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Hyper-Leonardo numbers:
Combinatorial interpretation and some positivities
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Abstract. In this paper, we establish the combinatorial interpretations of the hyper-Leonardo numbers Ll
and Leonardo numbers Le,. We investigate the log-concavity of the Leonardo numbers for n > 3 and the
hyper-Leonardo numbers for 7,7 > 1. In addition, we prove the log-balancedness of the hyper-Leonardo
numbers for r = 1,2. Furthermore, we prove the g-log-concavity of the polynomial }';_, Lef{')qk forn,r > 1.

1. Introduction

The sequence {Le,},>0 of Leonardo numbers was introduced by Catarino and Borges [9] and is defined
recursively by

Le, =Le,1+Le,p+1, n>2, @)

with initial values Leg = Le; = 1.

This sequence has the following generating function:

v 1—x+x2
) Lewx” = I-0(l-x-2) 2

Its Binet formula is:

B z(anﬂ _ﬁn+1)
Len = a——‘B - 1, (3)

where a = %5 and § = %5

2020 Mathematics Subject Classification. Primary 05A19; Secondary 11B37, 11B39.

Keywords. Hyper-Leonardo numbers, tiling, log-concavity, log-convexity, g-log-concavity.

Received: 16 October 2024; Revised: 22 April 2025; Accepted: 04 June 2025

Communicated by Paola Bonacini

This work was supported by DG-RSDT (Algeria), PRFU Project, No. CO0L03UN180120220002.

* Corresponding author: Moussa Ahmia

Email addresses: boualem.rezig@gmail.com (Boualam Rezig), moussa.ahmia@univ-jijel.dz (Moussa Ahmia)

ORCID iDs: https://orcid.org/0000-0003-1059-0764 (Boualam Rezig), https://orcid.org/0000-0003-0172-0539 (Moussa
Ahmia)



B. Rezig, M. Ahmia / Filomat 39:19 (2025), 67536762 6754

The previous authors [9] proved that this sequence has some relations with the Fibonacci {F,}, Lucas
{L,} sequences such as

Le, = 2F, -1 4)
and

Ley = Lyso — Fpio — 1. )
Alp, and Kocer obtained Cassini’s identity for Leonardo numbers as

(Lew)” = Len-1Lens = Len-1 — Lena +4(=1)". ©6)
For other identities and properties of Leonardo number, see the reference [5, 10].

As an extension of Leonardo numbers, Kuhapatanakul and Chobsorn [15] defined the generalized
Leonardo numbers L , recursively by

Lk,n = -Ek,n—l + -Ek,n72 +k n>2, (7)

with initial values Lo = Li1 = 1, and the parameter k can be a fixed positive integer or an indeterminate.
When k = 1, we obtain the classical Leonardo numbers L3 ,, = Le,,.

They established [15] the following generating function of Ly, :

_ 2
Z-Ek,nxn — (1 1—x+kx (8)

i -x)(1—x—2x2)

Kuhapatanakul and Chobsorn [15] proposed also some identities and an incomplete version of this
number L ,. Shattuck [18] interpreted it as the enumerator of two classes of linear colored tilings of length
n. Furthermore, he [18] proposed a (p, q)-generalization of L, by considering the joint distribution of a
pair of statistics on one of the aforementioned classes of colored tilings.

The linear recurrence sequences like Fibonacci and Lucas sequences are generalized in many ways in
the literature. For example, Dil and Mez [13] introduced hyper-Fibonacci and hyper-Lucas numbers as
the generalizations of the Fibonacci and Lucas numbers, by the following formulas

n

F =Y R with FY =F, Fy =0, F'=1 9)
k=0
and
n
LY =Y L0 with LY =L, L =2, LY =2r+1. (10)
k=0

They obtained also that the hyper-Fibonacci and hyper-Lucas numbers satisfy the following recurrence
relations, respectively:

F) =F" +F{™Y (11)
and

LY =1 +L7. (12)
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In the same way, Bahsi and Mersin [17] introduced the hyper-Leonardo numbers as follows

n
Le" = Z L™ with Lel =Le,, Lel =1, Le” = r+1. (13)
k=0

This relation yields the recurrence relation
Le = Lef:zl + LY. (14)

The previous authors [17] gave the generating function of the hyper-Leonardo numbers as follows

1—-x+x2
Lelx" = : 15
é R Y (15)

They presented also [17] some combinatorial properties of these numbers using the Euler-Seidel symmetric
algorithm. And they gave the recurrence relations and summation formulas.

