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Abstract. In this work, we introduce a comprehensive generalization of the kernel of a set within topolog-
ical spaces equipped with a primal structure. The proposed notion of the primal kernel offers a powerful
framework for redefining and analyzing generalized forms of open and closed sets. Leveraging this frame-
work, we establish new, weaker separation axioms and construct a novel topology that is demonstrably
incomparable with the classical topology derived from the primal structure. These results not only con-

tribute to the refinement of topological concepts but also highlight the structural richness and potential
applications of primal-based topologies.

1. Introduction

Numerous topological structures were actively studied in many mathematical fields, including the
social and natural sciences, to find solutions to a wide range of natural issues. The idea of grills was
established by Choquet [13] and presented in 1947. Kuratowski [17] subsequently examined and analyzed
ideals conceptions in 1966, where the ideal concept is the dual of a filter. Grill structures were used by
many researchers, such as general topology [7], fuzzy topology [12], etc. It is important to remember that in
[21] and [22], Vaidyanathaswamy introduced the idea of localization theory in set-topology. Furthermore,
Jankovi¢ et al. extensively explored this subject in [15]. Also, Sarkar talked about fuzzy ideals in fuzzy set
theory and how to use them to create new fuzzy topologies out of existing ones. In [20], he also examined
the ideas of compatibility of fuzzy ideals with fuzzy topologies and fuzzy local functions. Conversely, the
concept of soft local functions was first presented by Kandil et al. in [16]. A refinement of the idea of the
soft local function, Ameen et al. described the cluster soft closed sets in terms of many types of soft sets
[9]. Primal is the dual of the concept of grill, as was recently explored in [1], whereby primal structure was
examined. They also investigated the connection between topological spaces and primal topological spaces.
Al-Shami et al. [8] developed the soft primal soft topology and looked into its fundamental characteristics,
which encourages the quick growth of primal topological space. In addition, some kinds of primal soft
operator was given by Al-Omari et al. [3]. Fuzzy primal ideas were also presented by Ameen et al. [10].
An important contribution of Al-Omari et al. [6] was to the construction of operators in primal topological
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spaces and studying the proximity spaces inspired by primal and others [4, 5]. The idea of x-sets (A-set)
in topological spaces was first introduced in 1986 by Maki [19]. A set U that coincides with its kernel (=
saturated set), that is, with the intersection of all open sets that include U, is called a x-set. Using x-sets and
closed sets, Arenas et al. [11] established and researched the concept of A-closed and A-open sets in 1997.

In this paper, we analyze the relation between a primal kernel set, x¥(U), and other primal operators.
We also investigate and introduce this new operator. Moreover, we examine numerous fundamental
characteristics and establish a novel topology (@K) via the k-operator. We report on new results on the
k-operator in Section 3. In Section 4, we also apply the notion of the k-operator to generate a new topology
that is incomparable with the previous topology. Additionally, in Section 5, we provide some fundamental
results on g,-closed sets via primal. Besides, we report results pertaining to A.-closed sets in primal spaces
in Section 6.

2. Preliminaries

A topological spaces are denoted by (T, ©) (briefly, T) throughout this article. We designate the interior
of V by Int(V) and the closure of V by c/(V) for each V C T. The power set of T will be denoted by £(T). To
represent the family of open sets that contains ¢, we use the notation ©(t). If F C T, then F is a closed subset
of T when F € ©°. We now have the ideas and conclusions listed below, which are important for this article
that follows: The kernel of Uis x(U) = N{V CT: U C V and V € ©}. It is sometimes referred to as A(U). If
U = x(U), then a subset U of T is a x-set [19]. Note that x(U) = U if U is an open set. Moreover, the union
of all closed sets included in U is the co-kernel of a set U [19], represented by cox(U) or V(U). Note that
cox(U) = U if U is a closed set. If U = cox(U), then a subset U is a cox-set [19]. The cok-sets are the x-sets’
complements. ®F represents the set of all x-sets in T. x(U) is typically neither an open nor a closed set.

Lemma 2.1. ([19]) The statement that follows holds for any subsets V and U of a topological space (T, ®):

1. VCx(V),

IfU C V, then x(U) € x(V),
k(x(V)) = x(V),

x(V) is a k-set,

If V is open, then V is a k-set,
K(Uier(Vi)) = Vierx(Vi)

K(T\ V) =T\ cox(V),
x(Vnu) cx(V)nx(U).

® N U WD

Lemma 2.2. ([19]) Considering (T,®) as a topological space, we may see the subsequent characteristics:

1. ®and T are k-sets.
2. Every union of k-sets is a k-set.
3. Every intersection of k-sets is a k-set.

If a subset V of Tand V = AN F, where F is closed and A is a k-set, then V is A-closed [11]. The A-open
is the complement of a A-closed set. It is clear that every x-set is A-closed.
Lemma 2.3. ([11]) The requirements listed below are identical for a subset V of a topological space (T, ®):

(a) V is A-closed.
(b) V =LnNcl(V), where L is a k-set.
(c) V=x(V)ncl(V).

