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Abstract. In this paper, we introduce matrix weighted Bourgain-Morrey spaces and obtain two sufficient
conditions for precompact sets in matrix weighted Bourgain-Morrey spaces. We prove that the dyadic
average operator is bounded on some matrix weighted Bourgain-Morrey spaces. With this result, we
obtain the necessity for precompact sets in some matrix weighted Bourgain-Morrey spaces. The results are
new even for the unweighted Bourgain-Morrey spaces.

1. Introduction

In 1931, Kolmogorov [22] first discovered the characterization of precompact sets in LP([0, 1]) for p €
(1, 00). After that, there are many criteria for compactness of sets in Lebesgue spaces, which are called the
Kolmogorov-Riesz compactness theorems on the Lebesgue spaces. More details and the history, we refer
the reader to [16].

Inspired by [16], Clop-Cruz [9] obtained a compactness criterion in scalar weighted Lebesgue spaces
LF(w) for 1 < p < oo with a scalar wight @ in Muckenhoupt class A,. In [15], Guo and Zhao improved
the result in [9] and obtained a compactness criterion in L*(w) for p € (0, oo) with locally integrable weight
w. In [24], Liu, Yang and Zhuo proved the Kolmogorov-Riesz compactness theorem in matrix weighted
Lebesgue spaces LF(W) with 1 < p < co.

The theory of matrix weighted function spaces goes back to [35]. Indeed, in 1958, Wiener and Masani [35,
Section 4] studied the matrix weighted L*(W) for the prediction theory for multivariate stochastic processes.
In [32], Treil and Volberg introduced matrix class A,. Nazarov and Treil [26] and Volberg [33] extended
A to A, with p € (1, 00). In [13], Goldberg showed that the matrix A, condition leads to L” boundedness
of a Hardy-Littlewood maximal function and obtained the boundedness of matrix weighted singular
integral operators in Lebesgue spaces L¥,1 < p < 0. In [27-29], Roudenko introduced the matrix-weighted
homogeneous Besov spaces B‘;’,’q(W) and matrix-weighted sequence Besov spaces B;’q(W) and showed their
equivalence via @-transform and wavelets. In [11], Frazier and Roudenko introduced the matrix class

2020 Mathematics Subject Classification. Primary 46B50; Secondary 46E40, 42B35, 46E30.

Keywords. Kolmogorov-Riesz theorem, matrix weight, precompactness, Bourgain-Morrey space.

Received: 20 November 2024; Accepted: 28 March 2025

Communicated by SneZana Zivkovié-Zlatanovié

The corresponding author Jingshi Xu is supported by the National Natural Science Foundation of China (Grant No. 12161022)
and the Science and Technology Project of Guangxi (Guike AD23023002).

* Corresponding author: Jingshi Xu

Email addresses: 202311070100007@hainnu. edu. cn (Tengfei Bai), jingshixu@126. com (Jingshi Xu)

ORCID iDs: https://orcid.org/0009-0002-5187-1167 (Tengfei Bai), https://orcid.org/0000-0002-5345-8950 (Jingshi Xu)



T. Bai, J. Xu / Filomat 39:18 (2025), 6261-6280 6262

Ay, (0 < p < 1) and studied the continuous and discrete matrix-weighted Besov spaces B;’q(W) and b;’q(W)
with 0 < p < 1. In [12], Frazier and Roudenko introduced the homogeneous matrix-weighted Triebel-
Lizorkin spaces F;’q(W) fors € R,0 <p < 0,0 < g < oo and obtained the Littlewood-Paley characterizations
of matrix-weighted Lebesgue spaces LF (W) and matrix-weighted Sobolev space LZ(W) forkeIN,1 <p < co.
In [33], Volberg also introduced an analogue condition for the matrix class A.. In [3-5], Bu, Hytonen,
Yang, Yuan studied the matrix weighted Besov-type and Triebel-Lizorkin-type spaces. Specifically, they
introduced a new concept of the A,-dimension d, which is useful to the proof of main results of this paper.
In [7], Bu, Hytonen, Yang, Yuan obtained several new characterizations of A, ..-matrix weights. In [8], Bu
et al. studied the inhomogeneous Besov-type and Triebel-Lizorkin-type spaces with the result in [7]. In
[2], Bu et al. introduced the matrix weighted Hardy spaces and obtained characterizations of these spaces
via maximal function, atom. As applications, they established the finite atomic characterization of matrix
weighted Hardy spaces and obtained a criterion on the boundedness of sublinear operators from matrix
weighted Hardy spaces to any y-quasi-Banach space (y € (0, 1]). The boundedness of Calderén-Zygmund
operators on matrix weighted Hardy spaces was also obtained. In [23], Li, Yang and Yuan introduced
the matrix-weighted Besov-Triebel-Lizorkin spaces with logarithmic smoothness and characterize these
spaces via Peetre-type maximal functions. In [37, 38], Zhao et al. introduced (generalized grand) Besov-
Bourgain-Morrey spaces and explored various real-variable properties of these spaces, which are a bridge
connecting Bourgain-Morrey spaces with amalgam-type spaces. Moreover, some real-variable properties
and boundedness of classical operators were studied in their article. For many other results on the matrix
class A, and matrix weighted function spaces, we refer the reader to [6, 10-13, 28, 29, 34].

Bourgain [1] introduced a special case of Bourgain-Morrey spaces to study the Stein-Tomas (Strichartz)
estimate. In [18], Hatano, Nogayama, Sawano, and Hakim researched the Bourgain-Morrey spaces from the
viewpoints of harmonic analysis and functional analysis. In [21], Hu, Li and Yang introduced the Triebel-
Lizorkin-Bourgain-Morrey spaces which connect Bourgain-Morrey spaces and global Morrey spaces.

