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Abstract. In this research article, we introduce and define strong deferred summability and deferred
statistical summability within the framework of neutrosophic-n-normed linear spaces (abbreviated as N-
n-NLS), and we thoroughly explore their properties. Furthermore, we introduce the concepts of deferred
statistical Cauchy sequences and deferred statistical completeness and provide a characterization of deferred
statistical summability in these spaces. As a final step, we conduct a comparative analysis of deferred

statistical summability for various sequence pairs a(f), p(£), m(f) and n(f), under the conditions a(f) <
m(£) < n(f) < B(£).

1. Introduction

The concept of fuzzy logic to address uncertainty in various mathematical problems was introduced by
Zadeh [50], In 1965. This concept proved to be particularly useful in areas such as population dynamics
[6], chaos control [14], computer programming [17], and non-linear dynamical systems [20], among others.
The development of fuzzy sets has led to the growth of numerous ideas in mathematical analysis.

One such concept is the idea of the fuzzy norm, initially introduced by Katsaras [23] as a generalization
of the crisp norm for problems where norms cannot be precisely predicted due to significant uncertainty.
This concept was redefined by Felbin [13] in 1992, using the idea of fuzzy real numbers. He demonstrated
that a unique fuzzy norm exists, up to fuzzy equivalence, within finite-dimensional fuzzy normed linear
spaces. Building on the concept of n-norm introduced by Gunawan and Mashadi [38], Vijayabalaji and
Narayanan [18] introduced the idea of a fuzzy n-norm.

In their work, they obtained several significant results related to best approximation sets within a-n-
normed spaces. Readers who wish to delve deeper into this subject are encouraged to refer to [4],[7],
[15],[16],[24],128],[31] for additional studies and discussions.

Atanassov [2],[3] recognized that the concept of a fuzzy set was insufficient for addressing many issues,
such as complex uncertainty, ambiguity, and hesitation in decision-making processes. To improve upon
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this, he introduced intuitionistic fuzzy sets (IFS) as a generalization of fuzzy sets. Saadati and Park [41]
expanded this concept by using IFS to develop the intuitionistic fuzzy norm (IFN), which includes both the
non-membership function 1) and the membership function ¢. Several extensions of IFNLS have since been
published in the literature.

In their research, Mursaleen and Lohani [36] defined IF-2-NLS, contributing to the study of their
topological properties. Subsequently, Vijayabalaji et al. [49] expanded this framework by defining IF-
n-NLS, concentrating on the properties of convergent and Cauchy sequences in these normed linear spaces.
In the past few year, researchers have looked into several summability methods like statistical convergence
[22], lacunary statistical convergence [37], ideal convergence [32], A-statistical convergence [26], Generalized
weighted statistical convergence [59], and deferred statistical convergence [19],[27],[29] within Intuitionistic
Fuzzy Normed Linear Spaces (IFNLS). More recently, these summability concepts were further extended
and generalized in the broader context of Intuitionistic Fuzzy n-Normed Linear Spaces (IF-n-NLS), as
detailed in the literature (see [9],[45],[46]). For readers seeking a thorough exploration of deferred statistical
convergence, references such as [11,[5],[11],[25],[27],[39],[40],[47] offer extensive insights.

Decision-makers often face uncertainty, complicating decision-making processes. Some scenarios, like
sports events or voting, involve three potential outcomes, requiring a nuanced approach. In 2005, Smaran-
dache [57] introduced the neutrosophic set, combining fuzzy and intuitionistic fuzzy sets. Each element
in this set is defined by truth (T), indeterminacy (I), and falsity (F) membership functions, offering a more
flexible framework for decision-making.

Recently, Kirisci and Simsek [54] made a significant contribution by introducing neutrosophic normed
linear spaces and exploring the concept of statistical convergence in this new context. Their work has
inspired further research, with various scholars investigating multiple notions of sequence convergence in
neutrosophic normed spaces. Those interested in a deeper exploration of these developments can consult
additional studies [52],[55],[56],[158],[162],[63],[64].

In the present research article, we aim to explore the concepts of stronge deferred summability and
statistical summability within the franework of N-n-NLS. we will systematically examine the properties of
these summability concepts, highlighting their unique characteristics and potential applications. Through
this analysis,we aim to reveal insights that contribute to the understanding of summability in N-n-NLS and
their relevance to broader mathematical theories. This exploration will not only clarify these concepts but
also enhance their applicability in future research.

2. Preliminaries

In this section delves into several fundamental definitions and key results necessary for the subsequent
analysis. Our starting point is the concept of statistical convergence, fist independently introduced by Fast
[48] and Steinhaus [12] through the application of natural density A for subsets of the set of positive integer
IN. For any subset H C IN, the natural density A(IH) is defined by

A(]I{):[li_{?o%lksfzkeH

provided the limit exists, where vertical bars indicate the cardinality of the enclosed set. A sequence p = (px)
is said to be statistically convergent to py if for each € > 0,

lim%‘{ksf:(pk—pdz(g}‘:o

{—00
ie, A ({k €eN: |pk - po| > 8}) = 0, which is denoted as S — lim py = py. Statistical convergence has been used
in many areas, like measure theory [10],[60], approximation theory [30],[61]], trigo-nometric series [51]. It

has also been investigate from the standpoint of sequence spaces and it connected to summability theory
by researcher such as (e.g., “Connor [8]]”, “Salat [42]”, "Schoenberg [43]”) and also see [21], [33]-[35].
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Definition 2.1. [53]]. Let 3 = [0, 1]. A binary operation x : 3 x 3 — 3 is j-norm if for all s,¢,b,v € I we have
(1) * is continuous commutative and associative.

2)s=s%1.

(3) s % e < b * v whenever s <hand e <.

Definition 2.2. [53]]. Let R = [0, 1]. A binary operation o : R x R — R is j-norm if for all s,¢,h,r € R we have
(1) © is continuous commutative and associative.

2)s=s500.

(3)soe<bhorwhenever s <hande <.

Using j-norm and j-conorm, Shyamal Debnath, Santonu Debnath and Chiranjib Choudhury [53]] On Deferred
Statistical Convergence of Sequences in Neutrosophic Normed Spaces as follows:

Definition 2.3. . The five-tuple structure (P,0,1,v, %, ©) be an NNLS, where P is a linear space over a field F.
o, T, v are called neutrosophic normed space (NNS) on P X (0, oo) and represent the degree of membership and non-
membership on P x (0, 1) if the following conditions hold, for every p,w € P and A1,A, >0 :
Mo, A)+1(p,A) <1,

(2)o(p,A) > 0.

B op,A)=1ep=0.

4) o(ep, ) = o(p, %), ifc#0,ceF.

B)o(p, A1) *xo(w,A2) <o (p+w, A1+ Ag).

(6) o(p,.) : (0, 00) — [0,1] is continuous.

(7) lim,\_,oo O'(p, /\) = 1,1i1’1’1/\_>0 O'(p, /\) =0.

8 t(p,A) < 1.

Q) tp,A)=0ep=0.

(10) t(cp, A) = 7 (p, &) ifc £ 0,c € F.

1) 7 (p, A1) ot(w, Az) = T(p+w, A1 + Ap).

(12) 7(p,.) : (0, 00) — [0, 1] is continuous.

(13) im0 7(p, A) = 0,limpp T(p, A) = 1.

14) v(p,A) =0 p=0.

(15) v(cp, A) = T(p, IA?I) ifc#0,c€eF.

16)v(p, A1) ot(w, Az) = 1(p+w, A+ A2).

17) v(p,.) : (0, 00) = [0, 1] is continuous.

(18) lim; e v(p, A) = 0, limy0 7(p, A) = 1.

Then o, 7, v are called neutrosophic normed (NN).