Recall that generalized closed, or short g-closed [18], refers to a subset V of a topological space (T, ©),
whenever V C U and U is open in T, then c/(V) C U. A subset B is g-closed iff T \ B is a g-open set of T.

Definition 2.4. ([14]) A topological space (T, ©) is said to be:
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(@) Ro-space if the closure of each singleton in an open set is contained within it.
(b) Ry-space if for t,s € T with cl({t}) # cI({s}) there are an open sets U and V that are disjoint such that
cl({t}) is a subset of U and cl({s}) is a subset of V.

Definition 2.5. ([1]) A collection IP of the power set P(T) of a nonempty set T is called a primal if the
following conditions hold:

1. T¢gP.
2. VePand U C V,impelsthat U € P (or U ¢ IP and U C V, impels that V ¢ IP).
3. f VNUEeP, impelsthat Ve Por U € P (or V ¢ IPand U ¢ IP impels that VN U ¢ PP).

The topological space (T,®) with a primal P [1] on T is denoted by a PTS and is a primal topological
space (T, ©, P).

Definition 2.6. ([1]) Let (T, ®, P) be a PTS. We provide a function (-)° : P(T) — P(T) as A°(T,0,P) = {t €
T: AU U € P forall U € O(t)}for any set A C T. We're going to utilize the symbol A}, or A° to denote
A*(T,0,P).

Definition 2.7. ([1]) Let (T, ©,P) be a PTS. We provide a function cI° : P(T) — P(T) as cI*(V) = VU V?,
where V C T.

Definition 2.8. ([1]) Let (T, ©, IP) be a PTS. The definition of ®° is given as @° = {V C T : c[°(V¢) = V°}. Itis
a topology on T induced by topology © and primal IP and ©® € ©°. The elements of ®° are called ©°-open
and the complement of a ©°-open set is called ©°-closed. It is clear that if V° C V, then V is ©°-closed more
about ®° can be found in ([1, 4, 5]).

Theorem 2.9. ([1]) Assume that a PTS is (T, ®,P). For any two subsets of V and U of T, then the following claims
are hold:

(i) if Ve e®, then Ve C 'V,
(i1) 0° =0,

(ii) cl(V°)=V°,

(iv) (V°)° C Ve,

(v) if VC U, then V° C U°,
(vi) Veuue =(Vul)e,
(vii) (VnUu)° cvenue.

Lemma 2.10. ([1, 5]) Let (T, ®,P) be a PTS for any V C T. Then,

(i) if V¢ ¢ P, then V° = 0.
(ii) V°\ 'V, does not include any nonempty ©°-open set.
(iii) if V ¢ P, then V is ©°-open.

3. A primal kernel sets

This section presents and examines the idea of a primal kernel, which is a topological space’s natural
generalization of a set’s kernel.

Definition 3.1. Let (T, ®,P) be a PTS. For a subset U of T, We provide the following definition for a primal
kernel set as K(U)(T,®) = {t € T: U°UF° = (UNF)" € P for every closed set F containing t in T}. To ensure
there is no misunderstanding x(U)(IP, ©) is briefly denoted by x(U) and is called the a primal kernel of U
with respect to IP and ©.
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We note that one way to conceptualize the a primal kernel is as an operator that is %(.) : P(T) — P(T)
defined by U — x(U). The a primal kernel is not a Kuratowski closure operator, since in general, it dose
not satisfy U € x(U) for all U C T. If it is the case that U C x(U), we say that U is a subset k-dense in itself.

Theorem 3.2. Let (T,©,P) be a PTS, then for all V C T the primal kernel (V) = {t € T : [cI({t}) N V]* € P}.

Proof. Let K = {t € T : [cI({t}) N V]° € P} and suppose t € K, then [cI({t}) N V]° ¢ IP. Since cI({t}) is closed set
containing ¢, then t ¢ k(V). Conversely, let t ¢ x(V), then there is closed set F containing t and [F N V]° ¢ IP.
Since cl({t}) € F we have [cI({t})) N V] ¢ IP. Hence, t ¢ Kand x(V) = {t e T: [cl({t}) n V] e P}. O

Corollary 3.3. Let (T, ®) be a TS, then for all V C T the kernel of V is (V) = {t € T : cI({t}) N V + 0}.

Lemma 3.4. Let (T, ®) be a topological space, P and J be primals on T, and let U and V be subsets of T. Then the
following characteristics are true:

1. If V c U, then kx(V) € x(U).

IfP C 9, then k(V)(P) 2 (V)(T).

®(V) = k(®(V)) € x(V) (i.e. K(V) is a k-set).
IfV Cx(V), then (V) = x(V).

If Ve ¢ P, then (V) = 0.