Motivated by above literature, we will introduce matrix weighted Bourgain-Morrey spaces and research
precompact sets in these spaces. The paper is organized as follows. In Section 2, dyadic cubes, the matrix
class A,, A,-dimension d, matrix weighted Bourgain-Morrey spaces are given. The first result lies in
Section 3. Specifically, a sufficient condition for totally bounded set in matrix weighted spaces M,t;r(W) with
l1<p<r<ooorl<p<t<r=ocoisobtained in Theorem 3.2. As a application, we get a criterion for
totally bounded set in degenerate Bourgain-Morrey spaces with matrix weight. The second result (Theorem
4.1) is replacing the translation operator by the average operator. Note that the translation operator is not
bounded on L7(W) and M;,’r(W) in general. We prove that dyadic average operator is bounded on matrix
weighted Bourgain-Morrey spaces with some conditions in Theorem 4.6. Using this result, we obtain the
Kolmogorov-Riesz compactness theorem in matrix weighted Bourgain-Morrey spaces. These results are
new even for the unweighted Bourgain-Morrey spaces.

Throughout this paper, welet ¢, C denote constants that are independent of the main parameters involved
but whose value may differ from line to line. Let N = {1,2,3,...} and Ny = {0,1,2,3,...}. Let Z be the set of
integers. Let xr be the characteristic function of the set E C R". By A < B we mean that A < CB with some
positive constant C independent of appropriate quantities. By A ~ B, we mean that A < Band B < A.

2. Preliminaries

For je Z,m € Z", let Qj = [1i,1[277m;, 27/ (m; + 1)). For a cube Q, €(Q) stands for the length of cube
Q. We denote by D the the family of all dyadic cubes in R", while D; is the set of all dyadic cubes with
Q) =27/,j € Z. Let xg be the lower left corner of Q € D. For A > 0, let AQ be the cube with the same
center of Q and the edge length A{(Q). For k € IN, let k,,Q be the k-th dyadic parent of Q, which is the
dyadic cube in D satisfying Q C kyaQ and €(kyaQ) = 25€(Q).

2.1. Matrix weights

First, we recall some basic concepts and results from the theory of matrix weights.
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For any d,n € N, denote by M;,(C) the set of all d X n complex-valued matrices. M;4(C) is simply
denoted by M;(C). The zero matrix in My,(C) (or M4(C)) is denoted by O,, (or O;). Denote by A* the
conjugate transpose of A € M;,(C). A matrix A € My(C) is called a Hermitian matrix if A = A* and
is called a unitary matrix if A*A = I; where I; is the identity matrix. We denote a diagonal matrix by
diag(A4, ..., Ag) = diag(A;).

For a vector x € €%, let |x] = (L, [xi)"2. For 1 < p < oo, let |xl, = (L%, [x;")/*. For p = oo, let
[Xleo = max(xy, ..., x4). In the finite dimension space, the norms are equivalent. Thatis, for1 <p < g < oo,

Ixly < Ixlp < dPixle < A7), 1)
For A € M;(C), let

IAll:= sup |AZ].
ZeC,|2]=1

We say that a matrix A € M,(C) is positive definite if, for any ¥ € C* \{0}, 2*AZ > 0. And a matrix A € My(C)
is called nonnegative definite if, for any ¥ € C%, Z*AZ > 0.

From [20, Theorem 4.1.4], any nonnegative definite matrix is always Hermitian. Hence any nonnegative
definite matrix is self-adjoint.

Let A € M4(C) be a positive definite matrix and have eigenvalues {Ai}’flzl. From [20, Theorem 2.5.6(c)],
there exists a unitary matrix U € My(C) such that

A = Udiag (A, ..., AU )

Moreover, by [20, Theorem 4.1.8], we find {/\,-};.’Z:1 C (0,00). The following definition is based on these
conclusions.

Definition 2.1. Let A € M;(C) be a positive definite matrix with positive eigenvalues {)\i}?zl, Forany o € R, define
A% := Udiag(Af,..., A% ) U, 3)
where U is the same as in (2).

Remark 2.2. From [19, p. 408], we obtain that A* is independent of the choices of the order of {A;}", and U, and
hence A% is well defined.

Now, we recall some concepts of matrix wights.

Definition 2.3. A matrix-valued function W : R" — My(C) is called a matrix weight if W satisfies that
(i) for any x € R", W(x) is nonnegative definite;
(ii) for almost every x € R", W(x) is invertible;
(iii) the entries of W is locally integrable.

Definition 2.4. Let p € (0,00), W be a matrix weight. Suppose that E C R" is a bounded measurable set satisfying
0 < |E| < oo. Then the matrix Ap € My(C) is called a reducing operator of order p for W if Ag is positive definite and,
forany Z € C%,

|AEZ|z(|1f| [Iweodf dx)”, @

where the positive equivalence constants depend only on d and p.

Next we recall the concepts of scalar weight class A, (see [14, Definitions 7.1.1, 7.1.3]) and matrix weight
class A, (see [27] for 1 < p < oo, [11] for 0 < p < 1).
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Definition 2.5. A weight w is a nonnegative locally integrable function on R" such that 0 < w(x) < oo for almost
all x € R™.

A weight w is called an Ay weight if M(w)(x) < cw(x) for almost all x € R" where M is the Hardy-Littlewood
maximal operator.

For1 <p < 0o, a weight w is said to be of class A, if

1 1 p-
— dx | —= -(p-1g ) < o0,
Q cusblelspinR” (lQl Lw(X) x) (IQI wi(x) * ®

For 1 <p < oo, a matrix weight W € A,(R") if and only if

su if(ifuwl/i?(x)w—w( 'd )W dx < oo
o 191 Jo\IQl Jg ey /

where p’ = p/(p — 1) is the conjugate index of p, and the supremum is taken over all cubes Q C R".
For 0 < p <1, a matrix weight W € A,(R") if and only if

sup ess supl f WP () WP (y)|Pdx < oo.
Q

o o IQl

We write A, := A,(R") for brevity.

Given any matrix weight W and 0 < p < oo, there exists (see e.g., [13, Proposition 1.2] for p > 1 and [11,
p-1237] for 0 < p < 1) a sequence {Ag}gep of positive definite d X d matrices such that

1 1p 1\ P
c1lAoi < (@ WP ()ifpdx) < calAgifl,
Q

with positive constants ¢;, ¢; independent of i € C? and Q € D. In this case, we call {Ag}oen a sequence of
reducing operators of order p for W.

Definition 2.6. A matrix weight W is called a doubling matrix weight of order p > 0 if the scalar measures
wy(x) = [WYP(x) P, for i € C%, are uniformly doubling: there exists ¢ > 0 such that for all cubes Q C R" and all

e,

L o wy(x)dx < ¢ L wy(x)dx.