Example 2.4. Let (P, || e||) be an NLS. Define s % ¢ = se, s 0 ¢ =min{s+e¢, 1}V s, ¢ € [0, 1].Consider o(p, ) = /\++Ipl\
and t(p,A) = Amt” for every A > 0, and v(p,A) = @for every A > 0 and p € P. Then (P,0,7,0.%,0) be an

NNLS. By using the idea of n-norm [53|] Shyamal Debnath, Santonu Debnath and Chiranjib Choudhury, on deferred
statistical convergence of sequences in neutrosophic normed paces(NNS). He also studied statistical convergent and
statistical Cauchy sequences in these spaces.

Definition 2.5. The five-tuple structure (P, 0,7, v, %, ) be an N-n-NLS, where P is a linear space over a field
F. o,7,v are called neutrosophic normed space(NNS) on P" x (0,00) and represent the degree of membership
and non-membership of (p1,p2, ..., Pn-1, Pu,A) € P" x (0,1) if the following conditions are hold, for every
(p1, P2 - Pu-1, Pu) €EP and A1, A2 >0:

D) o (pr,p2, - s Pr-1, P, A) + T(P1, P2s - - - Pr-1, P, A) < 1

(2)o(p1,p2, -+ Pn-1,pn, A) > 0.

B opr,p2, - Pu-1,pnA)=1 & p1,p2,...,Pn-1, Pn are linearly dependent.

4) o (p1,p2, - - - Pn=1,Pn, A) is invariant under any permutation of p1,pa, ..., Pn-1, Pn-

5) 0 (P, P2, Put, P, A) = 0 (1, P2, put, P ) if c £ 0 €F.
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(6) o (pl/PZ/ ooy Pn-1,Pn, /\l) * 0 (pl,Pz, . ,pn_l,p;,l, /\2) <

o (Pl/PZr <o/ Pn-1,Pn + pfﬂr /\1 + AZ)

(7)o (p1, P2, -+ Pr-1,Pu, A) : (0, 00) — [0, 1] is continuous.

®) limye0 0 (p1,--.,pn, A) =1L, limy00 (p1,. .., pn, A) = 0.

(9) T (Pl/ p2/ e /pn—ll pn/ A) < 1

10) T (p1,p2, -+ P-1, P, A) =0 & p1,p2, ..., Pu-1, Pn are linearly dependent.
(11) T (p1,p2,-- -, Pu-1, Pn, A) is invariant under any permutation of p1,pa2, - - ., Pn-1, Pn-
(12) T (P1/p2/ e /Pn—ll Cpn/ /\) =T (PerZ/ .. '/pn—lrprl/ ﬁ) ifc 7& OIC € F

(13) T (plr p2/ e /pn—ll pn/ /\1) ST (pll PZ/ e /pn—lz P;u /\2) 2

T(P1, P2+ s Pty P+ P A1+ A2).

(14) Tt (p1,p2,-- -, Pu-1,Pn, A) 1 (0,00) — [0, 1] is continuous.

(15) lim/\ﬁoo T (Pl/ 2 A) = 0, lim)\HO T (Pl/ <o/ Py A) =1.

(16) v (PlzPZr e /pn—lz pnr /\) < 1

A7) v(pL,p2, - Pr=1, P, A) =0 & p1,P2,...,Pn-1,Pn are linearly dependent.
(18) v (p1,p2, - - -, Pn=1, Pu, A) is invariant under any permutation of p1,p2, ..., Pn-1,Pn-
(19) v (pller <oy Pn-1,CPn, /\) =T (PerZr <o s Pn-1,Pn, ‘%‘) lfC * 0/ ceF.

(20) v (Pl/PZr e /pn—ll pnr /\1) T (PLPZ/ e /Pfl-l/p;ﬂ /\2) Z

V(PL P2 Pt P+ Py AL+ Ag).

Q@D v(p1,p2, - - Pn=1,Pn,A) 2 (0,00) — [0,1] is continuous.

(22) limpseo T(P1, -+, P, A) = 0, limpso v (p1, .- -, pu, A) = 1.

Then o, T, v are called neutrosophic normed(NN).

Let (P,|e,o,...,o|) be n-NLS. Define s x ¢ = 5¢,50 ¢ = min{s +¢,1} V 5,¢ € [0, 1]
A
A+ “PLPZ/ e /Pn—lz pn”

o (p1/P2/ e /Pn—lrpm /\) =

and
||P1,P2, .. ~/pn—1/PnH

A+ ||pl; p2,... /p”_l’p”H

T (p1/p2/ e /Pn—lzpn/ /\) =

and

013 Prts P ) = ‘|P1'P2r~|~|-A'”PMPnII

forevery A > Qand p1,pa, ..., pu-1 € P. Then (P, 0,7, v, %, ©) bean N-n-NLS. Let (P, 0,7, v, %, ©) bean N-n-NLS. A
sequencep = (px) in P is said to be convergent sequence to py w.r.t neutrosophic n-normed linear space (o, T, v)" (briefly
called N-n-NLS) if for every € € (0,1),A >0
and p1,p2, ..., Pn-1 € P, ko € IN such that

o(pLp2 - Pu-1, Pk —Po,A) >1—¢
and

T(P1, P2, - P, Pk —Po,A) <&, Vk>ko
and

v(p1p2, - Pt P = Po,A) < &, Yk 2 ko.

It is denoted by (o, T, v)" —lim py = po. A sequence p = (px) in P is said to be Cauchy sequence w.r.t N-n-N (o, T, v)"
if for every € € (0,1),A > 0 and p1,pa, ..., pu-1 € P, ko € N such that o (p1,p2, - -, Pn-1,Pk — PrsA) > 1 — e and
T(p1, P2, - Pn-1, Pk — Pr, A) < &, and v (p1, P2, - - -, Pu-1, Pk — Pr, A) < € forall k, v = k.
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Definition 2.6. Let (P, 0,1, v, %, ) be an N-n-NLS. A sequence p = (px) in P is said to be statistically convergent
to po € P w.r.t N-n-N (o, 7, v)" if for every € € (0,1),A > O and p1,p2,...,pn-1 €P,

hm (k< C:0(p,p2 - Pn-1, Pk —po,A) <1 —¢,

t—oo £
T(pL P2, - Pru-1, P — PO, A) 2 €,
v(p1, P2, -, Pu-1, Pk — Po, A) = €}

=0.
equivalently,

AkeN:o(p1,p2, - Pn-1, Pk —Po,A) <1 —¢,
T(P1, P2, P, Pk — Po, A) = €,
v(p1 P2, Prot P = PosA) 2 €}
=0.
It is denoted by [S(o, T, v)"] — lim px = po.
Recently, Shyamal Debnath, Santonu Debnath and Chiranjib Choudhury [53] On Deferred Statistical Conver-

gence of Sequences in Neutrosophic Normed Spaces and obtained some interesting results.
For any two sequences a = {a(€) : € € N} and B = {B(£) : £ € IN} of nonnegative integers satisfying

al) <) and P)—> o0 as - o0 (2.1)
Agnew [1]] generalized the Cesaro summability, called deferred Cesaro summability, and also Tauberian theorem for

Cesaro summability in neutrosophic normed spaces [52] as follows: A sequence p = (px) is called deferred Cesaro
summable to py if

Jim (G“'ﬂp)f = o

where
B(&)

1
(Cosv).= i5—am, 2 P

k=a(0)+1

kucukaslan and Yilmazturk [25] defined deferred density A, g of subsets of IN and studied deferred statistical summa-

_a)

bility for real number sequences. This method is called properly deferred if a(€) and B(€) satisfy the condition FOETGE

in addition to equation (2.1). For H C IN, the deferred density A, g of H is defined by

Aqp(H) = lir [{a(t) <k < (€) : k e HJ

% B0 - ) ﬁ(f) a(0)

Definition 2.7. Let (P, 0, T, %, v, 0) bean NNLS. A sequence p = (pi) in P is said to be deferred statistical summable
to po w.r.t the NN (o, 7, v) if for every € € (0,1), A > 0, we have

}‘jﬂ‘o (&) — (g)' a(l) <k <B() :0(px —po,A) <1 —¢,
T(px —po,A) 2 ¢,
v (pe = po, A) = el
=0.
equivalently,
App{a(l) <k <B(L) 0 (pk —po,A) <1 -¢,
T(pk —po,A) 2 ¢,
v(px — po, A) = €})
=0.
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It is denoted by px — po (Ga,ﬁ[S(o, T, v)]).

