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Some estimates for multilinear Calderón-Zygmund operators with
fractional kernels of Dini’s type and their commutators on generalized

fractional mixed Morrey spaces
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Abstract. In this paper, we mainly study the boundedness of multilinear Calderón-Zygmund operator
with fractional kernel of type h(t) and its commutators on generalized fractional mixed Morrey space
Lq⃗,η,ψ(Rn). Firstly, with the help of the extrapolation theorem, the monotone convergence theorem and the
boundedness of fractional integral operator Iζ on mixed Lebesgue space Lq⃗(Rn), we obtain the boundedness
of T on space Lq⃗(Rn). Secondly, the boundedness of T on space Lq⃗,η,ψ(Rn) is derived by applying the
boundedness of T on space Lq⃗(Rn). Thirdly, we prove that the commutators T∏

b⃗ and T∑
b⃗ are bounded from

Lp⃗1 ,η1 ,ψ(Rn) × · · · × Lp⃗m ,ηm ,ψ(Rn) to Lq⃗,η,ψ(Rn). Finally, as applications, the boundedness for the multilinear
fractional new maximal operator Mφ,β and its commutators Mb⃗,φ,β and [⃗b,Mφ,β] on space Lq⃗,η,ψ(Rn) is
presented.

1. Introduction

In 1961, the Lp⃗(Rn) space with mixed norm was introduced by Benedek and Panzone in [2] as follows

Lp⃗(Rn) =
{

f ∈ U(Rn) : ∥ f ∥Lp⃗(Rn) < ∞
}
,

where U(Rn) denotes the set of Lebesgue measurable functions on Rn, p⃗ = (p1, · · · , pn) ∈ (0,∞]n and the
mixed Lebesgue norm ∥ · ∥Lp⃗(Rn) is defined by

∥ f ∥Lp⃗(Rn) =


∫
R

· · ·

∫
R

(∫
R

| f (x1, x2, · · · , xn)|p1 dx1

) p2
p1

dx2


p3
p2

· · ·dxn


1
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Since then, the boundedness of some classical operators and their commutators on mixed Lebesgue space
Lp⃗(Rn) was investigated, for example see [1, 7, 11, 12, 17, 28]. In 2019, Nogayama [24] introduced the mixed
Morrey spaceMp

q⃗
(Rn), which coincides with the mixed Lebesgue space Lq⃗(Rn) [2] and the classical Morrey

space Mq,λ(Rn) [22] and Mp
q(Rn) [24] when some indexes take special values. The mixed Morrey space

M
p
q⃗
(Rn) is as follows

M
p
q⃗
(Rn) =

{
f ∈ U(Rn) : ∥ f ∥

M
p
q⃗
(Rn) < ∞

}
,

where q⃗ = (q1, · · · , qn) ∈ (0,∞]n, p ∈ (0,∞],
∑n

j=1
1
q j
≥

n
p and the mixed Morrey norm ∥ · ∥

M
p
q⃗
(Rn) is defined by

∥ f ∥
M

p
q⃗
(Rn) = sup

x∈Rn,r>0
|B(x, r)|

1
p−

1
n
∑n

j=1
1
qj ∥ fχB(x,r)∥Lq⃗(Rn).

In [24], the author also obtained some basic properties ofMp
q⃗
(Rn) and showed the boundedness of fractional

integral operators and singular integral operators onMp
q⃗
(Rn). In [6], Guliyev et al. gave the generalized

Morrey spaceMu
q (Rn) and proved the sublinear operators H generated by Calderón-Zygmund operators,

Hα(0 < α < n) generated by Riesz potential operators and their commutators Hb,α(0 ≤ α < n) are bounded on
M

u
q (Rn), where the sufficient condition on the pair (u1,u2) ensures the boundedness of Hb,α fromMu1

q1
(Rn) to

M
u2
q2

(Rn) with 1
q1
−

1
q2
= α

n . In 2022, Wei [31] extended the mixed Morrey spaceMp
q⃗
(Rn) and the generalized

Morrey space Mu
q (Rn) to the generalized mixed Morrey space Mu

q⃗
(Rn) and demonstrated the sublinear

operators H generated by Calderón-Zygmund operators, Hα(0 < α < n) generated by fractional integral
operators, fractional maximal operators, Hardy-Littlewood maximal operator and their commutators are
bounded onMu

q⃗
(Rn). Let u(x, r) : Rn

× (0,∞) → (0,∞) be a Lebesgue measurable function and 1 ≤ q⃗ < ∞.
Then a function f ∈ U(Rn) belongs toMu

q⃗
(Rn) if

∥ f ∥Mu
q⃗
(Rn) = sup

x∈Rn,r>0

∥ fχB(x,r)∥Lq⃗(Rn)

u(x, r)∥χB(x,r)∥Lq⃗(Rn)
< ∞.

There are a lot of researches on the function spaces with mixed norm, such as see [32] for the generalized
mixed Hardy-Morrey space, [10] for the anisotropic mixed norm Campanato-type space and anisotropic
mixed norm Hardy space, [35] for the global and local mixed Morrey-type spaces, [21] for the Lorentz-
Marcinkiewicz space with mixed norm, [20] for the mixed λ-central Morrey space, [4, 33] for the Lorentz
space with mixed norm. In 2017, Tan and Liu [29] introduced the following generalized fractional Morrey
space Lq,η,ψ(Rn) and established the boundedness of multilinear operator associated to singular integral
operator with variable Calderón-Zygmund kernel on Lq,η,ψ(Rn). Let ψ be a positive, increasing function on
(0,∞), 0 < η < n and 1 ≤ q < n

η . Then f ∈ U(Rn) belongs to Lq,η,ψ(Rn) if

∥ f ∥Lq,η,ψ(Rn) = sup
x∈Rn,r>0

∥ fχB(x,r)∥Lq(Rn)

[ψ(r)]
1
q−

η
n

< ∞,

where ψ satisfies ψ(2t) ≤ Cψ(t) for t > 0 and some constant C > 0. Noting that as η = 0, then 1 ≤ q < ∞.
In this article, we mainly study the boundedness of multilinear Calderón-Zygmund operator with

fractional kernel of Dini’s type T and its commutators on generalized fractional mixed Morrey space
Lq⃗,η,ψ(Rn). Next, we recall the definitions of the generalized fractional mixed Morrey space Lq⃗,η,ψ(Rn) in [18],
space BMOφ,β, T and the commutators of T in [15] and Lipschitz function in [25].

Definition 1.1. Suppose that ψ is a positive, increasing function on (0,∞) and there is a constant Cψ > 0
such that

ψ(2t) ≤ Cψψ(t), for any t > 0,
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here the best possible constant Cψ is called the doubling constant for ψ. Assume that η ∈ [0,n), q⃗ =
(q1, · · · , qn) ∈ (0,∞]n and

∑n
j=1

1
q j
> η. Then the generalized fractional mixed Morrey space is defined by

Lq⃗,η,ψ(Rn) =
{

f ∈ U(Rn) : ∥ f ∥Lq⃗,η,ψ(Rn) < ∞
}
,

where

∥ f ∥Lq⃗,η,ψ(Rn) = sup
x∈Rn,r>0

∥ fχB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

.

Throughout this paper, we always assume that h(t) : [0,∞) → [0,∞) is a nondecreasing function with
0 < h(1) < ∞. For a > 0, we say that h ∈ Dini(a), if

|h|Dini(a) =

∫ 1

0

ha(t)
t

dt < ∞.

Clearly, as a2 > a1 > 0, Dini(a2) ⊃ Dini(a1). In what follows, A ≲ B denotes there is a constant C > 0 such
that A ≤ CB and A ≈ B means there exist the positive constants C1 and C2 such that C1B ≤ A ≤ C2B. Set
q⃗ = (q1, · · · , qn) ∈ (0,∞]n, 1 < q⃗ < ∞ means 1 < q j < ∞( j = 1, · · · ,n), 1

q⃗ = ( 1
q1
, · · · , 1

qn
) and q⃗ ′

= (q′1, · · · , q
′
n),

where q′j is the conjugate exponent of q j. Let φ(s) = (1 + s)γ for s ≥ 0 and 0 ≤ γ < ∞.

Definition 1.2. Let 0 ≤ β < 1 and Kβ(x, y1, · · · , ym) be a locally integrable function defined away from the
diagonal x = y1 = · · · = ym in (Rn)m+1. Suppose that T : S(Rn) × · · · × S(Rn) → S′(Rn) (from the product
of Schwarz spaces to the space of tempered distributions) is bounded from Lp1 (Rn) × · · · × Lpm (Rn) into
Lp,∞(Rn) for 1

p =
1
p1
+ · · · + 1

pm
with 1 ≤ p1, · · · , pm < ∞. Then T is called the multilinear Calderón-Zygmund

operator with fractional kernel of type h(t) if there exist the constant N ≥ 0 and Kβ(x, y1, · · · , ym) that satisfies

(1.1)-(1.3) such that for x <
m⋂

i=1
supp fi, there holds

T( f1, · · · , fm)(x) =
∫

(Rn)m
Kβ(x, y1, · · · , ym)

m∏
i=1

fi(yi)dy⃗,

where (1.1)-(1.3) are given as follows
(i) for all (x, y1, · · · , ym) ∈ (Rn)m+1 with x , yi(i = 1, · · · ,m), there holds

|Kβ(x, y1, · · · , ym)| ≲
1

(
∑m

i=1 |x − yi|)mn(1−β)(1 + (
∑m

i=1 |x − yi|)n)N
; (1.1)

(ii) if |x − x′| ≤ 1
2 max

1≤i≤m
|x − yi|, then

|Kβ(x, y1, · · · , ym) − Kβ(x′, y1, · · · , ym)|

≲
1

(
∑m

i=1 |x − yi|)mn(1−β)(1 + (
∑m

i=1 |x − yi|)n)N
h
(
|x − x′|∑m

i=1 |x − yi|

)
; (1.2)

(iii) if |yi − y′i | ≤
1
2 max

1≤i≤m
|x − yi|, then

|Kβ(x, y1, · · · , yi, · · · , ym) − Kβ(x, y1, · · · , y′i , · · · , ym)|

≲
1

(
∑m

i=1 |x − yi|)mn(1−β)(1 + (
∑m

i=1 |x − yi|)n)N
h
(
|yi − y′i |∑m
i=1 |x − yi|

)
. (1.3)
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Definition 1.3. Let b be a locally integrable function and 0 ≤ β < 1. We say that b ∈ BMOφ,β if

∥b∥BMOφ,β = sup
x∈Rn,r>0

1
(φ(|B(x, r)|)|B(x, r)|)1−β

∫
B(x,r)
|b(y) − bB(x,r)|dy < ∞,

where B = B(x, r) represents an open ball centered at x ∈ Rn with radius r > 0, bB(x,r) denotes the mean
value of b over ball B(x, r) and φ(|B(x, r)|) = (1 + |B(x, r)|)γ for 0 ≤ γ < ∞. As γ = 0 and β = 0, BMOφ,β

space will reduce to BMO(Rn) space. Clearly, BMO(Rn) ⊂ BMOφ,β when 0 ≤ β ≤
γ

1+γ , here the fact
|B(x,r)|

(φ(|B(x,r)|)|B(x,r)|)1−β =
|B(x,r)|β

(1+|B(x,r)|)γ(1−β) ≤

(
|B(x,r)|

1+|B(x,r)|

)β
≤ 1 is used.