If ¢ = 2P is the smallest constant for which this inequality holds, we say that B is the doubling exponent of W.
From [17, Proposition 2.10], we know that B is always not less than n.

In [3], Bu, Hyt6nen, Yang and Yuan introduced the A,-dimension of matrix weights, which will be used
in Theorems 4.6 and 4.7.

Definition 2.7. Let 0 < p < oo, d € R. A matrix weight W has the A,-dimension d, denoted by W € D, 4(R",C"),
if there exists a positive constant C such that for any cube Q C R" and any i € Ny,

ess supi f [WYP W) dx < €29, for 0<p<1, (5)
yGZiQ |Q| Q

or,

1 1 , ply’ -
— — W)WY d dy<C2", for 1<p < oo,
i fQ(IZIQI LQI) QW )| dy p

where 1/p+1/p’ = 1.
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We denote D, 4(IR", C") simply by D, ;.
The following lemma says that il‘f W e A, forp € (0,00), then W € IDP,L;(]R”, ).

Lemma 2.8 (Proposition 2.27, [3]). Let p € (0,00) and W € A,. Then there exists d € [0,n) such that W has the
Ay-dimension d.

Lemma 2.9 (Corollary 2.32, [3]). Let 0 < p < oo, let W € A, with the A,-dimension d € [0,n), and let {Ao)cube 0
be the reducing operator of order p for W. (i) If 1 < p < oo, let W := WV®=V (which belongs to Ay) with the
Ay -dimension d. Then there exists a positive constant C such that, for any cubes Q and R of R,

1| law " max((Q), (X))

d® 1 TecoV o — gl iy
IIAQAEHscmaXHQ] [{‘(%)] ][1 &] |

(ii) If 0 < p < 1, then there exists a positive constant C such that, for any cubes Q and R of R",

] (R " o —xel 1%
||AQAR1||$CmaX[[@] fl][”m] '

2.2. Matrix weighted Bourgain-Morrey spaces
Definition 2.10. Let 0 < p < oo, d € Nand W : R" — M,(C) be a matrix weight. The space LfOC(W) collects all
measurable functions f_): R" — C such that for each compact set K,

1/p
If xxlleowy = (lel/’”(x)f(x)I”dx) < 0.
K
Let QO c R be an open set. The space LP(W, Q) collects all measurable functions fﬁ: Q — C% such that

> S 1/p
fllrwe) = (LIWl/”(x)f(x)l”dx) < 0.

Definition 2.11. Let D = {Qjx}jezkez» be the standard dyadic system. Let0 <p <t <r <ooor0<p <t <r = oo
Let W : R" — My(C) be a matrix weight. Define M;”(W) as the set of all fﬁe LfOC(W) such that

< 00,

- - 1/117
1 gy = “{W<Q;,k>l/f1/'ﬂ ( fQ IW””(y)f(y)l’“dy] }

jezkezr || pr

where W(Qjx) = [, IW(®)lidy.
Let {Aglgep be the reducing operator of order p for W. Define M;’r({AQ}) as the set of all fﬁe LfOC(W) such that

- 1/t-1/p
“f”M}f;r({AQ}) = H{(“AQ/-*H“Q]’,H) (f

Q ik

< 00,

- 1p
jE€Z keZ

r

Remark 2.12. By [3, Lemma 2.11] with M = I,,,, we conclude that, for any cube Q C R",

oL Upell do = L _ 1
IolP = i fQ el ax = fQ WGl dx = 5 W(Q.

Thus M;,"(W) is same with M;’r({AQ}) in meaning of the equivalent quasi-norms.
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Ifd=1W=1, M;”(W) is the classical Bourgain-Morrey space M;;r in [18]. We define the scalar weighted
Bourgain-Morrey space M;'r(a)) by

1/p
{(w(Qj,k))l/tl/p (L If(y)l”a)(y)dy] }
ik j€Z kezn

That is M;;r(w) is the case d = 1 of matrix weighted Bourgain-Morrey space M;,’r(W).

Al = < c. (6)

e

The following lemma is proved in [25, 31].

Lemma 2.13. Let 1 < p < coand W : R" — My(C) be a matrix weight. Let QO C R" be an open set. Then matrix
weighted Lebesgue space LF (W, Q) is a Banach space.

Theorem 2.14. Let1 <p < ooand W : R" — M,4(C) be a matrix weight. Then the space LfOC(W) is complete.

Proof. Let { f;},‘;‘;l be a Cauchy sequence in LfOC(W). That is, for any compact set K, any € > 0, there exists
N > O such thatif j k > N, ||( f;— f]_:)XKHLP(W) < €. Then for any compact set K, { f;)(K},‘:;l is a Cauchy sequence
in LP(W). Since LF(W) is complete (Lemma 2.13), there exists f_E(K in LP(W) such that fZ)(K - f_5(1< By the
Fatou lemma, we have

Ifxllw) < liminfll il o < oo.

By the dominated convergence theorem, for j, k > N, we obtain

ICf = foxxllroy = ]ll_)n; I(fi = fxllrwy <e.
Hence f; — fin L; (W) and the space L{| (W) is complete. [

In what follows, the symbol — always stands for continuous embedding.

Proposition 2.15. Let W : R" — M,(C) be a matrix weight.
@ If0<p<t<r <rp< oo, then

M (W) > M*(W).

{) IfO<pi<pa<t<r<ooor0<py <py<t<r=oo, then
M(W) = M, (W).

(i) If0<p <t <r=oco,then
L'(W) <= M, (W) < LI (W).