IfVee®, thenk(V)C V.

SN N

Proof. (1) Suppose that t ¢ k(U). Then there is a closed set F such that t € F and (U N F)° ¢ P. Since
(UNF) Cc(VNF), thus (VNF) ¢P. Hence t ¢ k(V)}. Thus T \ x(U) C T \ x(V) or x(V) C x(U).

(2) Suppose that t ¢ x(V)(IP). Thus, there is closed set F containing ¢ such that (VNF)° ¢ IP. Since P C 7,
(VNF)¢Jandt ¢ x(V)(Y). Hence, k(V)(P) 2 (V)(T).

(3) We have x(V) C «(x(V)) in general. Lett € x(x(V)). Then x(V) N F # 0 for each closed set F with
t € F. Therefore, there is some s € k(V) N F and F closed set containing s. Since s € k(V), (k(V) N F)* € P
and hence f € ¥(V). Hence we get x(x(V)) € k(V) and hence (V) = x(k(V)). Again, let t € x(x(V)) = x(V),
then (V N F)° € P for each closed set F with t € F. This implies V N F # ( for each closed set F with t € F.
Therefore, t € x(V). This shows that (V) = x(x(V)) C «(V).

(4) For any subset V of T, by (3) we get x(V) = x(x(V)) € x(V). Since V C x(V), x(V) C x(x(V)) and so
®(V) = (V).

(5) Suppose that t € ¥(V). Thus for any closed set F containing ¢, (VN F)* = V¢ UF® € P. Butsince V¢ ¢ P,
(VN F)* ¢ P for some closed set F containing ¢ and ¢ ¢ x(V). This is a contradiction. Hence x(V) = 0.

(6) Let V¢ € ® and t € k(V). Suppose t ¢ V. Then t € V° and it is closed set containing ¢. Since t € k(V),
then V¢ U F¢ € P for all closed set containing t. Therefore, T = VU V¢ = (V°)°U V¢ € IP. This is contradiction
with T ¢ P. Hence, x(V) C V. O

Example 3.5. Let us consider the set IN of natural numbers. In IN, define the topological space ® such that
UecOifandonlyif U =INor3 ¢ U. On N, let P be defined as B € IP if and only if 3 ¢ B. Thus, (IN, ©, P) is
PTS. Let A € IN. Then, there are two cases:

Case 1. If 3 € A. Let n € IN and let V be any closed set containing n. From the definition of ®, we know that
3 € V. Then, we observe hat 3 ¢ A° U V° which implies that A° U V° € IP and then n € k(A). Hence,
®(A) =NN.

Case 2. If 3 ¢ A. Then, we observe hat 3 € A° U V* for every closed set V which implies that A° U V¢ ¢ .
Hence, k(A) = 0.

N, if 3€A
..K(A)—{ 0, if 344

Lemma 3.6. Let (T,©,P) be a PTS. If F is closed set, then FNk(V) = FNK(FNV)Cx(FNV)forany V CT.
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Proof. Suppose that F is closed set and t € FNx(V). Thent € F and t € k(V). Let U be any closed set
containing ¢t. Then U N F is closed set containing t and [U N (F N V)] = [(U N F) N V]¢ € P. This shows that
t € ¥(F N v) and hence we obtain F N x(V) C x(F N V). Moreover, F N k(V) C F N k(F N V) and by item (1) of
Lemma 34 xk(FNV)Ccx(V)and FNk(FNV)C FNx(V). Therefore, FNx(V)=FNx(FNV). O

Theorem 3.7. Let V,U C T and (T, 0, P) be a PTS. The following characteristics are true:

1. %(0) = 0.
2. "U)UR(V) = "U U V).
3. ®(®(V)) S ®(V).

Proof. (1) It is obvious to proof.

(2) According to Theorem 3.4 we have x(V U U) 2 xk(V) Uk(U). Let’s illustrate the inclusion in reverse, if
t ¢ x(V) Ux(U). Then, t neither belongs to (V) nor to x(U). So, there is two closed sets F and D containing
t such that F* U V¢ ¢ IP and D° U U° ¢ IP. Since P is additive, (F° U V) N (DU U°) ¢ IP. Additionally, since IP
is hereditary and

FFuvH) NDUU)=[(FFUV)NDTUFUV)NU
= [F'NDJUVEND VU F NnU TU[VEN U
C [F'NDJUDf U FC U [V° N U]
C[FNnDlFU(VuUUuy.

Then, [F N D]° U (V U U)" ¢ IP. Since F N D is closed set containing ¢, thus t ¢ x(V U U). Hence, kx(V U U) C
x(V) Ux(U). Hence we obtain x(V) U x(U) = x(V U U).

