Filomat 39:19 (2025), 6723-6742

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2519723M

University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

On the well-posedness of mild solutions to certain nonlinear wave
equations

Nguyen Minh Hai?, Nguyen Hoang Luc?, Bui Dai Nghia>“4~

“Department of Mathematics Economics, Faculty of Data Science in Business, Ho Chi Minh University of Banking, Ho Chi Minh City, Vietnam
YFaculty of Mathematics and Computer Science, University of Science, Ho Chi Minh City, Vietnam
Vietnam National University, Ho Chi Minh City, Vietnam
?Department of Mathematics, Faculty of Science, Nong Lam University, Ho Chi Minh City, Vietnam

Abstract. We are devoted to the study of the Cauchy problem for Love equation.We establish the existence
and uniqueness of the solution under different conditions imposed on the nonlinear source function.We
analyze the continuous dependence of the solution with respect to the parameters involved in the equation.

Additionally, in this paper, we also shown that the solution to the Love equation converges to the solution
of the wave equation.

1. Introduction

Let Q be a simply connected and bounded domain in R" with a smooth boundary dQ. Let T be a
positive real number. In this paper, we study the initial value problem of the Love equation

up(x, t) + (=AYu(x, t) — uAuy(x, t) = Z(u(x, t)), in Qx(0,T], 1)
uIBQ = O/ in Q,

with the initial conditions
u(x,0) = p(x), u(x,0)=9(x) in Q, (2)

where Z is the source function, representing the effect of an external force, and u describes the distribution
at time t and space x. Here ¢ and 1 are the initial conditions which are defined later. Let us describe the
main equation in (I) which is called the Love equation.

In mathematical physics, partial differential equations that govern wave propagation and elastic behavior
form a fundamental framework for analyzing and modeling complex physical phenomena. A substantial
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body of research on models associated with this class of equations is documented in [6], [7],[1], [11]. Among
these, the Love equation represents a prototypical model in the theory of linear elasticity, particularly well-
suited for describing the motion of isotropic elastic materials. This equation is frequently employed to
investigate shear wave propagation in elastic media, with wide-ranging applications in geophysics and
solid mechanics. The classical Love equation originates from the study of elastic wave propagation in
layered media, with particular emphasis on the behavior of surface waves that are now referred to as Love
waves. This model was first introduced by A. E. H. Love in 1911. In recent decades, considerable attention
has been devoted to extending the classical formulation to incorporate more realistic physical effects such
as nonlinearity, dispersion, and various forms of dissipation and scattering.

In order to fully comprehend the significance of the model under study, we provide a detailed interpretation
of the physical meaning of the terms involved in the problem (I)-(2).

From a physical perspective, the inclusion of the fractional Laplacian accounts for nonlocal interactions
within the material. Unlike the standard Laplacian, which models purely local diffusion or elasticity, the
operator (—A)7 with g € (0,1) introduces long-range spatial dependence, which is crucial for accurately
modeling heterogeneous, fractal-like, or memory-influenced media. This is particularly relevant in geo-
physics, where Earth’s subsurface structures often display irregular, layered properties that cannot be fully
described by classical integer-order models. The parameter g in (—A)7 controls the degree of nonlocality
and thus significantly affects the dispersion and regularity properties of the solution. Smaller values of q
indicate stronger nonlocal effects and can lead to slower decay or different wavefront propagation charac-
teristics compared to the standard wave equation.

In parallel, the damping term pAuy models internal friction or viscoelastic resistance. This term arises in
many physical contexts involving energy dissipation, such as in polymers, biological tissues, or stratified
rock formations. The coefficient u > 0 determines the intensity of the damping effect. Mathematically, this
introduces a pseudo-parabolic component to the equation, enriching the model’s structure by balancing
the dispersive effects of the fractional operator with dissipative behavior.

The nonlinearity of the function Z(u(x, t)) plays a pivotal role in determining the behavior of the solutions,
and different forms of nonlinearity (e.g., power-type, exponential) will lead to varying outcomes.

The initial data ¢(x) and 1(x) prescribe the initial displacement and velocity fields, respectively, thereby
establishing the foundational state governing the subsequent motion and interaction of material points.
From these initial conditions, the entire temporal evolution of the system is uniquely determined via the
governing equations, elucidating the spatiotemporal propagation of waves or stresses throughout the ma-
terial domain.

From a mathematical viewpoint, this problem presents a rich interplay between hyperbolic, parabolic, and
nonlocal phenomena. The combined effect of nonlinearity Z(u), nonlocal dispersion (-A)7u, and viscous
damping uAuy makes the analysis of existence, uniqueness, regularity, and qualitative behavior of solutions
both challenging and meaningful. In particular, understanding how the parameters g and u influence the
behavior of solutions, including aspects such as smoothing effects, energy decay, and the possibility of
blowup, is essential for both theoretical analysis and practical modeling. Moreover, the imposed Dirichlet
boundary condition u|yq = 0 reflects a physically constrained system, such as a fixed boundary in an elastic
medium. The well-posedness and stability of this boundary-initial value problem thus become important
for ensuring that the model behaves consistently with physical expectations.

As previously analyzed, the Love equation, or wave equations of Love-type, possesses a wide range of
practical applications. In recent years, substantial research has been conducted by various mathematicians
on this model. The following section is devoted to presenting several notable results from prominent works
related to this model.

In [8], Ngoc, Triet, Duy and Long investigated an initial-boundary value problem for a nonlinear Love-type
equation of the form

Wi (X, 1) — Wy (X, 1) — Wynr = H(x, t, W, wy), in 0<x<1,0<t<T
wlpa =0, in Q, (3)
w(x,0) = wy(x), wi(x,0) = wi(x), 0<x<l1.
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Here some function wy, w1, H are are specified later. To establish the local existence of solutions to Problem
({3), the Faedo-Galerkin method was employed.

