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On k-circulant matrices with
the Mersenne numbers having arithmetic indices

Biljana Radicié?

*Singidunum University, 32 Danijelova St., Belgrade, Serbia

Abstract. Let k be a non-zero complex number. In this paper, we consider a k-circulant matrix whose
first row is (Ms, M+, Msiot, - - ., Msin-2)t, Mssn-1y), where M,, is the n'" Mersenne number, s is a non-negative
integer and f is a positive integer. The formulae for the eigenvalues of such matrix are obtained. That
formulae improve the result of Theorem 2.3. [20] (because the result of Theorem 2.3. [20] can not be applied
in some cases) and show that there are cases when the result of Theorem 2.9. [20] can also not be applied.
Then, we consider the norms of such matrix. Namely, the obtained formulae for the 1-norm, the co-norm,
the Euclidean norm and the spectral norm of such matrix extend (and correct) the results of, respectively,
Theorem 3.3. [20], Theorem 3.4. [20] and Theorem 3.6. [20]. At the end of the paper, we also obtain the bounds
for the spectral norm of a k-circulant matrix whose first row is (M;', M}, M7}, , ... 'Ms_j(n-z)uMs_j(n-l)t)
provided that s is a positive integer.

1. Introduction

Let C € C"™", where C"™" is the set of all m X n complex matrices ie. C = [Ci'f]mxn’ where ¢;;€C,i=1,m,

jzl,_n. By Ci-, and C|; we denote, respectively, the i" row and the jth column of C (i =1,m,j=1, n) ie. Ci=

T T,

(C,',l, Cioye-- ,C,',n) and Clj = (Cl,]'/ C,jyees Cm,]') , where (01,]‘, Cojyeevs Cm,]') is the transpose of (Cl,j/ Cjrees Cm,]‘).
In this paper we consider the properties (the eigenvalues, the determinant and the norms) of a k-circulant
matrix, where k is a non-zero complex number, with the Mersenne numbers having arithmetic indices.

Definition 1.1. (A k-circulant matrix) Let C € C"™" and Ci = (co,C1,C2,...,Cn—1). A matrix C is called a
k-circulant matrix if C satisfy the following conditions:

Ciji= i f<] i=2,n,j=1,n (@)
v kcuvji, otherwise’ o=y
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i.e. C has the following form:

6312

Co C1 C2 . Cn-2 Cn-1 ]
kC”_l Co C1 Ce Cp-3 Cpn—2
kCn_z kCn_1 Co oo Cp—ga  Cp-3
) . . . . )
kCz kC3 kC4 . Co C1
kC1 kCz kC3 . kCn_l Co

Since a k-circulant matrix is completely determined by k and its first row, if C is a k-circulant matrix (of order
n) whose first row is (cg, ¢1,¢2, . . ., ¢n—1), we shall write C=circ,{x(co, c1,¢2, . . .,Cn-1)}. If the order of a matrix
is known, then the designation for the order of a matrix can be omitted. If k=1 (k=-1), then k-circulant
matrices are called circulant (skew circulant) matrices. Let us note that k-circulant matrices belong to the
class of matrices having constant main diagonals known as Toeplitz matrices, named after the German
mathematician Otto Toeplitz (1881-1940).

Definition 1.2. (A Toeplitz matrix) Let T € C™", T1,= (to, t1,t2, ..., tn-1) and Tj1= (to, t-1, t-2, ..., t1—n)T. A
matrix T is called a Toeplitz matrix if T satisfy the following conditions:

tij =t i=2,n, j=2,n 3)
i.e. T has the following form:
R ty th ... th—o -1
t1 to ty ... th-3z 2
Fo ta to .. tna bes
: . . 0 (4)
toen f3-n tgn ... fo f
| t1i-n f2-n t3on ...t o

For more information regarding Toeplitz matrices, we recommend [7], [11], [14], [19] and [24].
In the paper [5] R. E. Cline, R. J. Plemmons and G. Worm presented necessary and sufficient conditions for
a complex square matrix to be a k-circulant matrix.

Lemma 1.3. (Lemma 2. [5]) Let A be any complex matrix of order n. Then, A is a k-circulant matrix (of order n) if
and only if A commutes with the matrix K=circ,{x(0,1,0,...,0)}. In this case A can be expressed as
n-1