(3) Let t € k(x(V)). Then for every closed set F containing t we get (FN%(V))° € IP and hence FNx(V) # 0.
Lets € FN (V). Then, F is closed set containing s and s € ¥(V). Hence, we have (FN V) € IP and t € k(V).
This indicates that ¥(x(V)) C x(V). O

Lemma 3.8. Let U,V C T and (T,®,P) be a PTS. Then ®(V) \ ®(U) = ®(V \ U) \ ®(U).

Proof. We get by Theorem 3.7 %(V) = %[(V \ U) U (V N U)] = &V \ U) UR(V N U) € %(V \ U) UR(U). Thus,
®(V)\ ®(U) € %(V \ U)\ %(UI). By Theorem 3.4, %(V \ U) € %(V) and we obtain %(V' \ U) \ (L) € %(V) \ ©(U).
Hence, ®(V) \ ®(U) = &(V \ U) \ ®(U). O

Corollary 3.9. Let (T,0,P) bea PTS and U,V € T with V¢ & P. Then, k(U U V) =x(U) = x(U\ V).

Proof. Since V¢ ¢ P, by Theorem 3.4 k(V) = 0. By Lemma 3.8, ¥(U) = x(U \ V) and by Theorem 3.7
*KUUV)=xU)Ux(V)=xU). O

Theorem 3.10. Let (T, ®,IP) be a PTS, so the subsequent properties are equivalent:

1. @\ (T} c I

2. If Ve ¢ P, then cox(V) = 0;

3. V Cx(V) for each closed set V in T;
4. T =x(T).

Proof. (1) = (2): Let V° ¢ P and © \ {T'} C IP. Assume t € cox(V). Then, there is a closed set F in T such that
te FC Vand V¢ C F. Since V° ¢ P, then F° ¢ IP. This is not the case that ® \ {T'} C IP. Hence, cox(V) = 0.
(2)= (3): Let V be closed set and t € V. Suppose t ¢ k(V) then there is a closed set F containing ¢
such that V¢ U F° ¢ IP and hence (V N F)° ¢ P, thus by item (2) cok(V N F) = 0. Also V N F is closed, then
cok(VNF)=VNF #0. This is a logical contradiction. Hence, t € (V) and V C k(V) for every closed set V.
(3)= (4): Since T is closed, so we get T = %(T).
@)= (1) T=%(T)={teT:F UT=F° €P for each closed set F containing t}. Hence, ®\{T} CP. O
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Remark 3.11. Let (T, ®,P) be a PTS. For a proper subset V of T the following hold:
1. If P = 0, then x(V) = 0.
2. If P =P(M)\ T, then x(V) = (V).

Examples of how the ideas relate to one another are as follows:

Example 3.12. Let T = {3,2,1}. Define ® = {0, T, {1},{1,2}} and P = {0, {1}, {2}, {1,2}}. If (T, O, P) be a PTS
and V C T, then we have the following table.

1% x(V) kernel | cox(V) co-kernel | ¥(V) primal-kernel
0 0 0 0
T T T T
{1} {1} 0 0
{2} {1,2} 0 0
{3} {3} T
{1,2} {1,2} 0 0
{1, 3} T {3} T
{2,3} T {2,3} T

Example 3.13. Let T = {3,2,1}. Define ® = {0, T, {1},{1,2}} and P = 0. If (T,®,P) is a PTS and V C T, then
we have the following table.

% k(V) kernel | cox(V) co-kernel | ¥(V) primal-kernel
0 0 0 0
T T T T
{1} {1} 0 0
{2} {1,2} 0 0
{3} {3} 0
{1,2} {1,2} 0 0
{1,3} T {3} 0
{2,3} T {2,3} 0

Example 3.14. Let T = {3,2,1}. Define ® = {0, T, {1},{1,2}} and P = $(T) \ {T}. If (T, O, P) be a PTS and
V C T, then we have the following table.

|4 x(V) kernel | cox(V) co-kernel | k(V) primal-kernel
0 0 0 0
T T T T
{1} {1} 0 {1}
{2} {1,2} 0 {1,2}
{3} {3}
{1,2} {1,2} 0 {1, 2}
{1,3} T {3} T
{2,3}) T {2,3} T

4. A topology associated with a primal kernel sets

Theorem 4.1. Let (T, ®,P) be a PTS, then V= ®(V) U V is a Kuratowski operator that is if V, U be subsets of T.
Then
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—K

0 =0
vev.
vuu =V ul.
LV =V,

@ =

Proof. By Theorem 3.7, we obtain
M0 =xO)UO=0.
QVCVURV)=V.
@ VUU ="VUl)U(VUl)=~V)URU) UV UL =V ul.
( K

HV" =RV)UV =REV)U V)URV)U V) =REV) URV)URVIUV)=R(V)UV =V". O
Lemma 4.2. Let (T,®,IP) be a PTS and V, U be subsets of T. Then

LFVCUthenV cU.

2. (VRU) cV nl".