Definition 2.8. Let (P, 0,7, v, %, ©) be an NNLS. A sequence p = (px) in P is said to be deferred statistical Cauchy
w.r.t the NN (0,7, v) if for every € € (0,1), A > 0 and I r = r(e) such that

}E{},ﬁ(g) (€)| a(t) <k <) o (px—po,A) <1—¢,
T(pr —po,A) 2 &,
v(pk—po,A) = e})

=0.
equivalently,

Aop{a(l) <k <B(l) o (pr —pr,A) <1 =g,
T(pk —pr, A) 2 €,
v(pk = pr, A) 2 €})

=0.

3. Gu,51S(0, 7,v,)"]-Summability of Sequence in N-n-NLS

In this section, we aim to introduce the concept of deferred statistical summability for sequences in an
Neutrosophic n-dimensional linear space (N-n-NLS) and examine several of its key properties. Throughout
this work by ¢ and  we mean two sequences a = {a(f) : £ € N}and g = {5({) : £ € IN} of nonnegative integers
satisfying a(f) < B(£) and B(£) — oo as { — oo. Deferred summability extends the classical notion of Cesaro
summability, addressing challenges related to ultimate bounds, oscillations, and the non-preservation of
various convergence behaviors in function sequences. The framework established in this work provides a
generalized approach to summability, specifically in the context of statistical summability.

Definition 2.9. Let (P, 0,7, v, %, 0) be an N-n-NLS. A sequence p = (px) in P is said to be strong deferred summable
or G g-summable to po w.r.t the N-n-norm (o, 7, v)" if for every € € (0,1),A > 0
and p1,p2, .., Pn-1 € P, ko € N such that

B()
1
ﬁ(f) a( )k% 10-(p1/p2/'--/f7n—1zpk_pOrA)>1_€
a(l)+
and

B)
1
T(P1, P2 Pn1, Pk — Po, A) < €
B(O) - a(f)kaz(;;1 Propor Pt PP
and

B()

v (plrer s rpn—lrpk - pOI A) <¢
k=a(()+1

1
BO) - a(f)

holds for all k > k.
In this case, we write Go g [(0, T, v)"] = lim py = po, or simply

Pk = Po (Ga,ﬁ l(o, 7, U)"])-
Let Gog[(0,7,0)"] = {p = (p) : prc = po (Gap [(0,7,0)"])}.
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Definition 2.10. Let (P, 0,7, v, %,©) be an N-n-NLS. A sequence p = (px) in P
summable to po w.r.t the N-n-norm (o, T, v)" if for every € € (0,1), A > 0 and p1, p2,

lim mha(& <k<B(l):0(pr—po,A)<1—¢,
T(pr—po,A) 2 &,
v(pk —po,A) = e}) =0.
or
Agp(fa(l) <k < B(€) :o(px —po, A) <1 -¢,
T(pk —po,A) 2 &,
v(pk = po,A) 2 €}) = 0.
In this case, we write Go 3 [S(0, T, v)"] = lim py = po, or simply
pr = Po (Gayp [S(0,7,0)"]):
Let Gog[S(o, T, v)"] = {p =(px) : px = Po (Ga,ﬁ [S(o, T, v)”])}.

6129

is said to be deferred statistical
oev Pu-1 € P, we have

Remark: (i) If p(€) = € and a(€) = 0 then definition (9) coincides with the definition of statistical convergence in

neutrosophic normed spaces given in [54].

i) If B(€) = Ap and a(€) = 0 where (A¢) is a strictly increasing sequence of positive numbers tending to oo then
definition (9) turns to the definition of A-statistical convergence sequence in NNS [55]].

(ii1) If B(£) = O¢ and a(€) = Op_1 where (Oy) is a sequence of non-negative integers with Oy — Op—1 — co as £ — oo,
then definition (9)coincides with the definition of lacunary statisti- cal convergence in NNS [56]].

definition (9) Immediately gives the following lemma.

Lemma 2.11. Let (P, 0,7, v, %, ©) be an N-n-NLS. Then for every
e€(0,1),A>0and p1,pa, ..., Pn-1 € P, the following are equivalent:
(a)

Gap [S(o, T,0)"] = lim py = po.

(b)
Aﬂt,ﬂ({a(g) <k < ,8(5) : O(pller <+« Pn-1,Pk — Po, A) <1- [
T(P1, P2 Pr-1, Pk —P0, A) 2 &,
v(p1, P2, Pru-1, Pk — Po, A) 2 €}) = 0.

©)
Agp(fal) <k <B):a(p1,p2, - Pu-1,Pk —Po, A) S 1= ¢,
T (pl,PZ/ -« -7 Pn-1,Pk — Po, /\) 2 &,
U(PLPZ/- -+ Pn-1,Pk — Po, A) = é}) =1

(d)
Aopla(t) <k <B():0(p1,p2, - Pu-1, Pk —po,A) S 1—¢
= T(pllPZI «eoyPn-1,Pk — pOIA) 2¢€
=v(p1,p2 - P, Pk —Po,A) = €} = 1.

(e)
Ga/ﬁs — 111’1’10'(}?1,;77_, <+ vy Pu=1,Pk — Po, /\) =1,

GapS —lim7(p1,p2, ..., Pu1, Pk — po,A) =0,
Ga,ﬁs - llmv (perZI LR /pn—lipk - pOI A) = 0
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Theorem 2.12. Let (P, 0,7, v, %, ©) be an N-n-NLS and p = (px) be any sequence in P with (o, 7T, v)" — limpy = po
then

(l) Ga,ﬁ [(U, T, U)n] - hmpk = PO-

(ii) Ga,p [S(0, T,v)"] = lim pg = po.

Proof. (i) For every € € (0,1),A > 0and p1,pa, ..., pn-1 € P, ko € N such that o (p1,p2, - - -, Pu-1, Pk — Po, A) >
1-¢ and

T(p1,P2, -, Pn-1, Pk — Po, A) < € Y k > ky and

v(p1, P2, Pu-1, Pk — Po, A) < €Y k = k.

Assuming the above inequalities hold for values between a(f) + 1 and B(£), the subsequent inequality is
derived

B(t)
Y 0Pz Pt pe=po,A) > (1= B0 - al0),
k=a(f)+1
T (Plz p2,---,Pn-1,Pk — Po, /\) < é(ﬁ(f) - 0((5)),
v(p1,p2,- -+, Pn-1, P = Po, A) < €(B(E) — a(O)}
ie.,
1 B(&)
m k_az(f‘;+1{0 (plr P2, Pn-1,Pk — Po, A) > (1 - E)/

T (PerZ: <oy Pn-1,Pk — Po, A) <g,
v(p1, P2, Pru-1, Pk — Po, A) < €}

and therefore we have G, [(0, 7, v)"] = lim px = po.

