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Abstract. The Sturm-Liouville-Stockwell transform (SLST) is a novel addition to the class of Stockwell
transforms, which has gained a respectable status in the realm of time-frequency signal analysis within a
short span of time. Knowing the fact that the study of the time-frequency analysis is both theoretically
interesting and practically useful, this article aims to explore two other aspects of time-frequency analysis
associated with SLST, namely spectral analysis associated with concentration operators and spectrogram
analysis.

1. Introduction

The Fourier transform stands out as a significant discovery in mathematical sciences, that plays a
crucial role in modern scientific and technological advancements. In signal processing, extensive research
has utilized the Fourier transform to analyze stationary signals or processes with statistically invariant
properties over time. However, many signals exhibit non-stationary characteristics, requiring a time-
frequency analysis for a comprehensive representation.

Although, Fourier transforms have many successful applications that fascinated the mathematical,
physical and engineering communities over decades, they still have numerous shortcomings. One of the
significant disadvantages of the Fourier transforms is that they do not give any information about the
occurrence of the frequency component at a particular time. They only enable us to analyse the signals
either in time domain or frequency domain, but not simultaneously in both domains [12, 33]. A suitable
redress of these limitations was given by Gabor [20] in the form of windowed Fourier transform using a
Gaussian distribution function as a window function in order to construct efficient time-frequency localized
expansions of finite energy signals f € L*(R) as

Vo(f)(E,b) == fR fx)g(x —b)e™*dx, &, beR.
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The spectral contents of non-transient signals in localized neighbourhoods of time can be analyzed. This
astonishing feature of the Stockwell transform provides the local characteristics of the Fourier transform
with a time resolution equal to the size of the window. The Stockwell transform (ST), also known as the short-
time Fourier transform (STFT), see [5, 13], marked a breakthrough in time-frequency analysis. This method
involves decomposing non-transient signals using time and frequency-shifted basis functions, termed
Stockwell window functions. The ST, with its clear resemblance to the classical Fourier transform, has
gained considerable attention in the past few decades. Soon after its inception in quantum mechanics, the
Stockwell transform profound influenced diverse branches of science and engineering including harmonic
analysis, signal and image processing, pseudo-differential operators, sampling theory, wave propagation,
quantum optics, geophysics, astrophysics, medicine [7, 20, 21, 41], and others. Besides its applications,
the theoretical skeleton of Stockwell transform has likewise been extensively studied and investigated in
other groups including the locally compact Abelian and non-Abelian groups [15, 16, 18], hypergroups [10],
Gelfand pairs [40] and so on. For more about Stockwell transforms and their applications, we allude to
[17,22,23]. Many extensions of the Stockwell transform have been proposed in recent years, see for example
[2, 3, 21, 37, 38] and others. Recently, the study of integral transforms in harmonic analysis has known
remarkable development (see [25-27, 29, 30]). Another fundamental tool in time-frequency analysis is the
Sturm-Liouville-Stockwell transform (SLST), which is the focus of this paper.
We consider the Sturm-Liouville operator defined on IR}, by

& Awd
Tdx? T A(x) dx’

where A is a nonnegative function satisfying certain conditions. This operator is the goal of many works in
harmonic analysis [4, 8, 28, 39, 44]. Specifically, we consider the Sturm-Liouville transform (SLT)

%ﬂm:fwmmmwmaAd@

where @, is the Sturm-Liouville function given in Section 2 below. The SLT can be considered as a
generalization of certain generalized Fourier transforms [2, 19, 21, 31]. Many results have already been
demonstrated for the Sturm-Liouville transform .% (see [6, 24, 34-38]).

The Sturm-Liouville function ¢, satisfies the product formula (see [8, 39])

PA()PA(Y) = f]R Pr@w(x, y,2)A(z)dz, for x,y € Ry,

where w(x, y,.) is a positive measurable function on R,, with support in [|x — y|, x + y].
We introduce the Sturm-Liouville translation operators for f € L?(R,, A(z)dz) by

T, f(x) := jl; f@w(x, y,2)Az)dz, x,yeR,.