In [9] Ngoc, Duy and Long considered a nonlinear Love-type equation supplemented with initial conditions
and mixed nonhomogeneous boundary conditions, given by the following problem

Wit = Wy — EWrest + [ 2wy + Kl 2w
=H(x,t), x€Q=(0,1), 0<t<T,

6tht(0r t) + wx(o/ t) = mu(O, t) + U(t), (4)
w(l,t) =0, ()
w(x, 0) = @Wo(x), wi(x, 0) = i1 (x), (6)

where k > 1,h > 1,0 > 0,x > 0,K > 0,m > 0 are constants and @, @1, H,v are assumed to be given
and to satisfy certain regularity and compatibility conditions, which will be specified in the subsequent
sections. The existence of solutions was obtained by means of the Faedo-Galerkin method, together with
compactness techniques and monotonicity arguments. The authors established the existence, uniqueness,
regularity, and asymptotic behavior of the weak solution.

In [4] Nam, Nghia, Phuong study the initial value problem

wy(x, t) + (=AY w(x, t) — mAwy(x, t) = G(x, 1), in Qx(0,T], 7)
wWlpa =0, in Q,
with the initial conditions
w(x,0) = f(x), wi(x,0)=g(x) in Q. (8)

The authors are interested to study a mild solution of the Love equation.They present the regularity of
the mild solution and show the convergence of the solution of Love’s equation to the solution of the wave
equation.

A majority of the existing literature on the Love-type equation has focused primarily on the analysis of weak
and mild solutions in the linear case. The study of mild solutions in the nonlinear case poses significant
difficulties and demands the application of sophisticated analytical methods. To the best of our knowledge,
research on mild solutions for the nonlinear case is still relatively scarce. Therefore, this paper investigates
mild solutions of the Love equation in the nonlinear case.

The contributions of this paper are organized as follows. In Section |2} we give some preliminaries and
demonstrate an approach to the formula of the mild solution.In this section, We also provide estimates for
certain operators in the mild solution formula. In Section [3|We prove the existence and uniqueness of the
solution with a source function satisfying the global or local Lipschitz condition by making use usual fixed
point arguments, in the nonlinear case. Next, in Section [d] We investigate the continuity of the solution
with respect to the intensity coefficient of the damping effect and the initial data.Moreover, in this section,
we show that the solution to the Love equation converges to the solution of the wave equation as u — 0.

2. Preliminaries

In this section, we establish the preliminary results required for the proof of the main theorem of
this paper. Throughout this paper, we recall some basic settings of some functional spaces. Throughout
this paper, we consider the Laplace operator A defined on Wé’Z(Q) N W?2(Q). Denote by {Ak}k=1 and
{ex(X)}k=1, the spectrum and sequence of eigenfunctions of - respectively, which satisfy Aex(x) = —Ager(x),
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O0<Adg<A <A< <A< .., and I}im A = co. The sequence {ex(x)}r>1 forms an orthonormal basis of the

space L%(Q). The fractional power Af, g > 0, of the Laplacian operator A with fractional order g > 0 on Q is
defined by

AMu(x) := Z(u, ex)Aex(x). )
k=1

Definition 2.1. We begin by recalling the Hilbert scale of function spaces associated with the spectral decomposition
of a self-adjoint, positive definite operator. This framework provides a natural setting for describing various levels of
regularity in the spectral sense.

H(Q) := { ferr@), Y Ax( f@ f(x)ek(x)dx)2 < oo},
k=1

for any € > 0. And the norm is given by

1/2

11/l () ==(Z A f f (x)ek(x)dx)z) , feHY(Q).
j=1 Q

The spaces H¢(Q2) constitute a Hilbert scale in the sense that they interpolate between different degrees of
regularity encoded via the spectral decay of the Fourier coefficients.

To characterize the time-dependent behavior of functions taking values in these spaces, we introduce
the following Bochner-type space:

Definition 2.2. Let us denote L* (0, T; H” (€)), the space of all function v : Q x (0, T) — IH”(QY) such that

[ollr=,;10 () == esssup |[v(., Hllrr ) < oo,
te(0,T)

We also make use of the following weighted-in-time function space, which plays a key role in capturing
the behavior of solutions near the initial time.

Definition 2.3. Let B be a Banach space and let a,q > 0. The weighted space O, 4((0, T]; B) is defined by

Oug((0, TI; B) :=:= {i € C((0, TL; B), Ilpllo,, o1 < 0},
where

I¥llo, ,(o,11;8) := esssup e [(t, g < oo, (10)
te(0,T]

where a,q > 0 (see [5]).

The following auxiliary result provides a technical estimate that will be instrumental in our subsequent
analysis (this lemma can be found in [5], Lemma 8, page 9).

Lemma 2.4. Let ki > =1,k > =1 such that ky + ky > =1, p > 0 and t € [0, T]. For h > 0, the following limit holds
P\ tel0,T]

1
lim [sup t f &R - 5)k2e—Pf<1-5>dg) =0.
0

This lemma asserts the uniform decay of a class of singular integrals with exponential weight, and will be
useful for controlling remainder terms in time-weighted estimates.
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2.1. Solution formulation
Since the domain Q is bounded, the solution of the problem (I)-(@)can be represented by a Fourier series:

(o)

u(x, t) = Z uger(%).

k=1
where u(t) = (u(., t), ex) satisfies the following equation:
q

k Z(t)
Ak

1+ [J)\k’

u(t) =

d
Pu(t) + 1 ur(0) = ¢y, &uk(o) = .

