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Abstract. In this paper, we present some bounds for Hilbert-Schmidt numerical radius of 2 x 2 operator

matrices. Some of these bounds are refinements of the existing ones. And some examples will be given to
illustrate that our results are better than the existing bound.

1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators on a complex separable Hilbert space H.

For T € B(H), the adjoint, the real and imaginary parts of T are defined by T*, R(T) and J(T), respectively.
And according to the Cartesian decomposition, T € B(H) can be presented as T = R(T) + iJ(T), where

R(T) = %(T +T*) and 3(T) = %(T —T"). A compact operator T € B(H) belongs to the Hilbert-Schmidt class

G if ||T|l, = (trT*T)% < oo , where tr(.) is the usual trace functional. Note that ||.|| is unitarily invariant, that
is for all T € C; and all unitary operators U, V € B(H), we have |[UT V||, = ||T]l,.

In 2019, A. Abu-Omar, F. Kittaneh[1]] defined the Hilbert-Schmidt numerical radius as follows:
wy(T) = sup ||%(ei9T)||2.
0eR

Itis well known that w,(T) defines an operator norm on IB(H), which is equivalent to the Hilbert-Schmidt
operator norm. In fact, for every T € C,,
1
N TNl < wo(T) < Tl -

(1)

The inequalities (1) are sharp. The first inequality becomes an equality if T> = 0. The second inequality
becomes an equality if T = T".

A. Aldalabih, F. Kittaneh[4] proved that for B, C € Cy,

w, [(g 3)] < 0Bl +1Cl).
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In [2], S. Aici et.al gave the following results: for A, B,C € Cy,

w; [(g 3)] > max (w(BC), w2(CB)) (3)
and
Wy [(Ig ](;);)] > % max (wz(A), wo(B)). (4)
M. Hajmohamadi, R. Lashkaripour[7] proved that
wo [(_i‘ _BB)] > é max (wz(A + B), w2(A — B)). (5)

In [3], A. Frakis et.al gave the following results: for A, B,C,D € Cy,
o2 [(A B)] > %max (M,N, (B +C), w3(B - C)) ©)

and

7 (7)

A B\ 1 ,
w [(c D)] 2 B (@2(AB + DC), wa(AB - DC)) + 5 |trA% + trD* + 2trBC

2 2
_ 2 : 004 _20A : i0
where M = w(A + D) + inf ||% (%A - D)), N = w3(A - D) + inf ||‘R (oA + D))||2.
In [6], M. Guesba obtained that for A, B,C,D € C,,

s [(B[? " A%B*)} < 2J/All 1Bl w2 [(g S)] ®)

In [9], F. Kittaneh proved that if A, B are positive operators, then for A, B € Cy,

1A + Bll <\JIIAIE + [IBI + 22

The purpose of this paper is to establish some new upper and lower bounds for Hilbert-Schmidt
numerical radius of 2 X 2 operator matrices. We first give a different proof of (3), then we give refinements
of B)-(), (B) and (©). We also investigate some upper bounds for the Hilbert-Schmidt radius of the off-
diagonal parts of 2 x 2 operator matrices by refining (9). Moreover, some examples will be given to illustrate
that our results are better than the inequality (2).

A% |B|2

©)

.

2. Main results

Lemma 2.1 ([4]). Let B,C € C,, then

[(0 B\] 0 C
@el(e g)]=ws o))
ol Bl Pooer

(c) wo (g g) > é max (wy(B + C), wy(B — C)).
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Lemma 2.2 ([3]). Let A, B € Cy, then
1 1
wa(AB) + 5 |tr(A? + B2)| < 5 (w3(A + B) + wh(A - B)).

First we apply the above results to give a different proof of (3).

Theorem 2.3. Let B,C € Cy, then

w% [(g ]3)] > max (w,(BC), w,(CB)).

CcC 0 CcC 0 0 0
ol G e G

ool 3 9=l 9 )

=max (w2(BC), w,(CB)).