Definition 1.4. Let 0 < α < 1. Then for any b ∈ L1
loc(R

n) and x, y ∈ Rn, b is said to belong to the Lipschitz
space Lipα(Rn) if there is some constant C > 0 such that

|b(x) − b(y)| ≤ C|x − y|α,

where the smallest positive constant C is called the Lipα(Rn) norm of b and denoted by ∥b∥Lipα(Rn).

Definition 1.5. Let 0 ≤ β < 1, f⃗ = ( f1, · · · , fm) and b⃗ = (b1, · · · , bm). Assume that T is the multilinear
Calderón-Zygmund operator with fractional kernel of type h(t). Then the m-linear iterative commutator
generated by T and b⃗ is defined by

T∏
b⃗( f⃗ )(x) =

∫
(Rn)m

m∏
i=1

(bi(x) − bi(yi))Kβ(x, y1, · · · , ym) f1(y1) · · · fm(ym)dy⃗,

and the multilinear commutator generated by T and b⃗ is defined by

T∑
b⃗( f⃗ )(x) =

m∑
i=1

Ti
bi

( f⃗ )(x),

where

Ti
bi

( f⃗ )(x) = bi(x)T( f1, · · · , fi, · · · , fm)(x) − T( f1, · · · , bi fi, · · · , fm)(x), for i = 1, · · · ,m.

In 2003, the commutators of multilinear Calderón-Zygmund operators were introduced by Pérez and
Torres in [27], and they also gave the strong and weak type estimates for the commutators of multilinear
Calderón-Zygmund operators. From this time on, many researchers investigated the related contents. In
[5, 13], the authors studied the multilinear Calderón-Zygmund operators with standard kernels (i.e. β = 0,
N = 0 and h(t) = tε(ε > 0) in (1.1)-(1.3)) and their commutators. In [19], Lu and Zhang considered the
m-linear operators with m-linear Calderón-Zygmund kernels of type h(t) (i.e. β = 0 and N = 0 in (1.1)-
(1.3)) and their commutators. In [26], Pan and Tang established the certain classes of multilinear operators
(i.e. β = 0, (1 + (

∑m
i=1 |x − yi|)n)N = (1 +

∑m
i=1 |x − yi|)N and h(t) = tε(ε > 0) in (1.1)-(1.3)) and their iterated

commutators. In [36], Zhao and Zhou considered the certain multilinear Calderón-Zygmund operators
with kernels of Dini’s type (i.e. β = 0 and (1 + (

∑m
i=1 |x − yi|)n)N = (1 +

∑m
i=1 |x − yi|)N in (1.1)-(1.3)) and their

commutators. In [16, 34], the authors studied the multilinear singular integral operators with generalized
kernels and their commutators.

The paper is organized as follows. In Section 2, we give some important lemmas. In Section 3, the
boundedness of T on generalized fractional mixed Morrey space Lq⃗,η,ψ(Rn) will be showed. In Section 4,
we will prove that T∏

b⃗ and T∑
b⃗ associated with BMOφ,β functions and Lipschitz functions are bounded

on space Lq⃗,η,ψ(Rn). Finally, the estimates for the multilinear fractional new maximal operator and its
commutators on space Lq⃗,η,ψ(Rn) shall be presented in Section 5.
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2. Some preliminaries

The following extrapolation theorem and the boundedness of Iζ on mixed Lebesgue space Lq⃗(Rn) have
been proved in [31, 35]. Before stating Lemma 2.1, we first recall the definitions of Ap(Rn) weight, A1(Rn)
weight and Lp(ω) in [13, 23]. Let ω be a locally integrable function on Rn which takes values in (0,∞) at
almost everywhere, 1 < p < ∞ and 1

p +
1
p′ = 1. Then ω ∈ Ap(Rn) if there exists a constant C > 0 such that for

all balls B, (
1
|B|

∫
B
ω(x)dx

) 1
p
(

1
|B|

∫
B
ω(x)1−p′dx

) 1
p′

≤ C,

where B = B(x, r) denotes an open ball centered at x ∈ Rn with radius r > 0. In particular, this is called that
ω belongs to A1(Rn) when p = 1, if there is a constant C > 0 such that

1
|B|

∫
B
ω(x)dx ≤ C inf

B
ω,

where the infimum of these constants C is called the A1(Rn) constant of ω. And the weighted Lebesgue
space Lp(ω)(0 < p < ∞) consists of all f ∈ U(Rn) such that

∥ f ∥Lp(ω) =

(∫
Rn
| f (x)|pω(x)dx

) 1
p

< ∞.

Lemma 2.1. [31] Let G be a family of ordered pairs of nonnegative measurable functions, q⃗ = (q1, · · · , qn) ∈ (0,∞)n

and 0 < q0 < ∞ with q0 < q⃗. If
∥ f ∥Lq0 (ω) ≲ ∥1∥Lq0 (ω)

for ω ∈ A1(Rn) and ( f , 1) ∈ G, then the inequality

∥ f ∥Lq⃗(Rn) ≲ ∥1∥Lq⃗(Rn)

holds for ( f , 1) ∈ G such that the left-hand side is finite.

Lemma 2.2. [35] Suppose that 1 < p⃗ ≤ q⃗ < ∞,
∑n

j=1
1
q j
=

∑n
j=1

1
p j
− ζ and 0 ≤ ζ < n. Then

∥Iζ( f )∥Lq⃗(Rn) ≲ ∥ f ∥Lp⃗(Rn),

where Iζ is the fractional integral operator defined by

Iζ( f )(x) =
∫
Rn

f (y)
|x − y|n−ζ

dy.

From [2], we know that Hölder’s inequality and Minkowski inequality still hold on space Lq⃗(Rn).

Lemma 2.3. Assume that 1 ≤ q⃗ ≤ ∞ and 1
q⃗ +

1
q⃗′ = 1. Then for any f ∈ Lq⃗(Rn) and 1 ∈ Lq⃗′ (Rn), we have∫

Rn
| f (x)1(x)|dx ≤ ∥ f ∥Lq⃗(Rn)∥1∥Lq⃗′ (Rn).

Lemma 2.4. Let 1 ≤ q⃗ ≤ ∞. Then for any f , 1 ∈ Lq⃗(Rn), there holds

∥ f + 1∥Lq⃗(Rn) ≤ ∥ f ∥Lq⃗(Rn) + ∥1∥Lq⃗(Rn).
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Next, we give the following relationship between the dyadic fractional maximal operator Md
δ,φ,β and the

dyadic fractional sharp maximal function M♯,d
δ,φ,β and the inequality for the dyadic fractional sharp maximal

function of T in [15]. Before stating the lemmas, we need to provide some necessary concepts. Let 0 ≤ β < 1
and 0 < δ < ∞. Then Md

δ,φ,β and M♯,d
δ,φ,β are defined as follows

Md
δ,φ,β( f ) = (Md

φ,β(| f |
δ))

1
δ and M♯,d

δ,φ,β( f ) = (M♯,d
φ,β(| f |

δ))
1
δ ,

where

Md
φ,β f (x) = sup

x∈B(dyadic cube)

1
(φ(|B|)|B|)1−β

∫
B
| f (y)|dy,

and

M♯,d
φ,β( f )(x) = sup

x∈B(dyadic cube)
inf

c

1
(φ(|B|)|B|)1−β

∫
B
| f (y) − c|dy

≈ sup
x∈B(dyadic cube)

1
(φ(|B|)|B|)1−β

∫
B
| f (y) − fB|dy.

Let f⃗ = ( f1, · · · , fm) be a collection of locally integrable functions and 0 ≤ β < 1. Then the multilinear
fractional new maximal operatorMφ,β was given in [14] as follows

Mφ,β( f⃗ )(x) = sup
x∈Rn,r>0

m∏
i=1

1
(φ(|B(x, r)|)|B(x, r)|)1−β

∫
B(x,r)
| fi(yi)|dyi.

Here we recall the definition of the weight Ap,β(φ) in [9], which included Ap(φ)(β = 0) weight in [30] and
the classical Muckenhoupt weight Ap(Rn)(β, γ = 0) in [23]. Let 1 < p < ∞, 0 ≤ β < 1 and 1

p +
1
p′ = 1. Then

ω ∈ Ap,β(φ) if there is a constant C > 0 such that for all balls B,(
1

(φ(|B|)|B|)1−β

∫
B
ω(x)dx

) 1
p
(

1
(φ(|B|)|B|)1−β

∫
B
ω(x)1−p′dx

) 1
p′

≤ C,

where B = B(x, r) denotes an open ball centered at x ∈ Rn with radius r > 0. Especially, this is called that ω
belongs to A1,β(φ) when p = 1, if there exists a constant C > 0 such that

1
(φ(|B|)|B|)1−β

∫
B
ω(x)dx ≤ C inf

B
ω,

where the infimum of these constants C is called the A1,β(φ) constant of ω. Noticing that A∞,β(φ) =⋃
p≥1 Ap,β(φ).

Lemma 2.5. [15] Assume that 0 < p < ∞, 0 < δ < ∞ and ω ∈ A∞,β(φ) with 0 ≤ β < 1. Then for f ∈ Lp(ω), there
holds

∥ f ∥Lp(ω) ≤ ∥Md
δ,φ,β( f )∥Lp(ω) ≲ ∥M

♯,d
δ,φ,β( f )∥Lp(ω).

Lemma 2.6. [15] Suppose that T is the multilinear Calderón-Zygmund operator with fractional kernel of type h(t),
0 ≤ β ≤

γ
1+γ with 0 ≤ γ < ∞ and 0 < δ < 1

m . If h ∈ Dini(1), then for all bounded measurable functions

f⃗ = ( f1, · · · , fm) with compact support, we have

M♯,d
δ,φ,β(T( f⃗ ))(x) ≲Mφ,β( f⃗ )(x).