The first few values of the Leonardo and hyper-Leonardo numbers as follows:

n [0[1]2][3[4][5] 6 | 7] 89 10
Le, 11|35 ]9 [15] 25 | 41 | 67 | 109 | 177
L 11]2]5(10[19]34] 59 [ 100167 [ 276 | 453
LT[ 1]3]818]37]71]130]230]397]673 | 1126

Let  and s be two positive integers, the bi*nomial coefficients (}), are defined as the k™ coefficients in the
expansion,

(1+x+---+xs)”=Z(Z) «,

k=0

with (}), = 0 unless sn > k > 0.

The bi*nomial coefficients satisfy other properties, see for instance [4, 6, 8]. These coefficients, as for
usual binomial coefficients, are built trough the Pascal triangle, known as s-Pascal triangle or generalized
Pascal triangle. The initial values of this triangle can be found in the OEIS as sequence A027907 for s = 2,
which is also known as the triangle of trinomial coefficients [19].

The outline of the paper is as follows: Section 2 contains the combinatorial interpretations of the
hyper-Leonardo and Leonardo numbers, and the generating function proof of the relation between the
hyper-Leonardo number and Leonardo number. Section 3 contains three subsections, in Subsection 3.1 we

show that {Le,},>3 and {Leg)}nzl for r > 1 are log-concave. In Subsection 3.2 we establish that {Leg)}n21 and
{Le$},151 are log-balanced. Finally, Subsection 3.3 contains the proof of the g-log-concavity of the polynomial
YioLeq" forn,r>1.

2. Combinatorial interpretations

Recall to the combinatorial interpretation of the generalized Leonardo number £, given by Shattuck
[18]. To do this, he proposed the following definition:

Definition 2.1. A k-tile is a rectangular piece coming in one of k colors which
o must occur as the first piece in a tiling, if it occurs at all,

o has arbitrary length greater than or equal two.
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A k-tile of length | will be denoted by k; for all [ > 2.

According to this definition, he established the following combinatorial interpretation for the generalized
Leonardo numbers £ ,,.

Proposition 2.2. [18, Proposition 2.1] The generalized Leonardo number Ly ,, counts the number of n-board tilings
using squares, dominos and k-tiles.

This proposition allows us to propose the following combinatorial interpretation for the hyper-Leonardo
numbers Le{”.

Theorem 2.3. The hyper-Leonardo number Le) counts the number of n + 2r-board tilings using squares, one 1-tile
and at least r dominos.

Proof. Let Lel) = l;rlzr So, in the first step of the proof we show that the sequence of numbers I,,.,, obeys

the same recurrence relation (14),
(r-1)
n+2r-2"

l(r) _ l(f)

n+2r = ‘n—1+2r +1

We consider the last tile in an (1 +2r)-board tiling. If the (1+2r)-board ends with a square, then the remaining
(n -1+ 2r)-board can be tiled in [”

142, Ways. If it ends with a domino, the remaining (n + 2r — 2)-board can

be tiled in l;r;zly)_z ways. Otherwise, if it ends with a 1-tile, then from Definition 2.1 this 1-tile takes all cases

of (1 + 2r)-board tiling, then it remains zero 0 ways to tile. Thus, board tilings satisfy the same recurrence
relation (14) as hyper-Leonardo numbers.

Now we are testing the initial condition. For n = 0, there is one 2r-board tiling, with at least r dominos,

thus l(z? = 1 and consequently l(z? = Leg). Forn =1, the (1+2r)-board can be tiled in (’:1) =r+l= 1(1227 = Le(lr)

ways with at least r-dominos. For r = 0 there is no constraint on the number of dominoes and clearly we
have [ = L) = Le,. This completes the proof. [

By setting r = 0 in Theorem 2.3, we obtain immediately the tilling interpretation of the Leonardo numbers.
Corollary 2.4. The Leonardo number Le, counts the number of n-board tilings using squares, one 1-tile and dominos.

