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A new discrete operator and convergence
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Abstract. The present article deals with approximation of a new discretely defined operator based on
hypergeometric functions. We study and establish some direct results exponential functions in terms of
weighted moduli of continuity.

1. Introduction

Hypergeometric functions, which constitute a significant part of special functions, appear in physics,
engineering, probability and especially mathematics. Also, they can be found in the structure of some
operators.

The new operators have attracted major attention from researchers in constructive approximation theory.
Several operators are established via producing functions, several exponential type operators are established
via differential equations. Here, we will consider the moment producing function of an composition
operator.

In our motivation paper, Abel-Gupta [1]] proposed for x > 0 a discrete operator as follows:

o

(Conf) )= Y i 01 %),

)
k=0
where

k -m
mn® [nx + m + n]
Ck,m,n (X) = 2F1 (

—mx
(m + n)k—m+1 _k’ m;1; —)

m+n+nx
and »F; represents the hypergeometric function.

In the special case m = n, we get the approximation operator given by
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where

1 —X
Cknn (x) = n 2F1 (_k/ n;1; _) .

2k=n+1(2 4 x) 2+x

This new operator is generated by composition of the Baskakov-5zasz and the Szdsz-Mirakyan operators
in that order.
The moment producing function of these operators is expressed by

3)

(Corep)r= e (122250

2 —eAln

provided that A < log(%)n and exp, (t) = e, In the recent years; Aral et al. [6], Deniz et al. [9],
Gupta and Aral [11], Gupta and Tachev [15], Ozsarac and Acar [17] studied approximation of certain
operators preserving exponential functions. Moreover, Gupta and Gupta [12], Gupta et al. [13] and
Gupta and Srivastava [14] investigated moment generating functions and convergence properties of some
composition operators. Aral presented different weighted moduli of continuity in [4] and [5] (also see [10]).

The present paper is extension of such results and here we study some estimates of convergence for
Cy . Firstly, we calculate the moments, and then acquire a quantitative estimate. Later, we give the central
moments and express a quantitative form of Voronovskaya type formula. Moreover, we state weighted
uniform approximation by the composition operator C,, utilizing a weighted Korovkin-type theorem.
Finally, utilizing suitable moduli of continuity defined on exponential weighted space, we have the rate of
convergence of Cy, ;.

The important result obtained here is that its easy to have more and more compositions of Szasz-
Mirakyan operators to C,,,. Also, moment producing functions can be evaluated but even if we increase
compositions further and further the error increases. So, its our claim here that the composition operator
Cyn gives better approximation than the further compositions.

2. Main Results

The class of continuous and real functions f denoted by C* [0, c0), have finite limit, for x tending to co.
In [7] and [16], some interesting results have been studied for a sequence of operators L,:

Theorem 2.1. [16] For L, : C* [0, 00) — C* [0, o), if we denote the norms

Qy, By and v, respectively, which approach to zero as n — oo, then
||Lnf - f“[(),oo) <a, Hf”[Om) +2+a,) (f, (an +yn+ Zﬁn)l/z),

where w* (f,0) := sup |f(u)—f(t)|.

le~t—e4|<0
tu>0

L, (exps) — exp,

,s=0,-1,-2as
[0,00)

Lemma 2.2. We obtain the following moments:

1. (C,,,n expo) =1,

2. (Comexp_y) () = (2= V) (14 yi=m) ",
3. (Cn,n exp_z) (y) = (2 - e‘z/”)_l (1 + y%:i—j;:)_n )

Proof. The equalities follow from (@). O
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Theorem 2.3. For f € C*[0, 00), there holds
1€ f = Pl = 2007 (£ G+ 260)™"),
where
Bn = HCW exp_, —exp_1||[0/oo) -0, n—>
and

Vn = “Cn,n exp_, —exp_2||[0/00) -0, n— oo.

Proof. By Lemma the operators C,, , preserve constants, so a, = 0. We have to compute , and y,. By
the software Maple, we have

e (x+3x-2) e (3x4 +10x° - 21x% - 88x + 36)

_ -3
(C,,,n exp_l) (x) = exp_; (x) + o + oY + O(n )
Since
supe™ = 1, supex=¢,
x>0 x>0
supx’e™ = 4de?, supx’e ¥ =27¢7, supx’e™ =256e7?,
x>0 x>0 x>0
we obtain
B = sup (C,,,n exp_l)(x) —exp_, (x)|
x>0
1/2 3 1 /32 45 7 11 3
< s+ =+1l)+s|F+—=+—=+—+=|+0(n3
- n(ez 2e ) n2(e4 4¢3 2¢2  3e 2) O(n )
< O(n’l).
Similarly,
20 (x2 +3x 1) 207 (3x* + 142 + 3x? — 44x +9) \
(Cn,n exp_z) (x) = exp_, (x) + " + a2 +0 (n‘ ) .
Since
sup e = 1, sup e x = 0.5,
x>0 x>0
27
supx?e™™ = ¢, supxle ¥ = ¢, supxte ™ =16e7,
x>0 x>0 8 x>0
we get
Yn = sup (C,,,n exp_z) (x) —exp_, (x)|
x>0

1/(2 3 132 63 2 44 3
< ﬁ(e_2+z+2)+ﬁ(e_4+2_e3+e_2+§+6)+0(n )

< O(n‘l).