Lemma 2.5 together with Lemma 2.6 implies that the following lemma is true.

Lemma 2.7. Let T be the multilinear Calderón-Zygmund operator with fractional kernel of type h(t), 0 ≤ β ≤ γ
1+γ

with 0 ≤ γ < ∞ and 0 < p < ∞. If h ∈ Dini(1) and ω ∈ A∞,β(φ), then

∥T( f⃗ )∥Lp(ω) ≲ ∥Mφ,β( f⃗ )∥Lp(ω).
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3. T on space Lq⃗,η,ψ(Rn)

The main result of this section is stated as follows.

Theorem 3.1. Let T be the multilinear Calderón-Zygmund operator with fractional kernel of type h(t), h ∈ Dini(1),
0 ≤ γ ≤ m − 1, 0 ≤ β ≤ γ

1+γ and 0 < Cψ < 2n. If nβ ≤ ηi < n
m + nβ (i = 1, · · · ,m), η =

∑m
i=1 ηi − mnβ,

∑n
j=1

1
q j
=∑n

j=1
∑m

i=1
1

pi j
−mnβwith

∑n
j=1

1
pi j
> ηi, m ≥ 2 and 1 < q⃗, p⃗i < ∞, then T is bounded from Lp⃗1,η1,ψ(Rn)×· · ·×Lp⃗m,ηm,ψ(Rn)

to Lq⃗,η,ψ(Rn), i.e.

∥T( f⃗ )∥Lq⃗,η,ψ(Rn) ≲
m∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

To prove Theorem 3.1, we need the following boundedness of T on space Lq⃗(Rn).

Lemma 3.2. Suppose that T is a multilinear Calderón-Zygmund operator with fractional kernel of type h(t), m ≥ 2,
h ∈ Dini(1) and 0 ≤ β ≤ γ

1+γ with 0 ≤ γ < ∞. If
∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ and 1 < q⃗, p⃗i < ∞, then T is bounded

from Lp⃗1 (Rn) × · · · × Lp⃗m (Rn) to Lq⃗(Rn), i.e.

∥T( f⃗ )∥Lq⃗(Rn) ≲
m∏

i=1

∥ fi∥Lp⃗i (Rn).

Proof. Let f⃗ ∈ Lp⃗1 (Rn) × · · · × Lp⃗m (Rn). We only need to prove the case fi ∈ L∞c (Rn)(i = 1, · · · ,m) because the
class of bounded functions with compact support are dense in Lp⃗i (Rn) (see [2]). Set

Tk( f⃗ )(x) = min{k,T( f⃗ )}χB(0,k)(x),

and
G = {(Tk( f⃗ ),Mφ,β( f⃗ )) : f⃗ ∈ (L∞c (Rn))m, k ∈N+},

whereN+ represents the set of the positive integers. Then for every pair (Tk( f⃗ ),Mφ,β( f⃗ )) ∈ G, any 0 < q0 < ∞
with q0 < q⃗, and ω ∈ A1(Rn) ⊂ A1,β(φ) ⊂ A∞,β(φ), by applying Lemma 2.7, there holds

∥T( f⃗ )∥Lq0 (ω) ≲ ∥Mφ,β( f⃗ )∥Lq0 (ω).

This inequality together with the definition of Tk implies that

∥Tk( f⃗ )∥Lq0 (ω) ≲ ∥Mφ,β( f⃗ )∥Lq0 (ω).

And because ∥χB(0,k)∥Lq⃗(Rn) < ∞, then ∥Tk( f⃗ )∥Lq⃗(Rn) < ∞ for each f⃗ ∈ (L∞c (Rn))m. We may choose q⃗i such that
1
q⃗ =

∑m
i=1

1
q⃗i

and
∑n

j=1
1

qi j
=

∑n
j=1

1
pi j
− βi, then β = 1

mn
∑m

i=1 βi. Thus, using Hölder’s inequality, Lemma 2.1 and
Lemma 2.2 to each pair in G, we have

∥Tk( f⃗ )∥Lq⃗(Rn) ≲ ∥Mφ,β( f⃗ )∥Lq⃗(Rn) ≤ ∥

m∏
i=1

Mβi ( fi)∥Lq⃗(Rn)

≲
m∏

i=1

∥Iβi (| fi|)∥Lq⃗i (Rn)

≲
m∏

i=1

∥ fi∥Lp⃗i (Rn),
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here Mβi is the fractional maximal operator defined by

Mβi ( fi)(x) = sup
x∈Rn,r>0

1

|B(x, r)|1−
βi
n

∫
B(x,r)
| fi(yi)|dyi,

and we use the following estimate

Mφ,β( f⃗ )(x) = sup
x∈Rn,r>0

1
(φ(|B(x, r)|)|B(x, r)|)m(1−β)

m∏
i=1

∫
B(x,r)
| fi(yi)|dyi

≤ sup
x∈Rn,r>0

m∏
i=1

1

|B(x, r)|1−
βi
n

∫
B(x,r)
| fi(yi)|dyi

≤

m∏
i=1

Mβi ( fi)(x). (3.1)

Since Tk( f⃗ )(x) increases almost everywhere to T( f⃗ )(x) for each f⃗ ∈ (L∞c (Rn))m, then from the monotone
convergence theorem on mixed Lebesgue space in [2], it follows that

∥T( f⃗ )∥Lq⃗(Rn) = lim
k→∞
∥Tk( f⃗ )∥Lq⃗(Rn) ≲

m∏
i=1

∥ fi∥Lp⃗i (Rn).

The proof is finished.

Proof. [The proof of Theorem 3.1] It is sufficient to prove the case m = 2 because the similar arguments also
work for the other cases. Let f⃗ = ( f1, f2) ∈ Lp⃗1,η1,ψ(Rn) × Lp⃗2,η2,ψ(Rn), B =: B(x, r) for r > 0, 2B(x, r) =: B(x, 2r)
and (2B(x, r))c =: Rn

\ 2B(x, r). Then from Minkowski inequality, we have

∥T( f1, f2)∥Lq⃗,η,ψ(Rn) ≤ ∥T( f1χ2B(x,r), f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T( f1χ2B(x,r), f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥T( f1χ(2B(x,r))c , f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: I + II + III + IV.

Noticing that 0 ≤ γ ≤ 1, then γ
1+γ ≤

1
2 . And because nβ ≤ ηi < n

2 + nβ(i = 1, 2) and η =
∑2

i=1 ηi − 2nβ, then
nβ ≤ ηi < n and 0 ≤ η < n. Thus, it gets from

∑n
j=1

1
q j
=

∑n
j=1

1
p1 j
+

∑n
j=1

1
p2 j
− 2nβ and Lemma 3.2 that

I = sup
x∈Rn,r>0

∥T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ sup
x∈Rn,r>0

∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥ f2χ2B(x,r)∥Lp⃗2 (Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

[ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [ψ(2r)]

1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n
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≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Next, we prove II. For y1 ∈ 2B(x, r), y2 ∈ 2k+1B(x, r) \ 2kB(x, r) and z ∈ B(x, r), it holds that |z − y2| ≳

|2kB(x, r)|
1
n . Thus, by (1.1), we have

|Kβ(z, y1, y2)| ≲
1

(
∑2

i=1 |z − yi|)2n(1−β)(1 + (
∑2

i=1 |z − yi|)n)N

≲
1

|2kB(x, r)|2(1−β)
. (3.2)

Hence, according to (3.2) and Hölder’s inequality, we have

|T( f1χ2B(x,r), f2χ(2B(x,r))c )(z)|

≤

∫
(Rn)2
|Kβ(z, y1, y2)|| f1χ2B(x,r)(y1)|| f2χ(2B(x,r))c (y2)|dy1dy2

≲

(∫
2B(x,r)

| f1(y1)|dy1

)  ∞∑
k=1

∫
2k+1B(x,r)

| f2(y2)|
|2kB(x, r)|2(1−β)

dy2


≤ ∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥χ2B(x,r)∥Lp⃗1

′

(Rn)

×

∞∑
k=1

∥ f2χ2k+1B(x,r)∥Lp⃗2 (Rn)∥χ2k+1B(x,r)∥Lp⃗2
′

(Rn)

|2kB(x, r)|2(1−β)

≲ [ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n
|2B(x, r)|

1− 1
n
∑n

j=1
1

p1 j

×

∞∑
k=1

[ψ(2k+1r)]
1
n
∑n

j=1
1

p2 j
−
η2
n
|2k+1B(x, r)|

1− 1
n
∑n

j=1
1

p2 j

|2kB(x, r)|2(1−β)

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn),

the last inequality follows from the fact ∥χ2B(x,r)∥Lp⃗1
′

(Rn) ≈ |2B(x, r)|
1− 1

n
∑n

j=1
1

p1 j in [24]. Therefore, by 0 < Cψ < 2n

and η2

n ≥
nβ
n = β > 2β − 1, we get

II = sup
x∈Rn,r>0

∥T( f1χ2B(x,r), f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ sup
x∈Rn,r>0

∞∑
k=1

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

× |B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1
qj |2k+1B(x, r)|

1− 1
n
∑n

j=1
1

p2 j
+2(β−1)

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(Ck+1
ψ )

1
n
∑n

j=1
1

p2 j
−
η2
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p2 j
+1−2β)

≤

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(
Cψ
2n

)(k+1)( 1
n
∑n

j=1
1

p2 j
−
η2
n )

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).
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Similarly, it is not difficult to obtain that

III ≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Finally, we prove IV. It follows from (3.2) and Hölder’s inequality that

|T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )(z)|

≤

∫
(Rn)2
|Kβ(z, y1, y2)|| f1χ(2B(x,r))c (y1)|| f2χ(2B(x,r))c (y2)|dy1dy2

≲
∞∑

k=1

1
|2kB(x, r)|2(1−β)

2∏
i=1

∫
2k+1B(x,r)

| fi(yi)|dyi

≤

∞∑
k=1

1
|2kB(x, r)|2(1−β)

2∏
i=1

∥ fiχ2k+1B(x,r)∥Lp⃗i (Rn)∥χ2k+1B(x,r)∥Lp⃗i
′

(Rn)

≲
∞∑

k=1

1
|2k+1B(x, r)|2(1−β)

2∏
i=1

[ψ(2k+1r)]
1
n
∑n

j=1
1

pij
−
ηi
n

× |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

pij ∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Thus, by η1

n +
η2

n ≥
nβ+nβ

n = 2β, there holds

IV = sup
x∈Rn,r>0

∥T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ sup
x∈Rn,r>0

∞∑
k=1

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1
n −

η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

|B(x, r)|
1
n
∑n

j=1
1
qj

× |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
+1− 1

n
∑n

j=1
1

p2 j
+2(β−1)

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

≤

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(Ck+1
ψ )

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1
n −

η2
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−2β)

≤

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(
Cψ
2n

)(k+1)( 1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1
n −

η2
n )

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

The proof is complete.