Let g € L2(R,, ZHSW), where c(t) is the Harish-Chandra function defined in Section 2. The modulation

gy of gby y € R, is defined by
gy = F(\TIF 1 (9PR),

where .7 7! is the inverse of the transform .%.
Letg € L*(R,, ZJ}W). The Sturm-Liouville-Stockwell transform (see [37, 38]) is the mapping .#; defined

for f € LX(R., 7965 by

d
O = [ FOnn0Ss AyeR.,
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where ¢, is the operator defined by

F N 02/)®x) = a0 F ().

In this paper, we continue the study of some harmonic analysis problems associated with the Sturm-
Liouville-Stockwell transform started in [37, 38]. The aim of this paper is to explore some topics of
time-frequency analysis associated with SLST, viz, the spectral analysis for the concentration operators and
the spectrogram analysis.

Motivated by Wong’s approaches, the aim of the first part of this paper is to study the boundedness
and compactness of Toeplitz operators associated with SLST. Our second endeavour is to study the spectral
analysis associated with the generalized concentration operator. In particular, we introduce and we study
the spectrogram analysis associated with SLST.

The theory of Toeplitz operators was initiated by Daubechies in [11], developed by Wong [42, 43]. Nowa-
days, Toeplitz operators have found many applications in time-frequency analysis, differential equation
theory, quantum mechanics. Arguing from this point of view, many works have been done on them, we
refer in particular to the article of Balazs [1], (see also [9, 14, 23, 43]).

The paper is organized as follows. In Section 2, we recall some results about the Sturm-Liouville-
Stockwell transform SLST. In Section 3, we recall some boundedness and compactness results for the
localization and concentration operators associated with SLST. Section 4 is devoted to introduce and study
the boundedness and compactness of the Toeplitz operators associated with SLST. Next, in Section 5, we
study the spectrogram analysis associated with SLST. In the last section, we summarize the obtained results
and we describe the future work.

2. Sturm-Liouville-Stockwell transform (SLST)

We consider the second-order differential operator A defined on IR}, by

_4& Awd
Tdx? T A(x) dy’

where
A(x) = ¥**1B(x), a>-1/2,

for B a positive, even, infinitely differentiable function on R such that B(0) = 1. Moreover, we assume that
A satisfies the following conditions:
(i) A is increasing and lim A(x) = oo.
X—00
A’ A’
(ii) 1 is decreasing and ;}1_130 " ((;C))
(iii) There exists a constant 6 > 0, such that

=2p20.

A(x) _ ox .

A0 2p+e*D(x), ifp>0,
Alx) 2a+1 o o
@ - ¥ +e " D(x), ifp=0,

where D is an infinitely differentiable function on R}, bounded and with bounded derivatives on all
intervals [x, 00), for xg > 0.
This operator was studied in [8, 39], and the following results have been established:

(I) For all A € C, the equation

Aw)=-A*+p*u, u@0) =1, u'0)=0,

admits a unique solution, denoted by ¢,, with the following properties:
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o for x € R,, the function A — @,(x) is analytic on C;
o for A € C, the function x — @,(x) is even and infinitely differentiable on R.
(IT) For nonzero A € C, the equation

Aw) = —(A% + pz)u,

has a solution @, satisfying
idx

VA(x)

lim V(x, A) = 1.

O, (x) = V(x, A),

with

Consequently there exists a function (spectral function) A — ¢(A), such that
Pax) = c(A)@p(x) + c(=1)P-1(x), x€R,,

for nonzero A € C.
Moreover, there exist positive constants ki, ky, k, such that

kAP < Je(A)7? < kol AP,

for all A such thatImA <0and |A] > k.
(III) The Sturm-Liouville kernel ¢, (x) possesses the following property (see [6, 24]):

lpa@) <1, AxeR,.

Examples. 1) (The Bessel case, see [2, 21]). In this case A(x) = x*1, @ > —1/2 and p = 0. The SL-operator A
is the Bessel operator denoted by A,:
d> 2a+1d
dx? x  dx’
The SL-function ¢, (x) is the spherical Bessel function j,(Ax).