Bahsi and Mersin [17, Theorem 2] gave the relation between the hyper-Leonardo number and Leonardo
number using recurrence relation (14):

S m+r—k-1
) _ -t
L = Z( ] )Lek. (16)
k=0
For r =1 and r = 2, the previous authors [17] established the following two identities:
Lef}) =Leyp — (n+2) (17)

and
1
Le® = Ley,s — E(n2 + 71 + 16). (18)

In Proposition 2.6, we present a generalization of the identities 17 and 18. We begin with the following
lemma [11].

Lemma 2.5. For a positive integer r, we have

+
Ll = 2F" - (” ) r) (19)
and
o (n+r+k
FD = Fpigy — 2 ‘ (r o k)’ (20)

k=0
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This lemma gives us the following result.

Proposition 2.6. For a positive integer v, we have

r—1
" _ B n+r+k+1 _(n+r
Le"” = Ley.o, zkz_;‘( 1. MRSt 1)

Proof. From relations (19) and (20) in Lemma 2.5, we have

S (nar+k+1 n+r
LEE,Y)_ [n+1+2r Z( r—1—k )]_( " )
k=0
1

7

n+r+k+1 n+r
=L 2 - 1.
Cn+2r — ZO( T—l—k ) ( ’ )+

This completes the proof. [J

In the next proposition, we give the generating function proof of the identity (16) using relation (15).

Proposition 2.7. Ifn > 1 and r > 1, we have

L) =y’ (" trok= 1)Lek. (22)

r—1
k=0

Proof. Form (2) and (15), the generating functions of Leonardo and hyper-Leonardo numbers are respec-
tively:

ZLex 1-—x4+22
" (1-2x+23)

n>0
and
ZLe(r)n_ 1—x+x2
(1-2x+x3)(1-x)"
n>0
We know that

rej-1), 1
Z( r—1 )x R

k20
Thus, using this equation together with (15), we readily obtain the desired identity via convolution. [

3. Log-concavity, log-balancedness and g-log-concavity

Let {a,},>0 be a sequence of nonnegative numbers. The sequence is called log-concave (resp. log-convex)
if aya,40 < afm (resp. apapi2 > ‘me) foralln > 0.

We say that {a,},>0 is log-balanced [14] if {a,},>0 is log-convex and {a,/n!},5¢ is log-concave.

The log-convexity, log-concavity are important properties of combinatorial sequences, and they play
an important role in many fields such as quantum physics, white noise theory,probability, economics
and mathematical biology. Clearly, log-balancedness implies log-convexity. The log-concave and log-
convex sequences arise often in combinatorics and have been extensively investigated. We refer the reader
to[7, 20, 21] for the log-concavity and [16, 23] for the log-convexity.
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For two polynomials with real coefficients f(q) and g(g), denote f(q) >, g(g) if the difference f(g) — g(q)
has only nonnegative coefficients. For a polynomial sequence (f.(q)),, it is called g-log-concave (resp.
g-log-convex, introduced by Liu and Wang [16]), first suggested by Stanley [20], if

fn(Q)Z 24 fn—l(ﬂ)fnﬂ(ﬂ) (resp. fn(q)z <4 fn—l(q)fnﬂ(q»-

The first work about the log-concavity, log-convexity and log-balancedness of the hyper-numbers is
due to Zheng and Liu [22], they proved that the hyper-Fibonacci numbers and the hyper-Lucas numbers
satisfy these properties under some conditions. In addition, they extend their work to the generalized
hyper-Fibonacci and hyper-Lucas numbers. After, Ahmia et al. in [1, 2] do the same for the hyper-Pell, the
hyperpell-Lucas, the hyper-Jacobsthal and the hyerjacobsthal-Lucas numbers.

Motivated by these work, we establish in this section the log-concavity of Leornardo numbers Le,

and hyper-Leonardo numbers Le!, then we investigate the log-balancedness property of hyper-Leonardo

numbers Le! for r = 1,2. Finally, we prove that the polynomial };_, Le](:)qk is g-log-concave for r,n > 1.

3.1. Log-concavity property

First of all, we start by the following lemmas.

Lemma 3.1. [12, 21] If the sequences {a,}, and {b,}, are log-concave, then so is their ordinary convolution c, =
Yk—o Akbnx.

Lemma 3.2. [21] If the sequence {x,,}, is log-concave, then so is their binomial convolution y, = ¥,;_y ()Xx-
Lemma 3.3. [3] If the sequence {z,}, is log-concave, then so is their bi*nomial convolution t, = ¥ ,;_, Z)Szk.