4. T∏ b⃗ and T∑ b⃗ on space Lq⃗,η,ψ(Rn)

The main results of this section are formulated as follows.

Theorem 4.1. Let T∏
b⃗ be the m-linear iterative commutator generated by T and b⃗, b⃗ = (b1, · · · , bm), bi ∈ BMOφ,β (i =

1, · · · ,m), 0 ≤ β < min{ γ
1+γ ,

1
m } with 0 ≤ γ < ∞, h ∈ Dini(1) and 0 < Cψ < 2n. If nβ ≤ ηi < n

m (i = 1, · · · ,m),
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η =
∑m

i=1 ηi,
∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j

with m ≥ 2,
∑n

j=1
1

pi j
> ηi and 1 < q⃗, p⃗i < ∞, then T∏

b⃗ is bounded from

Lp⃗1,η1,ψ(Rn) × · · · × Lp⃗m,ηm,ψ(Rn) to Lq⃗,η,ψ(Rn), i.e.

∥T∏
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲

m∏
i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Theorem 4.2. Suppose that T∑
b⃗ is the multilinear commutator generated by T and b⃗ = (b1, · · · , bm), bi ∈

BMOφ,β, i = 1, · · · ,m, 0 ≤ β ≤
γ

1+γ with 0 ≤ γ < ∞, h ∈ Dini(1) and 0 < Cψ < 2n. If
∑n

j=1
1
q j
=∑n

j=1
∑m

i=1
1

pi j
− mnβ + nβ with m ≥ 2,

∑n
j=1

1
pi j
> ηi (i = 1, · · · ,m), 1 < q⃗, p⃗i < ∞, nβ ≤ ηi < nβ + n

m −
nβ
m

and η =
∑m

i=1 ηi −mnβ + nβ, then T∑
b⃗ is bounded from Lp⃗1,η1,ψ(Rn) × · · · × Lp⃗m,ηm,ψ(Rn) to Lq⃗,η,ψ(Rn), i.e.

∥T∑
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲ ∥⃗b∥BMOφ,β

m∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn),

where ∥⃗b∥BMOφ,β = max{∥b1∥BMOφ,β , · · · , ∥bm∥BMOφ,β }.

Theorem 4.3. Assume that 0 < α < 1, 0 ≤ β < 1 − α
n , α + nβ ≤ ηi < min{α + nβ + n

m ,n} (i = 1, · · · ,m),
η =

∑m
i=1 ηi − mnβ − mα and 0 < Cψ < 2n. If T∏

b⃗ is the m-linear iterative commutator generated by T and b⃗,

b⃗ = (b1, · · · , bm), bi ∈ Lipα(Rn), i = 1, · · · ,m,
∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ−mα,

∑n
j=1

1
pi j
> ηi and 1 < q⃗, p⃗i < ∞,

then

∥T∏
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲

m∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Theorem 4.4. Let T∑
b⃗ be the multilinear commutator generated by T and b⃗ = (b1, · · · , bm), bi ∈ Lipα(Rn), i =

1, · · · ,m, 0 < α < min{1, n
m−1 }, 0 ≤ β < min{ γ

1+γ , 1 −
α
n } with 0 ≤ γ < ∞, h ∈ Dini(1) and 0 < Cψ < 2n. If

α + nβ ≤ ηi < α
m + nβ + n

m (i = 1, · · · ,m), η =
∑m

i=1 ηi − mnβ − α,
∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j
− mnβ − α, m ≥ 2,∑n

j=1
1

pi j
> ηi and 1 < q⃗, p⃗i < ∞, then

∥T∑
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲ ∥⃗b∥Lipα(Rn)

m∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn),

where ∥⃗b∥Lipα(Rn) = max{∥b1∥Lipα(Rn), · · · , ∥bm∥Lipα(Rn)}.

In order to prove Theorems 4.1-4.4, we need recall the following lemmas. We first recall the characteri-
zations of bounded mean oscillation BMO on space Lq⃗(Rn) in [8].

Lemma 4.5. Let b ∈ BMO(Rn) and q⃗ = (q1, · · · , qn) ∈ (1,∞)n. Then for any ball B(x, r) ⊂ Rn and any j ∈N, there
holds

∥(b − bB(x,r))χB(x,r)∥Lq⃗(Rn) ≲ ∥b∥BMO(Rn)∥χB(x,r)∥Lq⃗(Rn),

and
|b2 j+1B(x,r) − bB(x,r)| ≲ ( j + 1)∥b∥BMO(Rn).

The following characterizations of Lipschitz space have been established in [3].

Lemma 4.6. Suppose that 0 < α < 1 and b ∈ Lipα(Rn). Then for any ball B(x, r) ⊂ Rn and B(x, r) ⊂ B∗(x, r), we
have

∥b∥Lipα(Rn) ≈ sup
x∈Rn,r>0

1
|B(x, r)|1+

α
n

∫
B(x,r)
|b(y) − bB(x,r)|dy,

and
|bB(x,r) − bB∗(x,r)| ≲ ∥b∥Lipα(Rn)|B∗(x, r)|

α
n .
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Lemma 4.7. Assume that b ∈ Lipα(Rn) with 0 < α < 1 and q⃗ = (q1, · · · , qn) ∈ (1,∞)n. Then for any ball
B(x, r) ⊂ Rn, there holds

∥(b − bB(x,r))χB(x,r)∥Lq⃗(Rn) ≲ ∥b∥Lipα(Rn)|B(x, r)|
α
n+

1
n
∑n

j=1
1
qj .

Proof. Since ∥χB(x,r)∥Lq⃗(Rn) ≈ |B(x, r)|
1
n
∑n

j=1
1
qj in [24], then Lemma 4.7 directly follows from the first part of

Lemma 4.5 and Lemma 4.6. The details are omitted here.

Now, we give the proofs of Theorems 4.1-4.4.

Proof. [The proof of Theorem 4.1] Without loss of generality, we only consider the case m = 2, the same
method is applied to Theorem 4.2-Theorem 4.4. Let f⃗ = ( f1, f2) ∈ Lp⃗1,η1,ψ(Rn) × Lp⃗2,η2,ψ(Rn), B =: B(x, r) for
r > 0, 2B(x, r) =: B(x, 2r) and (2B(x, r))c =: Rn

\ 2B(x, r). Then

T∏
b⃗( f⃗ )(z) = (b1(z) − (b1)B(x,r))(b2(z) − (b2)B(x,r))T( f1, f2)(z)

− (b1(z) − (b1)B(x,r))T( f1, (b2 − (b2)B(x,r)) f2)(z)
− (b2(z) − (b2)B(x,r))T((b1 − (b1)B(x,r)) f1, f2)(z)
+ T((b1 − (b1)B(x,r)) f1, (b2 − (b2)B(x,r)) f2)(z).

Then by using Minkowski inequality, we have

∥T∏
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≤ ∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1, f2)∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1, (b2 − (b2)B(x,r)) f2)∥Lq⃗,η,ψ(Rn)

+ ∥(b2 − (b2)B(x,r))T((b1 − (b1)B(x,r)) f1, f2)∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1, (b2 − (b2)B(x,r)) f2)∥Lq⃗,η,ψ(Rn)

=: E1 + E2 + E3 + E4.

We first estimate E1. Let fi = fiχ2B(x,r) + fiχ(2B(x,r))c (i = 1, 2). Using Minkowski inequality again, there
holds

E1 ≤ ∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ2B(x,r), f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ2B(x,r), f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ(2B(x,r))c , f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: E11 + E12 + E13 + E14.

For E11, as y1, y2 ∈ 2B(x, r) and z ∈ B(x, r), we may choose u⃗ such that 1
q⃗ =

1
h⃗1
+ 1

h⃗2
+ 1

u⃗ and
∑n

j=1
∑2

i=1
1

hi j
= 2nβ,

then
∑n

j=1
1
u j
=

∑n
j=1

∑2
i=1

1
pi j
− 2nβ. Let 1

u⃗ =
∑2

i=1
1
u⃗i

and
∑n

j=1
1

ui j
=

∑n
j=1

1
pi j
− βi. Then β = 1

2n
∑2

i=1 βi. By (3.1),
we have

Mφ,β( f⃗ )(x) = sup
x∈Rn,r>0

1
(φ(|B(x, r)|)|B(x, r)|)2(1−β)

2∏
i=1

∫
B(x,r)
| fi(yi)|dyi

= sup
x∈Rn,r>0

2∏
i=1

1

[φ(|B(x, r)|)]1−β|B(x, r)|1−
βi
n

∫
B(x,r)
| fi(yi)|dyi

≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

2∏
i=1

Mβi ( fi)(x). (4.1)
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Thus, by using (4.1) and the similar arguments as in the proof of Lemma 3.2, we have

∥T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lu⃗(Rn)

≲ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

2∏
i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn). (4.2)

Since nβ ≤ ηi < n
2 and η =

∑2
i=1 ηi, then nβ ≤ ηi < n and 2nβ ≤ η < n. Thus, it gets from (4.2), Hölder’s

inequality and Lemma 4.5 that

E11 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤ sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)
∥(b2 − (b2)B(x,r))χB(x,r)∥Lh⃗2 (Rn)

× ∥T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lu⃗(Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ sup
x∈Rn,r>0

2∏
i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn)
1

|B(x, r)|

∫
B(x,r)
|b1(y1) − (b1)B(x,r)|dy1∥χB(x,r)∥Lh⃗1 (Rn)

×
1

|B(x, r)|

∫
B(x,r)
|b2(y2) − (b2)B(x,r)|dy2∥χB(x,r)∥Lh⃗2 (Rn)

×
1

[φ(|B(x, r)|)]2(1−β)

1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

(φ(|B(x, r)|)|B(x, r)|)2(1−β)

|B(x, r)|2

×
|B(x, r)|

1
n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

[ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n +

1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E12, as y1 ∈ 2B(x, r), y2 ∈ 2k+1B(x, r) \ 2kB(x, r) and z ∈ B(x, r), we have that |z − y2| ≳ |2kB(x, r)|
1
n . Thus, by

(1.1) and N = 2γ(1 − β), there holds

|Kβ(z, y1, y2)| ≲
1

|2kB(x, r)|2(1−β)(1 + |2kB(x, r)|)N

=
1

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)
. (4.3)

Thus, from Hölder’s inequality and (4.3), we obtain

|T( f1χ2B(x,r), f2χ(2B(x,r))c )(z)|

≲

(∫
2B(x,r)

| f1(y1)|dy1

)  ∞∑
k=1

∫
2k+1B(x,r)

| f2(y2)|
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

dy2


≤ ∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥χ2B(x,r)∥Lp⃗1

′

(Rn)

∞∑
k=1

∥ f2χ2k+1B(x,r)∥Lp⃗2 (Rn)∥χ2k+1B(x,r)∥Lp⃗2
′

(Rn)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)
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×
(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)[ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n
|2B(x, r)|

1− 1
n
∑n

j=1
1

p1 j

×

∞∑
k=1

[ψ(2k+1r)]
1
n
∑n

j=1
1

p2 j
−
η2
n
|2k+1B(x, r)|

1− 1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)
, (4.4)

where

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)
=

(
1 + |2k+1B(x, r)|
1 + |2kB(x, r)|

)2γ(1−β) (
|2k+1B(x, r)|
|2kB(x, r)|

)2(1−β)

≤

(
|2k+1B(x, r)|
|2kB(x, r)|

)2γ(1−β) (
|2k+1B(x, r)|
|2kB(x, r)|

)2(1−β)

≤ C.