2) (The Jacobi case, see [19, 31]). In this case A(x) = sinh®**!(x) cosh®*(x), & > B =-1/2and p =
a+ B +1> 0. The SL-operator A is the Jacobi operator denoted by A, g:

Aa =

d? d

Aap = 2 + [2a + 1) coth(x) + 28 + 1) tanh(x)]a.

The SL-function ¢, (x) is the Jacobi function denoted by gi)gf"ﬁ ) (x):

N 1 1 . .
TP0) = 2Fi(5(p i), 5(p +id), @ + 1, = sinh’(x),

where >Fi(a, b, ¢, z) is the hypergeometric function.

We denote by

o 1 the measure defined on R; by du(x) := A(x)dx; and by L*(u), p € [1, o], the space of measurable
functions f on R, such that

1/p
fllzr == [ If(x)l”du(x)] <oo, pel[l, ),
R:
| flleu := esssup |f(x)| < oo;
x€R,
. dA
e v the measure defined on R, by dv(1) := ————; and by LP(v), p € [1, o0], the space of measurable

2mtje(M)P?
functions f on R, such that || f{lrr) < 0.
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The Sturm-Liouville transform is the Fourier transform associated with the operator A and is defined
for f € L'(u) by

F(FN) = fIR P, AER,.

Some of the properties of the Sturm-Liouville transform .# are collected bellow (see [4, 8, 39]).
Theorem 2.1. (i) L' — L*-boundedness for .%. For all f € L'(u), Z(f) € L*(v) and

17 (Flloy < M fllz -

(ii) Plancherel formula for .#. The Sturm-Liouville transform .%# extends uniquely to an isometric
isomorphism of L?(i) onto L2(v). In particular,

ANl = 17 (Ollzw)-
(iii) Inversion formula for .Z. Let f € L'(u), such that .#(f) € L!(v). Then
flx) = f eA(0)Z(f)(M)dv(A), ae. xe€R;.
R+

The Sturm-Liouville kernel ¢, satisfies the product formula [8, 39]

PA)pA(y) = | ea@w(x, y,z)du(z) for x,y € Ry; (2.1)

R+

where w(x, y,.) is a measurable positive function on R, with support in [|x — y|, x + y], satisfying

f w(x,y,z)du(z) =1, (2.2)
w(x,y,z) =w(y,x,z) for z>0, (2.3)
w(x,y,z) =w(x,zy) for z>0. (2.4)

We now define the generalized translation operator induced by (2.1). For f € L!(u), the linear operator

T, f(x) := f]R f@w(x, y,z)du(z), x,yeRy,

will be called Sturm-Liouville translation.
As a first remark, we note that the relations (2.2), (2.3) and (2.4) mean that

Tyf(x) =1 f(y), xyeR,,

and

[ wfedue = [ swdue, fer. 25)
R, R.

Theorem 2.2. (See [28, 35, 37]).
(i) Forally > 0 and f € LP(u), p € [1, o0], we have

Ty fllrqy < fller -

(i) For f € L*(u) and y € R,, we have

F(ty )N = oAy F())A), A E€R,.
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Let f, g € L*(v). We define the convolution product ffg of f and g by
flg) = Z(FHUHT@)N), 2.6)
where .7~ is the inverse of the transform .Z.

Let f,g € L?(v). Then

f FgRdv(A) = f 12 (AEPRLZ () )Pdu(),
Ry Ry

where both sides are finite or infinite.
We assume that g € L*(v) and y € R,. The modulation of g by v is the function

gy = F(\T)F(@)PR).

From (2.5) and Theorem 2.1 (ii) we have

||!7y||L2(V) = ||9||L2(v)- (2.7)

Let g € L2(v). The Sturm-Liouville-Stockwell transform (SLST) is the mapping 7, defined for f € [2(v)
by
FyHy) = flgy(A), A,y eR,.

From (2.6) and (2.7) we have
175Dl ey < gllzllfllzzq)-

Theorem 2.3. (See [37]). (Plancherel formula for .7)). Let g € L?(v) be a non-zero function. Then, for all
f € L?(v), we have

75O lzwewy = 19Nzl fll2 -
Let f € L2(v) and A € R,. We define the operator o, by

F o1 f)®) = ea(0)F T (H(@).