3. When F is a closed set, then F N v - VAFE.
Proof. (1) Since V C U, by Lemma 3.4 we have Vi=vu k(V)ycuuvuxU) = u.

(2) This is obvious by (1).

(3) Since F is closed set, by Lemma 3.6 we have F N Vi=Fn VUux(V)=FnV)UFnNKV)) C
ENV)URENV)=ENV". O

Corollary 4.3. Let (T,0,P)bea PTSand V C T. If V C k(V), then x(V) = v

According with Theorem 4.1, if (T, ®, IP) is a PTS, we denote by © the topology generated by 61\’, that
is® = (VCT:T\ V=T \ V}. The elements of @ are called k-open and the complement of k-open is
called x-closed.

Remark 4.4. In Example 3.5 we consider the set IN of natural numbers. In IN, define the topological space
Osuchthat U € ®ifand onlyif U =INor 3 ¢ U. On N, let IP be defined as B € P if and only if 3 ¢ B. Thus,
(N, ©,PP) is PTS. Let A € IN. Then,

ZK _ N, if 3€eA
Tl A if 3¢A
Hence, A is k-closed set if and only if 3 ¢ A.

In general the following topology ® and 0 are incomparable as we can see in below example

Example 4.5. LetT = {3,2,1} with ® = {0, T, {1, 3}} and the primal IP = {0, {1}, {2}, {3}, {1, 3}, {2, 3}}.

—K

V| (V) kernel | cox(V) co-kernel | x(V) primal-kernel | V Vel c®(V)

0 0 0 0 0 0 0

T T T T T T T

{1} {1,3} 0 {1,3} {1,3} | {2} | {1,2}

{2} T {2} T T {2 {2}

{3} {1,3} 0 0 By | 0] {3
{1,2} T {2} T T T T
{1,3 {1,3} 0 {1,3} {,3} | T T
{2,3} T {2} T T | {2} ] {2,3}
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By above table we obtain e = {0, T,{2},{1,2}} and it clear that ® and @ are incomparable topology.
AISO @0 = {@, T/ {1}/ {1/ 2}/ {1/ 3}}

Remark 4.6. 1. Since x(V) = x(x(V)) C x(V), then V'c x(V) for all subset V of T. Hence, if V is a x-set,
then V is k-closed. It follows that each cox-set is k-open.

2. If P =P(T)\ T, then ®' is the collection of all cox-set.

3. According to [4], if V is a subset of T considering IP and ©, the primal local closure operator of V is
[L(V) = I(V)(P,0©) = {t € T: V¢ U (F) € P for every F € O(t)}, where O(t) = {F € © : t € F}. Itis clear
that x(V) € II(V) C clg(V). Hence, it follows that if V is a O-closed set, then V is k-closed and every
0-open set, then is K-open.

Proposition 4.7. A subset V of a PTS (T, ©,P) is k-closed if and only if k(V) C V.

Proof. Let V be k-closed, then V = v =x(V)U V. Hence, x(V) C V.
Conversely, let ¥(V) C V. Since, V= x(V)UVand x(V)U V C V, then V' cVand V' = V. This show
that V is k-closed. O

Theorem 4.8. Let (T,0,P) be a PTS. Then B(©,IP) ={V NP : Visaclosed set and P ¢ P} is a basis for 0.

Proof. Let (T, ®, P) be a PTS. It is clear that V is k-closed if and only if x(V) C V. Currently, we have U € )
if and only if ¥(U°) C U° if and only if U C [x(U")]°. Therefore, t € U implies that ¢ ¢ x(U°). This follows
that there is a closed set F such that ¢t € F and [F N U°]° ¢ IP. Now let B = FN [F° U U] € B and we have
t € BC U, where Fisaclosed and f € F and F° U U ¢ P. All that remains to be shown is that § is closed
under finite intersection. Let M, N € 8, then M = HN P; and N = KN P, where H, K are closed sets and
Py, P, ¢ IP. Hence, we obtain

MNN=HNP)N(KNP;)=[HNK]N (P, NPy).

Since (P1 N P;) ¢ P and H N K is closed set, hence M N N € B. Hence, the finite intersection in f is closed.
Thus p = {V NP : Visaclosed set and P ¢ IP} is a basis for 0. O

Example 4.9. Assume that the real numbers with a left ray topology are © = {(—0,a) : a € R} U {0, R}. Let P
be a primal of all subsets A of IR such that R\ A is infinite. Consider the collection (®,P) = {F"NP" : n € N},
where F" = [% — n,00) which is closed set and P" = R\ {1,2,...,.n} ¢ P. Then U{F"NP": n e N} = R\ IN
which is not in §(®, IP). Thus (0, IP) is not a topology in general as it is not closed under arbitrary unions.

Lemma 4.10. Let (T, ©,P) be a PTS and V be subset of T. Then,

1.Ved" if and only if for all t € V, a closed set F that contains t exists such that V U F° ¢ IP.
2. ifV¢P thnVe® .