Applying Hölder’s inequality and Lemma 4.5 again, there holds for 0 < Cψ < 2n and η2

n ≥
nβ
n = β > 2β − 1,

E12 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ2B(x,r), f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)

× ∥(b2 − (b2)B(x,r))χB(x,r)∥Lh⃗2 (Rn)∥χB(x,r)∥Lu⃗(Rn)

×

∞∑
k=1

|B(x, r)|
1− 1

n
∑n

j=1
1

p1 j |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∞∑
k=1

(φ(|2k+1B(x, r)|)|B(x, r)|)2(1−β)

|B(x, r)|2

×
|B(x, r)|

1− 1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j
+ 1

n
∑n

j=1
1

uj

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

× |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p2 j [Ck+1
ψ ]

1
n
∑n

j=1
1

p2 j
−
η2
n

≤

2∏
i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p2 j
−
η2
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p2 j
+1−2β)

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E13, similar to E12, we have

E13 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).
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For E14, it follows from Hölder’s inequality and (4.3) that

|T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )(z)|

≲
∞∑

k=1

1
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

2∏
i=1

∫
2k+1B(x,r)

| fi(yi)|dyi

≲
∞∑

k=1

1
(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

2∏
i=1

∥ fiχ2k+1B(x,r)∥Lp⃗i (Rn)∥χ2k+1B(x,r)∥Lp⃗i
′

(Rn)

≲
∞∑

k=1

1
(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

2∏
i=1

[ψ(2k+1r)]
1
n
∑n

j=1
1

pij
−
ηi
n

× |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

pij ∥ fi∥Lp⃗i ,ηi ,ψ(Rn). (4.5)

Since 0 < Cψ < 2n and η1+η2

n ≥
2nβ

n = 2β, then using Hölder’s inequality and Lemma 4.5, we have

E14 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))(b2 − (b2)B(x,r))T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)

× ∥(b2 − (b2)B(x,r))χB(x,r)∥Lh⃗2 (Rn)∥χB(x,r)∥Lu⃗(Rn)

×

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
+1− 1

n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
−
η1
n +

1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−2β)

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Therefore,

E1 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Next, we estimate E2. From Minkowski inequality, we get that

E2 ≤ ∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: E21 + E22 + E23 + E24.

We only need to consider E21, E22 and E24 because the estimates of E23 and E22 are analogous. For E21,
let 1

q⃗ =
1
h⃗1
+ 1

s⃗ , 1
w⃗2
= 1

p⃗2
+ 1

h⃗2
and

∑n
j=1

∑2
i=1

1
hi j
= 2nβ, then

∑n
j=1

1
w2 j
=

∑n
j=1

1
p2 j
+

∑n
j=1

1
h2 j

and
∑n

j=1
1
s j
=∑n

j=1
1

p1 j
+

∑n
j=1

1
w2 j
− 2nβ. Assume that 1

s⃗ =
∑2

i=1
1
s⃗i

,
∑n

j=1
1

s1 j
=

∑n
j=1

1
p1 j
− β1 and

∑n
j=1

1
s2 j
=

∑n
j=1

1
w2 j
− β2. Then



R. Li et al. / Filomat 39:18 (2025), 6229–6260 6244

β = 1
2n

∑2
i=1 βi. Thus, by using Lemma 4.5, Hölder’s inequality, (4.1) and the similar arguments as in the

proof of Lemma 3.2, we have

∥T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))χB(x,r)∥Ls⃗(Rn)

≲ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥(b2 − (b2)B(x,r)) f2χ2B(x,r)∥Lw⃗2 (Rn)

≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

∥(b2 − (b2)B(x,r))χ2B(x,r)∥Lh⃗2 (Rn)

2∏
i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn)

≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

(∥(b2 − (b2)2B(x,r))χ2B(x,r)∥Lh⃗2 (Rn)

+ |(b2)2B(x,r) − (b2)B(x,r)|∥χ2B(x,r)∥Lh⃗2 (Rn))
2∏

i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn)

≲ sup
x∈Rn,r>0

|2B(x, r)|
1
n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

1
|B(x, r)|

∫
B(x,r)
|b2(y2) − (b2)B(x,r)|dy2

×

2∏
i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn). (4.6)

Thus, applying (4.6), Hölder’s inequality and Lemma 4.5, we have

E21 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤ sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)

× ∥T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))χB(x,r)∥Ls⃗(Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|2B(x, r)|
1
n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

×
1

|B(x, r)|

∫
B(x,r)
|b1(y1) − (b1)B(x,r)|dy1

1
|B(x, r)|

∫
B(x,r)
|b2(y2) − (b2)B(x,r)|dy2

×
[Cψψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

(φ(|B(x, r)|)|B(x, r)|)2(1−β)

|B(x, r)|2

×
|2B(x, r)|

1
n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

≤

2∏
i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E22, applying Lemma 4.5, (4.3) and Hölder’s inequality, there holds

|T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )(z)|
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≲

(∫
2B(x,r)

| f1(y1)|dy1

)  ∞∑
k=1

∫
2k+1B(x,r)

|b2(y2) − (b2)B(x,r)|| f2(y2)|
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

dy2


≲ ∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥χ2B(x,r)∥Lp⃗1

′

(Rn)

∞∑
k=1

∥ f2χ2k+1B(x,r)∥Lp⃗2 (Rn)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

× (∥(b2 − (b2)2k+1B(x,r))χ2k+1B(x,r)∥Lp⃗2
′

(Rn)

+ |(b2)2k+1B(x,r) − (b2)B(x,r)|∥χ2k+1B(x,r)∥Lp⃗2
′

(Rn))

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)∥b2∥BMOφ,β [ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n
|2B(x, r)|

1− 1
n
∑n

j=1
1

p1 j

×

∞∑
k=1

(k + 1)[ψ(2k+1r)]
1
n
∑n

j=1
1

p2 j
−
η2
n
|2k+1B(x, r)|

−
1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)1−β . (4.7)

Hence,

E22 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)∥b2∥BMOφ,β sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)

× ∥χB(x,r)∥Ls⃗(Rn)

∞∑
k=1

(k + 1)|B(x, r)|
1− 1

n
∑n

j=1
1

p1 j |2k+1B(x, r)|
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)1−β

×

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∞∑
k=1

(k + 1)[Ck+1
ψ ]

1
n
∑n

j=1
1

p2 j
−
η2
n

×
|B(x, r)|

1− 1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1
sj |2k+1B(x, r)|

−
1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)1−β

×
(φ(|2k+1B(x, r)|)|B(x, r)|)1−β

|B(x, r)|

≤

2∏
i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(k + 1)
(

Cψ
2n

)(k+1)( 1
n
∑n

j=1
1

p2 j
−
η2
n )

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E24, from (4.7), we derive

|T( f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )(z)|

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)∥b2∥BMOφ,β

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)1−β

× (k + 1)[ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n . (4.8)
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Thus, by η1+η2

n ≥
2nβ

n = 2β > β, we have

E24 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)∥b2∥BMOφ,β sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lh⃗1 (Rn)

× ∥χB(x,r)∥Ls⃗(Rn)

∞∑
k=1

(k + 1)|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)1−β

×

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(k + 1)
[Ck+1

ψ ]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−β)

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Therefore,

E2 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Now, we estimate E3. By using the similar arguments as E2, we can easily check that

E3 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Finally, we estimate E4. From Minkowski inequality, it follows that

E4 ≤ ∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: E41 + E42 + E43 + E44.

For E41, let 1
w⃗1
= 1

p⃗1
+ 1

h⃗1
, 1

w⃗2
= 1

p⃗2
+ 1

h⃗2
and

∑n
j=1

∑2
i=1

1
hi j
= 2nβ, then

∑n
j=1

1
q j
=

∑n
j=1

1
w1 j
+

∑n
j=1

1
w2 j
− 2nβ. Assume

that 1
q⃗ =

∑2
i=1

1
q⃗i

and
∑n

j=1
1

qi j
=

∑n
j=1

1
wi j
− βi. Then β = 1

2n
∑2

i=1 βi. Thus, by using Lemma 4.5, Hölder’s
inequality, (4.1) and the similar arguments as in the proof of Lemma 3.2, we have

∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

≲ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

2∏
i=1

∥(bi − (bi)B(x,r)) fiχ2B(x,r)∥Lw⃗i (Rn)

≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

2∏
i=1

∥(bi − (bi)B(x,r))χ2B(x,r)∥Lh⃗i (Rn)
∥ fiχ2B(x,r)∥Lp⃗i (Rn)
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≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

2∏
i=1

(∥(bi − (bi)2B(x,r))χ2B(x,r)∥Lh⃗i (Rn)

+ |(bi)2B(x,r) − (bi)B(x,r)|∥χ2B(x,r)∥Lh⃗i (Rn)
)∥ fiχ2B(x,r)∥Lp⃗i (Rn)

≲ sup
x∈Rn,r>0

|2B(x, r)|
1
n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

2∏
i=1

1
|B(x, r)|

∫
B(x,r)
|bi(yi) − (bi)B(x,r)|dyi

× ∥ fiχ2B(x,r)∥Lp⃗i (Rn).