By applying the Laplace transform to solve the differential equation, the solution for u(t) is given by

P = i t L e i t
u(t) = cos T+l O + AZ sin T+l P

’1
\/7q f (\/ e (t—r))Zk(u(r))dr.
1+ uApA

Substituting u () into the series form solution above, we have the solution to the problem (I)-(2) represented
in the following form

©0 q 00 A AS
u(x, t) = Z (\f t)(pkek(x) + Z ! +)\/';l i sin( T )l,bkek(x)
k=1 k=1
[ f sin ( A / T /\ (t—r) Zk(u(r))dr]ek(x) (11)
Ja+ y/\k)/\” KAk

The mild solution of (I)-(2) is given by

¢
u(t) = My(He + Ny(Hhy + j(; Qy(t = 1)Z(u(r))dr, (12)

where the operator families M(t), N(t), and Q(t) are defined as follows

) Aq
M, (o = Z cos( i :l/\k t)(v(.), ek(.))ek(x),

k=1

B = 1 +yAk . /\Z
Ny(Ho = ; A sm( T t)(v(.),ek(.))ek(x),

and

Q=Y ——1 (\/ A )(() ())e(x).
0= sin 4 Cr(X
TS Jarpn T+ p e

To prove the results in the next section, we need to investigate the properties of the three operators
M, (t), Ny(t) and Q,(t). Specifically, we have the following estimates for these three operations
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Lemma 2.5. Let g < 1, and suppose that the regularity parametersy and C satisfy 0 < C—y < 1; andfp=1- %
Then the following bounds hold for the operators M(t), N(t), and Q(t)

a) For any function v belonging to the intersection space v € IH((2) N %5
estimate

s

(Q) the operator M(t) satisfies the

HV(Q)SHUHJHV(Q) 6 y)tﬁH H Sy

(13)

b) For any function v € H*(Q) the operator N (t) satisfies
e
¢) Similarly, for all v € H*(Q)the operator Q(t) satisfies the same estimate:

d

Proof. First, we start the proof of part a by estimating M,(t). Using Parseval’s identity, we find that

20-y)

”Nq(t)v“w(()) < Clu, b, A)ET

H(Q)
(14)

2(C-y)
T

Jacor,,, <

HY{(Q)
(15)

2

H'(Q) - L+ pd H(Q)

oo v )
= ; /\iV cos’ ( Mt)|(v(), ek(.))’

Thank to the inequality | cos(x)| < 1 + Cgxf, for any 0 < B < 1, thus, we deduce that

HM o

o0 /\Z
Y cos ( t)(v(.), ex() )ex(x)
k=1

2 q

si |(v() ek()| +cﬁzA2" 1+Amk) 2

H(Q k=1

< i A7 (00, ek(.))| T+ C(B, )t ;;‘ A7) (o), )

HMq(t)v

(16)

=~
I
—_

forany 0 <p < 1.
Consequently, we conclude that

+ CB | f]| s (17)

5 U

s

<
H(Q) H(Q)

Here, note that from the conditions involving the parameters g,y, C and §, we ensure that
(g=1)p 1)[)’

y + =+ > 0. Next, we prove partb. To do so, we apply inequality |sin(x)| < Cgx,0 < B < 1, we derive that
Al Al @-1p
. k < k 2y 7 4f 1
sm( 1+M/\kt) _Cﬁ(1+y/\k) <SCEB WA 2 . (18)

In addition, we obtain that the following bound

1+ pAg 1,5t
/\Z < ,/y+)\1 /\k . (19)
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Combining (I8) and (19), we find that
- 1+ [J/\k . ( AZ )
sin t(v(.), ex(.) )ex(x)
‘ Z A L+ pde ( ) H/(Q)

V2 LA Al )
:; A ;: ksmz(m t)‘(v(.),ek(.))|

C([Ll, ﬁ/ /\1)1’2’8 i /\i7+(1—‘7)(1—ﬁ)‘(0(.)’ ek(-))ﬁ
k=1

2 2

N, (o

H(Q)

IA

=C(u, B,

2
0 (A-9)(1-p)
H* 2 (Q

Z(C )f)

By setting f =1 — , we follow from the latter estimate that

- 1+ ‘U/\k AZ
N;(to = sin(\f t(v(.), ex(.) )ex(x)
‘ H'(Q) kz_; AZ L+ pd ( ) HY(Q)
2y)

1-%n
< C B AP o] (20)
Finally, we estimate the operator @,(t) in part c). It is easy to see that
2 o0 1 A7 2
Q,(ty = Z _ sin( 1—kt)(v(.), ek(.))ek(x)
, — q + uAi ,
H(Q) k=1 /(1 + pAk)Ak H(Q)
= Azy—sin2(\/ ) (), ex(.)
kZ_; © 1+ pAAl 1+ pAg |( )’
= o, 1 1+uly Al )
=y A\ sinz( o(),ec())[ . (21)
kz_; E(L+ud)? Al 1+ udy ‘( k )’
Using the estimate for N;(t)v and noting that 7—5~; T A e < 1, we deduce that
Q < Clu, B, At
” (t)U” Q) . e U| H(Q)

O

3. Globally solution existence and uniqueness under lipschitz of source function

In this section, we establish the existence and uniqueness of the mild solution to the problem, under a
nonlinear assumption. In order to prove the results, we require the Lipschitz condition for the function Z,
as stated below

Let Z : H(Q) — H*(Q) such that Z(0) = 0 and

IZ(61) = Z(02)llr2(q) < LIIO1 = Ozl (@), (22)

with £ is a positive constant.
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Theorem 3.1. Let 0 < g < 1, and suppose that ¢ € HY(Q) for any y > 0. Assume further that ¢ € HY(Q) and