Proof. (i) It comes from £ < {" since 0 <7y <1y < o0,
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(ii) It comes from the Holder inequality. Indeed, for each Q € D,

_1 Ui () ()P )UP1
(W(Q) Jo e soray

f|wl/p1 1/p2( )Wl/pz(y)f(y)|p1dy)l/m
Q)

IA

R 1/;m
WO f “Wl/Pl—l/PZ(y)”Pl IWl/pz(y)f(y)lpl dy)
Q

WYP1=1/p2 )y P2/ (P2=p1) g i WP () f(y)IP2d
(W j [ ) (g L wora)

1/pa

IN

1/p1=1/p2 1 y S 1/p2
JE— p2 P2
W(Q) f uw<y>||dy) (W(Q) fQ W () fly)l dy)

y 1/p2
P2 123
TG o)

Hence,

il r < q r .
“f”M;,'l(W) = ”f”M;'Z(W)

Thus we prove (ii).
(iii) The first embedding comes from the fact that

L' (W) = My™(W) < M;”(W).
For any compact set K C IR", there exist at most 2" dyadic cubes Q; such that K C U?ll Q;. Hence

on 1/f 1/ on

B}
o < ), 15 e Sl oo < Wil Z oF <
j=1

This shows that M;,”(W) — LfOC(W). O

Proposition 2.16. The matrix weighted Bourgain-Morrey space M;;r(W) is a Banach space when 1 <p <t <r < o0
orl<p<t<r=o0

Proof. The argument are standard, see, for example, [30, Theorem 2.4]. We only show that M;;’(W) is
complete since others are simple.
Let { f] , be a Cauchy sequence in M "(W). By Proposition 2.15, we have that { f] , is also a Cauchy

sequence in L’lﬂoc(W). Since LfOC(W) is complete, there exists a vector function f in LfOC(W) such that f] — f .
By the Fatou lemma,

1 ) = i il < Tl g < 0.
Thus f_)e M;;’(W). Therefore,

limsup||f — fj”M;;'(W) < lim sup (liknlg‘f”fk - fj”Mﬁ;r(W)) =0.

j—oo j—oo

-

Thus, the sequence { f]};"’ is convergent to f_)in M;’(W). d

=1
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Recall that a matrix weight W is almost everywhere invertible. Hereafter, we define w(x) := ||[W~!(x)||"}
when a matrix weight W is invertible at x € IR".

Lemma 2.17 (Proposition 3.2,[10]). Let 1 < p < co. For a matrix weight W : R" — M,(C), we have 0 < w(x) <
IW(@)|| < oo for a.e. x € R". Furthermore, W satisfies a two weight, degenerate ellipticity condition: for & € RY,

w)IEP < WP@)EP < [WEIIEP. )
Remark 2.18. In [10, Proposition 3.2], it is assumed that £ € R? but it also works for & € ,

Proposition 2.19. Let 1 <p<t<r<ooorl <p <t <r=oco. Let W bea matrix weight and f_,)g_’e M;"(W).
Then ||f — !ﬂ|M;;r(w) = 0 if and only if f(x) = g(x) a.e..

Proof. Clearly, if f_fx) = g(x) a.e., then || f_)— il My wy = 0. Then we apply Lemma 2.17 to prove the converse.
By the degenerate ellipticity condition (7), we have

1/p
{W(Qj,k)l“‘””( f If?y)—i(y)lpw(y)dy) }
Qi j€Z kezn

Since w(y) > 0 a.e., it follows that f_zy) -gly)=0ae. O

0=If - ﬂMﬁ;*(W) 2

e

3. Sufficient conditions for precompact sets

Definition 3.1. (i) Suppose that (X, p) is a metric space. Let A be a set of X and let € > 0. A set E C X is called an
e-net for A if every point a € A, there exists a point e € E such that p(a,e) < e.

(ii) A set A is called totally bounded if, for each € > 0, it possesses a finite e-net.

(iii) A subset in a topological space is precompact if its closure is compact.

It is well known that in a complete metric space, a set is precompact if and only if it is totally bounded.

Theorem 3.2. Let 1 <p<t<r<ooorl<p<t<r=oo Let W:R" = My(C) be a matrix weight. A subset
F cC M;;’(W) is totally bounded if the following conditions are valid:
(i) F uniformly vanishes at infinity, that is,

Lim sup llfxsor o = 0;
feF

(ii) F is equicontinuous, that is,

limsup sup IIf — 7y fllyerwy = 0. 8)
—0 - 4
fe yeBOD)

Here and what follows, T, denotes the translation operator: T, f_(x) = f_(x - ).

Remark 3.3. In this Remark, we will prove that the conditions (i) and (ii) in Theorem 3.2 together imply that the set
F is bounded. Indeed, choose b > 0 such that for all h € R", |h| < b, all fﬁe 7,

If = Ty fllagerowy < 1-
Choose R > 0 such that for all f_)e ¥,

”fXBf(O,R)”M;'(w) <L
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Fix h with |h| = b. Then for all f_)e ¥, x € R", we have

1 xee gy < WG = Tnf)xserlivg o + 1Tnfxser) v o
- - -
= ”(f - Thf)XB(x,R)”M;;f(w) + “fXB(erh,R)”M}Q'(w)

< 1+ 1 fXcen g av:
Hence, by induction,
I f;(B(O,R)”M;;’(W) <N+ f;(B(Nh,R)”M;;’(W)-
Now choose N > 1 such that Nb = N|h| > 2R. Then B(Nh, R) c B°(0,R). Hence
Al oy < IFXBO Ry + I XB@R I vy < N + L x0vip e + 150 Ry < N +2.

This proves that F is bounded.

Now we begin to show Theorem 3.2.

Proof. Assume that ¥ C M;,"(W) satisfies (i) and (ii). Given € > 0 small enough, to prove the total

boundedness of ¥, it suffices to find a finite e-net of . Denote by R; := [<2!,2))" for i € Z. Then from
condition (i), there exist a positive integer m large enough such that

Sup ”f - fXRm”M;;’(W) <E€. (9)
fer

Moreover, by condition (ii), there exists a negative integer a such that

supsup||f - Tyf“M;,r(W) <eE. (10)
feF YyeRa

There exists a sequence {Q]'};\]: , of disjoint cubes in D_, such that R,, = u¥,Q j, where N = 20"#+1=0"_For any
f_)e ¥ and x € R", let

fo, =1 fQ/_f(y)dy, x€Q;j=12,...,N,
6, otherwise.