Proof. Applying Lemma[2.2]to the operator matrices (8 g) and (0 O) or (0 0) and (0 B), we see that

ol 5 +(e o)

O

0

B
C 0), where B, C € C,, then

Lemma 2.4 ([71). Let T = (

1 . .
wy(T) = — sup HeleB +e0C
2 0eR

)
Lemma 2.5 ([12]). Let A, B € C; be such that A, B are positive, then
1
1A = Bll, < (A3 + IBIZ)" .

Now we give refinement of (3).

Theorem 2.6. Let B,C € Cy, then

w? [(g g)] > V2 max (w»(BC), w»(CB)).
Proof. From the identity 4R (B*C) = |B + C|* — |B — C[*, it follows that
[4RBC)|, = [|B +CP - B-CP,
< (I + P + 1 - C|2||§)% (by Lemma[Z5)
< (IB+Cl+1B—CIf)’
Thus,

[4RB O, < (1B +CIE + 1B - CIE)* . (10
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Now, replacing B by ¢’B, and taking the supremum of both sides in the inequality over 0 € R, we
obtain

1
wy(B*C) < ! (sup [|¢?B + C”; +sup||e”B - C”; 2
4 6eR 6eR

1 0 B
- Ewg [(C* 0)] (by Lemma )
Hence, we can obtain
>{(0 B \/—
wille ollZ 2max (w(BC), w»(CB)) (by Lemma2.1[a)).
[

Next, we show the following formula for the off-diagonal block operator matrix (g g) This will be

used as a key tool to obtain our results.

Lemma 2.7. Let B,C € C, then

ol

a2+p2=1

B+C B-C

a——th—;

2

Proof. By simple calculation, we have

B+C  B-C 1
sup | + . == sup ||(@—-iB)B+ (a+iB)C*
v 2 |, =2, le-pBrarpol,
1 ) a+ip
= —|la—1p| su B+ g |
2| ﬁ|az+ﬁ§:1 a=iC |,

Let a = cos0, = sin0, O € [0,2n]. Then, we can see that

B+C* B-C

a5 TP,

sup
a?+p2=1

2

_1 210 —~x
T asplBeete

_ %wz [(g ’g)] (by Lemma[Zd).

[
Remark 2.8. When B = C in Lemma[2.7] we get

w; (B) = sup |aR(B)+pI(B)

a?+p%=1

27

which has been given in [7]].

The following lemma is the famous Cauchy inequality.

Lemma2.9. Leta,b,c,d € R, then

(ab+ cd)? < (a® + ) (1 + d?).
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Theorem 2.10. Let B, C € C,, then

0 B 1
w < — ||B+C*||2+||B—C*||2.
? [(C 0)] vz‘/ 2 2

Proof. By Lemma[2.7] the triangle inequality and Lemma [2.9] we have

ol

a?+p2=1

aB+C*+ B-C
2 P 2i

2

1 % *
< % sup (lal|IB + C’ll, + IBI1IB — C"ll2)

a?+p2=1

1
< — sup JlaP + BRyIIB + C'Ii3 + 1B — i
2 +p2=1

1\/ 2 2
= —JIB+CE+ 1B =
V2 2 2

O

In the following, we obtain a generalization of (1) in terms of the real and imaginary parts of T.

Corollary 2.11. Let T = R(T) + iI(T) be the Cartesian decomposition of T € Cy, then

UL [(if}(()T) 9‘5”)] <7l

Proof. Let B = R(T) and C = iJ(T) in Lemma 2.7, and set a = 1,0, then

é max (IR(T) + (T, IR(T) — iS(T)h) < w, [(iﬁ(()T) %(()T))] '

Hence,

1 1
—=IITll2 = — max (|[Tllz, IT"[|2)
V2 V2

= — max (IR(T) + i3(T)l, 1R(T) = i3(T)Il2)
V2

0 R(T)
<l "5

< %\/H‘R(T) +i3(T)I2 + IR(T) - iS(T)|2 (by Theorem

= ITll2.