Proof. (1) Let V € ® if and only if V¢ = %(V°) U V¢ = V¢, then ©(V°) € V¢ and V C [(V°)]*. Hence, for all
t € V,wehavet ¢ x(V°). Thus, forallt € V, thereis a closed set F containing ¢ such that FFU(V°)* = FFUV ¢ IP.
(2)Let V¢ Pandt € V. Put F =T. Then F is a closed set containing t. Since V¢ Pand FFUV =V, we

have FF UV ¢ IP. By item (1), we have V € 0. O
Proposition 4.11. Let (T,®,P) be a PTS and V C T. Then, (V) \ V does not contain any nonempty x-open set.

Proof. Suppose that V C T and U is k-open set such that U € x(V)\ V. Then, U Cx(V)\V C T\V,V C T\U
and T \ U is k-closed set. By Lemma 3.4 and Proposition 4.7, we have x(V) € x(T \ U) € T \ U and hence
U c T\ x(V)since U C x(V) we obtain that U € k(V) N (T \ k(V)) = 0. Thus, U = 0 and we get, k(V)\ V
does not contain any nonempty x-open set. [
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Corollary 4.12. Let (T,©) bea TS and V C T. Then, «(V) \ V does not contain any nonempty cox-set.
Theorem 4.13. Let Py and IP; be primals on a TS (T, ®) such that P, C Py, then @K(]Pl) C @K(]Pz).

Proof. LetV € @K(]Pl). We will show that U = T \ V is kp,-closed that is xp,(U) € U. Suppose that t ¢ U,
then t ¢ xp, (U) because U is xp,-closed set. Next, a closed set F exists such that t € F and (U N F)° ¢ P;.
Since IP, C IP; we get (U N F)° ¢ IP; and hence t ¢ %p,(U) this mean that xp,(U) € U and U is kp,-closed set.

Hence, @K(IPl) c @K(]Pz). O

Theorem 4.14. Ifa PTS (T, 0O, P) is Ty-space, then for all t € T, the singleton {t} is K-closed. The converse is true if
each singleton is k-dense in itself.

Proof. Let t be any point in T. For any s € T, t # s an open set V exists such that t € V and s ¢ V. Now,
se F=T\Vand Fisclosed and {t{ NF C VNF = 0. Hence ({t} N F)* ¢ P and so s ¢ x({t}). This show
that x({t}) € {t} and hence {t} is K-closed by Proposition 4.7. Conversely, let each singleton is ¥-closed and
x-dense in itself. Let ¢t be any point of T and s € T \ {t}. Then, k({s}) = {s} € T \ {t} and hence ¢ ¢ x({s}), then
there is a closed set F such that t € F and ({s} N F)° ¢ IP. We claim that {s}NF=0ands e FF C T\ {t{} = Vand
F¢ is open set. Hence, {} is a closed set and T \ {f} is an open set and thus (T, ©, IP) is a T1-space. Otherwise
we have {s}NF # 0,sos € Fand ({s} N F)° ¢ IP. It follows that s ¢ x({s}) which is a contradiction with the fact
x({sh)=1{s}. O

Corollary 4.15. If TS (T, ©) is T1-space if and only if for each t € T, the singleton {t} is a x-set.

5. g.-closed sets in primal spaces

Definition 5.1. A subset V of a PTS (T, ®, IP) is called g,-closed if c/°(V) € U whenever V C U and U is
k-open.

Remark 5.2. In Example 3.51et A € IN. Then,

._ [, if 3ea
A—{ 0, if 3¢gA

Hence, cI°(A) = A for all A € N, thus A is g,-closed for all A € IN.

Remark 5.3. In Example 4.5 we obtained that ® = {0, T,{2},{1,2}} and ©° = {0, T, {1},{1,2},{1,3}}. Let
U ={1,2} be k-open and V = {2} itis clearly that V C U and c/°(V) =T ¢ U. Hence, V is not g,-closed.

Proposition 5.4. A subset V of a PTS (T,©,P) is g,-closed if and only if V° C U whenever V. C U and U is
K-open.

Proof. Let V be g.-closed and V C U where U is k-open, then cI°(V) € U and since V° C cI°(V) forall V € T.
Hence, V° C U whenever V C U and U is x-open. Conversely, let V C U and V° C U whenever U is k-open,
then VU V° =cl°(V) € U. Thus, V is g,-closed. O

Proposition 5.5. Let V and U be a subset of a PTS (T, ©,P). The listed below items are hold:

(i) If Vis ©°-closed, then V is g,-closed.
(ii) If V is g,-closed and k-open, then V is ©°-closed.
(iit) If V is g-closed and V C U C V°, then U is g,-closed.
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Proof. (i) Let V be ®°-closed and V € U where U is x-open. Then, V = c[°(V) = V° UV, we get V° C V and
Ve €V € U. Therefore, V° C U and thus V is g,-closed.