D(f)(x) := {
Then for each fixed x € R"”, we have

Xq; (%)

W) (£ - £5,)| xo,0) = ||5—]| fQ W) (flo) - () dy

1 - -
< @Lj |W1/P(X) (f(x)—f(y))ldyXQj(x), a
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We split [|( f_)— D( f_i)XR,,,” MY (W) into three parts:

v/ 1/r
{Z Y W ( fQ W) (Flne, - @(F)| dx) p}

keZ QEDk

r/
< {Z Z W(Q) /v ( fQ 'wl/v(x) (f?x)mm - féj)’p dx) p}

k>-a QGDk

—a } ) , p 1r
+{Z Z W(Q)"/*"1 (fQ‘Wl/P(x) (f(x))(Rm —(I)(f)(x))' dx) }

k=—m QeDy

S . » rlp 1/r
+{Z Z W(Q)"/*"1 (fQ‘Wl/P(x) (f(x))(Rm —(I)(f)(x))' dx) }

k<—m QeDy
=:51+ 55+ 53.

1/r

We first estimate Sq. By (11), Jensen’s inequality (p > 1), the Fubini theorem, we have

1

@fg |W1/P(X) (f?x) _f?y))|dyxgj(x)

p rlp 1/r
dx) }
k>—a QeDy,QCR,,

rlp 1/r
S{Z oW él fQ | fQ \wl/P(x)(f?x)—f?y))|pdxdy] }

k>—a QeDy,QCR,,

rlp 1/r
:{2 Z W(Q)r/tfr/p @LLJWUP(@ (f_fx)—f_fy))rdydx] }

k>—a Q€D QCRy,

r 1/r
=27l Q""" W @) (f(x) - flx - )| dydx ’ (12)
) . — p
Q Jx-Q;

k>—a QeDy,QCR,,

513{2 Y wor| |

where x — Q;:={x—y:y € Q;}. Sincex € Q € Q; for some j € {1,2,...,N}, we have x — Q; C R,. Hence by
(10), we obtain

r/p 1/r
(12>s2-“"/”|le”Psup{Z Y W(Q)’“‘”’“( fQ |W1/P(X)(f?x)—f?x—y))|pdx) } <e.

YeRa \k>—4 QeDy,OcR,y

As for S,, for each Q € Dy wherek = —m, —m+1,...,—a, there are 205" cubes Qj € D_,suchthat UQ; = Q.
Denote by Qj,, £ = 1,2,...,20%" these cubes. Then by (11), Jensen’s inequality (p > 1), and the Fubini
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theorem, we obtain

—a o(-k-ayn

X

{k: —m QeDy,QCR

5, w(Q

—a 2( —k—a)n

)y

{k——m QeDy,QCRy,
Z W(Q)r/t—r/p
k=—m QeDy,QCR =1
—a

SRd P
k=—m QeDy,QcR,,

—a

el $ T
k=—m QeDy,QCR,

IN

w(Qyr

2(—k—a)n

IA

W

w(Qr

where x — Qj, 1=

—a
(13) < 2-m/ppanlp sup

YeR, {k——m QeDLQCR,,

6271

f W) (Floe, - fo, )|

rlp 1/r

f W) (F) - fi)| dy

1/r

. 11Qi

)

P 1/r

r/
f [ e (7o - fw)f dxdy] }
Qje YQj,
(~k-ay

Ll L

|Qje|

rlp 1/r
W) (£ - )| dydx] }
1/r

(13)

Y, W@

(~k—ayn e
2; L/_[ L_Q/_[ 'Wl/p(x) (f_(X) - flx - y))r7 dydx] }

{x—y:ye€Q} Note that x — Q;, € R, when x € Q;,. By (10), we have

1/r

r/p
'Wl/ﬁ(x) (f?x) - f?x - y))r dx] } <e.

)

=1 Je

As for S3, for each set Dy, there are only 2" cubes Q € Dy such that Q N R,, # 0. We denote by Q,

t=1,2,...,
Then

W r/t=r[p
»-{LLre
{Z D Wy
k<-m €=1

2" these cubes. And for each cube Qy, there are 2"=" cubes Qj € D, such that U;Q; =

Sm-ayn r/p
[ f |W1/p @ (F)xw, - fQ])‘ x] }

Qe

r/p 1/r
( J, e (o, - o) ) }

1/r

Similarly as S,, from (11), Jensen’s inequality (p > 1), the Fubini theorem, and (10), we get that S3 < e.
Together with the estimates of S1, S, S3, we obtain

{Z Z W(Q)V/t*V/P

keZ QeDy

Note that

. . rlp 1/r
( L |W1/P(x)(f(x))(Rm—(D(f)(x))'pdx) } < 3e.

(14)

”f - (D(f)”M;;'(w) < “(f - (D(f))XRm”M;;’(W) + “(f - (D(f))XR,ﬂ,”M;’(w) = ”(f - q)(f))XRm”M;«'(w) + ”fXR;‘,,HM;/’(W)

Thus via (9) and (14), we have

supllf CDf)lIMu(W 4e.

feF

(15)
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From (15), it suffices to show that ®(F) is totally bounded in M;’V(W).
From Remark 3.3, we have

sup 1Pl wy < SUp IP() = fllagrwy + Sup l1fllagrwy < oo

fer feF feF
Thus, for any f_)e ¥,
IWP)D(f)(x)| < 0 ae. xeR™ (16)

Since W is a matrix weight, by (i), (ii) of Definition 2.3, we have for almost everywhere x € R", W(x) is a
positive definite matrix. Therefore, we obtain

D(f)(x) <o ae. xeR™. 17)

which implies | féil <o0,j=1,2,...,N. From this and the entries of W is locally integrable, we see that @ is

a map from ¥ to B, a finite dimensional Banach subspace of M;;V(W). Note that ®(F) c Bis bounded, and
hence is totally bounded. The proof of Theorem 3.2 is complete. [J

Then we give an application in degenerate Bourgain-Morrey-Sobolev spaces with matrix weights.

Definition 3.4. Let 1 <p<t<r<ocoorl<p <t <r=oco. Let W:R" = M,(C) be a matrix weight and set
the scalar weight w := ||W||. We define the degenerate Bourgain-Morrey-Sobolev spaces W9 (W) by the set of all
Lebesgue measurable functions on R" such that

||f||(W1/nM(W) = ”fHM;;’(w) + ”Vf”M;r(w) <o

where Vf = 0y, f, ..., 0, f)T is the gradient of f and

1/p
{w(Qj,k)l/ 1p ( f ()l w(y)dy) }
Qik jez kezn

is the norm of the scalar weighted Bourgain-Morrey space in (6).