The operator 0, satisfies
arf(y) = oy fA), Noaflle) < £l (2.8)
Theorem 2.4. (See [38]). Let f, g € L?(v). Then

S = fR FBorg,Odve), Ay e R..

For f,g € [*(v) and F € L*(v ® ) we define .#; by
(F5(), Porzwapy = {f, 5 (D2 (2.9)
Then by Theorem 2.4 and Fubini’s theorem we obtain

T3 (E)E) = f f]R F(A, y)oagy(hdv(A)du(y), teR,. (2.10)

Theorem 2.5. (See [38]). Let g € L(v) be a non-zero function. Then Yg(Lz(v)) is areproducing kernel Hilbert
space in L?(v ® ) with kernel function

Wy((A, y); (t, %)) := L4(029,)(E X). (2.11)
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3. Concentration operators associated with SLST

In this section, we define the concentration operators for SLST and we prove that they are bounded and
compact operators in the so-called Schatten-von Neumann classes.

We denote by B(L?(v)) the space of all bounded operators W from L?(v) into itself, equipped with the
norm

Wl :== sup [IW(F)llr2w)-
1l 20)=1

For a compact operator W € B(L%(v)), the eigenvalues of the positive self-adjoint operator V| := VW*W are
called the singular values of ¥ and denoted by {s,(¥)}sen.

The Schatten-von Neumann class Sp, p € [1, ) is the space of all compact operators W whose singular
values s,(\W) lie in IP(IN). The class S, is provided with the norm

o)

IWljs, = [E(snw»"l :

n=1
The Schatten-von Neumann class S is the class of all compact operators with the norm
Pls.. == II¥]l.

We note that the space S; is the space of trace-class operators. We define the trace of an operator ¥ in
Sl by

Tr(W) = ) (W(0,), Vi, (3.1)
n=1

where {v,},en is any orthonormal basis of L2(v). Moreover, if W is positive, then
Tr(W) = [[Wls, - (3.2)

We note that the space S, is the space of Hilbert-Schmidt operators. A compact operator W on the Hilbert
space L%(v) is called the Hilbert-Schmidt operator, if the positive operator W*W is in the trace-class S;. Then
for any orthonormal basis {v,,},en Of L?(v), we have

IWIEs = IVIE, = IV Wlls, = Te(P"W) = Z [R4CHIe

n=1

Now we are in a position to state the definition of the localization operators associated with SLST. In the
following, the function g will be in L2(v) such that ||g]| 12w = 1 and U be a subset of R2 withv® u(l) < oo.
In this sense, we have the following definition.

Let & € L'UL®(v®y). We define the localization operators associated with the Sturm-Liouville-Stockwell
transform .7, for f € L*(v) by

Loe(H() = f}R fR £t SN Porg,(Hdv(Bdp), 1€ R..
For all f,h € L*(v), we have
Los () Miag = fR f]R £ )70 1) T30 Pdvdu(y).

Therefore, the adjoint of L, ¢ is the operator L . given by

Le=Lz: L*(v) — L2(v).
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Theorem 3.1. (See [38]).
(i) Let & € LP(v ® ), p € [1, 00]. Then the localization operator L, ¢ is bounded from L%(v) into itself, and

ILgells., < NEllrwap)-

(ii) Let £ € LF(v ® w), p € [1, o). Then the localization operator Ly : L*(v) = [*(v)is compact.
(iii) Let & € L'(v ® u). We have

Tr(Lye) = f}R fR &t PllogyllF,, dv(du(y),

and
ITr(Ly,)l < €l vop)-

The Sturm-Liouville-Stockwell concentration operator (SLSCO) is defined for f € L2(v), by

Lyu(H() = fu Sy (Pt Yorg,OdvBdu), A € R..

By (2.10) we have
Lou(HA) = 75 (xuse(H)) (D), A€R,, (3.3)

where x; is the characteristic function of the set U.
For all f,h € L*(v), we have

(L)), = [ 20 T T ). (3.4
Theorem 3.2. (i) The concentration operator L, is in S, and we have

ILgulls, <1

(i) The concentration operator L, is in S; with

Tty = [ ol dv(Oduc),
u

and
[Tr(Ly,u)l < v e u(l).