Z € L*(0, T; HY(Q)) with 0 < L —y < 2. Then, problem (1)-@) admits a unique solution u € O,;((0, T]; H"(Q)).
In addition, the following estimate holds for the solution u:

2(C-y)

0l =2l #2005 #2005 205

- (23)

Y

H(Q)'
— 2(C=y)

where p=1 - S

Proof. The proof is carried out via an application of the contraction mapping principle. Accordingly, we

first introduce the function

P : 0,p((0, T];H"(Q)) = O, (0, T, H(€D)),
defined by

¢
Pu(t) .= My(H)p + Ny(H)y + fo Q,(t = 1)Z(u(r))dr. (24)

Since the property Z(0) = 0, and by combining this with Lemma (2.5), we deduce the following estimate

[P =00, = M0 = o],
”(PHH o TCE Wt ”(P| pp G )+ C B AP ¢| Q)
<[lell, o + B mTﬂ||<p|Hw o+ OB AT L
Consequently, we obtain the weighted estimate
B e

+ %7 C(u, B, AT 0 (26)

H(Q)

It can be observed that e™" < 1, which leads to the conclusion that P(u = 0) € O,,((0, T]; H”(Q2)). Hence, we
contend that the mapping P is well defined. Next, we proceed to show that proving that # is a contraction
mapping. To this end, let u; and u; be arbitrary functions in the corresponding function space. Then, by
the definition of , we have

¢
Pt~ Pustt) = [ Qe =n)(Zlas() - Z<uz<r>>)dr
0
By an argument analogous to that used in Lemma (2.5), we obtain the following estimate

*})

t
[ @t =n(zmen - zason)an

<C(u, B, Al)f(t—r)

H(Q)

x|z - za)|,,.

Invoking the Lipschitz continuity of the nonlinear functionZ, we deduce the following estimate for the
difference of the operator ¥

t 2AC-y)
[Pus(t) = Pus (@l < Clat, p, Ar) fo (=0T 1) - a0

HY (Q)
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Multiplying both sides of the above estimate by t’e~", we derive the following inequality

st -,

t
te P (t) = Pua(®)llney < Clu, B, A1) f Fr (e = ) et O
; ,

, it follows that

Noting that ess su Pebr
8 Posrer Ousl(O,TLH (@)

w0 = w0, o = [ -

2(C-y)

t
te™[Puy (t) - Pua(B)llivey) < Clw, B, Al)f et —r) dr”ul m
0

00y (O, TIHY Q)

By the change of variables r = &, we transform the integral as follows

! blr—t 1% 22w ! bi(1
11t D — ) T = E1et1=9(1 — &)
0 0

From the condition0 < y,0 < { <y + 1%7, we see that 2 — 2(1(:__;) and 1 — 2(1(’ qy)

of Lemma (2.4) we conclude that

féabtlé 5) lq dé)

Consequently, there exists a constant b > 0 such that

> —1. Therefore, by virtue

lim sup (

b—+c0 g4<T

1
C(u, B, M) f (e - ) <, @7
this implies immediately that
e 1Pur (t) — Pun(t) i) < 1||1/11 - Mz'
Q=3 O0up(OTIHY (@)

It is to be noticed that the right above is independent of t. So, by taking esssupremum with respect to ¢, we
obtain

1
Puq, — Pu HY S—Hu —-u .
[1Puy 2llo,,(0,11H (@) 2] KR F—

We have thus proved that # is a contraction in space O,4((0, T];IH”(Q)). By applying Banach fixed point
theorem, we conclude that (I)-(2) has a unique mild solution in O, ;((0, T]; H"(2)).
It follows readily from u = Pu that

||u - ||$Du —P(u = 0) + ||73(u - 0) (28)
O,p((0,TL;HY (Q2)) 0,,((0, TIHY (€2)) O,p((0,TL;HY Q)
< —”u + ess sup e |P(u = 0)(t)llr (). 29
3100, o @) te(O,T]p [1P( YOl @ (29)
On account of (26)), we observe that
ess sup ¢”"||P(u = 0)(#)llpr ) < T° qDH +C(B, wT™P (PH ] (30)
t€(0,T] (®)
I ' . 1
+C(w, B, M) % HA(Q) (31)
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By combining (29) with (31I), we have

[,

Hence, we can assert that

IpH . (32)

HE(Q)

+2C(B, w)T™F

Oup((O,TIHY (Q)) Hr () Q)

2(c )

ol =l 20l 5, 200207

H(Q) H(Q) HYQ)
This completes the proof of the theorem. [

We next establish the existence and uniqueness of solutions under the assumption that the source function
satisfies a local Lipschitz condition.

Theorem 3.2. Assume that0 <g<1,0<C—y <1 A and p=1- Z(C 7/) . Let
Z : HY(Q) - H'(Q)

be a locally Lipschitz nonlinearity satisfying Z(0) = 0, and the polynomial growth estimate
IZ@)ller < Ll

for some m > 1. Furthermore, assume that ¢ € HY(Q), ¥ € HY(Q). Then, there exists T* > 0 such that the problem

¢
u(t) = My(t)p + Ny(Hy + f(; Q,(t —5) Z(u(s)) ds,
u©0)=¢, w0 =1,

admits a unique mild solution u € O,,((0, T*]; 1H”(Q)), for any a, b > 0.