Then

E41 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

(φ(|B(x, r)|)|B(x, r)|)2(1−β)

|B(x, r)|2

×
|2B(x, r)|

1
n
∑n

j=1
1

h1 j
+ 1

n
∑n

j=1
1

h2 j

[φ(|B(x, r)|)]2(1−β)

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E42, according to Lemma 4.5, (4.3) and Hölder’s inequality, we have

|T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )(z)|

≲

∫
2B(x,r)

|b1(y1) − (b1)B(x,r)|| f1(y1)|dy1

∞∑
k=1

∫
2k+1B(x,r)

|b2(y2) − (b2)B(x,r)|| f2(y2)|
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

dy2

≲ ∥ f1χ2B(x,r)∥Lp⃗1 (Rn)(∥(b1 − (b1)2B(x,r))χ2B(x,r)∥Lp⃗1
′

(Rn)

+ |(b1)2B(x,r) − (b1)B(x,r)|∥χ2B(x,r)∥Lp⃗1
′

(Rn))
∞∑

k=1

∥ f2χ2k+1B(x,r)∥Lp⃗2 (Rn)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

× (∥(b2 − (b2)2k+1B(x,r))χ2k+1B(x,r)∥Lp⃗2
′

(Rn) + |(b2)2k+1B(x,r) − (b2)B(x,r)|∥χ2k+1B(x,r)∥Lp⃗2
′

(Rn))

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)[ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

× |B(x, r)|
−

1
n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

∞∑
k=1

(k + 1)[ψ(2k+1r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p2 j
+1−β)

.

Hence,

E42 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥χB(x,r)∥Lq⃗(Rn)

× |B(x, r)|
−

1
n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

∞∑
k=1

k + 1

(2n)
(k+1)( 1

n
∑n

j=1
1

p2 j
+1−β)
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×

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Similarly,

E43 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For E44, by Lemma 4.5, (4.3) and Hölder’s inequality, we have

|T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )(z)|

≲
∞∑

k=1

1
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

2∏
i=1

∫
2k+1B(x,r)

|bi(yi) − (bi)B(x,r)|| fi(yi)|dyi

≲
∞∑

k=1

1
(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

2∏
i=1

∥ fiχ2k+1B(x,r)∥Lp⃗i (Rn)

× (∥(bi − (bi)2k+1B(x,r))χ2k+1B(x,r)∥Lp⃗i
′

(Rn) + |(bi)2k+1B(x,r) − (bi)B(x,r)|∥χ2k+1B(x,r)∥Lp⃗i
′

(Rn))

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

(k + 1)|2k+1B(x, r)|
−

1
n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

× [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
−
η1
n +

1
n
∑n

j=1
1

p2 j
−
η2
n .

Then

E44 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , (b2 − (b2)B(x,r)) f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Thus,

E4 ≲
2∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Consequently,

∥T∏
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲

m∏
i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

This completes the proof of Theorem 4.1.

Proof. [The proof of Theorem 4.2] Let f⃗ = ( f1, f2) ∈ Lp⃗1,η1,ψ(Rn) × Lp⃗2,η2,ψ(Rn), B =: B(x, r) for r > 0, 2B(x, r) =:
B(x, 2r) and (2B(x, r))c =: Rn

\ 2B(x, r). Then

T∑
b⃗( f⃗ )(z) = (b1(z) − (b1)B(x,r))T( f1, f2)(z) − T((b1 − (b1)B(x,r)) f1, f2)(z)

+ (b2(z) − (b2)B(x,r))T( f1, f2)(z) − T( f1, (b2 − (b2)B(x,r)) f2)(z).
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Then by using Minkowski inequality, we have

∥T∑
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≤ ∥(b1 − (b1)B(x,r))T( f1, f2)∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1, f2)∥Lq⃗,η,ψ(Rn)

+ ∥(b2 − (b2)B(x,r))T( f1, f2)∥Lq⃗,η,ψ(Rn)

+ ∥T( f1, (b2 − (b2)B(x,r)) f2)∥Lq⃗,η,ψ(Rn)

=: F1 + F2 + F3 + F4.

First, we estimate F1. Let fi = fiχ2B(x,r) + fiχ(2B(x,r))c (i = 1, 2). Using Minkowski inequality again, there
holds

F1 ≤ ∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: F11 + F12 + F13 + F14.

For F11, we may choose u⃗ such that 1
q⃗ =

1
t⃗1
+ 1

u⃗ and
∑n

j=1
1
ti j
= nβ(i = 1, 2), then

∑n
j=1

1
u j
=

∑n
j=1

∑2
i=1

1
pi j
− 2nβ.

Noting that nβ ≤ ηi < nβ+ n
2 −

nβ
2 and η =

∑2
i=1 ηi − 2nβ+ nβ, then nβ ≤ ηi < (n− n

2 )β+ n
2 < n and nβ ≤ η < n.

Thus, it gets from Lemma 4.5, Hölder’s inequality and (4.2) that

F11 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤ sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lt⃗1 (Rn)

× ∥T( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lu⃗(Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

1
|B(x, r)|

∫
B(x,r)
|b1(y1) − (b1)B(x,r)|dy1

×
|B(x, r)|

1
n
∑n

j=1
1

t1 j

[φ(|B(x, r)|)]2(1−β)

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

[φ(|B(x, r)|)]2(1−β)
|B(x, r)|1−β

|B(x, r)|

×
|B(x, r)|

1
n
∑n

j=1
1

t1 j

[φ(|B(x, r)|)]2(1−β)

≤ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For F12, applying (4.4), Lemma 4.5, Hölder’s inequality and η2

n ≥
nβ
n = β > 2β − 1, we have

F12 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ2B(x,r), f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n
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≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lt⃗1 (Rn)

× ∥χB(x,r)∥Lu⃗(Rn)

∞∑
k=1

|B(x, r)|
1− 1

n
∑n

j=1
1

p1 j |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p2 j
−
η2
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p2 j
+1−2β)

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For F13, similar to F12, we obtain

F13 ≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For F14, by η1+η2

n ≥
2nβ

n = 2β, (4.5), Hölder’s inequality and Lemma 4.5, there holds

F14 = sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))T( f1χ(2B(x,r))c , f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lt⃗1 (Rn)

× ∥χB(x,r)∥Lu⃗(Rn)

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j
+1− 1

n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
−
η1
n +

1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−2β)

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Therefore,

F1 ≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Next, we estimate F2. From Minkowski inequality, we get that

F2 ≤ ∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)
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+ ∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: F21 + F22 + F23 + F24.

For F21, assume that 1
ϱ⃗ =

1
p⃗1
+ 1

t⃗1
and

∑n
j=1

1
ti j
= nβ(i = 1, 2), then

∑n
j=1

1
q j
=

∑n
j=1

1
ϱ j
+

∑n
j=1

1
p2 j
− 2nβ. Let

1
q⃗ =

∑2
i=1

1
q⃗i

,
∑n

j=1
1

q1 j
=

∑n
j=1

1
ϱ j
−β1 and

∑n
j=1

1
q2 j
=

∑n
j=1

1
p2 j
−β2. Then β = 1

2n
∑2

i=1 βi. Thus, Lemma 4.5 together
with Hölder’s inequality, (4.1) and the similar arguments as in the proof of Lemma 3.2 implies that

F21 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

∥(b1 − (b1)B(x,r)) f1χ2B(x,r)∥Lϱ⃗(Rn)

× ∥ f2χ2B(x,r)∥Lp⃗2 (Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤ sup
x∈Rn,r>0

1
[φ(|B(x, r)|)]2(1−β)

∥(b1 − (b1)B(x,r))χ2B(x,r)∥Lt⃗1 (Rn)

×

2∏
i=1

∥ fiχ2B(x,r)∥Lp⃗i (Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|2B(x, r)|
1
n
∑n

j=1
1

t1 j

[φ(|B(x, r)|)]2(1−β)

×
[φ(|B(x, r)|)]2(1−β)

|B(x, r)|1−β

|B(x, r)|
[Cψψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For F22, by (4.7), there holds

F22 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ2B(x,r), f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥χB(x,r)∥Lq⃗(Rn)

×

∞∑
k=1

|B(x, r)|
−

1
n
∑n

j=1
1

p1 j |2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p2 j

|2k+1B(x, r)|1−β

×

[Cψψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For F23, similar to F22, we have

F23 ≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).
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For F24, applying η1+η2

n ≥
2nβ

n = 2β > β and (4.8), we get

F24 = sup
x∈Rn,r>0

∥T((b1 − (b1)B(x,r)) f1χ(2B(x,r))c , f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥χB(x,r)∥Lq⃗(Rn)

∞∑
k=1

(k + 1)

×
|2k+1B(x, r)|

1− 1
n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

|2k+1B(x, r)|1−β
[Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Therefore,

F2 ≲ ∥b1∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Finally, we estimate F3 and F4, it follows from F1 and F2 that

F3 ≲ ∥b2∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn),

and

F4 ≲ ∥b2∥BMOφ,β

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Thus,

∥T∑
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲ ∥⃗b∥BMOφ,β

m∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

The proof is finished.

Proof. [The proof of Theorem 4.3] Let f⃗ = ( f1, f2) ∈ Lp⃗1,η1,ψ(Rn) × Lp⃗2,η2,ψ(Rn), fi = fiχ2B(x,r)+ fiχ(2B(x,r))c (i = 1, 2),
B =: B(x, r) for r > 0, 2B(x, r) =: B(x, 2r) and (2B(x, r))c =: Rn

\ 2B(x, r). Then it follows from Minkowski
inequality that

∥T∏
b⃗( f1, f2)∥Lq⃗,η,ψ(Rn) ≤ ∥T∏

b⃗( f1χ2B(x,r), f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T∏
b⃗( f1χ(2B(x,r))c , f2χ2B(x,r))∥Lq⃗,η,ψ(Rn)

+ ∥T∏
b⃗( f1χ2B(x,r), f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

+ ∥T∏
b⃗( f1χ(2B(x,r))c , f2χ(2B(x,r))c )∥Lq⃗,η,ψ(Rn)

=: H1 +H2 +H3 +H4.

Noticing that 0 < α < 1, 0 ≤ β < 1 − α
n , α + nβ ≤ ηi < min{α + nβ + n

2 ,n} and η =
∑2

i=1 ηi − 2nβ − 2α. Then
(a) If α + nβ ≤ ηi < α + nβ + n

2 , then α + nβ ≤ ηi < n and 0 ≤ η < 2α + 2nβ + n − 2nβ − 2α = n.
(b) Ifα+nβ ≤ ηi < n, thenα+nβ ≤ ηi < n < α+nβ+ n

2 and 0 ≤ η < 2n−2nβ−2α < 2(α+nβ+ n
2 )−2nβ−2α = n.

