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Abstract. Existence and uniqueness of the solution of initial boundary value problem for a class of
equations with complex-valued coefficients is treated in this work. These equations behave like parabolic
ones, though in time they may transform from parabolic to Schrodinger type or even to antiparabolic type.
Note that for the equations of corresponding spectral problems the arguments of the roots of characteristic
polynomials in the sense of Birkhoff are not constant.

1. Introduction

As is known, the second order parabolic equations and the current parameters of heat, diffusion and
other processes can be used to forecast the future parameters, while the antiparabolic equations create
conditions for the study of past processes based on the current parameters. For the equations of completely
antiparabolic type, the classical initial (boundary value or initial boundary value) problems are ill-posed
problem, which either makes it impossible to study the heat or diffusion processes taking place in the
past based on the current parameters or makes it difficult to do so. The results obtained in this work are
important for finding out to which time interval and in which part of the considered domain it is possible to
return based on the current parameters, with an aim to study the past parameters of heat/diffusion process.

Unique solvability and well-posed problem of linear initial boundary value problems have been con-
sidered by many researchers (see [1, 5, 8, 9, 18, 21]).

Different methods are used to consider such problems depending on their statements. For example,
Fourier’s separation of variables method, Laplace transform, method of freezing the coefficients, heat
potential method, a priori estimates method, contour integral method, residue method, finite-difference
method, etc.

Also, there are cases where none of the above methods is applicable for one reason or another.
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Note that the residue method and the contour integral method are among the most universal methods
used in the solution of one-dimensional and multidimensional mixed problems [1], [8].

In this work, we use the residue method and the contour integral method to treat the unique solvability
of one-dimensional initial boundary value problem with the new and previously unexplored singularities.

Definition 1.1. ([5]) The equation of the form

u ru
E =a (t, X) W (1)
is called parabolic (uniformly parabolic) in the sense of Petrovski in the domain Q of the space t, x if the
inequality Rea (t,x) > O(Rea (t,x) > 6 > 0) holds for every point (t,x) € Q.

Initial boundary value problems for the equations of the form (3) have been considered only when they
are parabolic [1-3], or when they are of Schrodinger type [4, 7, 11, 20-22], i.e. when

Rea(t,x) = 0. )

At the same time, it was shown in [10] that if the equation (1) is antiparabolic (i.e. if Rea (t,x) < Ofor (t,x) € Q),
then, for the boundary and initial-conditions with their right-hand sides having only finite smoothness, the
initial boundary value problem for this equation is not correct.

Definition 1.2. The equation (1) is called generalized parabolic in some domain Qr = {(t,x) : 0 <t < T < oo,
0<x<1}if Refot a(t,x)dt > 0 for every (t,x) € Qr.

Note that the parabolic equation is generalized parabolic in the considered domain. However, not every
generalized parabolic equation is parabolic: being parabolic till some moment of time ¢y > 0, generalized
parabolic equation may then transform into Schrodinger or even antiparabolic type. For example, let
a(t,x) = a1 (t,x) +iay (t,x), where a; (t,x), (j =1, 2) are real continuous functions, with a (t, x) # 0. Then, if
ai(t,x) > 0for 0 <t < foand a; (t,x) = 0 for t > fy, then the equation (1) is generalized parabolic, but not
parabolic, because after passing the moment of time £, it degenerates to Schrodinger type. And ifa; (t,x) > 0

for0 <t < tgand a; (fo,x) =0, a1 (t,x) < 0 for typ < t < T with foto ay (t,x)dt > |ft0T a1 (T, x) dT|, then the

equation (1) is generalized parabolic. At the same time, it is parabolic for 0 < t < fy Schrodinger for t = fy
and antiparabolic for ¢y <t < T. As an example, we can consider the function

to—t, f070§t<t0<T,
ﬂl(t,X)Z

2 (o
;E’;tft:))z, for th<t<T.

It was shown in [12, 13] that the initial boundary value problems may be ill-posed for the equations
well-posed in the sense of Petrovski, and well-posed problem for the ill-posed problem equations.
Note that our initial boundary value problem also has such properties.