(i) Let V be g.-closed and k-open. Since, V C V and V is k-open by Proposition 5.4, V° C V and hence
V is ©°-closed.

(iii) Let V be gy -closed, V C U C V°, and U € W where, W is k-open. Then, V € W and hence V° C W
also U°® € (V°)° € V°® € W. Hence, U is g,-closed. O

Theorem 5.6. A subset V of a PTS (T, 0, P) is g.-closed if and only if V° C kg+(V) where, kg+(V) is the kernel of
V in the topology 0.

Proof. Suppose that V is g.-closed, let V C U where U is k-open. Then, cI°(V) € U and since U is k-open
containing V we get cl*(V) C xg+(V).

Conversely, suppose that c/°(V) € xg+(V) and U is k-open containing V. Then, we get that V C xg+(V) C
kg (U) = U. Hence, cI°(V) € U and V is gy-closed. [

Theorem 5.7. If a subset V of a PTS (T,©,P) is g,-closed, then V° \ V does not contain any nonempty x-closed
set.

Proof. Let V be gy -closed set and suppose and F is nonempty %-closed set such that F € V°\ V. Then,
FCV\VCT\V,VCT\FandT\F is k-open set. By Lemma 2.9 and Proposition 5.4, we have
Ve C(T\F)*CT\Fandhence FC T\ V°since F C V° we obtainthat FC V° N (T \ V°) =0. Thus, F=0
and we get, V° \ V does not contain any non empty xk-closed set. [

Theorem 5.8. Let V be a g,-closed subset of a PTS (T, ®,P). Then, the items below are equivalent:

1. Vis ©°-closed.
2. VoAV =0.
3. V°\ Visk-closed.

Proof. (1) © (2) By Definition 2.7 V is ®°-closed set if and only if V° C V, which is equivalently V°\ V = 0.
(2) = (3) It is obvious since ® isa topology.
(3) = (1) Suppose that V° \ V is k-closed set. Since V is a g,-closed, by Theorem 5.7, we get that
VAV =0 O

Lemma 5.9. Let (T,®,P) be a PTS, for all t € T, the singleton {t} is k-closed or g,-open.

Proof. Let {t} be not k-closed, then T \ {t} is k-open and the only k-open set containing T \ {t} is T. Since
cl°(T\ {t}) € T, then T\ {t} is a g«-closed set and hence {t} is g,-open. [

Definition 5.10. A PTS (T, ®, IP) is called E—T% if each g,-closed set of T is ©°-closed.
Theorem 5.11. The PTS (T, O, P) is ?—T% if and only if for each t € T the singleton {t} is xk-closed or ©°-open.

Proof. Suppose that (T, 0, P) is %—T% space and let t € T. If {t} is not x-closed, then by Lemma 5.9, {t} is
gx-open and hence T\ {t} is g,-closed set. Since (T, ®, IP) is E-T% we get that T \ {t} is ©°-closed set. Hence,
{t} is ©°-open. Conversely, let V be a g,-closed set and t € V°. Next, there are two cases:

Case 1: {t} is k-closed set. Then, by Theorem 5.8, V° \ V does not contain any nonempty x-closed set
and hence t ¢ V°\ V. Since t € V° we get that t € V. Thus, V° C V and V is ®°-closed set and in this case
(T,O,P)is E—T% space.

Case 2: {t} is ©@°-open set. Then, by Lemma 2.10, V° \ V does not contain any nonempty @°-open set
and hence t ¢ V° \ V. Since t € V° we conclude that t € V. Thus, V° C V and V is ®°-closed set and in this
case (T, ®,P) is E—T% space. []
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Remark 5.12. In Example 3.5 A is k-closed set if and only if 3 ¢ A and since cI°(A) = A forall A € N, thus A
is @°-open for all A C IN, therefore for each t € IN the singleton {t} is k-closed or ®°-open. Hence, (N, ©, IP)
is k-Ty space.

Remark 5.13. In Example 4.5 we obtained that e = {0, T,{2},{1,2}} and ®° = {0, T,{1},{1,2},{1,3}}. Let
V = {2} it is clearly that V is neither k-closed nor ®°-open set. Hence, (T, ®, IP) is not ?—T% space.

6. A.-closed sets in primal spaces

Definition 6.1. A subset V of a PTS (T, ©, IP) is called A-closed if V = F N U whenever F is a k-closed and
U is a ®°-closed set.

Example 6.2. InExample4.5whenT = {3,2,1} with® = {0, T, {1, 3}} and the primal IP = {0, {1}, {2}, {3
It is clear that the collection of all k-closed and ®°-closed sets are {0, T, {1,3},{3}} and {0, T, {2, 3}, {3}, {2}}
respectively. Thus, {0, T, {2, 3}, {3}, {2}, {1, 3}} is the collection of all A,-closed sets.