For H1, as y1, y2 ∈ 2B(x, r) and z ∈ B(x, r), then we get from (1.1) that

|T∏
b⃗( f1χ2B(x,r), f2χ2B(x,r))(z)|
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≤

2∏
i=1

∫
2B(x,r)

|bi(z) − bi(yi)||Kβ(z, y1, y2)|| fi(yi)|dyi

≲
2∏

i=1

∥bi∥Lipα(Rn)

∫
(2B(x,r))2

|z − y1|
α
|z − y2|

α

(|z − y1| + |z − y2|)2n(1−β)
| f1(y1)|| f2(y2)|dy1dy2

≤

2∏
i=1

∥bi∥Lipα(Rn)

∫
2B(x,r)

|z − y1|
α

|z − y1|
n(1−β)

| f1(y1)|dy1

∫
2B(x,r)

|z − y2|
α

|z − y2|
n(1−β)

| f2(y2)|dy2

≤

2∏
i=1

∥bi∥Lipα(Rn)Inβ+α( fiχ2B(x,r))(z). (4.9)

Assume that 1
q⃗ =

∑2
i=1

1
v⃗i

. Then
∑n

j=1
1

vi j
=

∑n
j=1

1
pi j
− nβ − α. Since 0 < nβ + α < n, then by applying Lemma

2.2, (4.9) and Hölder’s inequality, we have

H1 = sup
x∈Rn,r>0

∥T∏
b⃗( f1χ2B(x,r), f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥Lipα(Rn) sup
x∈Rn,r>0

∥Inβ+α( f1χ2B(x,r))∥Lv⃗1 (Rn)

× ∥Inβ+α( f2χ2B(x,r))∥Lv⃗2 (Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥Lipα(Rn) sup
x∈Rn,r>0

∥ f1χ2B(x,r)∥Lp⃗1 (Rn)∥ f2χ2B(x,r)∥Lp⃗2 (Rn)
1

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≤

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

[ψ(2r)]
1
n
∑n

j=1
1

p1 j
−
η1
n +

1
n
∑n

j=1
1

p2 j
−
η2
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For H2, by Lemmas 4.6-4.7, (4.3) and Hölder’s inequality, there holds

|T∏
b⃗( f1χ(2B(x,r))c , f2χ2B(x,r))(z)| ≲

(∫
2B(x,r)

|b2(z) − b2(y2)|| f2(y2)|dy2

)
×

 ∞∑
k=1

∫
2k+1B(x,r)

|b1(z) − b1(y1)|| f1(y1)|
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

dy1


≤

(
∥b2∥Lipα(Rn)

∫
2B(x,r)

|z − y2|
α
| f2(y2)|dy2

)
×

 ∞∑
k=1

∫
2k+1B(x,r)

|b1(y1) − (b1)2k+1B(x,r)|| f1(y1)|

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)
dy1

+

∞∑
k=1

|b1(z) − (b1)B(x,r)| + |(b1)B(x,r) − (b1)2k+1B(x,r)|

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

∫
2k+1B(x,r)

| f1(y1)|dy1


≲ ∥b2∥Lipα(Rn)|2B(x, r)|

α
n ∥ f2χ2B(x,r)∥Lp⃗2 (Rn)∥χ2B(x,r)∥Lp⃗2

′

(Rn)
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×

 ∞∑
k=1

∥ f1χ2k+1B(x,r)∥Lp⃗1 (Rn)∥(b1 − (b1)2k+1B(x,r))χ2k+1B(x,r)∥Lp⃗1
′

(Rn)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

+

∞∑
k=1

|b1(z) − (b1)B(x,r)| + |(b1)B(x,r) − (b1)2k+1B(x,r)|

(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

×∥ f1χ2k+1B(x,r)∥Lp⃗1 (Rn)∥χ2k+1B(x,r)∥Lp⃗1
′

(Rn)

)
≲ ∥b2∥Lipα(Rn)∥ f2∥Lp⃗2 ,η2 ,ψ(Rn)|2B(x, r)|

α
n+1− 1

n
∑n

j=1
1

p2 j [ψ(2r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

×

(
∥b1∥Lipα(Rn)∥ f1∥Lp⃗1 ,η1 ,ψ(Rn)

∞∑
k=1

|2k+1B(x, r)|
α
n+1− 1

n
∑n

j=1
1

p1 j [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

+ ∥ f1∥Lp⃗1 ,η1 ,ψ(Rn)

∞∑
k=1

|b1(z) − (b1)B(x,r)| + ∥b1∥Lipα(Rn)|2k+1B(x, r)|
α
n

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

)
≲ ∥b2∥Lipα(Rn)∥ f2∥Lp⃗2 ,η2 ,ψ(Rn)|2B(x, r)|

α
n+1− 1

n
∑n

j=1
1

p2 j [ψ(2r)]
1
n
∑n

j=1
1

p2 j
−
η2
n

×

(
∥b1∥Lipα(Rn)∥ f1∥Lp⃗1 ,η1 ,ψ(Rn)

∞∑
k=1

|2k+1B(x, r)|
α
n+1− 1

n
∑n

j=1
1

p1 j [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

+ |b1(z) − (b1)B(x,r)|∥ f1∥Lp⃗1 ,η1 ,ψ(Rn)

×

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

 . (4.10)

Thus, Lemma 4.7 together with (4.10), η1

n ≥
nβ+α

n > α
n + 2β − 1 > 2β − 1 and 0 < Cψ < 2n, we have

H2 = sup
x∈Rn,r>0

∥T∏
b⃗( f1χ(2B(x,r))c , f2χ2B(x,r))χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥χB(x,r)∥Lq⃗(Rn)

× |2B(x, r)|
α
n+1− 1

n
∑n

j=1
1

p2 j

∞∑
k=1

[φ(|2k+1B(x, r)|)]2(1−β)

×
|2k+1B(x, r)|

α
n+1− 1

n
∑n

j=1
1

p1 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

[Cψψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

+ ∥b2∥Lipα(Rn)

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lq⃗(Rn)

× |2B(x, r)|
α
n+1− 1

n
∑n

j=1
1

p2 j

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j [φ(|2k+1B(x, r)|)]2(1−β)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

[Cψψ(r)]
1
n
∑n

j=1
1

p2 j
−
η2
n [Ck+1

ψ ψ(r)]
1
n
∑n

j=1
1

p1 j
−
η1
n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n
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≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|B(x, r)|
α
n+1+ 1

n
∑n

j=1
1
qj
−

1
n
∑n

j=1
1

p2 j

×

∞∑
k=1

|2k+1B(x, r)|
α
n+1− 1

n
∑n

j=1
1

p1 j

|2k+1B(x, r)|2(1−β)
[Ck+1

ψ ]
1
n
∑n

j=1
1

p1 j
−
η1
n

+

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|B(x, r)|
2α
n +1+ 1

n
∑n

j=1
1
qj
−

1
n
∑n

j=1
1

p2 j

×

∞∑
k=1

|2k+1B(x, r)|
1− 1

n
∑n

j=1
1

p1 j

|2k+1B(x, r)|2(1−β)
[Ck+1

ψ ]
1
n
∑n

j=1
1

p1 j
−
η1
n

≤


∞∑

k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
−
η1
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+1− αn−2β)

+

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
−
η1
n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+1−2β)


×

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For H3, similar to H2, we obtain

H3 ≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

For H4, according to (4.3), Lemmas 4.6-4.7 and Hölder’s inequality, we have

|T∏
b⃗( f1χ(2B(x,r))c , f2χ(2B(x,r))c )(z)|

≲
∞∑

k=1

1
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

2∏
i=1

∫
2k+1B(x,r)

|bi(z) − bi(yi)|| fi(yi)|dyi

≤

∞∑
k=1

1
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

×

2∏
i=1

(∫
2k+1B(x,r)

|bi(yi) − (bi)2k+1B(x,r)|| fi(yi)|dyi

+
[
|bi(z) − (bi)B(x,r)| + |(bi)B(x,r) − (bi)2k+1B(x,r)|

] ∫
2k+1B(x,r)

| fi(yi)|dyi

)
≤

∞∑
k=1

1
(φ(|2kB(x, r)|)|2kB(x, r)|)2(1−β)

×

2∏
i=1

(
∥(bi − (bi)2k+1B(x,r))χ2k+1B(x,r)∥Lp⃗i

′

(Rn)∥ fiχ2k+1B(x,r)∥Lp⃗i (Rn)

+
[
|bi(z) − (bi)B(x,r)| + |(bi)B(x,r) − (bi)2k+1B(x,r)|

]
×∥ fiχ2k+1B(x,r)∥Lp⃗i (Rn)∥χ2k+1B(x,r)∥Lp⃗i

′

(Rn)

)
≲

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

∞∑
k=1

|2k+1B(x, r)|
2α
n +2− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)
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× [ψ(2k+1r)]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

+

∞∑
k=1

|2k+1B(x, r)|
2− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

[
|bi(z) − (bi)B(x,r)| + ∥bi∥Lipα(Rn)|2k+1B(x, r)|

α
n

]
× [ψ(2k+1r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n . (4.11)

We may choose v⃗i such that 1
q⃗ =

∑2
i=1

1
v⃗i

, then
∑n

j=1
∑2

i=1
1

vi j
=

∑n
j=1

∑2
i=1

1
pi j
− 2nβ − 2α. Thus, using Lemma

4.7, Hölder’s inequality, (4.11), η1+η2

n ≥
2nβ+2α

n = 2β + 2α
n > 2β and 0 < Cψ < 2n, we have

H4 = sup
x∈Rn,r>0

∥T∏
b⃗( f1χ(2B(x,r))c , f2χ(2B(x,r))c )χB(x,r)∥Lq⃗(Rn)

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥χB(x,r)∥Lq⃗(Rn)

×

∞∑
k=1

[φ(|2k+1B(x, r)|)]2(1−β) |2
k+1B(x, r)|

2α
n +2− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

×

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

+

2∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

∥(b1 − (b1)B(x,r))χB(x,r)∥Lv⃗1 (Rn)

× ∥(b2 − (b2)B(x,r))χB(x,r)∥Lv⃗2 (Rn)

∞∑
k=1

[Ck+1
ψ ψ(r)]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

[ψ(r)]
1
n
∑n

j=1
1
qj
−
η
n

×
|2k+1B(x, r)|

2− 1
n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j [φ(|2k+1B(x, r)|)]2(1−β)

(φ(|2k+1B(x, r)|)|2k+1B(x, r)|)2(1−β)

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|B(x, r)|
1
n
∑n

j=1
1
qj

×

∞∑
k=1

|2k+1B(x, r)|
2α
n +2− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

|2k+1B(x, r)|2(1−β)
[Ck+1

ψ ]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

+

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn) sup
x∈Rn,r>0

|B(x, r)|
2α
n +

1
n
∑n

j=1
1

v1 j
+ 1

n
∑n

j=1
1

v2 j

×

∞∑
k=1

|2k+1B(x, r)|
2− 1

n
∑n

j=1
1

p1 j
−

1
n
∑n

j=1
1

p2 j

|2k+1B(x, r)|2(1−β)
[Ck+1

ψ ]
1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

≤


∞∑

k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−

2α
n −2β)

+

∞∑
k=1

[Ck+1
ψ ]

1
n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−
η1+η2

n

(2n)
(k+1)( 1

n
∑n

j=1
1

p1 j
+ 1

n
∑n

j=1
1

p2 j
−2β)


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×

2∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn)

≲
2∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Therefore,

∥T∏
b⃗( f⃗ )∥Lq⃗,η,ψ(Rn) ≲

m∏
i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

This finishes the proof of Theorem 4.3.