Proof. We first define a truncated nonlinearity in order to convert the locally Lipschitz property into a global
one. For R > 0 be fixed. We select a smooth cutoff function y € C*(RR) satisfying

© 1, IsI<1,
X(s) =
0, ls|=>2,

Define the truncated nonlinearity H* — H” by Zg(u) := (”“”H‘ ) Z(u). It follows directly from the definition

of x that if ||u||izc < R, then )((”u””) = 1 and thus Zr(u) = Z(u)in this case. Furthermore, one can verify that
Zy is globally Lipschitz on HC¢ with Lipschitz constant given by

Lr =2L2R)"™,

where £ denotes the local Lipschitz constant of Z and m > 1 is the degree of nonlinearity. In particular, we
have the estimate

IZr(W)llrr < Lr [l
Next, we define the closed ball in the functional space O,;((0, T]; H”(Q)) by

Br = {u € Onp((0, T, H'(Q)) : lullo,, < R},
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2y
where the constants 4,b > 0 are chosen such that T et < 1. We now define the operator P acting
on functions u : (0, T] — H”(Q)) by

t
Pr(u)(t) = My(t)p + Ny(Hy + .fo Q,(t —5) Zr(u(s)) ds.

Our objective is to demonstrate that there exists a sufficiently small time T* > 0 such that the mapping Pr
defines a contraction on the closed ball Bg.
We begin by recalling the bounds provided in Lemma 2.2. For all ¢ € (0, T], the following estimates hold

e IM (Ol < Cillpll (£ + £74Fe7")

and

2(C

_ 7}/) —
Ee M ING Ol < Cot™1 T e gl

where C;, C; are constants independent of t.
Based on the choice of a and b, we deduce that t“e‘bflqu(t)l,bllH/ < Collthllgge.
For the nonlinear contribution, we employ the Lipschitz continuity of

SO ()
< CsLrllullo,, t* =
H”

1 e—bt

t
j(; Q,(t —5)Zr(u(s)) ds

! bt 1-2en
X f 7= — &) de.
0
Thus, we obtain
_2ep
IPr@)lo,, < Cillpln + Collillpe + C3 Lr(T)™ lullo,,-

We now choose R = 2(C1||(P”]H‘/ + Czllwthg), and select T* > 0 sufficiently small so that

CoL(T 5 < 2.

Under this choice, the operatorPr maps By into itself. Moreover, for all u,v € Bg, it holds that
1
IPr(1) — Pr()llo,, < EIIM = llo,,-
Hence, by the Banach fixed-point theorem, there exists a unique u € Bg such that
t
u(t) = My(t)p + Ny(Hy + f Qy(t = 5) Zr(u(s)) ds.
0

Since the embedding H”(Q) — H(Q) holds (by the assumption y > C + %2(1_@), it follows that
lu()llpe < Cllu®)llar < CR  for t € [0, T7].

Thus, in the time interval [0, T*] we have ||u(t)|lgc < R and so Zg(u) = Z(u). Therefore, u is indeed a mild
solution of the original problem. [J
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Theorem 3.3. Let 0 < g < 1,and assume that the reqularity parameters satisfy 0 < { —y < 1%", withp=1- @

-
and o > 0 Suppose the initial data fulfill
9 e H™(Q), ¢eH™Q),

and that the source function Z: H"*°(Q) — H“(Q) is Lipschitz with constant L,. Then there exist constants
a>0,b> 0,and a time T* > Osuch that the mild solution

t
u(t) = My(tHe + Ny(ty + L Q,(t —5) Z(u(s)) ds

belongs to the function space O,,((0, T*]; H*7(Q))).

Proof. We consider the solution spaceQ,((0, T]; H"*?(Q)), which is well-suited for capturing the temporal
decay and spatial regularity inherent to the problem. In this framework, and in view of Lemma 2.2
(extended to accommodate higher-order Sobolev regularity), the linear operatorsM,(t), N;(t) and @(t)
satisfy the following estimates for any v € IH"*(Q)

IM, ()0l < Callollgr + Cy P ||U||H @18,

y+o+ =

2(C=y)

1—
INyB)ollree < Cot™ 0 |[0]lgicro,

1-2C)
1Q;()vllE+o < Cat™ 0 |[vllyees,

where the constants C;, Cp, and C3 depend on parameters such as i, g, f, and the first eigenvalue A;. We
define the mapping

t
Po(u)(t) = My(H)p + Ny(Hy + f Q,(t —5) Z(u(s)) ds.
0
Our goal is to show that $; is a contraction on a closed ball
Br = {u € 0,,((0, T'L, H*(Q)): Ilullo,, < R}.

ab —

For any u € O,,((0, T*]; H"*?(Q)), we estimate the norm of P, (u)(t) as follows:

1P @Ol < IMgB)@llrne + [INg (Pl + fo Qy(t —5) Z(u(s)) ds

Hr+o

1-260)
< llllgs + C1 ## Il onopp + Co b0 [ llpaces

¢ Ay
+@jﬁ—#*iwwmmww
0

Because Z : H'*(Q) — H*"(Q)is Lipschitz continuous with constant £,;, and the Sobolev embeddings
H*(Q) — H*°(Q) and H“(Q) — H"(Q)

are continuous, it follows that ||Z(u(s))||ere < Ly Cllu(s)|lmp+o, for some constant C > 0. Therefore, we arrive
at the bound

IPs () Ollgp+o < @l + Cy P ||<P||H7,+g+ (4=

2

12
+Cot T |[Yllpgees

¢ .
+C£,C [=9 7 e s
0
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Multiplying both sides of the inequality by "¢~ and taking the supremum over t € (0, T*], we obtain the
estimate

125 llo,, < Clligllepss + CyT)' 15 gz + CoLa (T 15 o,

for some constants C;, C}, C, > 0 depending only on the structural parameters of the problem. To construct
a suitable invariant set, we define

R = 2(Cllipllrre + CHT ™ i glyee).
Then, choosing T* > O sufficiently small such that C; £, (T*)*~ R 1 <
R, so that P; maps the closed ball By, into itself. Moreover a s1m11ar argument yields the contraction estimate
1P (1) — Ps(@)llo,, < %Ilu - tllo,,, for all u,v € Bg. demonstrating that #; is a contraction. Therefore, by the
Banach fixed-point theorem, there exists a unique fixed point
1 € Ogp((0, T']; H*9(Q))) satisfying the integral equation

< 2 ,itcanbe concluded that||P,(u)llo

u(t) = My + No(t)y + j; Q,(t — 5) Z(u(s)) ds.

which corresponds to the unique mild solution of the problem on the interval [0, T*] The enhanced regu-
larity of the initial data and the Lipschitz condition for Z ensure that the solution u propagates the extra
smoothness. Hence, u(t) belongs to H*°(Q) for every t € (0, T*].