7

“f”M;,"(w) =

o

Lemma 3.5 (p. 262, [36]). A set F in metric space X is totally bounded if and only if it is Cauchy-precompact, that
is, every sequence has a Cauchy subsequence.

Corollary 3.6. Let 1 <p <t<r<ooorl<p<t<r=oo. Let W:R" = M,(C) be a matrix weight. A subset
F c WIPLT (W) is totally bounded if the following conditions are valid:
(i) F uniformly vanishes at infinity, that is,

I%ig}o sup ||f xR llwroerowy = 0;
feF

(ii) F is equicontinuous, that is,

lim sup sup ||f - Tyf ||(W1f"""(W) =0.
a—0 feF yeBOa)

Proof. Note that F ¢ WP (W) satisfies conditions (i)-(ii) if and only if ¥ C M;’r(a)) satisfies conditions
(i)-(ii) of Theorem 3.2 (d = 1) and VF = {Vf : f € F} C M,t;r(W) satisfies (i)-(ii) of Theorem 3.2 (d = n).
Hence by Theorem 3.2, we obtain that both F C M;’r(w) and VF C M;,'r(W) are totally bounded. Then
Corollary 3.6 follows from Lemma 3.5. [
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4. Dyadic average operator conditions for precompact sets

In this section, we give a criterion for precompactness by dyadic average operator. Let ¥ be a subset of
M;t,'r(W). ¥ is equicontinuous by means of the dyadic average operator if

_lim _supl| f—Eqa fT|M;,,(W) =0, (18)
a 00,0€ fET
where
> Xo(x)
Efl = Y, 200 f Fldy. (19)

QeD_,
Recall that xg is the lower left corner of Q € D. Thenforx € Q € D_,
o XQ,(Xx—xQ) >
Eunfl0 = 222750 [ fly -y
1Q-a,0l Qo

Then we will prove that (8) is stronger than (18). Indeed, suppose that condition (8) holds. For any € > 0,
there exists a cube R with center 0 and side length 2*! > 0 such that

sup sup ||f - TyfllMu <e. (20)
feF VeR

Ifx,y € Q € D, then x — y € R. By Jensen’s inequality (p > 1), Holder’s inequality (v/p > 1), and (20), we

obtain
> -
”f - Ed,af“M;f(w)
P T/p 1/?“
dx) J

= Z W(Q)r/t—r/P(
Q

WP () (Fx) = X (6 — %) fly — x0)) dy

-a,0 | Q—a/O

QeD
rlp 1/r
) é)w@r/t_r/p(mgi,m fQ fQ|W””(x>(f(x>—xQa,o(x_xg)f(y—x@)r’ dxdy) ]
rp 1/r
- Q;‘)W(Q)m WlQ_goJ ( f W) () = x0 10 = 1) fly = x0))| d ) dy]
1 ) rip 1/r
= Qa7 |1/r'Q‘”'O'l/rsyﬂﬁ[g;)w@)mr/p( L|Wl/”(X)(f(x)—f(x—y))| dx) ] ‘e

modified when r = co. Hence we prove that (8) is stronger than (18).
Replacing the translation operator by the average operator, we have the following result.

Theorem 4.1. Let 1 <p <t<r<ooorl<p<t<r=oco Let W:R" = My(C) be a matrix weight. A subset
F C My (W) is totally bounded if the following conditions are valid:
(i) F is bounded, that is,

supllflan(W) < o0;
fer

(ii) F uniformly vanishes at infinity, that is,

. -
Lim sup llfxsor o) = 0;
feF
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(iii) ¥ is equicontinuous by means of the dyadic average operator, that is, for any

a——090,0€

lim ZSP(E If = Edaflivgrwy = O-

where E;, is same as (19).

Proof. Assume that " C M;’(W) satisfies (i)-(iii). Given € > 0 small enough, to prove the total boundedness

of F, it suffices to find a finite e-net of ¥. Denote by R; := [-2/,2/)" for i € Z. Then from condition (ii), there
exists a positive integer m large enough such that

sup||f - f)(lelM;),r(W) <e. (21)
feF

Moreover, by condition (iii), there exists an integer a < 0 such that

sup||f - Ed,af||M;,y(W) <e. (22)
feF

There exists a sequence {Q]'};\]: , of disjoint cubes in D_, such that R,, = u¥,Q j, where N = 20"+1=0" For any
f_)e ¥ and x € R", let

fo, =1 fQ/_f(y)dy, x€Q;j=12,...,N,
6, otherwise.

@@@:{
Note that for x € R,,,
O()(x) = Eqaf(x).
Hence via (21) and (22), we have

If - q)(f)”M;;V(w) <|II(f - (D(f))XRWHM;f(W) +(f - (D(f))XRf,,”M;;"(W) =I(f - Ed,af)XRm”M;f(w) + ”fXR,Cn”M;;’(W)
SN = Eaafllgrow) + € < 2e. (23)

From (23), it suffices to show that ®(¥) is totally bounded in M;;r(W). And we have proved that ®(¥) is
totally bounded in M;;r(W) in Theorem 3.2. Thus the proof of Theorem 4.1 is complete. [

Lemma 4.2 (Lemma 4.5, [10]). Let 1 <p < ocoand W € A,. Then ||W|| and (IW! are scalar Ay, weights.

The following is a vector-valued extension of the Lebesgue differentiation theorem on matrix weighted
spaces M;;r(W). For any cube Q, fﬁe Ll (R"), define

loc
- 1 -
Eofiw = & [ flnay
al Jo
Theorem 4.3. Let 1 <p<t<r<ooorl<p<t<r=oo IfWeHA, then for any f_)e M;;’(W),

lim |E _)x—_)x|:0 ae. xeR™M
om af(x) — f(x)



T. Bai, J. Xu / Filomat 39:18 (2025), 6261-6280 6275

Proof. First, for any f_)= (fi, fo, -, f)T € M;,’r(W), it suffices to show that f; € L] (R") foreachi=1,2,...,d.
Since W € A,, then by (3)

P = (W YPWYP P < WP P WP £ = WL WP £
It follows that
FPIW < WP .