Proof. [The proof of Theorem 4.4] Since 0 < α < min{1, n
m−1 } and 0 ≤ β < min{ γ

1+γ , 1 −
α
n }, then α

m + nβ +
n
m − n = α

m +
n
m + n(β − 1) < α

m +
n
m + n × (−αn ) = α

m +
n
m − α = ( 1

m − 1)α + n
m < 1−m

m ×
n

m−1 +
n
m = 0. Thus,

α
m + nβ + n

m < n. And because α + nβ ≤ ηi < α
m + nβ + n

m and η =
∑m

i=1 ηi − mnβ − α, then α + nβ ≤ ηi < n
and mα − α ≤ η < α +mnβ + n −mnβ − α = n. Thus, it is not hard to get the desired result by applying the
similar arguments as F1 and F3 in the proof of Theorem 4.2 and from H1 to H4 in the proof of Theorem 4.3.
The details are omitted here.

5. Some applications

In this section, we will show that the multilinear fractional new maximal operatorMφ,β and its commu-
tatorsMb⃗,φ,β and [⃗b,Mφ,β] are bounded from the product of spaces Lp⃗1,η1,ψ(Rn) × · · · × Lp⃗m,ηm,ψ(Rn) to space

Lq⃗,η,ψ(Rn), which can be seen as the applications of Theorem 3.1 and Theorems 4.1-4.4. First, the definition
of the commutators ofMφ,β is given as follows.

Definition 5.1. [15] Let 0 ≤ β < 1, f⃗ = ( f1, · · · , fm) and b⃗ = (b1, · · · , bm). Then the fractional new maximal
commutator ofMφ,β with b⃗ is defined by

Mb⃗,φ,β( f⃗ )(x) = sup
x∈Rn,r>0

1
(φ(|B(x, r)|)|B(x, r)|)m(1−β)

∫
B(x,r)m

m∏
i=1

|bi(x) − bi(yi)|| fi(yi)|dy⃗,

and the multilinear fractional commutator ofMφ,β with b⃗ is defined by

[⃗b,Mφ,β]( f⃗ )(x) =
m∑

i=1

[⃗b,Mφ,β]i( f⃗ )(x),

where

[⃗b,Mφ,β]i( f⃗ )(x) = bi(x)Mφ,β( f⃗ )(x) −Mφ,β( f1, · · · , bi fi, · · · , fm)(x), for i = 1, · · · ,m.

Let 0 ≤ β < 1 and ϖ ∈ C∞(R+) such that |ϖ′(t)| ≲ 1
t and χ[0,1](t) ≤ ϖ(t) ≤ χ[0,2](t). For any r > 0, set

Kβ(x, y1, · · · , ym) =
1

(φ(|B(x, r)|)|B(x, r)|)m(1−β)
ϖ

(
|x − y1| + · · · + |x − ym|

r

)
.

From [15], we know that (1.1)-(1.3) hold for Kβ(x, y1, · · · , ym), where N = mγ(1−β) and h
(
|x−x′ |∑m

i=1 |x−yi |

)
= |x−x′ |∑m

i=1 |x−yi |
.

Then the related maximal operators of T, T∏
b⃗ and T∑

b⃗ are defined by

T∗( f⃗ )(x) = sup
x∈Rn,r>0

∫
(Rn)m

Kβ(x, y1, · · · , ym)
m∏

i=1

| fi(yi)|dy⃗,
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T∗∏
b⃗
( f⃗ )(x) = sup

x∈Rn,r>0

∫
(Rn)m

m∏
i=1

|bi(x) − bi(yi)|Kβ(x, y1, · · · , ym)| fi(yi)|dy⃗,

and

T∗∑
b⃗
( f⃗ )(x) =

m∑
i=1

T∗,ibi
( f⃗ )(x), T∗,ibi

( f⃗ )(x) = sup
x∈Rn,r>0

Ti
bi

( f⃗ )(x).

It is not hard to verify that the conclusions of Theorems 3.1 and 4.1-4.4 are still valid for T∗, T∗∏
b⃗

and

T∗∑
b⃗
. In addition, from [15], we also know that T∗( f⃗ )(x) ≈ Mφ,β( f⃗ )(x), T∗∏

b⃗
( f⃗ )(x) ≈ Mb⃗,φ,β( f⃗ )(x), T∗,ibi

( f⃗ )(x) ≈

[⃗b,Mφ,β]i( f⃗ )(x) and T∗∑
b⃗
( f⃗ )(x) ≈ [⃗b,Mφ,β]( f⃗ )(x). Thus, it is easy to check that the following conclusions are

correct.

Theorem 5.2. Suppose that 0 ≤ γ ≤ m − 1, m ≥ 2, 0 ≤ β ≤ γ
1+γ and 0 < Cψ < 2n. If h ∈ Dini(1), nβ ≤ ηi <

n
m + nβ (i = 1, · · · ,m), η =

∑m
i=1 ηi −mnβ,

∑n
j=1

1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ with

∑n
j=1

1
pi j
> ηi and 1 < q⃗, p⃗i < ∞, then

Mφ,β is bounded from Lp⃗1,η1,ψ(Rn) × · · · × Lp⃗m,ηm,ψ(Rn) to Lq⃗,η,ψ(Rn), i.e.

∥Mφ,β( f⃗ )∥Lq⃗,η,ψ(Rn) ≲
m∏

i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

The estimates for Mb⃗,φ,β and [⃗b,Mφ,β] associated with BMOφ,β functions on space Lq⃗,η,ψ(Rn) are estab-
lished as follows.

Theorem 5.3. Let b⃗ = (b1, · · · , bm), bi ∈ BMOφ,β, i = 1, · · · ,m, 0 ≤ β < min{ γ
1+γ ,

1
m }with 0 ≤ γ < ∞, h ∈ Dini(1),

nβ ≤ ηi < n
m (i = 1, · · · ,m), η =

∑m
i=1 ηi,

∑n
j=1

1
q j
=

∑n
j=1

∑m
i=1

1
pi j

with m ≥ 2,
∑n

j=1
1

pi j
> ηi, 1 < q⃗, p⃗i < ∞ and

0 < Cψ < 2n. Then

∥Mb⃗,φ,β( f⃗ )∥Lq⃗,η,ψ(Rn) ≲
m∏

i=1

∥bi∥BMOφ,β∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Theorem 5.4. Assume that b⃗ = (b1, · · · , bm), bi ∈ BMOφ,β, i = 1, · · · ,m, 0 ≤ β ≤ γ
1+γ with 0 ≤ γ < ∞, h ∈ Dini(1),∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ + nβ with m ≥ 2,

∑n
j=1

1
pi j
> ηi (i = 1, · · · ,m), 1 < q⃗, p⃗i < ∞, nβ ≤ ηi < nβ + n

m −
nβ
m ,

η =
∑m

i=1 ηi −mnβ + nβ, 0 < Cψ < 2n and ∥⃗b∥BMOφ,β = max{∥b1∥BMOφ,β , · · · , ∥bm∥BMOφ,β }. Then

∥[⃗b,Mφ,β]( f⃗ )∥Lq⃗,η,ψ(Rn) ≲ ∥⃗b∥BMOφ,β

m∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).

Next, we give the boundedness for Mb⃗,φ,β and [⃗b,Mφ,β] associated with Lipschitz functions on space

Lq⃗,η,ψ(Rn).

Theorem 5.5. Let b⃗ = (b1, · · · , bm), bi ∈ Lipα(Rn), i = 1, · · · ,m, 0 < α < 1, 0 ≤ β < 1 − α
n , α + nβ ≤ ηi <

min{α+nβ+ n
m ,n} (i = 1, · · · ,m), η =

∑m
i=1 ηi−mnβ−mα and 0 < Cψ < 2n. If

∑n
j=1

1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ−mα,∑n

j=1
1

pi j
> ηi and 1 < q⃗, p⃗i < ∞, then

∥Mb⃗,φ,β( f⃗ )∥Lq⃗,η,ψ(Rn) ≲
m∏

i=1

∥bi∥Lipα(Rn)∥ fi∥Lp⃗i ,ηi ,ψ(Rn).
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Theorem 5.6. Suppose that b⃗ = (b1, · · · , bm), bi ∈ Lipα(Rn), i = 1, · · · ,m, 0 < α < min{1, n
m−1 }, 0 ≤ β <

min{ γ
1+γ , 1 −

α
n } with 0 ≤ γ < ∞, h ∈ Dini(1) and 0 < Cψ < 2n. If α + nβ ≤ ηi < α

m + nβ + n
m (i = 1, · · · ,m),

η =
∑m

i=1 ηi −mnβ − α,
∑n

j=1
1
q j
=

∑n
j=1

∑m
i=1

1
pi j
−mnβ − α, m ≥ 2, ∥⃗b∥Lipα(Rn) = max{∥b1∥Lipα(Rn), · · · , ∥bm∥Lipα(Rn)},∑n

j=1
1

pi j
> ηi and 1 < q⃗, p⃗i < ∞, then

∥[⃗b,Mφ,β]( f⃗ )∥Lq⃗,η,ψ(Rn) ≲ ∥⃗b∥Lipα(Rn)

m∏
i=1

∥ fi∥Lp⃗i ,ηi ,ψ(Rn).
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[27] C. Pérez, R. H. Torres, Sharp maximal function estimates for multilinear singular integrals, Contemp. Math. 320 (2003), 323-331.
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