A:}ZmKC (5)

i=0
where A1, =(ag, a1, a2, ...,0,-1) .Y

Lemma 1.4. (Lemma 3. [5]) Let A be any complex matrix of order n and

(1.0 0 -~ O 0
Y 0 - 0 0
0 0 y*> -+ 0 0
W= ll) : : ’ (6)
00 0 - ¥2 0
|00 0 -~ 0 Yt

where y is any n' root of k. Then, A is a k-circulant matrix if and only if
A=wQw! (7)

for some circulant matrix Q.V
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In recent years k-circulant matrices present one of the most important research fields of applied mathematics
and computational mathematics. These matrices have a wide range of applications in many areas such as
signal and image processing, coding theory, probability, statistics, partial and ordinary differential equa-
tions, economy, engineering model, communications, numerical analysis and vibration analysis (see [2], [4],
[8], [9], [15], [22], [23], [40], [42] and [43]). Many authors considered k-circulant matrices with well - known
number sequences and obtained some good results in this area. In the paper [10] C. He, ]J. Ma, K. Zhang
and Z. Wang considered k-circulant matrices with the first rows (Fo, F1,F»,...,Fu1), (Lo, L1, Lo, ..., Ly-1),
(Fé,F%,F%, . ’Fﬁ—l)’ (L%,L%,L%, . ’sz—l) and (F()L(), F1L1,P2L2,...,FH,1L,1,1), where Fn is the nth Fibonacci
number (Fy=0,F1=1,F,=F,_» + F,_1, n > 2) and L, is the n" Lucas number (Ly=2,L1=1,L, =L, + L,_1,
n > 2), and obtained the upper bounds for the spectral norms of such matrices. The obtained results in
relation to the upper bounds for the spectral norms of k-circulant matrices with the Fibonacci and Lucas
numbers are more accurate than the corresponding results presented in the paper [33]. The purpose of the
paper [1] is to investigate the norms of k-circulant matrices with the hyper- F1b0r1acc1 numbers (FX =

ZFk 1 FO Fn,Fk =0, Fk 1ie. Fk —Fk +Fk 1) and the hyper - Lucas numbers (Lk =Z Lk 1 LO Ln,Lk
s=0 s=

2,y =2k+11ie Lk =LF_+L'). C. Kéme and Y. Yazlik considered k-circulant matrlces with the biperi-
Gu-2 +aqu-1, N iseven
Gn-2 + bgy—1, nisodd
ly—o + bly—q1, niseven
lyo+al,_;, nisodd
norms of such matrices (and their Kronecker and Hadamard products) in the paper [17], and the deter-
minants and the inverses of such matrices in the paper [18]. In the paper [16] Z Jiang, J. Li and N. Shen
considered k-circulant matrices with the first rows (Py, Py, P, ..., P,), (Q1,Q2,Q3,...,Qn), U1, J2, J3, -+, Jn)
and (j1, j2, j3,-- ., ju), Where P, is the n'" Pell number (Py=0,P1=1,P,=P,_ + 2P,_1, n >2), Q, is the n'"
Pell - Lucas number (Qp=2, Q1 =2, Q, = Q- + 2Q,_1, 1 > 2), ], is the n'" Jacobsthal number (Jo=0, [ =1, ], =
2Jn—2+]Ju-1,n 2 2), jpisthe n'" Jacobsthal - Lucas number (jo=2, j1=1, ja=2ju-2+ju-1,n > 2),and obtained the
determinants of such matrices and investigated the singularity of such matrices. In the paper [41] Y. Yazlik
and N. Taskara considered a k-circulant matrix with the firstrow (H 0, Hs 1, Hs 2, - . ., Hs y-1), where {H; , },, o IS
the generalized s-Horadam sequence (Hso = a,Hs1 = b, Hsy = f(S)Hs -1 + 9(S)Hsn—2,n > 2,a,b € R, s € R*,
F2(s) + 46°%(s) > 0), and gave the eigenvalues, the determinant and the bounds for the spectral norm of such
matrix. In the paper [34] W. Sintunavarat considered k-circulant and symmetric k-circulant matrices with
the first rows (P1, P2, P3, ..., Py), (Po, P1, P2, ..., Py_1), (P2, P3, P53, ..., P2)and (P3, P4, P5, ..., P2 ), where P, is
the n'" Padovan number (Py=0,P;=P,=1,P,=P,_3 + P,_», n > 3), and obtained the upper bounds for the
spectral norms of such matrices. In the paper [26] M. PeSovi¢ and Z. Pucanovi¢ considered a k-circulant ma-
trix with the generalized Narayana sequence {uy},en (Mo=a,u1 =b,uz=c, uy=t,—3 +t,—1,n 23, a, b, c € Ny
(= N U {0}), such that a2 +b? + 2 # 0), obtained the eigenvalues and the bounds for the spectral norm of
such matrix and presented necessary and sufficient conditions for the circulant matrix and the skew circu-
lant matrix with the generalized Narayana numbers to be invertible.The following papers are also devoted
to k-circulant matrices: [27], [29]-[32], [35]-[39], [41].

odic Fibonacci numbers (qo =0,91=1,9, ={ ,a,beR\ {0}) and the biperiodic Lucas

numbers (lo =2,l1=a,l, ={ ,a,be ]R\{O}), and obtained the bounds for the spectral

For any complex matrix A = [ai,j] of order n, the symbols A;(A),j=0,n-1,[A], AL Al 1Alle, 1Al
and ||All» denote the eigenvalues, the determinant, the Hadamard inverse (provided that a;; # 0 for all

ij= 1,n), the 1—norm (the column—sum norm), the co—norm (the row—sum norm), the Euclidean norm
and the spectral norm of A, respectively.