Proof. (i) For all functions f and & in L?(v), we have from Holder’s inequality

LoDl s [ [ 7006 700 9] avtou)
< (I zpep - (Ml2psp)-
Using Theorem 2.3, we get
(Lot 1) | < W2 Wil

Thus,
ILgulls, < 1.
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(ii) Let {0,})7, be an orthonormal basis of L*(v). Using (3.4), Fubini’s theorem and Theorem 2.4, we
obtain

Y oo e = Y, [ 17460, Fv(tdut)
n=1 n=1

- fu Y 1@, y)Pdv(tdu(y)

n=1

= [ Y ow g Pevttduty
n=1

= f lloegyliF2,, dv()du(y)-
u
Thus from (2.7) and (2.8) we get

Z(Lg,u(vn)/ Un)U(v@y) SV ll/l(u)
n=1

Then, the operator L, is in S; and by relation (3.1) we have

Tr(Lyu) = f llotgy 12, dv()du(y),
u

and
[Tr(Ly,u)l < v e u(l).

The theorem is proved. ]

4. Toeplitz operators associated with SLST

The first application in this paper is the study of the Toeplitz operators associated with SLST. In the
following, the function g will be in L?(v) such that [|g]| 12w = 1 and U be a subset of R? with v ® u(U) < .
We define the orthogonal projection P, : L?(v ® u) — L?(v ® p), by

Py(F)(A, y) := fR jl; E(t, x)Wy((A, y); (£, 0))dv(t)dp(x),

where W, is the kernel given by (2.11).
We define the orthogonal projection Py : L*(v ® u) — L*(v ® p), by

Pu(F)(A, y) == xu(A, y)EA, y).
We define the Sturm-Liouville-Stockwell Toeplitz operator (SLSTO), T,y : #(L*(v)) = Z4(L*(v)), by
Tyu(F) := PyPy(F). 4.1)

We have the following theorem.
Theorem 4.1. The operator T, : .7,(L3(v)) = 7;(L*(v)) satisfies

0<T,u<Py<l and T,u=FLyus,.
Proof. Let F € .7 (Lz(v)). From (4.1), we have

(Tou®),F) . gy = (Po PuB) F) o= PulB), Pz

L2(veu L2(v®u)
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Then
(Tou(P), F)Lz(mm = fu IF(, y)Pdv(t)du(y).

Thus we deduce that 0 < Ty < Py < Iand T,y is bounded and positive.
On the other hand, from (3.3) an by using the fact that ;. = Py, for F € .%; (Lz(v)) we have

SqLguSy(F) = PgPuPy(F) = PyPu(F) = Tgu(F).

Therefore the concentration operator L,;;; and the Sturm-Liouville-Stockwell Toeplitz operator T, are
related by
Tyu = FLlgusy.

The theorem is proved. ]
We denote by M,y the quantity

My = fu loegal,, dvdu. 4.2)

We also have the following theorem.
Theorem 4.2. The Sturm-Liouville-Stockwell Toeplitz operator T, ; is compact and of trace-class with

Tr (Ty,u) =Tr (Lg,u) = My

Proof. From Theorem 4.1, the operator Ty : .7,(L*(v)) = #4(L?(v)) is bounded and positive. Now, let
{¢n}>>, be an arbitrary orthonormal basis for .7 (L*(v)).