This completes the proof. [J

4. The continuity of the mild solution with respect to the parameters involved in the model

In this section, we aim to establish the continuity of the mild solution with respect to the parameter p.
We consider the following assumptions on the function Z.
Let the function Z satisfying the following global Lipschitz conditions

Hy :IZ(ua (1) = Z(uz (D)2 < Kl (£) — ua()llee ), (33)
Hy (1 Z ()2 @) < kllu®)llba ), (34)
with K, k are positive constants.
Theorem 4.1. Suppose Z is a function such that assumption Hy and H, hold. Let ¢ € H”(Q) ﬁ]I—IH1 (Q), v € H(Q)

fory>0,0<g<1,0<0;<yy+L-<0, Assume that O < o < w, . Let u* and ul be two solutions of
Problem (1)-(2) corresponding to the pammeters and u'. Then we get

(35)

pr [Cl

L e e (e e )
— -1+ — - + —
LV(OT]H‘(Q)) Hel(g)# H Al oo

, 202-7) ,
+ R, ¥)(Colp = pl 7 '+ Crlp' - m)]. (36)

H%(Q)

where R(p, ) = Callolley + Call@llge, + Csllgllge,, and C;, j = 1,..7 are constants that depend on the parameters.
Herel<p < 1.

Proof. We begin by expressing the difference between the two mild solutions corresponding to parameters
yand p':

() =t (£) = (Mo (B) = Myuu(®)p + (Noyo (8) = Nou(®)) o
t
+ L (Qq,yf(t = 1) = Qg u(t - r))Z(u“(r)) dr
t
+ fo Qe (t = 1) Z(w (1) = Z(u* () |ar.
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We now estimate the contribution of each term in the H”-norm. We commence our analysis by providing
an estimate for the first term.

0 /\q )\q
010 = (Mye®) = My = ) |eof y 17 1) = cod y T )| () e

Using the inequality |cosa — cos b| < C¢|a — b, for any 0 < € < 1, we have

M M
1+ uAg V1 + WA

It is readily seen, through a straightforward calculation, one that

€

<Ctf

Al Al
|C°S( 1+:mk t) = cof T+ )|

\/ A7 \/ A7 A0 - )
Trphe N1+wde T pdg@+ w A0 VI+ e+ I+ A)

From result /(1 + pAg)(1 + y’/\k)( VI+ude+ T+ pAy) 2 ZyS/ZAi/Z, it can be inferred that

q ’
M | ol
1 +yAk 1+y’/\k - Z‘US/Z ko
Thus, we obtain
q q 2
A A o/ — ulA,2
eof iy )~ o\ T Ol = ot |
1+ ‘Ll/\k 1+ [.1’/\]( 2[’13/2

Here we set € = %(91 — ), which is positive since g — 1 < 0 and 6; — y < 0. Taking the IH”-norm (that is,
squaring the Fourier coefficients weighted by Aiy) and applying Parseval’s identity, we obtain

loV®lfp < CPI ~ m%ZAZV“W i, e
k=1

Since 2y +e(g—1) =2y + %(61 —7)(g — 1) = 204, the summation is equivalent to ||(p||Hé,1
Hence,

-1 -1
161 Bllk < Cluo) £ T @ N’ = = O 1l

The remaining terms those arising from the sine-type operator difference, the convolution operator
difference, and the Lipschitz nonlinearity are estimated by analogous techniques.The estimates will be
presented in a summarized form. We continue by estimating the operator 5.

By applying inequality |sin x| < C,,[x|?,0 < €, <1, in conjunction with identity
AZ q/2

T = ey and utilizing inequality (1 + WAV > (w'Ap)?, we deduce that

Al -1
e
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A similar approach controls the difference in the corresponding prefactors so that, after summation, we
derive a bound of the form

26,-y) _ ,
1620l < Claso, DIt = ptl 77+ I’ = ) lles-

The convolution term &3(t) is treated similarly (using the Lipschitz bound on Z(u*) and the Beta function
for time integration), and we obtain

’ 20204 ’
13k < Cluo, TR = ul ™7 " + 1’ = pl)R(p, ),
where

R(p, ) = Callpller + Callplipe + Csllpllpe.