From Lemma 4.2, we conclude that ||IW~!||"! is a scalar A, weight, hence | fT € Llloc(lR”). Indeed, since any
compact set K C IR” can be contained in a finite set of dyadic cubes, it suffices to show that for any Q € D,

| fT € L(Q). By Holder’s inequality, we have

1/p’

- N N 1/p ,
flf(x)|dx:f|f(x)|||W‘1(x)||‘1/7’||W‘1(x)||1/f’dxg(f If(x)|p||W_l(x)||_ldx) (f ||W_1(x)||p/pdx)
Q Q Q Q

1/p
< CQ,W,p (f IWl/”(x)f(x)I”dx) < ”f”M;;’(W) < 00,
Q

Hence, f; € L; (R") for each i = 1,2,...,d. By the classical Lebesgue differentiation theorem, for each

1 <i<d, wehave
lim |Eofi(x)— fi(x){ =0 ae. xelR".
i [Eo () = fi(x)]
Theorem 4.3 comes from the fact that for any x € R",
[Eo ) - fl)] < a2 max|Eq i) - fico)].
Thus the proof is finished. [

Next we need the boundedness of dyadic average operator. Given any collection Q of pairwise disjoint
cubes Q C R", define the averaging operator Aq by

Aafly = Y 552 [ flyay.

QeQ

Lemma 4.4 (Proposition 4.7,[10]). Let 1 < p < co. Let W : R" — My(C) be a matrix weight. Then W € A, if
and only it satisfies

NAafllrwy < Coapwllfllze ow).-

Remark 4.5. In the sequel, let p,p’, W, d, W, d have the same meaning as in Lemma 2.9. Let

~ n, ifp=1,
ﬁ;: =z , . (24)
n+dp/p’, if 1<p<oco.

Then we claim that for j+a € Ny,

20+ W(Q), itp =1,

W((] + ﬂ)paQ) < {2(]'+g)(n+afp/p’)w(Q), ifl < p < oo.
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Indeed, when p = 1, by Lemma 2.9, we have
W((j + 2)paQ) = |(j + @)paQlllA (a0l < 297" QlIAI = 20" W(Q).
When p € (1,00), by Lemma 2.9, we obtain
W((j + a)paQ) = [(] + @)paQllA e, all 5 205" IQERIFMPH||AGIP ~ 20+00FIW(Q).

Thus we prove the claim. Now we show this estimate is better than W((j + 2)paQ) < 20+9BW(Q). Indeed, when
p =1, it is obvious since p > n. If p > 1, from [3, Lemma 2.11 and Corollary 2.16], for i € Ny, we deduce that

ply’
(IQIf wrew el dy) e

||A1paQ o ||P ~ f ”Wl/l’(x)A 1”?’ dx ~

Ql |1paQ| ipaQ

From [12, Lemma 2.2], we have ||A; PaQAélllf” < 21" Hence

1
|ZpaQ| ipaQ

plp’
(|Q| f w7 eyw- 1/p(y)”p dy) dx < 216,

This, together with [3, Proposition 2.28(ii)], further implies that W-Y/*=V e A, has the A, -dimension d =
(B—mn)/(p — 1) and hence
n+ jp/p’ =B.
Hence we show this estimate is better than W((j + a)paQ) < 2UPW(Q).
Theorem 4.6. Let W € A, has the Ay-dimension d € [0,n). Let f be the same with (24).

()Let1 <p<t<r<oo.If-nr/p+dr/p+n—pr(l/t —1/p) <O, then for each a € Z, E,, is a bounded
operator on matrix weighted Bourgain-Morrey spaces M;;’(W).

(i) Let 1 <p<t<r=oco.Ifd/p—n/p—p/t—1/p) <O, then for each a € Z, E4, is a bounded operator on
matrix weighted Bourgain-Morrey spaces M;,’r(W).

Proof. (i) For a fixed a € Z, we have

r/p
IE o fllrny < [Z Y W ”P( f |w1/P<x)Edaf<x>|de) ]

j<—a QeD;

rp 1/r
[Z Y Wy ( f |W”P(x)Edaf(x)|de) ] =: 51+ 5.

j>—a QeD;

1/r

By Lemma 4.4, we obtain

rp 1/r .
S < Cn,d,p,w[z Z W(Q)/trl (f WP (x) f(x) I’”dx) J S Ml oy

j<—a QeD;

When j > —a, we denote by (j + 4)paQ € D, the (j + a)-th dyadic parent of Q € D;. Let {Ag}gep be the
reducing operator of order p for W. By Lemmas 2.9, we have

||AQA(-].1+H)WQ|| < Ul (25)
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In S,, using (5) and (25) , we have

r/p
55 _ Z Z W(Q)r/t rlp (f |W1/p x)Edaf(x)lpdx)

j>—a QeD;
=Y Y | [ W —— | ae]”
j>—a QeD; IR Jo 1 + @)paQ (j+a)paQ
~ WQ"IQI | |A ( flydy ]
;QEZZ;I |(] + a)pan (7+)paQ
o 1 N "
< WQr QI (z<f+”>d/p Ao [ fd ]
;Q;Di (j+a)paQ |(] + a)paQI (j+a)pan y)ay
, 1 1 » "
~ W(Q)rr|QIrr2l Ml (— WP () (y)dyl’dx
]ZQZZ; G+ DpaCl Jiiearo G+ a0l om0 Y
- 1 . rlp
— W(Q)V/t*V/szjnV/Pz(]'W)dV/P (— IWl/”(x)Ed,af(x)l”dx)
; Qezz‘)j |(] + u)pan (j+a)paQ
— Z Z W(Q)r/t—r/p2—]nr/p2(]+u)d7/p2—anr/p (f |W1/P(x)Ed,”f(x)|de] .
j>-a QeD; JHa)paQ

Remark that given S € D_,, there are 20*" cubes R such that (j + 2)p.R = S. From Remark 4.5 and
1/t-1/p <0, we have

2—(j+u)n(1/t—1)w((]' + 11) Q)l/t—l ifP — 1’