O

Lemma 2.12 ([B). Let A,B,C,D € C,, then

H(A B)Z
Cc D
2
A

Then, we will give the lower and upper bound estimates for w, [(

= [IAI3 +1IBI3 + IICI3 + IDIf3 -

CcC D

B)], where A,B,C,D € C,.

6177
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Theorem 2.13. Let T = (Ié g), where A,B,C,D € C,, then

w3(T) > é max (wo(AB + DC), wy(AB — DC), wy(BD + CA), w2(BD — CA)) + % |trA% + trD? + 2trBC|.

Proof. By Lemma[2.2]to the operators matrices (g g) and (13 g) , we have

2
> w; [(O B) (A 0)] + % |trA? + trD? + 2trBC|

w3 (T) = 1 (w% (T) + w) [(_é4 _E;))]) (by Lemma 2.12)

Cc 0/\0 D

0 BD 1 5 5
=w; [(CA 0 )] + 5 (trA + trD” + 2trBC|

> % max (w»(BD + CA), w,(BD — CA)) + % |trA? + trD? + 2trBC| (by Lemma ).
2
Combining the above inequality and the inequality (7), we get the desired result. [

Remark 2.14. It is clear that Theorem 2.13)is better than (7).
Lemma 2.15 ([10D). Let A, B € C; be such that AB is self-adjoint, then

IAB|l, < | R(BA)|L, -
Theorem 2.16. Let A,B,C,D € C,, then

wo [(é g)] < min(a, f),

where
a—l wZ(A)+H£+AA*+BB* 2+ wz(D)+H£+CC*+DD* i
- \/E 2 4 ) 2 4 ) ’
ﬁ—i wZ(A)+H£+AA*+CC* 2+ w2(D) + £+BB*+DD* ’
\/E 2 4 ’ 2 4 ) .
Proof. By simple calculations, we have
w004 B\ - 1(e®A+e9A") 16YB
0 olJf,” L0 0 ||,
_ | 160\ (Le=0
B 0 A B )
1,-i0 x 1,0
EE 0)\(A 5(3
<R (( A B) (B* 0 )) L (by Lemma[2.15)
1 R(e?A) 1+ AA" +BB
~2|\{+AA"+ BB R(eCA) s

2

2

= é\/”%(eiefl)“; + Hi + AA* + BB*
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Next, by taking the supremum in the above inequalities over 6 € R, we have

w2[(13 lg)] \/1_ w3(A) + HI+AA*+BB*

2

2

LetU = ((I) (I)), where U is a unitary operator, then
A B\l (A B'+ (0 0
“l\c p)|="\o o)|T™*|\c D
[(A  B\] [ (D C
= W> _(0 O)_ + W»H _LI (O O) U]
(A B'Jr (D C
=~ o of]T*2{lo o
2
2+ w3(D) +

% {\/wg(A) + Hi + AA* + BB~

I 2
1 + CC* + DD

2

Similarly,

2

2
! +A*A+C*C +\/ 2(D)+HI + B*B+ D*D
2

o5 5l

\/ 5(A) +
=B.

Thus, we get the desired result. [J

2

Theorem 2.17. Let A, B € C,, then

w(5 )|z Jmax v o).

Proof. By applying Lemma .12 we have

g

o o)

[(A B\| oA B
eflo all=lx((o o)l
3 ‘R(eleA) Ee’QB)
- 1 0B 0 /|,
7I|B||z

(2

OeR

2
R (eiQA) 1eB
1e710B 0

= sup

OcR 2

> selelng R (eiGA)”2

= ZUQ(A)

6179
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Thus

" [(A B)] > - max (VEua(4) IB11).

Remark 2.18. Theorem 2.17is a refinement of ().

Lemma 2.19 ([6). Let A,B,C,D € C,, then

i (e e (O 2

Lemma 2.20 ([3). Let A,D € C,, then

w5 [(I(L)l g)] 2 %max (u%(A — D) + m3(A + D), wy(A + D) + m3(A — D)),

where my(A) = érelngl(?{(eigA)||z.