(if) Since (o0, 7, v)" — lim px = py. So clearly, we have the containment

{a(€) <k <B&) :0(p1,p2, -+ Pu-1, Pk — P, A) < (1 —¢),
T(p1, P2, Pu-1, Pk — Po, A) 2 €,
v(p1,P2, -, Pr-1, Pk — Po, A) = €}
c{1,2,3,...,kp—1},

gives immediately,

Aap(a(@) <k <B() -0 (p1,p2, -, Pu1, Pk —Po, A) < (1 = &),
T(P1, P2, Pre1, Pk — Po, A) 2 €,
v(pL P2 it Pk~ PO, A) 2 €}
ci{1,2,3,...,kp -1}
=0

Hence, G4 [S(0, 7, v)"] = limpy =po O
In general, the converse of theorem (1) does not hold.

Example 2.13. Letf (R",||e, o, ..., o|) be an n-NLS and s x ¢ = se,and
soe =min{s+¢,1} Vs,e€[0,1]. Forall A >0, and
P1,P2, -, Pn-1, P € R”, define
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A
A+ “PLPzr e /Pnflfp”“

o (pl/PZ/ e /pn—lzpn/ /\) =

and

”PerZz cee rPn—l/Pn”
A+ “pl,pz, .. .,pn,l,pn”

T (pl/ p2/ e /pn—ll pi’l/ A) =

and

P2, Pn-1,P
v(pP1, P2 Pt Prs A) = p1. p2 ”/\”p,, |

then it is easy to check (R", 0,7, v, %, ©) is an N-n-NLS. Now consider the sequence p = (px) where

_@,0,0,---,00€™; [JBO]-co <d < [/BO]
P200,0,0,-,0 €% otherwise

where x is positive integer and B(£) is a monotone increasing sequence of positive integers and co(# 0) € N is a
fixed number. Now, for every € € (0,1),A > 0 and p1,p2, ..., Pn-1,Pn € R", consider the following set
Qule, A) ={a(l) <d <) :a(p1,p2,-- - Pu-1, Pk —0,A) <1 —¢,
T (pl; p2/ .. '/pn—lrpk - O/ A) 2 g,
v(pllpZ/ . '/pn—lrpk - 0/ A) = 8}
A <1
A+|p1p2 - oo, |
”Pl/PZ/ e /Pn—lrpk”
/\ + ”pl/PZ/ e /Pn—lrpk”
”plrer o rPnflfpn” }
Al
eA
= {ac(Z) <d <B(): ||p1,p2,...,pn,1,pk|| > -+ > 0}
Cla() <d < B() : pr = (d,0,0,---,0) € R"}
={a(t) <d < pO) : INBON - co < d < [INBO]}

<lim—— >0

o B0 - a(0)
Ao g (Qu(e, A)) = 0 as density can't be negative.
Thus, Ga g [S(0, T, v)"] = limpy = 0. But it is clear that the sequence p = (px) is not convergent in (R", 5,7, v, %, )
w.r.t the N-n-norm (o, T, v)".

={a) <d <pO): —¢,

Theorem 2.14. Let (P, 0,7, v, %, ©) be an N-n-NLS. For any sequence
p = (px) in P, if Go g [S(0, T, v)"] = lim py. exists, then it is unique.

Proof. Let Gap[S(0, 7,v)"] = limpy = po. Let € € (0,1) be given. Choose C € (0, 1) such that

A-0O*x(1-0)>1-¢, Col<e (3.1)
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Forany A > 0 and p1,p2, ..., pu-1 € P, if we define the following sets:

Doa@ 1) = {0 <k < B0 0 (prpzeoprrpi—po 5 ) <1-)

DoaC M) = {a(®) <k <O o (ppz- o pis =0 5) <1- )
)
‘f

Dui(C M) = {a(f) <k<BO:v (pl,pg, e Doty P — PO, %) > c}

\%

D@ M) = {a() <k < O

[\

2)
2
A
plsz/ ce /Pn—lzpk - pO/ E)
A
p1,pP2,- -, Pn-1,Pk — 4o, E)

d
Dya(C,A) = {a(f) <k<B0): T(

then from the lemma (1),

DuaC 1) = {a® <k < B0 v(prpa . prsp -0 5) 2
then from the lemma (1),

Agp (Dg1(C,A)) = Agp (Dra(C, ) = Agp (Du1(C,A)) = 0
as Gu [S(0, 7, 0)"]  lim p; = po. Similarly,

Aap (Do2(C, A) = Anp (Dr2(C,A)) = Agg (Dy2(C,A)) =0

as Gog[S(o, 7,v)"] — lim pr = qo.
Let

DU,T,U(CI /\) = {Dcr,l (Cr A) U D0,2(C/ /\)}
N{D21(C, A) U Dro(C, A)}
N {Dv,l(C/ /\) U DU,Z(C/ /\)}

then Aw g (Dor(C, A)) = 0, and therefore Ay g (Dg (G, A))C = 1.
Letk € (Dg1(C, /\))C, then we have

k €{(D1(C, A) U Dya(C, A)C, or
(D21(C, A) U Doo(C, A, or
(Dy1(C,A) U Dyo(C, A)CY.

Case (i) If k € ({Do1(C, 1) U Dya(C, 1)})° then we have
A
o(pL,p2,-- - Pu-1,P0 — o, A) 2 U(PerZz ey Pu-1, Pk = Po, 5)

A
* G(plsz/ . -/pn—l/pk - 5]0/ E)
> (1= 0) % (1 - {) by (3.2) and (3.3)
>(1-¢).by(3.1)

Since ¢ > 0 is arbitrary so o (p1,p2, - - -, Pu-1,P0 — o, A) = 1. This implies that pg — g0 = 0 i.e., po = go.

Case (ii) If k € ({D1(C, A) U D(C, /\)})C then by similar argument as above

6132

(3.2)

(3.3)
(3.4)

(3.5)

(3.6)

(3.7)
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A
T(Pl:pZ/‘ -y Pn-1,P0 — qo, /\) < T(pl/er ey Pn-1,Pk — Po, E)

A
ST (pl/er ey Pn-1,Pk — 4o, E)
< (o Cby (3.4) and (3.5)
<e by (3.1)

Since ¢ > 0 is arbitrary so T (p1,p2, ..., Pu-1,P0 — g0, A) = 0, and therefore, py = go.
Hence, in all cases, py = qo.

Case (iii) If k € ({D,1(C, A) U D, »(C, /L)})C then by similar argument as above

A
v(p1, P2, Pu-1,P0 — Go,A) < v (P1/P2/ e s Pr=1, Pk — PO, E)

A
oV (Pl/PZI se /pn—lzpk - ‘10/ E)
< (o Cby (3.6) and (3.7)
<eby(31)

Since ¢ > 0 is arbitrary so v (p1, p2, - - -, Pn-1, Po — o, A) = 0, and therefore, py = qo.
Hence, in all cases, pg = qo. O

Theorem 2.15. Let (P, 0, 7,0, %, ©) be an N-n-NLS. If p = (p) in P then Gap [S(o, T,0)"] = lim py = po if and only
if daset W= {wy <wy <---} C N such that Ay g(W) = 1and (o, 7,v)" — limpy, = po.

Proof. Necessity: We first, assume that G, [S(0, 7, v)"] = limpy = po. For A >0and C = 1,2,..., we denote,

Qup(CA) ={a(t) <k <B() : 0 (p1,p2,- -+ Pn-1, Pk — Po,A) > 1 = %,
T(p1, P2, -, Pn-1,Pk — Po, A) < %,
v(p1 P2, Puts Pk — Po, A) < %}

and

Bup(CA) = () <k < B0 0 (pupe it~ po ) S 1- ¢,

}

1
1
T (PerZ/ <+« Pn-1,Pk — Po, A) 2 ZI
1
v(pL,p2, - Puet, Pk — Po, A) 2 z

By assumption, we have

Aap (Bap(C ) = 0, Aug(Qup(@ ) =1 (3.8)

Further, we also have Qu 4(C+1,A) C Qq4(C, A). To complete the proof of the first part it is sufficient to show
that for k € Q,4(C, A) we have
(0, 7,v)" = limpx = po. Suppose it does not hold (o, 7, v)" — lim py # po for some k € Q,4(C, A). Then, there is
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€€(0,1),A > 0 and a positive
integer ko such that:

{o(,p2 - Pn-1, Pk —po,A) <1 —¢,0r
T(p1, P2, Pn-1,Pk — Po, A) = €,0r
v(p1, P2, Pu-1, Pk — Po, A) 2 €},

holds for all k > k.