2. Problem statement

In this work, we treat the unique solvability of the initial boundary value problem

d d
M(t,ﬁ)u—L(x,a)u,0<t<T, 0<x<1, (3)
u(0,x) = p(x), (4)

u(t,0) = u(t,1) =0, ®)
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where M (t, %) = ﬁ %, L (x, %) = (ij)z . % ,b=by +iby, p(t) = p1 (t) +ip2 (t), are complex-valued functions

pi(t)eCl0,1] (j=1,2), p1(t) #0, ¢ (x) is a given u (x) is a sought for function.
It is known [5] that the equation (3) is parabolic in the sense of Petrovski in the domain
D ={(t,x): 0<t<T,0 < x <1} if the real part of the root y of characteristic equation

A, 1
P’ (x + b)?

at every point (¢, x) € D satisfies the inequality
Rey (t, x, 0) <0

for any real o # 0.
For solvability, the following conditions must be satisfied:

t
10.Re(f P(”L’)d’[) >0, Reb< -1, Imb> 0;
0

20 Re(1+b) +7(0) Im (1 +b)* > 0if Im [P(5) - [} P(v)dt| > 0and
Re(1+b)* +r(T)Im(1+ b7 > 0ifIm[p- [ p(1)d| <0, where

t t -1
V(t)ZIm(jO\P(T)dT)'(RELP(T)dT) , te(0, T);

3%¢(x) € C*[0, 1],9(0) = ¢(1) = 0.
It can be verified that if the inequalities ReP (t) > 0, Imb < —1,Imb > 0 hold, then the equation (3) is
parabolic in the sense of Petrovski if and only if either
Im [13 ) (P (t))] <0, Re(1+b’+w(0)Im(1+b)>>0 (6)
or

Im [13 ) (P (t))] >0, Re(1+b) +w(T)Im(1+b7>>0, 7)

where w (£) = mP (t) (ReP (£))"".
Note that despite conditions 1° and 2° holding for the equation

Pu
ox?’
the second of inequalities (6) does not, so this equation is not parabolic in the sense of Petrovski. It

is not difficult to show that this equation is not parabolic even in the sense of Shilov. In some parts
of the rectangle below it is antiparabolic (for example, in the set of points satisfying the inequalities

21
(2x2 —4x — 2) (—x2 +6x — 7) <t< %, %276 < x <1, see the shaded area).

(x—2+i)2%:(2t+1+i(2t—1))

3. Classical solvability of initial boundary value problem

It is easy to show that the non-homogeneous spectral problem (more precisely, non-homogeneous
boundary value problem with a spectral parameter) corresponding to the initial boundary value problem
(3)-(5) has the following form:

Y =12 (x+ by = - @) (x+D)>, 8)
y(0) =0,y(1) = 0. )
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t A

B

b | —

Note that the important property [6, 18] of the spectral problem (8)-(9) is that the arguments of the
roots + (x + b) of the characteristic equation in the sense of Birkhoff are not constant in [0, 1]. As is known
[6, 18], this fact significantly complicates both obtaining the asymptotics of the fundamental system of
special solutions to the equation y”” — 2 (x + b)*y = 0 and the study of the scattering of eigenvalues of
the problem (8),(9). In fact, these matters are basic for the solution of one-dimensional initial boundary
value problems, and in general case (where 61, (x) are the functions from rather general class, such that
arg 0; (x) # const (j = 1, 2)), they have never been studied before [6, 18].

So, the presence of seemingly simple coefficient (x + b)* in the equation (3) is due to the absence of
corresponding spectral theory for more general case and the desire to use the recent result [14, 16] for the
problem (8), (9), the only one in this field so far. As far as we know, there has been no research dedicated
to this problem in more or less general statement.

Green'’s function of this spectral problem is analytic in the whole of A-complex plane, except for the
countable set of values p = p (k =0, 1, £2, ...), which are the poles of this function. The poles of Green’s
function of this spectral problem have the following asymptotic representation [3]:

nk V-1
_—+

b= T+ 0(3) (k- ). (10)

k
Let

Si={u\ Re(ub)-Re(u(1+h)) <0, (-1 Rep>0}; (i=1,2),
Si={u\ Re(ub) <0, (1) Re(u(1+b) <0}; (i=34),

X () =—(Rep)™ -Reub, (peS;, i=1,2).
Hence, 0 < x(u) <1for A€ S; (i=1,2).

As seen from the asymptotic representation of eigenvalues (10) of Green'’s function G (x, &, ), distant
poles uy lie in the sectors p € S; (i =1, 2), and only finite number of them can get in the sectors u €
Si (i=3,4).

The following estimates have been obtained for Green’s function and its derivatives [15, 16] outside
o-neighborhoods of the poles:

’G(x, & p) k-1
‘T <cly| 7, k=012 /,1653US4, 1Al >R, (11)
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< cel R = 0,1,2; pes;,

k
P 1) H>R (=12,

ox

where R is a sufficiently big, and 0 is a sufficiently small positive number, xo(y) =

=min(x (u); 1-x ().