Definition 1.5. Let A= [ai, j] be a complex matrix of order n.

n n
o=1_|=1| 7if 4. . i1 — .. = ..
DA =[al], if %0 forall i, j=1n, 2)||A||1—1r3]asxnzf|al,]|, 3) Al = max Zl|a,,]|,
1= j=
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n
D Allg= Zlai,]- 2, 5)|AlL= llmax Ai(A*A), where A* is the conjugate transpose of A.¢
<i<n
Ji,j:l

Let us also mention that, based on the following theorem:

Theorem 1.6. (Equivalence of the matrix norms, Theorem 1. [44]) Let A be any m X n complex matrix. For any pair
of matrix norms ||All, and ||All; there exist positive constants ¢ and co such that:

allAll, < llAll; < cllAll, - ¢, 8)
and the following table:
All; | Al = 1Al | 1Al | lAllo | IAlE | lAlM | [|AllG
1
1 1 1 1 1
”A”l - \_M n W max mn
1 1 1 1 1
1 1 1 1 1
1A]lo - v - i | e | v
1 1 1 1
lAlle T 1 Vi = | x| Ve
Al max max | max | max _ max
M m Vmn n Vmn mn
Al JVE 1 N S W T
C2
lAllL - m m Vm | W
Al | Vi - vm |1
1Al n Vn - Voo |2
-
lAlle Vn Vro| m - p 1
1Al max max | max | max - %
l1AllG Vmn \mn | \mn | Vmn % -

where max=max(m, n), r=rank(A), ||Al|lm is the maximum norm and [|A]|; is the G—norm (geometric-mean
norm), it follows that the following inequalities hold for any complex matrix A of order n:

Al
< |All, < Allg - 9
Nz lAllz < [lAlle ©)
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Before we present our main results, let us recall that the Mersenne numbers {M,} satisfy the following:

0, n
M, = 1, n
3Mn—2 - 2Mn—1/ n

Il
)

(10)

\%

2

These numbers are named after the French theologian, philosopher, mathematician and music theorist
Marin Mersenne (1588 —1648).

Let a and f be the roots of the equation x* - 3x+2 =0 i.e.
a=2, =1, ap=2, a+p=3 and a-f=1. (11)
Binet’s formula for the Mersenne numbers is:

M,=a"-g"=2"-1. (12)

Lemma 1.7. The Mersenne numbers can be also expressed in general by the following recursive equality:

M, =2"1+M,. (13)
Proof.
M,=2"-1=2.2""1—1=014ml 1 =0"1 4 M, ;.v

Let us also recall that the Fermat numbers {R,} satisfy the following:
n=0
R, = 3, n=1 (14)
n>2

and
R,=a"+p"=2"+1 (15)

is Binet’s formula for the Fermat numbers. These numbers are named after the French lawyer and mathe-
matician Pierre de Fermat (1601 —1665).

The first few terms of the Mersenne sequence (and the Fermat sequence) are given by the following table.

n |0(1]2|3|4]|5]|6
M,|0(1]|3|7|15|31]63
R, 235|917 33|65

The following identities hold for the Mersenne numbers:

n—-1 n-1

Y Mi=M,-n and Y M= W (Lemma 3.1. [20]) (16)
i=0 i=0

More information about these numbers can be found in [3], [6], [25] and [28].

The motivation for this paper was found in the paper [20]. In that paper M. Kumari, K. Prasad, J. Tanti
and E. Ozkan considered k-circulant matrices with the Mersenne numbers having arithmetic indices i.e.
matrices having the following forms:
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M; Myt Mo .. Mepm—2r  Msyg-1y |
kM) M; My o0 Mooz Massg-oy
KMsiioy  kMsi—1yy  Ms ... Morpmay  Masosy
, (17)
kM2 KMoz kMspar ... M My
kMs+t kMs+2t kMs+3t e kMs+(n—1)t Ms

where s,t € N (= N U {0}) (and, as we have already mentioned, M, is the n'" Mersenne number), and
obtained:

e The eigenvalues of such matrices

Theorem 1.8. (Theorem 2.3. [20]) Let M be a matrix of the form (17). The eigenvalues of M are given by the
following formulae:

Ms_kMs+nt_¢w7j(2tMs—t_kMs+(l1—l)t)
A2 )1—ya ) ;5>
Ms—kM1 s @0 kM — ¢
Ai(M) = a2y H(—ga )’ Al (18)
Ms _kMs+nt_1Pw_j (ZSMt—s _kMer(n—l)t)
A2y N(i—ga ) » 5<t

where  is any n'™ root of k and w is any primitive n' root of unity . ¢

Remark 1.9. (in relation to Theorem 1.8.) There is a mistake in Theorem 1.8. Since

ths—t , s>t
25 —2f = 0, s=t (19)
-2M;_s, s<t

and 2" is missing (and it should be written with the expression kMsm-1y), the result should be as follows:

Ms_kMs-Hzt_l,l}(‘)_j(ths—t_ztkMs+(n—1)t)

=29 H(i-gw ) p 5>t
Ms—kM 4P ™1 25kMys — ¢
/\j(]l\/[) = A2y N(1-—ga )’ s=1 o (20)
Ms—kMg i+ (ZSMt—s+2tkMs+(n—1)t)
2w Ni—ya ) p St

o The determinant of such matrices

Theorem 1.10. (Theorem 2.9. [20]) Let M be a matrix of the form (17). The determinant of IM is given by the
following formula:

(Ms - kMs+nt)n - k(zs - 2t - 2tkMs+(n—1)t)n N

M=
M| 1= kRyy + 27K2

(21)
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e The 1-norm and the co—norm of such matrices (for s=0 and t=1)

Theorem 1.11. (Theorem 3.3. [20]) Let M be a matrix of the form (17) for s=0 and t =1. The 1—norm and the
co—norm of M are given by the following formula:

Ml = [Mlleo = [kl (M, —12) . & (22)
Remark 1.12. (in relation to Theorem 1.11.) The result of Theorem 1.11. is valid only if |k| > 1. o

e The Euclidean norm of such matrices (for s=0 and t=1)

Theorem 1.13. (Theorem 3.4.[20]) Let M be a matrix of the form (17) for s=0and t=1. The Euclidean norm of M
is given by the following formula:

n—-1
Ml = JZ (Roi = 4) [ —i(1- I?)] . # (23)

i=0

Remark 1.14. (in relation to Theorem 1.13.) There is a mistake in Theorem 1.13. The result should be as follows:

n—-1
Ml = JZ Ryi = 27 [n—i(1- k)] . (24)

i=0

o The bounds for the spectral norm of such matrices (for s=0and t=1)

Theorem 1.15. (Theorem 3.6.[20]) Let IM be a matrix of the form (17) for s=0 and t=1. The bounds for the spectral
norm of M are given by the following formulae:

1) Iflk| = 1, then

/M2,1—6é\/ln+3n < IMll < K \/(1+M2n—6é\/1n+3n)(MZW—6§/IH+3n), 25)

2)If |kl < 1, then

[Ma,—6M,,+3n M, —6M,+3n
Ikl % <Ml < \/n(%)o (26)

In this paper we shall consider the matrices of the form (17) (for t#0), improve the formulae for the
eigenvalues of such matrices because the result of Theorem 1.8 can not be applied in some cases and show
that there are cases when the result of Theorem 1.10 can also not be applied. Namely, the result of Theorem
1.8 (and the result of Theorem 1.10) can not be applied if @™/ = % or Yw /=1 for some j=0,n—1, where ¢ is
any n'" root of k and w is any primitive n” root of unity. Also, in this paper we shall consider the norms of
such matrices and extend (and correct) the results of, respectively, Theorem 1.11, Theorem 1.13 and Theorem
1.15. At the end, we shall give the upper and lower bounds for the matrices circ{p(M;! M J}t, o M, J}(n 1t )}
(for s, t#0) and the obtained results will be illustrated by the example.

2. Main results

Before starting to present our results, let us recall that the n" Mersenne number, any n'* root of k and
any primitive n'" root of unity are denoted by M,, ¥ and w, respectively. Throughout this section, unless
otherwise state, s is a non-negative integer and ¢ is a positive integer. The following lemma presented by R.
E. Cline, R. J. Plemmons and G. Worm in the paper [5] will be used.



B. Radici¢ / Filomat 39:18 (2025), 6311-6329

Lemma 2.1. (Lemma 4. [5]) The eigenvalues of C=circ{x(co,c1,¢2, ..., Cn-1)} are:

n—=1

Ai(C)= Zci(lpw-f)f, j=0,n—-1.
=0

Moreover, in this case
1 o
= Z‘s MOy, i=0, n—1.v
j=

First, we obtain the eigenvalues of (17).

Theorem 2.2. Let M be the matrix as in (17). The eigenvalues of M are given by the following formulae:

1) If pw™ =7, then

Mnt

Aj(M) = n2 20-Dipg,”

2) If Y™ =1, then

sMnt
/\](M) =2 ﬁt -n,

3) If pw T # % and Ypw I £1, then

MS_kMS-H'l/_l!}(u_j(thS—/_ZtkMSﬁ»(nfl)f) s>t
(12w )(1-¢pw) ’
M—kM 145+ ™12 kMys _
Ai(M) = =20 N1y ) s=t
M kM + 0™ (25 My +2' kM (-1t ;
=29 ) (A—gwT) r 8<

Proof. Based on Lemma 2.1. and (12), it follows:
1) Suppose that Y~ = L. Then,

n—-1 n—-1 n—-1

n—1
O = ¥ Moy = Y (20 =1) =2 Y 1- Y o
i=0 .

i=0 i=0 i=0
1
:2571_1_?:”25_2”1‘—_1 nzs_M/
-2 2(n 1)t( 1) 2(n—1)tMt

2) Suppose that Y~/ =1. Then,

n-1 o n-1 . n-1 n-1 Z”t M
M) = Y Mooy = Y (27 -1) =2 Y 0" - Y1 =222 =2 TR
i=0 i=0 i=0 i=0

3) Suppose that Y™ # % and Y~ #1. Then, A (M) follows from (20). ¢

The result of Theorem 2.2 is illustrated by the following example.