Now, we prove in the following theorem the log-concavity of Leonardo numbers.
Theorem 3.4. The Leonardo numbers {Le,}, form a log-concave sequence for n > 3.

Proof. Itis clear that the sequence Ley, Ley, Le; is not log-concave. So, to proof that the sequence of Leonardo
number is log-concave for n > 3, it suffices to check the following inequality:

(Le,,ﬂ)2 —Le,Le,—1 >0, for n>4.
From relation (4), we obtain

(Len+1)2 —Le,Le, 1 = Ley—Ley 1+ 4(_1)2
= Leya +4(-1*+1
> 0,

which completes the proof. [
By Lemma 3.2, Lemma 3.3 and above theorem, we obtain the following results.
Corollary 3.5. The sequences {}.;_o (;)Lex}nz3 and {332, (;) Lek}nz3 are log-concave.

From (14), we note that {Leg)},, is the convolution of {Leg)},, and {1},. Then, we can prove that the hyper-

Leonardo numbers verify the log-concavity property as follows.

Theorem 3.6. The hyper-Leonardo numbers {Le)51 (2 1) form a log-concave sequence.
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Proof. Using equation (17), we show that the sequence {Le},51 satisfies the log-concavity property. Con-
sider the following computation:

n+2

2
(Lel)) — el Lel), = (Lenss = (n+3)) = (Lewsz = (1 +2)) (Lesa = (1 +4))

((Le,,J,3)2 - Le,,+2Len+4) +(n* +6n+9)— (n* +6n+8)
+ ((n +4)Leysp + (1 + 2)Leyia — 2(n + 3)Ley4a)
((Lenss)? ~ LensaLenss) — 1
+(n + 2)(Leys2 — Leys1) — 2Lepq.

From equation (6), we obtain the simplified expression:

2
(Lel) ) - LelPLel), = (n+3)Le, — 2Leys +4(=1)"2 +n+2. (23)

n+1 n+2
To verify positivity, we first consider the case n = 1:
2
(Lel’) - LelLel) = 4Le;—2Ley+4(-1)'+3=4x1-2%x3+7=5>0.

Now, assuming by induction that the expression in (23) is positive for some n > 2, we show it remains
positive for n + 1, that is:

2
(Lel),) - Le Lel), = (n+4)Lenss — 2Lenn + 4(-1)" + n+3 2 0.

n+17"n+3

Using equation (1), we compute:

@ \? @ 7,0
(Len+2) —Le’ Le

n+17"n+3

= ((n+3)Ley — 2Leys +4(=1)"% + 1 +2)
+ ((n +2)Le,_1 —2Le, + 4(-1)"" + n + 1)

+Le, +2Le,_1 +4(-1)""* +2
> 0.

Thus, we conclude that the sequence {Leﬁ,l)}nzl is log-concave. Then, by Lemma 3.1, it follows that the
sequence {Le},51 is also log-concave for all r > 2. This completes the proof of the theorem. [

Using Theorem 3.6, Lemma 3.2 and Lemma 3.3, we obtain also the following results.

Corollary 3.7. The sequences {Y;_, Z)Le,(:)}nzl and {Y;", ’;)SLe,(:) tn=1 (r > 1) are log-concave.

3.2. The log-balancedness property

Theorem 3.8. The sequence {n!LeEll)}nzl is log-balanced.

Proof. By Theorem 3.6, to prove that the sequence n!LeMnn > 1 is log-balanced, it suffices to show that it is
log-convex.
From equations (17) and (23), we obtain

n+2

2
(n+1)(Lel))) = (n+2LeVLel), = (n+1)((n +3)Ley — 2Leysa
+4(=1)"% + 1+ 2) = (Lensa — (n + 3))°.

Let us define
Ey = (n+1)((n+3)Ley — 2Lenss +4(=1)" + 1+ 2) = (Leyss — (n +3))°.

It is straightforward to verify that E, < 0 for 1 < n < 4. Next, we prove by induction the following two
inequalities:

Le, >2n, forn>4 (24)
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and

Le, > n?, forn > 8.