{o(pi,p2, - Pu-1, Pk —po,A) > 1 —¢,
o(p1, P2, -, Pu-1, Pk — Po, A) > &,
v(p1, P2, -, Prt, Pk — Po, A) < €}

holds for all k < ky. Then
Aap(la(€) <k < B(l) o (p1,p2,- - Pt Pk — P, A) > 1 — ¢,
T(p1, P2, -+ P, Pk — Po, A) < &,

U(Pl/pZ/ .. '/pn—lzpk - PO/ /\) < 8})
=0.

6134

Since ¢ > %, then A, g (Aa,ﬁ(C, A)) = 0. This contradicts equation (3.8). Hence we have (o, 7, v)" — lim p; = po.

Sufficiency part: Suppose there exist a set W = {w; <w, <...} C IN such that A,3(W) = 1 and (0, 7,0)" -

lim; e Pw; = Po- By given hypothesis, 4 ky € IN such that for all ¢ € (0,1) and A > 0,

{U(Plsz/- . -/pn—l/Pk _po,/\) > 1 - &,
T(p1/p2/-- -/pn—llpk _po,/\) <§g,
U(PLPZ,.- -1 Pn-1,Pk _Po,/\) <e¢},

holds for all k > ko, k € W. Further, the inclusion

{o(p1,p2, - -1, Pk — po, A) < 1 —¢,
T(p1, P2, Pn-1, Pk — P, A) Z &,
v(p1, P2, - Puet Pk — Po, A) 2= €
CIN - {ko, ko +1,...}

Aopa(l) <k <B):0(p1,p2, - Pn-1, Pk —Po,A) <1 —¢,
T(p1, P2 - Pn-1, Pk — Po, A) 2 &,
v(p1,p2,- -+ Puo1, Pk — Po, A) 2 €})

< Agp(IN) = A g (tko, ko + 1, 1)
=0
ie.,
Aopla(l) <k < B(l) o (pr,p2,-- - Pu-1, Pk —Po,A) S 1 —¢,
T(pr P2 Pre1 PR = PO A) Z €,

v(P1,P2, - Pu1, Pk — Po, A) = €}
=0

as it can’t be negative. Thus, G, 4 [S(0, 7, v)"] = limpy = po. O
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Through the proof of theorem (4) and theorem (5),
wedenote 1-o (p1,p2, - - -, Pu-1, Pk — Po, A) = 5 (P1,P2, - - -, Pu-1, Pk — Po, A) for simplicity. If o (p1,p2, - - ., Pu-1, Pk — Po, A) >
1 — € then we restate it as

G(p1, P2, -+ Pu-1, Pk — Po, A) < €.

Theorem 2.16. Let(P, 0,7, v, *,¢) be an N-n-NLS and p = (pi) be in P. Then G,g|[(0,7,v,)"] = limpr = xo
implies Go g [S(0,7,v,)"] — limpy = po.

Proof. Let Gap (0, 7,v,)"] = lim px = po, then for every ¢ € (0,1),A > 0and py1,p2,...,pn-1 € P,Ako € N such
that

¢
1 B

ﬁ(f) a( ) o HZ(;;_H{O (p1/p2, ey Pn=1,Pk — Po, A) > (1 _ E),

T (pl;PZ: <oy Pn-1,Pk — Po, A) <g,
v(p1,p2, - Pr-1, Pk — Po, A) < €}

holds for all k > kg. or equivalently,

¢
1 B

G (01,02, -+ -, Dut, Dk — Do, A) < € 3.9
G “(Z)k;;ﬂ (P1, P2, - Pu=1, Pk — PO, A) (3.9)

and

B()
ﬁ(f) L ( ) Z T(PerZ:-urPn—l/Pk_PO;A) <ée (310)

k=a(0)+1

and

¢
1 B

,B(é’) (il )k ;(t; v(p1, P2, Pu-1, Pk — Po, A) < € (3.11)

holds for all k > ky. Now

B(&)
ﬁ(f) : a(0) o HZ(;‘H G (p1, P2+ Pu-1, Pk —Po, A) < € (3.12)
1 B(&) B()
B B(6) — a(f) k_a(ze;H, * k_a(z;;ﬂl o(p1, P2 - Pu-1, Pk — Po, A) < €
F(P1o-pu-1Pr=po, )2 G(P1,Pu-1,Pk—PoN)<e
1 B(6)

> - 5(p1,p2,...,Pn—1/Pk_POI/\)
B(6) — a(f) k=a(£)+1 and

(’f(pl,...,p,,,] ,pk—po,/\)zs

> m Ha©) <k < B0 : 5 (P1,Pas -, Pt Pk — P, A) > €]

> Qy
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where
Qe = [3(5) a(l) |{a(f) <k<B):5(p1, 2, Pn-1,Px — Po, A) = 8}|
Now
1 G
B0 -a) ) ;;+15(P1’p2""1pn1,}7k Y

> Q¢ (by(3.9)and (3.12))

Since ¢ > 0 is arbitrary thus
}im Qg =0
This implies

Aa,ﬁ (Ql’) =0

as deferred density can’t be negative.
By similar process we have

1 B(&)
T(p1, P2, Pn1,Pk — Po,A) = S
RO & "B pebe ) 2 S
where
Se= m ){06(5) <k <B) :t(p1,p2, - Pn-1, Pk — Po,A) = é}|
S¢ = ﬁ(f)g 20 I{ (f)<k§ﬁ(€):v(p1,p2,...,pn_1,pk_pol)\)Z€}|

Also, by similar process

Aap(Se) =0

As we have

Aap(Qe) =0, Agp(Se) =0

Hence,

Gap [S(o, T,0)"] = lim py = po.

The converse of theorem (4) does not hold, in general. For this consider following example.

Example 2.17. Consider the N-n-NLS as in example (2). Define a sequence p = (px) by

(0,0,0,---,0) €";  otherwise

= {(dx, 0,0,-+,0) € [JBO] - co < d < [JBD]

6136

(3.13)
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where x is a positive integer and B(£) is a monotone increasing sequence of positive integers and cy # 0 is a fixed
natural number. Then we have shown in example (2), Ga3[S(0, T, v)"] — lim py = 0. However, the sequence p = (py)
is not Gu,p [(0, T, v)"]-convergent to zero as we have

B(O)

T 7 7o Pn=1, - /A
GE a()kaz({;ﬂ (p1, P2, -+, Pu-1,Pk = Po, A)

- ; Q ||P1/P2r~-/Pn—1,Pk||
.B(f) - 06(5) k=a(0)+1 A+ ”p1,p2, e /pn—lzpk”

g 89 (14BN - co)
PO —a(l) & A+ (I\BON

(I\/ﬁ(_fl —)
= Vo

as € — oo

or
v(p1, P2, Pt Pk — Po, A)
ﬁ(f) a(f) k=a(f)+1
_ 1 & pvrz - paespa
B(6) — a(t) Pt (1Al

o 89 (11BN - co)
BO~al) & A
(|W 1-co) »

VGl

The following result shows that the converse of theorem (4) specifically hold for bounded sequences. I, represents the
collection of bounded sequences in N-n-NLS.

as {— oo

Theorem 2.18. Let (P, 0,7, v, %, 0) be an N-n-NLS and sequence p = (pi) in I, then Gap [S(0,T,0)"] = lim px = po
implies Go g [(0, T, v)"] = lim p = po.