1/t- 1/p
W(Q) {2 (j+a)(n+dp/p")(1 /t- UDW((j +a), AQVEP, i1 <p < oo,

That is W(Q)Y/!-1/r < 2-(*DBA/=1DW(j + a),.Q)Y/'~1/P. Hence, by Lemma 4.4 and —nr/p +dr/p +n— fr(1/t -
1/p) <0, we have

r/p
Z Z W(Q)"/t="IpinlppG+a)dr/pp=anr/p ( f IWYP(x)E,, f?x)l”dx]
(j+)paQ

j>—ﬂ QED]‘
- r/p
- Z o=jnrlpp(j+a)dr/py-anr/p Z W(Q)/t"1v ( f [WYP(x)Ey4, f?x)|f’dx]
j>-a QeD; (j+a)paQ
- _ . rlp
< Z 2—jnr/p2(j+a)dr/p2—anr/p2(j+a)n2—(j+a)ﬁ(r/t—r/p) Z W(S)r/t—r/p (flwl/p(x)Ed af(X)|de)
>—a SeD_, 5
WAl

(ii) Fix Qjx € D. If j < —a, then by Lemma 4.4, we have

1/p
W(Qj)! /1P [f |Wl/p(x)Ed,af2x)Ipdx] < W(Q;)1p (f
Qjk

Qjk

1/p
[WP (x) f?x)|ﬂdx] :
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If j > —a, we denote by (j + 2)paQjx € D, the (j + a)-th dyadic parent of Q;x € D;.

- p
W(Q;)" 1P [f |Wl/p(x)Ed,uf(x)|pdx]
Qjx

1

1Qjkl
|(] + a)pan,kl (j+”)paQ/‘,k

1Qjxl Jo,

1 .
Qi I(j + ﬂ)paQ]’,k| j(;+a)Pan,k f(y) y‘

4 1
(]+u)paQ/,k |(] + a)pan,kl (f+ﬂ)pan,k

. p 1/p
= W(Qj,k)l/t_l/p( WP (x) f(y)dy dx]

~ WQj) " P1QlMP

S WQj)V /T PIQyul P20 lp

f?y)dy‘

e I — flpdy

. o 1
~ W(O. ) Y/t=Vpp=inlpp(j+a)/p i
i | G+ 20541 Jieap.

p 1/p
P Ere— dx .
(J + @paQjkl J(j+a),0, )

Then by Lemma 4.4 and d/p — n/p — (1/t — 1/p) < 0, we obtain
- 1/P
W(Qju'" 1P [f |W1/”(x)Ed,af(x)I”dXJ
Qijk

1 /pm—i ead 1
<y s

1/p
(7 + @)paQisl WP (x) f(x pdx
( + @)paQjkl (l'+ﬂ)paQ,-/k| (0 f( )' J

p
. . 7 - p
= W(Q].,k)1/1‘—1/Pz—]”/Pz(H’ﬂ)d/Pz—ﬁn/P ( f WP (x) f(x)' dx)
(j+a)pan,k
; N p lp
< 2Ur@p=n/p = (F@BA/E=L/PW ((j + a)paQ],k)l/t—l/p (f |W1/P(x)f_ix)| dx]
(j+ﬂ)pan,k

1/p
< W((j + 2)paQjp) /17 ( f WP (x) f?x)|p dx] .
G

+’1)pa Q ik

Finally, take the supremum over the cubes Q;x € D, we obtain

- -
”Ed,af”M;;‘”(w) b ”f”le;m(w)-
Hence we finish the proof. O

Finally, we have the following Kolmogorov-Riesz compactness theorem for matrix weighted Bourgain-
Morrey spaces.

Theorem 4.7. Let 1 <p <t<r <oo. Let W € A, with the A,-dimension d € [0,n). Let f be the same with (24).
Let —nr/p +dr/p +n — pr(1/t — 1/p) < 0. A subset F of M;;r(W) is totally bounded if and only if the following
conditions hold:

(i) F is bounded, that is,

sup ”f”M;V(W) < 09
fer

(ii) F uniformly vanishes at infinity, that is,

. -
Lim sup llfxsor o) = 0;
feF
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(iii) ¥ is equicontinuous by means of the dyadic average operator, that is, for any

A ST sl =0

where E; , is same as (19).

Proof. The sufficiency is due to Theorem 4.1. Now we prove the necessity. Assume that ¥ of M;;r(W) is
totally bounded. For any given € > 0, there exists { f;}i\i’l C ¥ such that { f;}kle is an e-net of ¥, that is, for
any f € ¥, there exists fi, k € {1,2,..., Ny} such that ||f _fk“M;r'(W) <e.

Clearly, (i) is true.
Forany e >0and k € {1,2,..., Ny}, since r < o, there exists Ry > 0 such that

X meo,Rollager owy < €:

||fXB‘(O,R)||M;'(W) < ”(f _fk)XBf(O,R)”M;;’(W) + ”kaBC(O,R)”M;;’(W) < 2e.
Thus we prove that
I%I—I}olo sup ”fXBC(O,R)”M;;'(W) =0.
feF

Therefore, we prove that ¥ satisfies condition (ii).
As for (iii), for each 1 < k < Ny, by Theorem 4.6, we have for eacha € Z,

i = Eaafillyrwy < 1+ Ol fillgr oy

Thus using the dominated convergence theorem to obtain that there exists ag € Z such that for any a < ay,

- -
max —E o < E.
max Il fi d,afk||M; w)

Now if a < ag, then
1 = Eaafloony < VEaaf = Eaafillygrn + VEaafi = il + 15 = Fluron
<dlf = oy +e +e se.
Then the proof is complete. [

Remark 4.8. Theorem 4.7 is not true for 1 <p <t <r =oo. Indeed, letd =1,W=1,0<p <t <r =oo. Let
f(x) = |x|7"*. Then

1/p
fllyg = sup QI ( f |y|"r’“dy) ~1
Q

QeD

Let fj = Xpopif for j € N. Note that f and f; are radial and symmetric functions. Let x = (x1,0,...,0) where
x1 =2/ +2x2J, Lets = x;/10. Then B(x,s) C B(0,2/)°. Then

1/p bel+1sl Up
”f _ f]”M"]"" > Cs—n(l/t—l/p) (fB |y|—np/tdy) > Cs—n(l/t—l/p) (f n—np/tnn—ldn)

(x5) [x|—ls]

—n(1/t- - —np/\1/p
e (R A LT
10 10 10

=c>0.

This shows that the totally bounded set ¥ = {f} of M;,’“’ is not uniformly vanishes at infinity.
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