Example 2.3. Let
M= circ{l%(l,l’), 7,15)}

6318

(27)

(28)

(29)

(30)

(31)
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ie.
1 3 7 15
15
M_E137
Zeos
3 7 1 4
16 16 16

Sinces=t=1,n=4andk = & ie. ¢ = 1 and w =i, based on Theorem 2.2, it follows that
*: Y’ = %, so Ao(M) is obtained based on 1) of Theorem 2.2: Ay(M)=%
*: I,Daff # 1 and Yol #1, for j=1,3, s0 A{(M), for j=1,3, are obtained based on 3) of Theorem 2.2: A13(M)
=—3+3 and Ay (M)=-3.

n-1
Since |M|= H Ai(M), it follows that 11025

0 M= =006 -

Remark 2.4. (in relation to Example 2.3.) The determinant of M = circ{% (1,3,7,15)} is not possible to obtain using
the result of Theorem 1.10. o

Next, we determine the 1-norm and the co—norm of (17). The following result is needed.

Lemma 2.5. The following identity holds for the Mersenne numbers:
n-1
M
Y Moy =20 =2 — (32)
i=0 M

Proof.
n-1

n-1
. 1-ont M,
2 Mot = (2 -1) Zz'f lezs —n—st

i=

T
N

1l
O

Theorem 2.6. Let M be the matrix as in (17). The 1—norm and the co—norm of M are given by the following
formulae:

1) Iflkl = 1, then

M,
IV = Ml =M, + K (2 5 = - M), (33)
2) If Ik < 1, then
s Mnt
IV = Ml =2 5 = . &

Proof. From the definition of the 1—norm and the co—norm of a matrix, we obtain:
1) If k| > 1, then
[MIl1 = [[M]|oo

n n n—1
max Y |mil =Y Imial= M+ Ik Y M
Isj=ni= i1 i=1

M,
Ms+k(25—— M)
kN2 3~

2)If |kl < 1, then
IM][1 =Ml

max Z|m1]| Z|m1n|—ZMs+zt = 25
1S]§n
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Next, we determine the Euclidean norm of (17). The following formula will be used.
For all x,

n—1
- x—nx"+ (n—1)x"!
ix'= A-x7 . (35)

i=1
In order to obtain the Euclidean norm of (17) we also need the following result.

Lemma 2.7. The following identity holds for the Mersenne numbers:

M2 t 1 M t
Z Ms+zt r; -2 ]\/Int +n. (36)
Proof.
Z n—1 ) n-1 ”Z_l‘ nz—l nZ—l‘
M, = (2”” - 1) = (22(s+zt) ostit+l 1) = V7 g2+t _ps+1 Y git L YT q
i=0 i=0 =0 — g
22nt -1 2;1t -1 M2 , M ,
— 45 _ 2S+l -4 — 45 nt 25+1 Mnt in.v
21 2—1 "7 My, am, T

Theorem 2.8. Let M be the matrix as in (17). The Euclidean norm of M is:

(M| = \/n [4s AA/fI—ZZ* — st % +n|+ (k2 -DW, (37)
t t

where

W _ 4s+t_n4s+nt+(n_1)4s+(n+1)t _ 25+t+1_n2s+nt+1+(n_1)25+(n+1)t+1 " n(n-1)
M3, M? 2

Proof. From the definition of the Euclidean norm of a matrix, using (12), (35) and the result of Lemma 2.7, we obtain:

(MIle? = nM2 + [(n = 1) + RR[MZ,, + [(n = 2) + 20V 5y + -+ [1+ (n = DIRE[MZ,

n—-1

Z(Tl - Z)]\/Is+zt + |k|2 Z lM?Ht =n Z Ms+1t + (|k|2 - 1) Z lMi—zt

i=1

=
[y

el + (k-1 Y i(2 - 1)’

Mt s M

=n -45
My, M;

—_

=

. n—
+ul+ (|k|2 _ 1) i<22(s+it) _ 2s+it+1 + 1)

M2nt 25+1 Mnt
My M;

=n4s

[y

-1 n—1 n—1

- . n
= n|4 MM—zjt — 25 % ol (k2 =1)[40 ) id" -2 Z 2" + Z
L t t B

i=1 i=
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=n [45 Mout _ s+l %

= +n|+
My M, ]