Proof. Suppose p = (px) € I, and Gu[S(0, T,v)"] = limpx = po. By the assumption on p = (px) d a positive
real number M

such that o (p1,p2, -, Pu-1,Pk — Po,A) > 1 — M and

T(P1, P2 Pn-1, Pk — Po, A) <Mand v (p1,p2, - - ., Pn-1, Pk — Po, A) < Mor equivently,

G(Pll P2, Pn-1,Pk — ].’70/\) < M, and
{T(plrpZI o /pn—l,pk - po, A),
v(p1, P2 Pue1, Pk — Po, A)Y < M

holds for all k.
Now

4
1 B

ﬁ(f) ) o1, P2/« Pn=1,Pk — Po, A) (3.14)

k=a(f)+1
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1 % %
- + G(pl/pZ/u-/pn—l/Pk—Po,A) <&
AE) — alf) k=a(0)+1, k=a(0)+1,

(P bu1pi—poA)Sl=e  o(pr,pu1,pr—po,A)>1-€

rewrite (3.14) as follows

6O
m k_;;ﬂ 3 (P P2+ Puet, Pk~ P, )
1 &0 BO
" B0 - alD) k:%u, + k:a(zg;% (P12 -+ ) Pt P — Pos A)
1 5O 50
“s0-a0 | kza(zm e )
3(prwprr pr-poA)ze (1o prpo ) <e
ﬁ({)M /100 <k<BO 6 (s pirpe—po 1) 2 o)
e € i [{a(6) <k <) :5(p1,p2, ... pur, Pk — o, A) <.

Now, we take limit by considering G, 4 [S(0, 7, v)"] — lim px = po, then we have

B(O)

1
YT 5 (p1, 02, -+ - Pu1, Pk — Po, A) < ML(0) + €.(1)
5(5)—04(5),(:;)‘+1 vhz b Pk P

B(&)
1 —_
ﬁ(f) 0((5) Z U(pl’pz“"/pn—lzpk = Po, A) <e&

k=a(0)+1

or equivently

¢
1 il0)

o, v2,...,Pn-1,Pc —Po,A)>1—¢ 3.15
B(0) - a(g)k;)‘+1 (p1,p2 Pn-1,Px — Po, A) (3.15)

Similarly, the following inequality

4
1 B

T 12 7o rPn=1, - //\
GE “(")k;;ﬂ (1 P2, Pu-ts P = Pos A)
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= + T(p1, P2+ -+ Pu-1, Pk — Po, A)
pO) —a(6) k=a(0)+1, k=a(0)+1,
T(prpn1pe—poA)2e TP puorpre—po,A)<e
1 %)‘ B(¢)
<— M 1+e¢ 1
pO) —a(f) k=a(0)+1, k=a(0)+1,
T(p1,...,p,,,l,pk—po,A)ZS T(pl,...,pn,l,pk—pg,/\)<s
M
ﬁ(f) "0 [{a(0) <k <) : T(pr, P2, - Pue1, Pk — P, A) > €|
e
ﬁ( ) (5) ){ (5) < k S :8(5) : T(plpr""’pn_lfpk _pO’A) < ‘('}|
By similar process as above we have,
1 B(&)
5O —a0) Z T(P1,P2, - Pn1, Pk — Po, A) < € (3.16)
k=a(6)+1

So, by considering equation (3.15) and (3.16) the proof is completed.
To prove the next theorem (5) we give the following lemma. [

Lemma 2.19. Ifa = (ai) and b = (bx) be two sequences of positive integers such that limy_,« ax = ag and limy_, by =
oo, then limy_,« a5, = ap.

Theorem 2.20. Let (P, 0,7, %, ) be an N-n-NLS and p = (pi) in P and sequence ( ﬁ(gEg(f)) is bounded then
[S(o, T, v)"] = im py = po implies
Gap[S(o, T, v)"] = lim py = po.

Proof. Suppose [S(0, 7, v)"] — limpx = po then every € € (0,1),A > 0and p1,p2,...,pn-1 € P,

hm {k<€ o(p1,p2, - Pu1, Pk —Po,A) S 1 ¢,
T(P1, P2, - Prn1, Pk — Po, A) = €,
U(PLPZ/- -~ Pn-1,Pk _PO//\) 2 8} =0.

Let,

{—o0

qe = hm sl Ciopupy.opuipe—po, ) <1 -
T(plrpZI ««+rPn-1,Pk — Po, /\) 2¢,
v(P1, P2, - Pt P — PO, A) 2 €}

and B(£) — oo as { — o0, so by lemma (2), we have

hm 7 k<t:0(p1,p2 - Pn-1, Pk —Po,A) <1 —¢,

{—o0
T (Pl/pZI -+, Pn-1,Pk — Po, /\) 2 &,
v (Pll p2,---,Pn-1,Pk — Po, /\) 2 8} =0. (317)
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Now, from the inclusion

{a(€) <k <B():0(p1,p2, - Pn-1,Pk —Po,A) <1 —¢,
T(P1 P2, Pu-1, Pk — PO, A) 2 €,
v(p1,p2, - Pu-1, Pk — Po, A) = €}

c ik <B):

o(p1,p2 - Pu-1, Pk —Po,A) <1 —¢,
T(P1, P2, Pre1, Pk — Po, A) 2 €,
v(p1, P2, Pu1, Pk~ Po, A) 2 €,

we have

|a(O) <k <BO) : 0 (pr,p2, -, putpr = po, A) S 1=,
T(p1, P2, Pn-1, Pk — Po, A) 2 €,
v(p1,P2, - Pu-1, Pk — Po,A) 2 €
<[k <p):
o(p1,p2, - Pu-1,Pk —Po,A) S 1—¢,
T(P1, P2 Prn-1, Pk — P, A) Z &,
v(p1, P2, Pu-1, Pk — Po,A) = €

7

which immediately implies

1
B(6) — a0 |{k <BW&) :o(prp2 - - Pu-1, Pk —po,A) S1—¢,
T(PerZI- -7 Pn-1,Pk _PO,A) > €,
v(PLPz, -e-sPn-1,Pk —po,)t) > 5}‘
1
< mhk <BWO) :a(pi,pa-- - Pt Pk —po,A) <1 =g,
T(p1/p2/- -7 Pn-1,Pk _PO,/\) > g,
U(perZI «evsyPn-1,Pk — Po, /\) > E}‘
1
= A +R(®)- B0 k<B):0(1,p2 - - Pu-1,Pk —po,A) S 1 ¢,

T (pl;PZ; <oy Pn-1,Pk — Po, /\) =€,
v(pL P2 Pt Pk — Po,A) 2 s}‘

-0

AsR(?) is bounded and (3.14) holds where R({) = ﬂ((,‘;‘ia([). Thisshows that G, [S(0, T, v)"]-limpy = po. [

4. Deferred Statistical Cauchy Sequence And Deferred Completeness IN N-n-NLS

In this work, we will develop and thoroughly examine the concepts of deferred statistical Cauchy
sequences and deferred statistical completeness in N-n-NLS, contributing to a deeper understanding of
sequence behavior in these spaces.
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Definition 2.21. Let (P, 0,7, v, %,0) be an N- n-NLS. A sequence p = (pi) in P is said to be deferred statistical
Cauchy w.r.t the N-n-norm (o, T, v)" if for every € € (0,1),A > 0and p1,pa, ..., pn-1 € P, Ar = r(€) such that

. 1
}1_1;1; m {0((5) <k < ﬁ(f) : G(Pl,Pz,- < s Pn-1,Pk —po,/\) <1- &,
TP, P2+ Pt Pk — Po, A) 2 &,
U(pl;PZ/' -+ Pn-1,Pk — Po, A) 2 8} =0.
or equivalently,
Aap(a(@) <k <B) -0 (p1,p2, - Pu-1,Pk —Po, A) S 1 —¢,
T (PerZ: e rpn—l/pk - pOr A) = g,
v(p1, P2, Pue1, Pk — Po, A) = €}) = 0.