It remains to show that E, < 0 for all n > 5.
For n > 5, applying inequalities (25) and the identity (23), we have:

E, = (n*+4n+3)Le, +2(n+1)Leyyo + 2(n + 1) + 4Le,3 + 4(n + 1)(=1)"*
—(Lepss)’ —3n =7
< (W*+4n+3)Le, + 2(n + 1)Le,in + 4Lepys — (Lepss)? +3n—1
< (Bn—1)— (Lepss — (n+3)°)Lenss
< 0.

Furthermore, observe that
2
((n+ L) )" = ni(n + 21LelVLell), = ni(n + 1)IE,,
which implies

2
(0r+ )Lell) ) = ntn + 2MLeLell), <0, for > 1.

n+1 n+

Therefore, the sequence {n!Lefql)}nzl is log-convex, and hence, by Theorem 3.6, it is log-balanced. [

Lemma 3.9. Forn > 0, we have

(Le(z)

n+l1

2 1
) - LePLe?, = E(n2 + 117 + 16)Leysr — (211 + 7)Leyss
1
+§(3n2 + 211 + 36) + 4(—=1)"*>.
Proof. From equation (18), we begin with the expression

@ \? @7 ,@
(Len +1) —Le,;’Le

n+2’

which can be expanded as
(Len+5 - %(n2 o+ 24))2 - (Len+4 - %(;ﬁ +7n+ 16)) (Len+6 - %(# +1ln+ 34)).
Simplifying this expression yields
2Lenn +4(-1)"° +2 + %(n2 +5n+ %(n2 + 71+ 16)(Lenso + 1) — (21 + 7)Leysa.
Combining like terms and simplifying further, we obtain
%(n2 +11n + 16)Le,yn — (21 + 7)Lepys + (1% + 6m + 10) + 4(=1)"*.
This completes the proof. O

Theorem 3.10. The sequence {nLe?) 51 is log-balanced.

6760

(25)

(26)
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Proof. By Theorem 3.6, to establish that the sequence {n!Lel?) 1 is log-balanced, it suffices to prove that it
is log-convex.
From equation (18) and Lemma 3.9, we obtain the following expression:

(n+1) (L) =+ DLPLD, = (n+ 2)( (% + 111 + 16)Lenss
—(2n + 7)Leysa + (1 + 61 + 10) + 4(=1)"*°)
- (L€n+5 — %(n2 +9n + 24))2.
Define
S, = (n+ 2)( (1 + 11n + 16)Leyo — 21 + 7)Lepss + (1% + 61 + 10) + 4(— 1)”*5)

1 2
- (Le,,+5 - E(nZ +9n + 24)) )

It is straightforward to verify that S, < 0 for 1 < n < 4. We now show that S, < 0 for alln > 5.
Expanding S,;, we obtain:

S, = %(n3 +15n% + 561 + 72)Lepso + (71 + 26)Leps + (4n + 8)(—=1)"*°
—4LeyioLlenss — (Lepsa)? — 4(Leyys)? — }L(n4 + 141 + 891° + 272n + 320).
Now, observe that:
< (%(;ﬂ 1512 + 561 + 72)Lenss — (Lepsa)? — 4(Len+3)2)
+ ((7n + 26)Le, 13 — 4LeyiaLen 3) — }I(n4 + 141> + 89n° + 2561 + 288)

<0.

Therefore, S, < 0 for all n > 1, which implies that the sequence {n!Lef)}nzl is log-convex. By Theorem 3.6, it
follows that the sequence is log-balanced. [J

3.3. g-Log-concavity property
Forr>1,let

Le, r(q) Z Le(r) .

Theorem 3.11. The polynomial Le, ,(q) is g-log-concave for n > 0.
Proof. Whenn >1andr > 1, we have

n+1 n n+2
Lé? 1,0 — Leny(q)Lensa,(q) = (Z Le(r) k] _ Z L e(r) gt Z L e(r) k
k=0

n+1 n+1
_ ) -k ( (r) k (r) k
_ZLeV [ZLerq +Le") g ] ZLer (ZL@V +Le") g"* ]
k=0 k=0
n+1
_ ( K+l k42
= Z Lek’)Lefﬁrlq’“r o Z Le](:)LeSlzq” +
k=0 -

n
_ 2 () 7,1 N7 (1 +k+2 (r)
- (L k+1Len+1 Le Len+2) qn +Le n+1q
k=0
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As {Le,(f)}n21 is log-concave, then the polynomial Le, ,(q) is g-log-concave forn > 1. O
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