4" = nd" + (n =140t oo+l 2t — 2" 4 (n — 1)20+ Dt . nn—1)

2 s
(K =1) [4 (1442 (1-212 2

4s+t _ n4s+nt + (Tl _ 1)4s+(n+1)t
2
M2t

:n[4s%—25+1%+n]+(lk|2—1)[
2t t

25+t+1 _ n25+nt+1 + (7’[ _ 1)25+(n+1)t+1 . 1’1(1’1 _ 1)]

2
M; 2
Therefore,
M 1 MTI
Ml = yfn[45 M - 2541 8 ] 4 (k2 — 1YW,
where
W _ 4s+t_n4s+nr+(n_1)4s+(n+1)t _ 25+t+1_n25+nt+1+(n_1)2s+(n+l)f+1 " n(n—l) ’
M%r M? 2 :

Next, the upper and lower bounds for the spectral norm of (17) will be obtained. Apart from the result of
Lemma 2.7, the following lemma will be used.

Lemma 2.9. ([13]) Let G= [gi,]-] and H= [hi,j] be matrices of order m x n. Then,
IG o Hll2 < 11(G) - c1(H), (38)

where G o H=|g, jh; ;] is the Hadamard product (or the Schur product) of G and H,

n m
| 9i > and c¢;(H)=max E | hij . v
=i 1<j<n =
]: =

We recommend the papers [12] and [21] for more information about the Hadamard product of matrices.

n (G) =1IBia<Xm

Theorem 2.10. Let M be the matrix as in (17). The upper and lower bounds for the spectral norm of M are

1) Iflkl = 1, then

Mo, M,
45 —— 25t — 4+ < |M 39
et VAR L (39)
and
2nt Mnt MZnt Mnt
< 2 245 21 s+l _ 2)) (1 gs 1 _os+1 T - 2) , 4
M, < \/(Ms+|k| ( ZM'Izt A M) (L A M (40)

2)If |kl < 1, then

K \/(45 A% p % ; n) < IMJl; < \/n (4s Mot _ pen % + n) . 1)
2t t
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Proof. From the definition of the Euclidean norm of a matrix, we obtain:

n-1

n—1
IMIE = ) (n = M2, + kP ) M2, (42)
i=0

i=1

1) If |k| > 1, then

n—1 n—1 n—1
Z(i’l - i)Mi-it + Z iM§+it =n Z Msz+z’t
i=0 i=1 i=0

n (45 M _ pors Mt n) .

v

M

Moy M;
Therefore,
Ml [ Mooy M
Vn My M;
We conclude from (9) that
”M”2 > 4s % — 25+1 % +n.
My t

Now, we shall obtain the upper bound for the spectral norm of M. Let U and V be the following matrices:

Ms 1 1 T 1 ] [ 1 Ms+t Ms+2t e Ms+(n—1)t ]
kMs+(n—l)t M 1 T 1 1 1 Mgy - Ms+(n—2)t
U=| kMssiay kMgt Ms -+ 1 |and V=] 1 1 1 s Mayge-ay
kMs+t kMs+2t kMs+3t T Ms ] L 1 1 1 e 1

Then,

i=1

n n n—1
2 2 2
r(U) = max Z|”i,j| = Zlun,jl = M§+|k|ZZMs+it
1<i<n S i1 ;

2t t

n—-1
s MZnt s Mnt
JME + IkIZ[;Mfﬂ.t —Mg] - \/Mg + |k|2(4 T g Tt +n—M§)

and

n n
2 2
c1(V) = max z lvij |© = E [ Vi |7 =
1<j<n ) =

n-1
= Jl+ZM§+it—M§ = \/“451\1\/2_2::_25“%”"1\45'
i=0
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Since M = U o V, based on Lemma 2.9, we can write

Ml < r(U)-c1(V) = J(A/P + [k[? [Z Ms+1t MZJ] (1 + Z Ms+1t ]

i=0

MZnt Mnt MZnt M
= /M2 + k2(45——25+1—+n—M2))(1+45— 24— 4 — Mz)
\/( s+ Ik My M; ° My, ¢

2) If [k| < 1, then

M > Z(n ~ DKPMZ,,, + Z ikPME2, , = nlkP ZMM
MZnt 1 Mnt
= nlkf? ( -2 + n) .
A My M
Therefore,
||M||E \/ Moy M, )
> |k 4s —— s+l —— 4 p].
K My M;

We conclude from (9) that

MZnt Mnt
M|, = |k (45——25+1—+ )
IMIl 2 (4 32 =241 T+

Now, we shall obtain the upper bound for the spectral norm of IM. Let P and Q be the following matrices:

1 1 1 -+ 1] [ Ms Ms+t Ms+2t Ms+(n—1)t ]
k11 - 1 M -1yt Mg Msyr =+ My
p= k k1 -1 and Q= Ms+(n—2)t Ms+(n—1)t M; Ms+(n—3)t
| kK k k --- 1 ] | My M Mgt - M;
Then,
n
— 2 _
r(P) = mlaXnJZHhﬂ _JZ{”?M' = Vn
i=
and

n -1 M M
— — 12 Znt _ s+l _l’lt
c1(Q) = 1r£1]a<xn Z | qij IF = ; [ gia |l ; i = M2t s M +n

Since M = P o Q, based on Lemma 2.9, we can write

Mznt Mnt
< P) - = 4s —— — s+l — ) .
M, < r1(P) - c1(Q) \/n( Vo M )t
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The following example illustrates the result of Theorem 2.10.
Example 2.11. Let M=circ{(M1,M,, ..., M,)}.

The lower bounds for the spectral norm of M

a) for |kl 21, b) for k=-3, 3, c) for k=-1, 1.
n IMIl2 = n Ml > n Ml >
2 V10 ~ 3.1623 2| 0 ~10541 2 \/g ~ 15811
3 V59 ~ 7.6811 3| ¥ ~25604 3| Y2~ 38406
4| 2V71~168523 4| 3V71~56174 4| V71~84262
5| 1245 ~ 35.2846 5] 4 ~117615 5| Y25+ 17,6423
6| V5214 ~72.2080 6 | /152 ~24.0693 6 | \/2Z ~36.1040
7 | V21343 ~ 146.0924 7 | ¥ ~ 486975 7 | ¥R ~73.0462

The upper bounds for the spectral norm of M

a) for k==3,3, b) for k=-2, 2, c) for |kl <1.
n IMIl2 < n (IM]l2 < n (IMl2 <
2 2205 ~ 28.6356 2 V370 ~ 19.2354 2 245 ~ 4.4721
3 V30857 ~ 175.6616 3 V13747 ~ 117.2476 3| V177 ~13.3041
4 445227 ~ 850.6656 4 V321772 ~ 567.2495 4| 4V71~337046 | .0
5| V13940265 ~ 3733.6664 5| V6196365 ~ 2489.2499 5| 5249 ~ 78.8987
6 | 261157613 ~ 15640.6666 6 | V108722328 ~ 10427.0000 6 | 6V869 ~ 176.8728
7 | V4099542097 ~ 64027.6667 7 | V1854214680 ~ 43060.5931 7 | 73049 ~ 386.5243

At the end of this paper, we determine the upper and lower bounds for the spectral norm of M =
cire{e(M;1, M}, . "'M;rl(n—nt)} (for s # 0).
In order to obtain the upper and lower bounds for the spectral norm of IM;~! we need the following result.
Lemma 2.12. The following identity holds for the Mersenne numbers:

Mss(u-1Msn-1yt+1 = Ragssnnyrr — 3 - 250D (43)
Proof.

Ms+(n—1)tMs+(n—1)t+1 — (2S+(n—1)t _ 1) (2$+(l’l—1)t+1 _ 1)

— 22(s+(n—1)t)+1 _ 25+(n—l)t _ 25+(n—1)t+1 +1

— 22(s+(n—1)t)+1 _ 25+(n—1)t —2. 25+(n—1)t +1

Rogss(uotypye1 — 3+ 2570V y
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Theorem 2.13. Let M.~ =circ{(M;', M},, ... Msj(n ok

1D If k| = 1, then

n 1
< Mo_l <qnl—= + (n =Dk , 44
JRZ(S+(TL—1)1‘)+1 —_ 3 . 25+(71—1)f “ k “2 \/ (MZ ( )l | ) ( )

2) If |kl < 1, then

n 1

k <MY € 4 [n| = +n-1]. 45

K \/ o <M ( v ) (45)
Proof. From the definition of the Euclidean norm of a matrix, we obtain:

n—1
VG = Xm =)+ Ik Z i (46)
s+1t i= s+1t
1) If |k| > 1, then
Z n—1 n—1 nzll 1
||]M,‘z_1||% > (n- z) + Y i =n >n) ———
s+1t i=1 Ms+1t i=0 Ms+1t i=0 Ms+(n—1)t

2

2 2
3 n ) . n B n
(Ms+(n—1)t Ms+(n—1)tMs+(n—1)t+1 R2(5+(n—1)t)+1 -3 25+(n—1)t ’

Therefore,

Ml . n
Vi N Rase(u-nyner — 3 - 250D

We conclude from (9) that

n
Mg > \/ |
¢ R2(5+(n_1)t)+1 — 3. s+(n-1t

Now, we shall obtain the upper bound for the spectral norm of M;™!. Let U and V be the following matrices:

L 1 1 . 1 1 r 1 1 1 e 17
Ms  Msyy Mg My -1yt
1 1 1 1 1 1 |
k Ms M5+t Ms+(n—2)t Ms+(n—1)l
u: L # and V: 1 1 cee
k k M; My (-3t Msin-2)t Mssm-1yt 1 1
1 1 1 1
k k k Ms Ms+f Ms+2l Ms+3[ 1