Remark 6.3. Let (T, O, P) be a PTS, then
1. If Vis a A-closed set, then V is a A-closed set, because every «-set is k-closed and each closed set is
®°-closed.
2. If P =P(T) \ T, then V is a A,-closed set if and only if V is a A-closed set.

Proposition 6.4. In a PTS (T, ©, IP) every k-closed set is A -closed and each ©°-closed set is A,-closed.

Proof. (1) Let V be a k-closed, since V = T NV, where, V is a k-closed and T is ©°-closed, then V is a
A-closed.

(1) Let V be a ®°-closed, since V = T NV, where, V is a ©@°-closed and T is k-closed, then V is a
Ae-closed. O

Lemma 6.5. Let V be a subset of a PTS (T, ©,P). The following items are equivalent:
1. Visa A-closed set.
2. V.=Fncl’(V), where F is a k-closed set.
3. V=V nc° (V).

Proof. Since V" is a ®-closed and cl°(V) is a ©°-closed set the proof is clear. [J

Definition 6.6. The PTS (T, ©, P) is said to be k-Tj if for each of distinct points ¢,s € T there is a @°-open V
containing s but not t or there is k-closed set F containing ¢ but not s.

Remark 6.7. 1. Every Ty-space is k-Ty-space, because each open set is @°-open and x-closed.
2. APTS (T, ®,P) in Example 4.5 is k-Tp-space but not Ty-space.

Theorem 6.8. The PTS (T, O, P) is a k-Ty if and only if each t € T, the singleton {t} is a A,-closed.

Proof. For allt € T we have {t} C EK N cl°({t}). Let t # s, since is a A-closed. is k-Ty, after which there are
two cases: _

Case 1: There is a ©°-open set V containing s but not ¢. In this case s ¢ cI°({t}) and hence s ¢ {t}K Ncl°({t}).

Case 2: There is a k-closed set F containing ¢ but not s. In this case s ¢ mk and hence s ¢ mk N cl°({t}).
Hence, we show that mK N cl°({t}) € {t}. Therefore, mh Ncl°({t}) = {t} and by Lemma 6.5, {t} is a A,-closed.

Conversely, suppose that a PTS (T, ©, IP) is not ¥-Tj space. Then there is two distant points f,s € T such
that one of the following cases hold:

Case 1: s € F for each k-closed set F containing t. Then, we obtain s € G

Case2: {t}NV # (Z) for each ®°-open set V containing s. Then, we obtain s € cI°({t}).

Therefore, s € {t} } N cl°({t}). Since {t} is a A -closed, then by Lemma 6.5 we have {t} = mk N cl°({t}) and
hence t = s it is contradictory therefore, (T,0,P)is a x-Tp. O

11,3}, {2,3}}.
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We now provide a concept that shares some similarities with the concept of Ry space.

Definition 6.9. The PTS (T, ©, IP) is said to be k-Ry space if each k-closed set F and each t € F we have
cl°({t}) C F.

Example 6.10. InExample3.12whenT = (3,2, 1} with® = {0, T, {1}, {1, 2}} and the primal IP = {0, {1}, {2}, {1, 2}}.
We obtaind the collection of all k-closed and ®°-closed sets are {0, T, {1, 2}, {1}, {2}} and {0, T, {1, 2}, {1, 3},{2,3 },

{1}, {3}, {2}} respectively. It is clear that, each k-closed set F and each t € F we have cl°({t}) = {t
Hence, Example 3.12 is k-Rg. But Example 4.5 is not k-Ro because {1,3} is k-closed and 1 € {1,

c°({1}) = {1,2,3} £ {1, 3}.
Theorem 6.11. Let a PTS (T, 0, P) be k-Rg space. A singleton {t} is A-closed if and only if {t} is ®°-closed.

} CF
3} but

Proof. Let {t} be a A -closed set. By lemma 6.5 we have {t} = EK N cl°({t}). Now for each k-closed set F

containing {t}, cI°({t}) € F. Thus, cl°({t}) € {t } . Hence, we obtain that {t} = mK Ncl®({t}) = cl°({t}). Therefore,
{t} is a ©°-closed set.

Conversely, suppose that {t { }is a ®°-closed set. Then, {t} = cI°({t}), and we obtain that {t} C mK Ncl®({t}) =
mk N {t} = {t}. Hence, {t} = {t} N cl°({t}) and by lemma 6.5, a singleton {t} is A,-closed set. [

Corollary 6.12. Let a PTS (T, ©,P) be k-R space. Then, (T, ®,P) a k-T space if and only (T, ®°) is a T space.

Example 6.13. In Example 4.5 for each distinct points t,s € T there is a ©®°-open V containing s but not ¢
or there is k-closed set F containing ¢ but not s. Hence, Example 4.4 is k-Ty. But (T, ©°) it is not a T; space
because {1} is not ®°-closed. Thus, the condition in Corollary 6.12 is a necessary.
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