If we denote by v, = S5 (D), then {v,}”, is an orthonormal basis for L*(v). Thus by Theorem 4.1, (2.9) and
(3.1) we have

Y Tou@), dudizgen = Y (LoulL5 (@), 75 (@)
n=1 n=1

- Z<L9/U(vn)/ Uﬂ)LZ(V) =Tr (Lg,ll) )

n=1

Therefore, by (3.1), (3.2) and Theorem 3.2 (ii), the operator T, is trace-class with

”Tgil”sl =Tr (T%U) =My u-

The theorem is proved. m|
Remark 4.3. Since the concentration operator Lyu = .;Pu.; is a compact and self-adjoint operator, the
spectral theorem gives the following spectral representation

Lou(f) = ) su@(f,ol), b, fel’),
n=1

o0

> is the corre-
n=1

where {s, (L)}, are the positive eigenvalues arranged in a decreasing manner and {v})
sponding orthonormal set of eigenfunctions. According to Theorem 3.2 (i), we have

sy(U) <s1(U) <1, n>1.
Then by Theorem 4.1, we deduce that the Sturm-Liouville-Stockwell Toeplitz operator Ty : Yg(Lz(v)) —
Yg(Lz (v)) can be diagonalized as

(e8]

Tou(B)= ) sl (EQY) . ., 0F FeZlw),

n=1
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where ¢ = .7, (vl)).
In the context of this remark, let 6 be the function defined by

0(t, ) := fu WA, ) (6 D)PdvDduy),  (12) € 2, (43)

where W, is the kernel given by (2.11). Then we obtain the following result.
Theorem 4.4. For all (¢, x) € R2, we have

0o

0(t,1) = Y sl et )

n=1
Proof. From Theorem 2.5, we have for all (t,x) € R, the function Wy(.; (t,x)) is in Yg(Lz(v)). Therefore

using the properties of the reproducing kernel Hilbert space, we get

(Tou(W(3 (4,20), Wyl (£,20) = (PulW, (s (8 2), Wa(3 (1))

L2(veu) - L2(v®u)

= fu W, (A, )i (¢, x))|2 dv(A)du(y)
= 0(t, x).

Let {w,l,l }:;1 C #4(L*(v)) be an orthonormal basis of Ker (Tg,u). Hence, {qb,lf }:;1 U {wﬁf }:;1 is an orthonormal

basis of Yg(Lz(v)) and therefore the reproducing kernel W, can be written as

W () (620) = ) 656008 (4 y) + ) wi (0wl (A, y).

n=1 n=1

Using this, we compute again

0(t,3) = (Tou(Wy(; (£,0), Wy (. 0)) o

<Tg,u [Z ot )l ] VY ol ¢! >
n=1 k=1
Y oH 0l ) (Tou @i, F)

nk=1

L2(v®u)

0o

=Y s |9l )

n=1

‘2
The theorem is proved. ]

5. Spectrogram analysis associated with SLST

The second application in this paper is the study of the spectrogram analysis associated with SLST. In
the following, the function g will be in L2(v) such that ||g]| 12y = 1and U be a subset of R? withve u(U) < co.
Let f € L2(v). We define the Sturm-Liouville-Stockwell spectrogram (SLSS) of f as

2 (by)eR2.

So(F(E y) = [ L4t y)

Note that Stockwell spectrograms are a powerful tool for the analysis of non-stationary signals. They are
used in a wide variety of applications, including speech recognition, music analysis and medical signal
analysis and so on.
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From Theorem 2.3, we have

f f SN DAVOdHE) = If

which explains the interpretation of a spectrogram as a time-frequency energy density. Note that also by
(3.4), we have

(Louf, )z, = fu Sy (A NAVOAu().

Let V be an N-dimensional subspace of L?(v). We define the orthogonal projection Py onto V with
projection kernel Ky, i.e.

Pyf(r) = fR Ky(r,x)f(x)dv(x), reR,.

Recall that if {v,}", is an orthonormal basis of V, then

N
Ky(r,x) = v, (v, (x), rxeR,.

n=1

The kernel Ky is independent of the choice of orthonormal basis for V.
The spectrogram of the space V with respect g is defined as

Spech(t,y) = f f Ky(r, x)o1g,(r)org, (x)dv(r)dv(x).

Then we have the following result.
Theorem 5.1. The spectrogram Spec, V' is given by

N
Spech = Z Sy(vn).
n=1

Proof. We have

N
Spech(t, y) = f f Zvn(r)vn(x)otgy(r)otgy(x)dv(r)dv(x)

= Z(vnr Otgy>L2(v)<vnr Utgy>L2(V)

n=1

Z 30t )T 0n)(E y)
n=1
N

= Y 1@ P = Z Sy(@a)(t, y)-

n=1

This allows us to conclude. O
We define the time-frequency concentration of a subspace V in U as

Zyu(V) = %LSpech(t, ydv(H)du(y).