Definition 2.22. Let (P, 0,7, v, %,9) be an N-n-NLS. A sequence p = (px) in P is said to be deferred statistical
complete if every deferred statistically Cauchy sequence w.r.t the N-n-norm (o, T, v)" is deferred statistical convergent
inP.

Theorem 2.23. Let (P, 0,7, v, %, ©) be an N-n-NLS. For any sequence
p= (pk)’ ifGa,ﬁ [S(O/ TV, )n] - hmpk = Po, then p= (Pk) is Ga,ﬁ [S(Or T, v)n] Cﬂ”Chy-

Proof. For ¢ € (0,1), choose C € (0,1) such that (3.1) is satisfied. Since Gag[S(0,7,v)"] = limpy = po, so for
every A > 0and p1,p2,...,pn-1 € P we have A, g(D(C, 1)) = 0 and A, 5(D(C, A)C =1, where
A
D@, A) = {a(6) < k < B(O) - G(pl,pz,...,pn_l,pk 1o, E) <1-¢
A
T (Pl,]ﬂz, «++/Pn-1,Pk — Po, E) >C,
A
v (pl;PZ/ e /Pn—lzpk - pO/ E) > C}
Let r € (D(C, A))C then
A
{0 (plrer s /Pn—lrpk - PO, E) > 1 — C,
A
T (Per2/ -/ Pn-1,Pk — Po, E) <,

A
v (PerZ: oy Pn-1,Pk — Po, E) < C} (41)
we define,
M(e, A) ={a(0) <k < B(0) :
G(pl/p2/ <+ s Pn=1,Pk — Po, /\) <1- &,

T (plr P2,---,Pn-1,Pk — Po, A) 2 &,
v (pll p2/ e /pn—l/ Pk - PO/ /\) Z E}

so to prove the result, it is sufficient to show that M(e, A) € D(C, A).
Let g € M(g, A) then
{02 Purpe—po ) S1-¢,
T(p1, P2, Pu-1, Pk — P, A) 2 &,
U(plrer-”/Pnfl/pk _pOI A) > E} (42)



M. Ahmad, M. Mursaleen / Filomat 39:18 (2025), 6123-6148

Case 1: If o (pl,pz, o s Pn-1,Pq = Prs /\) <1 - ¢, then we have

A
0(p1,pz,-..,pn_1,pq - po, 5) <1-¢
therefore g € D(C, A). As otherwise,
A
o (PLPZ/ ce /Pn—lrpq - PO/ E) >1- C
then by (3.1), (4.1) and (4.2) we have
l-e> 0(P11P2/- . ~/pn71/pq _p}'/A)
A A
= G(plrer v /pn—llpq - PO + PO - Pr/ E + E)

A A
> G(plr- . -/Pn—lrpq _pO/ E) * O(plr'- ~/pn—1/p0 _Pr/ E)
>1-0x(1-0

>1-¢. (notpossible)
Hence M(e, 1) € D(C, A).

Case2: If T (pl,pz, e Pu-1,Pq = Prs /\) > ¢, then we have

A
T(PLPL- . -/Pn—lrpq _pOI E) > C

therefore g € D(C, ). As otherwise

A
T (Pl/p2/ .. '/pn—lrpq - pO/ E) < C
then by (3.1), (4.1) and (4.2) we have
€< T(PlzPZrn-an—lqu —Pr /\)
A A
=T (pl/pZ/ s /Pn—llpq - pO + pO - pr/ E + E)

A A
< T(pll" ~/pn—1/pq _PO/ E) < T(pll' ~-/pn—1/P0 _pr/ E)
<CoC

< ¢ (notpossible)

Case 3: If v (pl,pz, Y e /\) > ¢, then we have

A
U(plrpZ/- ~-/pn—1rpq _pO/ E) = C

therefore g € D(C, A). As otherwise

A
v(pl,pz,..-,pn_1,pq = po, 5) <C

6142
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then by (3.1), (4.1) and (4.2) we have

€= U(PLPL- -/Pn-1,Pq _pr,/\)
A A

A A
<v (pll .. '/pn—llpq - PO/ E) < v(pll ce /Pn—lzpo - Pr/ E)
<(CoC(C
< ¢ (notpossible)

Hence M(g, A) € D(C, A). Thus in all the cases, M(e, A) € D(C, A). Since Ay g(D(C,A)) = 050 Ay g(M(e, A)) = 0
and therefore p = (px) is Ga g [S(0, 7,v)"]-Cauchy. [0

Theorem 2.24. Let (P,0,7,v, %, 0) be an N-n-NLS. If every deferred statistical Cauchy sequence has deferred
statistical convergent subsequence then P is deferred statistical complete.

Proof. Given that p = (pi) be a Gug[S(0, 7, v)"]-Cauchy sequence in # and (pk].) be a subsequence of (px)
such that Pk, = Po (Ga,ﬁ [S(o, T, v)”]). We have to prove that pr — po (G“,ﬁ [S(o, T, v)”]). Let ¢ € (0,1), choose

C € (0,1) such that (3.1) holds. Since (pi) is G, [S(0, T, v)"]-Cauchy so for any A > 0 and p1,p2, ..., pu-1 € P
we have A, g(E) = 0, where

E = {(X(f) < kS,B(g)30(P1/p21---/Pn—1/pk_PO/A) < 1 _CI

T(p1,P2, -+ P, Pk — Po, A) = C,
v(p1, P2, -, Put1, Pk — Po, A) = T}

Since px; — po (Ga,,g [S(o, T)”]). So we have A, 4(F) = 0, where

F= {(X(f) <k< ﬁ(f) :U(pllpZ/” -7 Pn-1,Pk _PO/A) <1- Cr
T(pl;pZ/ .. -/pn—lzpk - pO/A) > C/
v(p1,p2, - Pu-1, Pk = Po, A) 2 T}

Now define

] = {a(f) <k < ﬂ(f) :O(PLPZ/-'-/Pn—l/pk _pO/A) < 1- CI
T(Plrp2/- -+ Pn-1,Pk — Po, /\) 2 C/
U(pl/pZ; .. -rpn—l/pk - PO;A) > C}

Now we claim that EC N FC ¢ ]C. Letb e EC OFC, then b € EC and b € FC. Now first consider if b € EC, then

{o(pr,p2, - Pt Pk —po, A) > 1=,
T (PLPZ/ s /Pl’l-l/pk - p(), A) < C,
v (Pl/sz vy Pn-1,Pk — Po, A<t (4.3)

Now if b € FC, then b = k j for j € N and therefore

{O (plIPZr <oy Pn-1,Pk — Po, /\) >1- Cr
T(P1, P2 Pr-1, Pk —P0, A) < C,
v(pL, P2, Pu-1, Pk —Po,A) < T} (4.4)
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Now,
o (p1, 02, -+, Pu-1,Pm — Po, A)
A A
= U(pl/PZ/ .. -/pn—l/Pm - pk/- + pk/- - pO; 5 + E)

A A
> G(Pl,Pz, .. -,Pn—lrpm - pkj/ E) * G(Pl,Pz, .o -/pn—lrpk,‘ - pO/ E)
> (1-0) * (1-=0) forr = kj(by (4.3) and (4.4))

>1-eby (3.1)
and
T (Pl/ p2/ LR /Pnfll pm - pOI A)
A A
=T (Pl;pZ/ LR /pnflzpm - pk]' + Pk/ - PO/ E + E)
A A
<t (pl; PZ/ ceosPn-1, pm - Pk// E) oT (PerZr cee rPn—erk, - PO: E)
<CoCforr=k; (by(4.3)and (4.4))
<e (by(B1)
and

v(p1, P2, Pu=1,Pm — Po, A)
A A
= U(Pl,PZ,---,Pn—l,Pm = Pk; Pk, —PO,E + E)

A A
<v (pll pZ; “ee /pn—llpm - pk/-/ E) oV (pl;pZ; oo /pn—lzpkj - pO/ E)
<CoCforr=k; (by(4.3)and (44))
<e (by(3.1)

which implies that b € JC, so EC N FC ¢ JC or ] ¢ EUF. Therefore, Ays(J) < Ayp(EUF) = 0. Thus,
Pk = Po (Ga,ﬁ [S(o, T, v)”]). Hence P is deferred statistically complete.
By similar process in the proof of theorem (3) and by theorem (7) we have the following theorem. [

Theorem 2.25. Let (P, 0,7, v, %, ) be an N-n-NLS. If p = (px) be any sequence in P. Then the following conditions
are equivalent:

(i) p = (px) is deferred statistical summable w.r.t the N-n-norm (o, 7, v)".