Finally, we evaluate term

t
Oy(t) = I) Qyu (t — r)[Z(uH' () - Z(u“(r))] dr,

By applying the Lipschitz property of the function Z, we derive the following estimate
IZ(t (1) = Z(u (Pllpe < Kl (1) = b (),

and an analogous estimate shows that

‘ ISR
103w < CQoK [ (6= 0" (1) - O
0
To handle this term we introduce the weighted norm

lvllo,, = sup t“e‘bt||v(t)||]Hy(Q),
te[0,T]

Multiplying the integral inequality for [[u*’(f) — ut(t)lls by t°e % and taking the supremum produces an
inequality of the form

lut" = ullo,, <A+ Cllu = ullo,, Ly,
where A collects the contributions of ¢, 05, and €3, and

2(C-y)
1-gq °

T
Ly = f te Mt —fdr, =1~
0

A change of variables shows that for a sufficiently large b (and provided ap < 1 to ensure integrability), the
integral I, can be made small so that the term with |[u*" — u!|lo,, can be absorbed into the left-hand side.
Next, one proves that the weighted norm is equivalent to the usual L”(0, T; H” (Q))-norm. Indeed, since

—ab
lo@®ller < t%€" [[vllo,,,

we have

T T
”UHZJ(O,T;]H;/) = j(: ”U(t)”%,/dt < ||U||;(7)alb L £ ebPt it
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Since the integral is finite for ap < 1, we deduce that ||| 1) < CetT lvllo,,, with a similar reverse

inequality. Collecting all the estimates, we finally obtain that there exist constants C > 0 and b > 0 such that
’ bT|y,,” Pl ’ 207 g ’
e = o ravy < CeT| I = P Nl + (' =l "+ 1 = pl) [ llggen

’ m—1 ’
+(Ca llgller + Callpllpaor + Cs il (1" = el 7 "+’ = )|

The only correction made relative to previous versions is that in the estimate for ||} (t)||r the exponent of

tis given by € = %(61 — y) rather than an erroneous variant. This minor typo does not affect the overall
rigor of the argument. This completes the proof. [

Theorem 4.2. Let uy and uy be the mild solutions corresponding to initial data (o1, Y1) and (@2, P2) with @1, @, €
H"(Q), 1,1V, € HYQ), under the assumption C < y+12;q.Assume the nonlinear mapping Z : H* (QQ) — H*(Q)
satisfies the global Lipschitz condition

1Z(1u1) = Z(u2)ller2 @) < Lllur — uallizx @)
Then there exists a constant C > 0 (depending on T, u,q,v, C, L) such that
llur — uzllo,, 0 mHr (@) < C(||(P1 = @2l + P — 1#2||1HC(Q)),
where |[wllo,, = SUP;c(o,7] t“e‘btllw(t)llw(g), for some choice of a > 0 and b > 0 (to be chosen later).

Proof. We define the difference w(t) := ui(t) — ux(f).
Since the mild solution for each u;(t),i = 1,2 is given by

t
uit) = My(Dpi + Ny + fo Qy(t - NZ(u(r) dr.

Subtracting the expression for u,(t) from that for u;(f) yields

t
w(t) = My(B)(@1 — P2) + No(D)(Wr — o) + fo Q,(t - N[ 20 (1) - Z(ua(r))] dr.

For clarity, we now state the following operator bounds from Lemma 2.2. These estimates hold under
the conditions on the parameters assumed in the theorem. For any ¢ € H”(Q) and for all t > 0, we have
IM;()Pllrr ) < Cillellm @) + Cltﬁ||(p||HV+(L,,2j(Q), where C; depends on i, g and B > 0 is chosen

so that y + w < y.Since q < 1, it follows that @ < 0. By the continuous embedding of Sobolev spaces
(i.e., H¥(Q) — H"(Q) for s > r), we have

Pl o S Cllelir @)
For ¢ € HY(Q) and for all ¢ > 0, we known that

1- 2
INO Yl ) < Cot™ 7 [[Yllpeq),

where the exponent 1 - z(ff_qy) is positive provided C <y + 12;'7

Given that f belonging to an appropriate Sobolev space (e.g., f € H*(Q2)),

_ 2y
1Q;(D) fllr @y < C3 '~ T | flle(y-
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It is worth noting that the weighted norm

lwllo,, = sup ™" llw(®)llr -
te(0,T]

—bt

Multiplying the expression for w(t) by t’¢™" and using the above bounds, we have:

Fe " IMy(B) (@1 — )l < taefbt(clllqm — ol @) + Citfllpr — (lelew(Q))
< Cillgr - (P2||Hr(o)(t”€_bt + C't‘”ﬁe‘bt).

Since ¢~ and t**f¢~" are bounded on (0, T], the contribution of this term is bounded by a constant multiple
of [[p1 — @allbr ). Proceeding as in the previous part, we obtain

2(C

a,~bt a+1-550 _ )
e ING (D (W1 — P)llr) < Cot e Y1 = Pallpe )

Taking the supremum over t € (0, T], this term is controlled by a constant times |[{1 — {2llpc(q)- In order to
handle the nonlinear term, we define

£
I(t) = fo Q,(t - M| Z(ur(r)) = Z(ua(r))] dr.

By the Lipschitz condition on Z and the bound for Q;, we have

2

_ 2
1Qy(t = NIZ(ur(r)) = Zua (ki < Ca (t =1 T L)l
Therefore, it can be concluded that
' )
Olsvie < Ca £ [ =0 o o dr
0

Multiplying by t¢~" yields

t 2Cy)
tae_btlll(t)||]1—p'(g) <G Lf tue_bt(t — T)l_T‘?||ZU(T’)||]I—Ir(Q) dr.
0
It is immediate that
lw®ll @) < r e lwllo,),-
we obtain

bt gy 1-X2 _,h
te (Ol < Cs Lllwllo,, | te(t—r) T re’dr.
0

Changing variable via r = t& (with dr = td& and t — r = t(1 — &)) gives

t X a2, (7 I N
tet(t— )T e dy = T e | (1= &) T g% g

0 0

5 2Cy)

1 2(C-y)
- e_btf (1- &) eett de.
0

From this, we can deduce that

1 .
_ 2y _2)
e IOk < Cs LI ( f (1- &' T g é>d£)||w||oﬂ,b.
0
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The integral is finite provided thata < 1and 1 - Z(C y)

we may choose b > 0 sufficiently large so that

> —1 (which is ensured by { <y + —) By Lemma 2.1

_wen 7 = 1
C LT 1-9 1‘45”d55§'
0
Hence, t%e || Ol < %Ilwlloa,b. Collecting the estimates, we have

