=1
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