The following theorem is true:

Theorem 3.1. Let the conditions 1°, 2°,3° be satisfied. Then the problem (3)-(5) has a classical solution u (t, x) €
C2((0; T] x [0; 1]) N C ([0; T] x [0; 1]) which can be represented as

: 1
u(t, x) = %LME’*ZLP(”dT~(f0 G(x, &) (E+b) @ (&)dE |du (12)

fort > 0, where

3
Q = U Q]/
j=1

Q]-={y: y:r(1+ﬁj),1’2R} (j=12),

Qs ={u: u=R(1+in), pr <n<pa},

B =M;(5)+ (=15, Mj(t;)=—r()+ (1) V2 (O +1, (j=1,2) (13)

t1=0, th=0if Im [m fOtP(T)dT] >0andt; =T, t, = Tiflm[m- fOtP(T)dT] < 0, R is a sufficiently big,
and 0 is a sufficiently small positive number.

Let us first prove the following auxiliary facts.
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Lemma 3.2. Let Re ( fot P(7) d’[) > 0. Then, fort € [ty, T1 (¥ ty € (0, T)), the following estimate is true on the beams
u=p(1+ip) (p=20,j=1,2)

t
Re(yzf P(T)d’[) <c
0

where ¢ < 0.

(14)

Proof. From the conditions of lemma it follows that there exists a number 6; > 0 such that for ¢ € [to, T]

Re(f P(’c)d’c) > 01. (15)
0

Further, from the equality

t t ¢
Re(,uzj(;P(T)d’c)=(y%—y§)j0‘pl(’c)dT—Zylyzj(;pz(’c)d1=

Im (fotP(T) d’c) ~
Re (fOtP(T) d’() -

= —Re( P (1) dT) [(Imy — My (t) Repr) (Imy — Mz (t) Re)] =

= Re( P(T)d’[)[ —u2 42U -

2
= —Re( P(7) dT) H [Imy — My (t) Rep], (16)
k=1

foru=p (1 + zp]) (p=0,j=1,2)we obtain

t t 2
Re([fj(; P(T)dT) = —sze(‘f(; P(T)d’f)g[ﬁj—Mk (t)] =
2
= —sze( f P () dT)H (=) 6 = My (1)) (17)
=1

But, from the expressions (13) for the functions My (t) we can see that if Im [1_3 ) - fot P (1) dT] > 0, then
M, (t) >0, (k =1, 2). Hence, by the inequality M; (t) > 0, (k =1, 2), we have M (0) < M () < M (T). Then
M (t) > 0. Consequently, M (0) < M () < My (T)), k =1, 2. Having estimated the second term in (17), we
obtain the following inequalities:

Mi(t)=0-Mi()) =M1 (0)=06-M1 () <M1 (0)—6-M;(0) <-6,(m=1, j=1)

My (t) =0 =Mz () =M1 (0) =0 -Ma () <M1 (0) =6 -M2(0) <=6,(m=2, j=1)

My () +0—-Mi () =M1 (0)+0—M;(t) =M (0)+06—-M;(T) =0, (m— 1, ]—2)

Mz(t2)+6—M2(t)=M1(0)+6—M2(i') M2(0)+6 Mz(T)>(5 (m 2 ]—2) (18)
Taking into account the inequalities (15), (18), from (17) we get

(19)

t
Re(yzf P(T)d’f) < -8 p*<c-
0
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516%

max (147> )
j ]

where c = —

And if Im[P(f)- [y P(1)d| < 0, then, by M () < 0, we obtain My(T) < M () < My (0), k

Therefore,
M (t)=0-Mi () =M (T) =0 -M () <M (T)-6-M(T) <=6 (k=1, j=1),

Mi(t) =6 -Ma(t) =M1 (T) =6 =M () <My (T) =6 -Mr(T) <=0 (k=2, j=1),
My () +0-Mi () =M (0)+6-M; (0) 26 (k=1, j=2),
My(t) +6—-Ma () 2 M (0)+6—-Ma(0) =26 (k=2, j=2).