The following theorem is a generalization of the inequalities @ .

Theorem 2.21. Let A,B,C,D € C,, then
w2 [(A B)] > L ax (3(A — D) + m2(A + D), wd(A + D) + m3(A - D), |B+ C', IIB - C'|2)
2I\C DJ|= 2 2 2 ) 2 ’ s o)-

Proof. Let @ = 1,0 in Lemma 2.7, we can see that

[(0 B 1 ) *
Wy L(C 0)] > E max (||B + C|lo, IIB = C*|lo) . an
Therefore, by Lemma 2.19, Lemma 2.20 and the inequality , we obtain

[ oll=mer(l(6)<lle o)

max (w3(A - D) + m3(A + D), w(A + D) + m3(A - D), B+ C'I3,IIB - C'I3).

NSI\J

>

N~

O

Corollary 2.22. Let A,B € C; , then

A B 1 * *
w3 [(_A _B)] > 5 max (wg(A + B) + m3(A — B), w3(A — B) + m5(A + B), |IB + A*|I3, 1B — A ||§).

Remark 2.23. Corollary is a refinement of (5).
Lemma 2.24 ([11]). Let A, X € C,, then
wy(AXA") < JAIP wa(X),

where ||.|| denotes the usual operator norm.
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Theorem 2.25. Let A,B,C,D € C,, then
0 ACB* 0 C
w, [(BD PR )] < 2[JA1ll1Bl|w, [(D O)]

A 0 0 C . 0 ACB .
Proof. LetT = (0 B)’ S= (D 0), then TST* = (BDA* 0 ) Noting that

> (A o
i

(see [9]).
And by using Lemma[2.24] we can get

2
= max (|lAIP, IBI),

w, (TST*) < ||T|* wa(S)

:max(HAHZ/HB”z)wZ([g S])

< (IAIP + IIBIR) ([g g])

Hence,

w, [(BS " ACOB*)} < (IAIP + I1BIF) w, ([g g]) (12

If A =0 or B =0, the result is clear.

If A# 0and B # 0, then by replacing A and B by %A and %B, respectively in the inequality ,

we get the desired inequality. [

Remark 2.26. Since ||.|| < ||./l(see [5]]), Theorem [2.25)is a refinement of .
Lemma 2.27 ([8]). Let A,B € C,, then

A+ Bllo < IIA°] + [B'II; 1Al + IBII; .
In particular, if A, B are normal, then

lA + Bll2 < [[IA] + [BI|l, -

Theorem 2.28. Let A, B € C; be such that A, B are normal, then for r,s € [0,1],

1
lA + Bll2 < \/I|A|I§ +1BI3 + 7 M2+ N2,

where M = ||LA['|B* + tA['"~"|B|"~*

, N = |[HBI"SIAI"" + LBF|A[||, for all t > 0.



J.L. Shen et al. / Filomat 39:18 (2025), 6173-6184 6182

Proof. First, we prove the result holds for positive operators A, B. For 1, s € [0, 1] and for any ¢ > 0, we have

A+B 0
||A+B||2= ( 0 0)
2
A B\ (1A o
“I\ o o)iB o),
1ar o)\ [(tAl" B
t
< %((Bl_s 0)( 0 0)) L(byLemmaZ.lS
_ A L(1AB° +tA7B1™)
LB A + 1B°AY) B ,

2 1 5
+ ”tBl—SAl—r + —BsA" )
2 t 2
Next, we will prove the result holds for normal operators A, B. By applying Lemma 227 ||Alll, = l|All2
and [||B[ll; = [|Bll2, we have

1([|1
\/IIAII§ +IBIB+ 5 (H;A’BS + LALBI

1
lA + Bll2 < [llA] + |Blll, S\/IIAIE + B3 + 7 M2+ N).

O

The following corollary improves the inequalities (9).

Sett=1,r=s= % in Theorem 2.28, we obtain the following corollary.