Then,
n
_ 12— 2_ _ 2
()= max (|} ui P = Z|un]| ,/ ; + (1= DK

j=1
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n
2
c1(V) =ma><¢§ | v I* JE | i P =0
tsjsn i=1

Since 1M° -1 = U oV, based on Lemma 2.9, we can write

2) If |k| < 1, then

v

-2
IV I

Therefore,

IVl

\n

||]M;:—1||2 <rU)-cy(V) = \/n (Z\% +(n— 1)|k|2) )

S

n-1 n-1
1 1
E (n- z)lkl2 + E 1|k|2 = nlk? E e > nlk? Y
s+zt i= s+zt i=0 s+it i=0" " "s+(n-1)t

n? n?

2
IWP——J>W = [k .
M-yt M+ (n-1)tMs+(n-1)t+1 Ro(s+(n-1yp+1 — 3 - 25+(n=Dt

ki .
- Ro(stn-type1 — 3 - 25+t

We conclude from (9) that

n

Ml > 1K
‘ Ro+(n-1p+1 — 3+ 2s+(n=1)t

Now, we shall obtain the upper bound for the spectral norm of M?™". Let P and Q be the following matrices:

Then,

and

1

1 1 1

—_
—_
—_

]\Ts MSH Ms+2t M5+(rz—l)t
k 1 1 o 1 1 . 1
M (n-1)t M 1 1 Mgyt My (n-2)t
k —k 1 and Q= . 1
M2t Mssm-1y M; 1 1 1 1 Msi(n-3)t
k _k _k_ ... L
M5+l Ms+2t Ms+3t Ms 4 u 1 1 1 1

S

rl(P:r?ax JZIP”F_JZA%H _2 n-1

m@=mm¢2wu—¢ZWM—

Since ]l\/[]‘("1 = P o Q, based on Lemma 2.9, we can write

||1M;*1||2 <r(P)-ci(Q) = n(]\% +n— 1) .4

S
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The following example illustrates the result of Theorem 2.13.
Example 2.14. Let M~ =circ(y(M*, M;", ..., M)}

The lower bounds for the spectral norm of M2™!

a) for |kl > 1, b) for kz—%, %, c) for k——% 3
n M l2 > n M l2 > n M2 >
2 \/g ~ 0.308607 2| 1 \/g ~ 0.102869 2| 5 ~0.154303
3 %3»5 ~ 0.169031 31 3 r ~ 0.056344 3 h—ﬁ ~ 0.084515
4| i ~0.092748 4| 5= ~0.080915 4| Ji=~0046373
5| 1+/55 ~ 0.050598 5| 3+/55 ~0.016866 5| 1.5 ~0.025299
6| /525 ~0.027384 6| 1/3% ~0.009128 6| s ~0.013692
7 | sz ~ 0.014702 7 | L5k ~ 0.004901 7 | 15 ~ 0.007351

The upper bounds for the spectral norm of M2~
a) for k=-3, 3, b) for k=-2, 2, c) for |kl <1.

n M1l < n M l2 < n | IM 2 <
2| 2V5~4472136 2| V10~ 3.162278 2 2
3| 57~ 7549834 3| 3v3~5.19152 3 3
4| 4V7 ~10.583005 4| 2413 ~7.211103 4 4 o
5 | V185 ~ 13.601471 5| V85~9.219544 5 5
6 | 2V69 ~ 16.613248 6 | 3V14 ~ 11.224972 6 6
7 | V385 ~ 19.621417 7 | 57 ~13.228757 7 7

3. Conclusion
In this paper, we considered the matrices of the form
M= CiI'C{k(Ms, Ms+t/ ceey Ms+(n—1)t)}r

where k is a non-zero complex number, M, is the n" Mersenne number, s is a non-negative integer and ¢
is a positive integer, obtained the formulae for the eigenvalues of such matrices (improving the result of
Theorem 1.8) and showed that there are cases when the result of Theorem 1.10 can also not be applied.
We also considered the norms of such matrices and extended (and corrected) the results of, respectively,
Theorem 1.11, Theorem 1.13 and Theorem 1.15. At the end of this paper, we gave the bounds for the
spectral norm of My~! =circ{x(M;', M7}, ..., M | )} (for s#0).

S+t " s+(n-1)t
Using the well known fact: the eigenvalues of an upper triangular matrix are the diagonal entries, we conclude
that the eigenvalues of M for k=0 (i.e. a semicirculant matrix) are: A;(IM)=M;, j=0,n—1. The 1-norm,
the co—norm, the Euclidean norm and the bounds for the spectral norm of such matrix can be obtained,
respectively, from (34), (37) and (41) i.e. k can be equal to 0 in (34), (37) and (41). The upper and lower
bounds for the spectral norm of ]M;z‘l for k=0 (and s#0) can be obtained from (45).
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