Also, by (15), (20), from (17) we obtain

t t
Re (yz fo P (1) d’[) = —p?Re ( fo P (1) dT) Ky () = 6= Ky (1) (K1 (t1) = 6 — Ka () <

<-510%p* <c- ‘y|2

forj=1, and
t t
Re (;ﬁ f P(7) dT) = —p?Re ( f P (1) dT) (My (t2) + 6 = M1 (1)) (M3 (£2) + 6 = My (1)) <
0 0

<-516%p* <c- },u|2

5162

max ,[1+p?
j ]

Lemma 3.3. Lef Re ( fot P(7) dT) > 0. Then for every A from the sectors

forj=2, where c = — . This estimate has also the form (19). O

Qi ={u: arg(l +ipp) <argu < m+arg(l+ip)},
O ={p: arg(l+ipp) —n <argu < arg(l+ip1)}

and t € [ty, T] (for ¥ ty € (0, T)) the estimate of the form (14) is true.

Proof. Denote

r= |y B =argu,fi= arg(l + iﬁj).

t
Then, using this notation, we can rewrite the function Re (/JZ fo p (1) dT) as follows:

t t t
2 _ 2 g _1,%. 2if =72
Re(u? [ P@te) = Re(jf - [ peorae) = | -Re(e- " Peora) = ogs

where v(8, t) = Ree?? ( fot P(7) d’l’). By Lemma 3.2 there exists ¢ > 0 such that
v, t)<—¢ (j=1, 2)

for t € [to, T1, (to € (0, T)). Hence,
v+ 7, ) =01, t) £ —¢,

(B2 — 7, t) = 0(fa, t) < —¢.

6657

=1,2.

(20)
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Therefore we have to prove that the function v(B, t) has no zero inside the intervals [, f1 + ] and

[B2 — 7, Bil.

But, as at the ends of these intervals this function is negative, it can have inside these intervals both
multiple zeros and at least two different zeros.

If the function w(B, t) vanishes at the point fy, i.e.

dolo
v(ﬁo,n:%ﬂ

for Bo € (B2, 1+ m) (or for By € (B2 — 1, P1)), then we have

t t t
Ree?#o ( f P(7) dq:) = 0, Re2ie? ( f P(7) d’() = —2Ime*# ( f P () dv:) =0.
0 0 0

Taking into account these relations, we obtain ¢/ ( fot P (1) d’l’) = (. But this is impossible because of the
condition Re ( fot P(7) dT) > 0.
Let us consider another case. Assume
v(Bo, ) =v(By, 1) =0, (By <By)

where B, B € (B2, p1 +m)(or By, By € (B2 — 7, B1)). It is not difficult to show that the function v(g, ) is a

solution of the following differential equation:

d*v

— +40=0.
dap?
Then it is clear that the distance between two neighboring zeros of an arbitrary solution of this equation is
equal to 7. Consequently,

n 44 ’/
3 <Py =By <1+ p1—pa.
Hence
s
ﬁz —ﬂl < 5 (21)

On the other hand, as the difference f, — 1 is an angle between the vectors {1, f1}and {1, p,}, the scalar
product of these vectors can be found as follows:

h(6) =1+ p1p2 = 1+ [Ma(t1) — 6] [Ma(t2) + O].

This expression implies that f(0) is a decreasing function, because
h'(0) = =26 + My (t1) — Ma(t2) < 0.

Therefore we have

1+ MiOMy(T), if Im[P(®)- [} P(2)dt]|>0,

1+ My(T)Mo(0), if Im[P(t)- fOtP(T)dT] <0, @)

h(S) < h(0) = 1+ My (t)Ma(ts) = {

for 6 > 0.
Since the function M; (t) increases as Im [P OF fot P(7) dT] > 0 and doesnotincreaseas Im [P - fot P(7) d’[] <
0, with M1(0)M(0) = —1, from (22) we obtain

h(5) < h(0) < 1 + M;(0)M»(0) = 0.

The negativity of the scalar product 1(5) implies that the angle 8, — 1 (for 6 > 0) between two vectors
{1, 1} and {1, p,} is obtuse. And this contradicts the inequality (21). O



Yu. A. Mamedov, V. Yu. Mastaliyev / Filomat 39:19 (2025), 6651-6664 6659

Lemma 3.4. Let the conditions 1°,2° be satisfied. Then the contour T can be chosen in such a way that

Q(8i=0 (=12 (23)
and the domain

Rs={u: p=r(l+in), r=R, p1<n<pa} (24)
does not contain the poles iy of Green’s function G(x, &, ).