Corollary 2.29. Let A, B € C; be such that A, B are normal, then

2
IA + Bl s\/nAng +[[BI2 + 2|41z 1BIz -
Theorem 2.30. Let A, B € Cy, then forr,s € [0,1],

1
lA + Bll2 < \/I|A|I§ +IBI3 + g (R +52),

where

2

2 1
;IAlrlBls + t|A|'-7|B[1-s
2

+
2

1
R =\/H;|A*|r|B*|s + HAYB1

2 1 2
+ ir=san-r + Jisiar
2

1
s =\/Ht|B*|1—S|A*|1-r + BT
2

forallt > 0.

0

Proof. Denote @(A) := ( A IS) Obviously, ¢(A) is self-adjoint. Then,

1 1
1A+ Bl = — lp(A+B), = 5 o) + p(B), -

By Theorem 2.28, we have

1 1
IA +Bll; < E\/||<p(A)||§ +llp(B)I3 + 1 (R% +82),



J.L. Shen et al. / Filomat 39:18 (2025), 6173-6184

where

R = | Horip®) + o e s =[ae@r e + Ho@riper
Note

le@, =V21Al,,

<P(B)||2=«/§||B||z,|(p(A)|:('f(‘;| |21|)"(P(B)|=(|%*| |g|)‘

Therefore,

[ecriomr + span-ip@i-

2

LAt oy (B oY) fia1 o e o)
t\ 0 |A[J\ 0 |[B 0 A 0 Bl )
_ |l hacrBer + gasp-rpeps 0
0 LAVIBE + Al 1B,

2 2

1
+|[71AlBE + tHA['"|B|!
2

1
= \/H?|A*|V|B*|S + t|A>{-|1—r|B>f|1—5

2

Similarity,

[re@i=ipen—+ Ho@ripar

2

2

1 2 1
=\/HtIB*I1‘SlA*I1—’ + ;IB*ISIA*I* + ”tIBll‘SIAP—’ + ;IBISIAI’
2

K
This completes the proof. O

Remark 2.31. Sets = r = 1,t =1 in Theorem 2.30, we obtain

IA + Bll2 s\/nAng FIBIR + [l A2 1Be ) + [l B |

Theorem 2.32. Let B,C € C, , then

w(& B < e+ ncE + e+ e

Proof. From Lemma 2.7 and Remark 2.31, we have

0 B B+ C* B-C*
w =V2 sup || + .
’ [(C O)] a2+ﬁ£):1 2 P 20 |l
1 a+ip
=— sup ||B+ —C
V2 w2ip=1 a—if i

< \%\/IIBH% +ICIE + [IBEICE; + B3 iC -

2

6183
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0 0 10
wy(T) <V2.5 = 1.5811. The inequality of gives wy(T) <1+ ‘% ~ 1.7071. This indicates that for such operators
the bound obtained by our result is better than that of ).

Remark 2.33. Considering the operator B = (1 0) and C = (0 1), it is easy to see that Theorem[2.32] gives

Theorem 2.34. Let B,C € C, , then

[(0 B
“l\c o

1
*% 2)4
2

2\i
L) (veie e

L —

1 ( 2 2
< —\{IIBIl; + ICl|
\/E 2 2

Proof. By Lemma 2.7, Lemma 2.27 and Corollary 2.29, we have

aB +C N B-C
2 p 2i

a+ 1ﬁ

lﬁ
— IIIB |+ ICII|22 lIIBl +IC” |I|2

[(0 B\| _ 5
w2LC 0_— sup

a+p2=1 2

B+

Bl

2 a2+52:

<|

1
N 2)1
2
2

(||B||2 +IICIR

) (||B||§ +IICIR

<| |

O

01 0 0

w(T) < V2 ~ 1.1892. The inequality of (2) gives wa(T) <V2 ~ 1.4142. This indicates that for such operators the
bound obtained by our result is better than that of of [2).

Remark 2.35. Considering the operator B = (0 0) and C = (0 ) it is easy to see that Theorem 2.34] gives
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