Then from Theorem 5.1, we have

N
2V =3 Y [ 810t pvduc)
n=1
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N
Theorem 5.2. The N-dimensional signal space Vy = span {v,‘;’ }”_1 consisting of the first N eigenfunctions of

Ly, corresponding to the N largest eigenvalues {s,(U)}; maximize the regional concentration Zyu(V) and

1 N
Zyu (V) = 5 3 sullD).

n=1

Proof. We have
1 u
Zyu(Vn) = Y S (o) ¢, p)dv(dp(y).
n=1

Moreover, the min-max lemma for self-adjoint operators (see [32], Section 95) states that
W)= [ 5,(a) ( vduy)

= max {(Lou(P) ) Wl = 1 F Lot 0L .

The eigenvalues of L, ; therefore determine the number of orthogonal functions that have a well-concentrated
spectrogram in U. So,

1 N
Zyua (V) = 15 ) sullD)
n=1

The min-max characterization of the eigenvalues of compact operators implies that the first N eigenfunctions
of the concentration operator L, ; have optimal cumulative time-frequency concentration inside U, in the

sense that N N
Z <Lg,u (U;’I ) oY >L2(V) = max {Z <Lg,u(vn), vn>L2(V) o), orthonormal} .

n=1 n=1

Consequently no N-dimensional subset V of L?(v) can be better concentrated in U than Vy, i.e
Zyu(V) < Zyu (V).

The proof is complete. o
Remark 5.3. The above result, has important implications for signal processing and time-frequency analysis.
It means that the first N eigenfunctions of L,,;; can be used to efficiently represent signals that are localized
in U. This is because the eigenfunctions are concentrated in U, so they can be used to reconstruct the signal
with high accuracy.

The time-frequency concentration of a subspace Vy in U satisfies,

SN(U) < Zg,U (VN) < Sl(U) <1

Let Ay := Spec,V,,, called the accumulated spectrogram, where we assume that Ny i = [Mg,u] is the
smallest integer greater than or equal to M, ;; (the quantity given by (4.2)) and

VN, = span {U,Lf }:]:f .
Then
Nyu 5 Ngu )
Agutt,y) = Y |7 (@) | =Y oty
n=1 n=1
Note that

HA%U”U(I@H) = Nyu = Myu + O(1).



F. Soltani, Y. Zarrougui / Filomat 39:18 (2025), 6295-6310

Moreover, since

Nyu
Y (W) < Tr (Lou) = My,
n=1
then we can define the quantity
Nyu
s, (U)
E U = 1 -
g, HZ:; Mg,U
which satisfies,
0< Eg,u <1
Theorem 5.4. We have
||149'u - 6||L1(1/®‘u) <1+ ZM%UE%U'

where 0 is the function given by (4.3).
Proof. From Theorem 4.4, for all (¢, y) € U, we have,

2
’

Agult,y) = 0t,y) = Y (b = su(U) |52, )

n=1

where t, = 1if n < N,y and 0 otherwise. Now since

“l(z)il11|2HL1(v®p, =1 and Z Sn(u) = Mg,U/
n=1
we obtain

Mg = Olleyy < Y ln = su(LD)

n=1
Ng,u
=) =5+ Y su(l)
n=1 1’1>Ng,u
o Ny,u
= Npu+ Y sa(l) =2 su(U)
n=1 n=1
Nyu
= Ngu + Mg,ll -2 Z sn(U)
n=1

= (Ng,u - Mg,u) + 2Mg,LIEg,U
<1+ ZMg,UEg,U~

The theorem is proved.

6. Conclusion and perspective

6308

In this paper, we have examined the Toeplitz operators related to SLST and studied their trace-class and
Schatten-von Neumann class properties. The spectrogram analysis associated with SLST is also studied in
detail. Finally, we indicate that in our future work, we will study the Benedicks-type uncertainty principles

for SLST.
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