Proof. By the definitions of sectors S; (j = 1, 2), it is clear that to prove (23) we have to investigate the sign
of the function

I(u) = ReubRep(1 + b) (25)
forueQ. Letu=p (1 + ip]-) (r > R) in (25). Then we obtain the following expression for the function
J(w):

2
K;(0) = ] [pL+ )] = p(br = bap (1 + by = bay) = p? [(bl ~bapy+ 5 ) - }1] (26)

From (25) and (26) it follows

2
K; (0) = p? [(h — bM;(t) + %) - 411]

Consequently, if by — byM;(t;) ¢ [-1, 0], then K; (0) > 0. But, in this case there can be found 6y > 0 such that
K;(0) > 0 for 6 € (0, 0p). This contradicts the definition of the sectors S; and S,. Therefore let us assume
that -1 < b, — sz](t]) <0.
From the condition 1° and the expression for the function M;(t) it follows that the last inequality is
impossible for j = 1. Consequently, let us assume that
-1 < by —byMs(t2) <0.
Hence we have
b — bza)(i’z) <b \/a)z(tz) +1<bh+1- bza)(tQ). (27)
Two cases are possible here:
1) by —byr(t2) 20,
2) b — bzi"(tz) <0.
In first case, from (27) we have

Reb? — r(tp)Imb® < 0.

And in second case we obtain r(t;) > Z—; Consequently, the following inequality is true:
Reb? — r(t)Imb* < Reb* — 2b% = — |bf* < 0.

These two inequalities contradict the conditions 1920 the expression for the function r(t) and the number
tr.
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Now, assuming u = R (1 +in) (p1 < n < p2) in (25), we get

1

2
K(n) =I[RQ +in)] = R*(by — boan)(by + 1 — bon)) = R* [(bl — b+ %) - ZJ'

As we have seen above, there exists 6 > 0 such that K (p j) >0 (j=1, 2)for n = p;. Therefore, it suffices to
consider only the stationary point ny = % (b1 + %)

But, since f(0) = i (b1 + %) — f2, we obtain

fO =14 (b + %) ~ Ma(t2) > 3 (baMa(t) + b0) = o (~ba yPEE) +1 + by — bar(t) =
2 2 2

—r(t2)Imb? + Reb?

= >0
ba[bo A1 (t2) + 1 = byr(ts) + b1]

Then the number 0y > 0 can be chosen in such a way that f(0) > 0 for 6 € (0, ). And this means that the
stationary point 1y does not lie inside the interval [p1, f2]. Hence it follows that K(17) > 0 for 1 € [p1, p2].
Thus, the first part of the lemma is proved.

First assertion of this lemma implies

Rs  (Ss U S4). (28)

As the sectors S; and S4 can only contain a finite number of poles i, it follows that for sufficiently big R>0
the following relation is true:

{ur) ﬂRb =0.

O

Now let us assume that the numbers R, 6 (in definition of the contour I') are chosen in accordance with
the requirements of Lemma 3.4. Using Lemmas 3.2-3.4, let us prove our theorem.

Proof. Denote

Q_:

j

Q]T/

3
=1

Q]f :{A: /\:—r(1+]5]-),r2R} (j=12),

Qs ={A: A=-RQA+in), pr<n<pa}.
Let us choose the positive directions on the contours Q and Q™ as follows:

Q= Q- QandQ; = Q; = Q;.

Consider a positive integer m satisfying the inequality

mo > 2R 1 + max 2
07 11+ 2p] jpj

and denote the numerical sequence

_(@m+4dmo+1)m B
Tm = 271+ 20 (n=0,1,..) (29)
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by {rm}.
Depending on the choice of 19, we see that the circles

O, = {y: p=rue?, 0<p SZH)}
intersect the contours Q and Q~ only at the points lying on Q;f' (j =1, 2), and, moreover,

T'm

G =0 On== (1+i;) = +rye.

On the other hand, from (29) it follows that for sufficiently large R > 0 the inequality

e — yk| > (xk, m=0,1,..;,0< B <2m)

T
411 + 20|

holds.
Denote some arcs of the circles O,, as follows:

e = {us w=rue®, pr<p<po},

-

G ={u: p=rue®, pp<p<pitnf,
cgnci'm = {y: y:rmeiﬁ, ﬁz—nsﬁﬁﬁl+n}.

Also, denote by Q,, and )}, the following closed contours:
Z‘m = Qm,+ U C;mcim U Qm,7 U Cgmcirm'

+ _ ym+ + o+
Z‘m - Q U Cchlm’

where
Qm*={xu: peqQ,

Let us formally perform the operations x — +0, x — 1 — 0 under the sign of integration:

u| < ).