1
lwllo,, < Cillpr — @allmr @) + C2 T ||1l)1 Ul + §||w||0ﬂ,,,-

Subtracting %HWHOH,,, from both sides yields

2
§||w||alb < Cillpr — @alliry + C T =) ||ll11 Ul

Multiplying by 3 we deduce the final stability estimate

3
lwllo,, < 7 max{Cy, C; T' }(||§01 Q2llrr @) + 1 — 1P2||1HC(Q))~

)
In other words [|u; — M2||0ﬂh((o T] H(Q) < C(||§01 = @2l @ + Y1 = Yallie @ )
with C = 3 3 max{Cy, C, T = = } which depends on T, u, 4, v, C, L. This completes the proof. [

Next, we show that the mild solution the Love equation convergences to the mild solution of the wave
equation .

Theorem 4.3. Let u* be the mild solution to

uy + (=A)Y'u — pAuy = Z(u), ulpa =0, u0)=¢*, u(0)=9¢*,
and let u° be the mild solution of the limiting problem

uy + (=N u=2Zw), ulpo =0, u(0)= (po, uy(0) = 1//0.

Assume that o — ¢° in H(Q), Y — Y0 in HY(Q), and that the nonlinearity Z is globally Lipschitz with Lipschitz
constant L. Then,

lu* = 10|y = 0 as u — 0.

Proof. The mild solutions u# and u° satisfy the following integral equations, respectively:
¢
ut'(t) = My (! + Ny (HH + f Qy,u(t — 8)Z(ut(s)) ds,
0

u’(t) = Mao()g® + Nyo(HOy’ + f Q,0(t — 8)Z((s)) ds.
0

We introduce the function w(t) as the difference between the perturbed solution u#(t) and the unperturbed
solution 1u°(t), namely

w(t) = ut(t) — u’(f).
By subtracting the equation satisfied by u°(t) from that satisfied byut(t) we obtain the following relation

w(t) = [Mq,y(tﬁp” - Mq,o(t)(po] + [Nq,y(t)ll)# _ quo(t)lpo]
+ Lt[ ot = $)Z (1 () — Qqo(t — s)Z(uO(s))]
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In order to isolate the contributions arising from the initial data, we decompose the corresponding terms
as follow

Mau®pH = Myo(p° = M@ = 9°) + (Mg u(H) = Myo(®)e,
Nq,y(t)wy - Nq,O(t)l;bO = Nq,y(t)(lljy - lzbo) + (Nq,y(t) - Nq,O(t))lPO‘

By Theorem 4.1 the families of operators {M,,(t)} >0 and {N;,()},>0 depend continuously on u in the
operator norms

LOH'(Q),H'(Q)) and  L(H(Q),H(Q)),
respectively. Since p* — ¢° in H”(Q) and * — ¢ in H(Q), the terms
Mout)(@t = ¢%) and Ny (O —¢°)

converge to zero uniformly in H”(Q) on [0, T] as ¢ — 0. Moreover, by the continuity with respect to i, the
terms

(M) = Mao(®)@”  and  (Nyu(t) = Nyo(®) Jy°

also converge to zero uniformly in IH”(Q) on [0, T]. Next, we proceed with the analysis of the nonlinear
term:

t t
fo [Qu(t = $)Z(u¥(5)) = Quo(t = $)Z(u°(s))|ds = fo Qqu(t = 9)[Z((s)) = Z(u"(s))|ds

+ ]: [Qq,y(t —8) — Quo(t - s)]Z(uO(s))ds.

We define the following terms for convenience:

t
0= [ @uute=9[z00) - Z6 )]s

Lio(t) = fo t [Qqult = 5) = Quolt - 9)|Z(u°(s))ds.

Since Z is globally Lipschitz with constant L, we have
1Z(ut (5)) = ZW’©))lpe() < LIk () = 16l = Lllws) o)

Moreover, Theorem 4.1 implies that the operator @, (t — s) maps H(Q) to H”(QQ) with the estimate
1€y, (t = )| e (1 () < C(E—9)7%,

for some constant C > 0 and exponent a > 0. Consequently, we obtain the following bound for

t
Iz (Ol @ < CLf (t = 5) lw(s)|lmr ) ds-
0

Similarly, by the continuity of the family {Q, ,(t—5)} .0 in the operator norm and the boundedness of Z (u%(s))
in H(Q), the Dominated Convergence Theorem ensures that

32l — 0 uniformly in t € [0, T] as u — 0.
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Next, we define the function e(u) as follows:

e(u) = sup {||Mq,y(f)((P“ = )k + 1My u(t) = Moo )@’ Il @)

t€[0,T]

+ NG (O@* = YOk @) + NG () = NpoO) ¢l ) + ||I3,2(t)||]HV(Q)}-
It follows thate(u) — 0 as u — 0. Therefore, we have the inequality

t
(Ol < () + CL f (t = ) lw(s)le ) ds.
0

By applying the singular Gronwall inequality (which is applicable for kernels of the form (t — s)™ with
0 < a < 1), we deduce that there exists a constant Cr > 0 (depending on T, C, £, and «a) such that

o)l < Cre(u), forallte[0,T].
Taking the supremum over ¢ € [0, T] yields

llut — w0l 1) = sup [w(t)ll @) < Cre(w).
t€[0,T]

Since e(u) — 0 as u — 0, we conclude that |[u* — 1|~ ) — 0 asy — 0.
This completes the proof. O
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