(ii) p = (px) is deferred statistical Cauchy w.r.t the N-n-norm (o, T, v)".

(i) daset T = {t; <ty <---} C IN such that A, g(T) = 1 and the subsequence (Pt,-)tjeT is Cauchy sequence w.r.t the
N-n-norm (o, T, v)".

5. Comparison of G,g[S(o, 7,v)"] and G, , [S(o, T, V)"]

In this part, we consider two different pairs of integer sequences, a({), p(£) and m(£)),n(f), that satisfy the
inequality

a(t) <m(6) <n(€) <p() forall € € N. (5.1)
Our goal to is study the relationship between the sets G, 3 [S(0, T, v)"] and Gy, [S(0, T, v)"].
The deferred limit of a sequence can be very different integer sequences a({) and B({), leading to different sets

Gap [S(0,7,0)"]. Consequently, if we choosing different pairs of sequences a((), B(€) and m(()), n(f), satisfying (5.1)
then we can lead to deferred limits, producing distinct sets.
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Theorem 2.26. Let m = m(£)) and n = n({) be two positive integers sequences satisfying a(f) < m(£)) < n(f) < p(£)
such that {k : a(€) < k < m(£))} and {k : n(€) < k < B(€)} are finite sets for all € € N then G, [S(0, T, v)"] = limpy =
po implies that G, g [S(o, T, v)"] — lim px = po.

Proof. Suppose Gy, [S(0, T, v)"] = limpy = po then for every € € (0,1), A > 0and p1,p2, ..., pu—1 € P, we have

}l—wo m“m(f)) <k<n@):o(,p2 - Pn-1,Pk—pPo,A) <1 —¢,

T(P1, P2, P, Pk — Po, A) 2 &,
v(pL P2, Put, Pk — Po, A) 2 8}| =0
Now define sets
Da,ﬁ(a/ TI v)n = {a(f) < k S ﬁ(g) : U(pllPZ/ et /pn—llpk - pO/ A) S 1 - 6,

T (pllpZ/ -+« Pn-1,Pk — Po, /\) 2 &,
U(PLPZ/- . '/Pn—lrpk _pOI A) 2 ‘(:}

Da,m(al T, v)n = {(X(f) <k < m(f)) : G(P11P2/- -7 Pn-1,Pk — Po, /\) <1- g,
T (pl; PZ/ cee /Pn—lz Pk - pO/ /\) =€,
v (Pl/pZI -+« Pn-1,Pk — Po, /\) = 8}

Dyu(o, T, 0)" = {m(€)) <k <n(l) :0(p1,p2,-- -, Pu-1,Pk —po,A) <1 ¢,
T(p1, P2, Pu-1,Pk — Po, A) 2 €,
v(p1, P2, Pu-1, Pk — Po, A) = €}

Dyg(o,7,0)" = {n(l) <k <) : 0 (pr, P2, Pn-1, Pk — P, A) <1 —¢,

T(p1,P2, -+, Pn-1, Pk — Po, A) = €,
v(p1, P2, -, Pu-1, Pk — Po, A) = €}
It is clear that,

Da,ﬁ(o/ T, v)n = Da,m(al T, v)n U Dm,n(a/ T, v)n U Dn,ﬁ(a/ T, v)n'

Now,
A~ o) | <(MO) =20 n
80 = a0) |Das(o,7,0)"| S(m(f)) ~ a0 Dm0, T, 0)"|
n(0) —m(0) ’
) -l [Pratar oY
LBO =m0 )
T8O - () |D"ﬁ(ar 7,0) )
and therefore,
! . m(o) - a0 )
a0 oo 0 <5 (=g 10wt v
n(l) - (f)) [Di (7,0
B -

+[3(€) |Dn5( T,v)”|)
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Taking limit £ — oo and by using the fact that deferred density of a finite set is zero. We have

1
lim ——— |D,3(0, 7,v)"| =0
i G =atd P

Hence,
Gap [S(o, T,0)"] = lim py = po.

We now give conditions on a(£), m(¢)),n(€) and B(£) such that the converse of the above theorem (10)
holds. O

Theorem 2.27. Let a(£), m(£)), n(€) and B(£) be sequence of natural number satisfying a(€) < m(£)) < n(f) < p(£)

such that limy_,e f((;;): ,:Eg)) =71>0. Then Gu[S(0, 7, v)"] = lim py = po implies that G, , [S(o, T, v)"] = lim py = po.

Proof. Let us define set Dy, (0, 7, v)" and D, (0, T, v)" as follows

Dy, 7, 0)" ={m(0)) < k < () :
o1, P2 Pu-1, Pk —Po,A) < 1—¢,
T(p1, P2, Pn-1, Pk — P, A) Z &,
v(p1, P2+ - Pn-1, Pk = Po, A) > €}

and
Daglo, 7, v)" ={a(t) <k < B(£) :
o(pup2 - Pu-1, Pk —Po,A) <1 —¢,
T (p1/p2/ s /pn—lrpk - pOr /\) = g,
v (pl/er <+« Pn-1,Pk — Po, A) = E}
It is clear to see
Dyyu(0, T,0)" C Dqag(o, 7,0)",
and therefore
|Dﬂl,n(al T/ v)?’l| S |D01,ﬁ(a/ T/ v)n| N
Thus, we have

_
m(€)) = n(f)

pO-alt) 1
m(0)—n(@) O - a(0)

)Dm,n(a, T, v)”| < |Dalﬁ(a, T, v)”| (5.2)

Since
Gap[S(o, 7,0)"] = lim py = po,

so we have,

. 1 n| _
}1_1)’?0 m |Dm,n(6/ T) | =0.

Hence,

Gm,n [S(O_/ T, U)n] —lim Pr = PO-
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6. Conclusion

The Neutrosophic norm, an evolution of fuzzy norms, which provides a more advanced versatile
mathematical framework for handling uncertainty and vagueness. This norms ability to work in high
dimensional spaces. Higher-dimensional spaces are crucial for capturing the complexity of real-world
problems, modeling multi-dimensional data and providing a framework for advanced mathematical and
computational techniques in various disciplines. In the present research, we studied deferred summabil-
ity, deferred statistical summability in N-n-NLS. theorems [1] establish a link between usual convergence
and these summability concepts in this space. The properties and relationships among these concepts are
demonstrated in theorems [2], [3]], [4] and [5]. The condition in theorem [6], explores cases where statistical
summability implies deferred statistical summability. Additionally, we studied deferred statistical Cauchy
sequences, deferred statistical completeness and their outcomes. Finally, theorems [10] and [11] present
comparisons to understand the convergence behavior of deferred statistically summability with itself for
different pairs of sequences in N- n-NLS.
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