. 1
ity == [ we 0O [ G, g e+ bPp (e de
Q 0
Using the properties of Green'’s function G (x, &, ), we have
u(t,0)=0, u(t,1)=0
fort e (0, T

Also, formally bringing the derivatives %, ;—; in (30) under the sign of integration, we obtain

(x+ b)z ur—P(t) uy = %P - (x+ b)2 (%) f ‘ueyz f(;P(T)drd[J
Q

for (t,x) € (0, T] x [0, 1].
By condition 3° and the equality

1 1
[} 6t e+ g = T2+ [ Gt e o,
0 0

6661

(30)

(31)

(32)
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we can rewrite (30) as follows:

1 1
2 (P(X) 1 12
Gx, & (& +bPp@)ds = T2 4 = | G, &, e (6)de
0 u e Jo
u(t,x) = ui(t,x) + up(t, x), (33)
where
1 1 e
- - i fo P(t)dt
w(t2) = =9 fQ ey, (34)
1 1 th P(t)dt ! ”
up(t,x)=— [ —e b du | Glx, & we”(E)dE, (35)
i Jg H 0
1 (1 ! .
wr(0,x) = — | —du | Gx, & we”(E)dE. (36)
T Q [,l 0
Now let us calculate the integrals over the contour Q using the formulas (32), (34), (36). Assume
Vi (Q) — f #2k—1 eHZ j[‘)’ P(T)de[.l (k — 0, 1) (37)
Q
Hence,
1

ye(Q = lim y(Q") = 3 - lim [ (Q") +7:(Q")].

By Lemma 3.3 we obtain

— -

lim (c;mcim) =0, lim yy (c;mcfm) =0. (38)
Consequently, the function yj (Q) can be expressed as follows:

7e(Q) =

1 - . . 1
= 5 lim [Vk (Q"™") + ¥ (CLCM) + e (Q™7) + 7k (czmcl*m)] =5 Hm i (Zm) (39)

m—o0

-+
for t > 0and k = 0, 1. But, since y (L) is an integral of the function y2k‘1e“2 b P@I over the closed contour
Y., we have

| 2mi, for k=0,
Yk (Zm) = { 0[ fOT’ k=1.

Taking into account the formulas (32), (34), (37), (39), we arrive at the following conclusion:
(x+b)u —P(t) uyy =0 (40)
and
ui(t, x) = p(x), (41)

for (t,x) € (0, T] x [0, 1].
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By the estimates (3.4) for Green’s function of the problem (8)-(9) and the relation c;nvcin C Rs € (S51JS,)
(see Lemma 3.4), we get

1
lim — f CLla f Gx, &, p)g” (E)dE = 0
m—oo T(1 + 0

Coamim

uniformly with respect to x € [0,1]. Thus, from (36) we obtain

1
up (0,x) = l lim l d)\f G(x, & N (&)dé, (42)
Tl m—oo Qm Uct ¢ [J 0

2m - 1m

ie.
up (0,x) = 0. (43)
Also, by the formulas (33), (41), (43), we get
tliIPOu (t,x) = tlirﬂ) [ur (t, %) + up (¢, x)] = tlirﬂ) [ @) +ux(t,x)] =@ (x)+1u2(0,x) = ¢ (x). (44)

Consequently, the function U(f,x) defined by the formula (12), belongs to the space
C2((0, TI % [0, 1]) (see (37)). Note that this function satisfies the equation (3) for0 <+ < T, 0 < x <1
(see (44)) and the boundary conditions (5) for 0 < t < T (see (35)). It also satisfies (44) for 0 < x < 1.

Then it is clear that if this function is defined for t = 0, 0 < x < 1 by the equality u (0, x) = ¢ (x), then it
belongs to C'2 ((0, T] % [0, 1]), satisfies the equation (3) for 0 <t < T, 0 < x < 1, the initial conditions (4) for
0 < x <1 and the boundary conditions (5) for 0 <t < T (for ¢ = 0 due to the condition ¢ (0) = ¢ (1) =0). O

Remark 3.5. The proved theorem covers not only initial boundary value problems for parabolic equations,
but also those for nonparabolic equations. So, even though the conditions of theorem hold for the equation
(3), this equation is not parabolic.

4. Conclusion

In the paper, the existence and uniqueness conditions for the solution of the problem in the form of
(3)-(5), which changes its type from parabolic to antiparabolic and where the arguments of the roots of the
characteristic equation in the sense of Birkhoff are not constant, have been found, and an explicit analytical
expression for the solution has been obtained.
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