Using Theorem 2.1} the proof follows. [J
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Lemma 2.4. Recalling that . (t) = t — x, the first few central moments of C, , are given by

(Cn,nl,bg) (x) =1,

(Cn,n Eb}c) (X) =

x(x+3)
n '

(Cn,nlybi) (x) = %

2 6x +11
(Conpi) g = 13, 20T r 1)

and

75  6x*+44x3 + 13322 + 181x 322 (x + 3)?
(Contt) () = = + calCal) )

nsd n2
Also, it follows

lim 7(Cp,p}) (x) = 1

n—oo

and

lim n (Cn,,,lp,%) (x) = 2% + 3x.

n—0oo

Theorem 2.5. Let f and its second derivative belong to the class C* [0, 00), then for any x > 0, there follows

|n[(Cnn £ = F@] - f ) - (05) (2 +3x) £ (x|

< le;(x)| [n (Sx + x ) +a, (x)] " ( ”,n_l/z) ,

where

0 (3) = 12| (o (exp_y () = exp_y )') 09 (Cont?) (x)]

Proof. Applying Taylor’s formula to C,,,;,, we have

(€CunP )= £ 60 = (Cunt) 50 = 3 (Cont) 0 £ )

< |(Cn,nht,x (t - x)z)

where Iy, = w and x < 1 < t. Using Lemma we immediately have
n[(Conf) @) = f ()] = f () = = +3xf"( )‘
< |n(Conp) @~ 1| | @) + % b (Cont2) () = (o2 + 32)| [ @] + |1 (Cooe (£ = 07) ()

% £ @) + [ (Cote (6= 2) )]

Next by the property used in [3} (3.1)], we can write

2
- t
hix < 2{1 + (exp-1 @) 626Xp‘1 ) ]a)* (f7,8), 6>0.
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1/2

Using above and Cauchy-Schwarz inequality and selecting 6 = n~/*, we have

IN

1 (Co | (= %)%) () 200" (£, 6) (Cunth?) (x)
& (77,0 |(Con (o0, 0 - exp, ) )| [(Conv) 0]

2 [% Fx(x+3)+a, (x)] o (F7,n712),

where

/2

0 (3) = 12| (o (exp_y () = exp_y ()" ) 09 (Cont?) (x)]
This concludes the proof of theorem. [J

Remark 2.6. By simple computation following limits hold:
1. lim n? (cn,nq;;t) (x) = 3% (x + 3)%,
n—o0

2. lim n? (C,m (exp_1 (x) —exp_, (t))4) (x) = 322 (x + 3)% e

n—o0
Corollary 2.7. Suppose f and its second derivative belong to C* [0, o), then immediately one obtains

gijrolon [(Conf)(x) = F )] = f (x) +(0.5) x (x + 3) f' (x).

3. Weighted Approximation

Let us take Beyp, := {f |f (x)| <Mexp,(x), M>0, x€|[0, oo)} and Cexp, = {f f € Bexp,, f contmuous}
Also,

f@l

o exp(0)

1 llexp, =

(see [8]).
1. An operator A,, which is positive and linear and defined on Cexpl, maps Cexpl into Besz iff
Apexp, € Bexpz.
2. Also, we have
1Aullcuy, B, = 1A €XP lloxp,-
Theorem 3.1. If A, : Cexp,(IR) = Bexp, (R) for v = 0,1, 2 satisfies
lim (|4, (exp}) = exp} llop, =0,
then

lim ||A ) -1l

forall f € Cexp,-

exp,
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As an extension of the studies [2], we consider Bey,,, A > 0, the class of functions satisfying | f (x)| <

Mexp, (x), where M > 0. Further, C,_, is subclass of Bex, having continuous functions with the norm

[l = s0p

o1 g expy ()

Let CK_ (IR*) be the subspace of all functions f € Cexp, (R*) such that limy—,c Il _ k, where the

exp, eXpy (x)
;:onstantlk2> 0 and suppose Cgpr (R*) be the class of each functions f € Cexp, (R*) such that f") € Ceyp, (R*)
orm=1,2,...,r.

Theorem 3.2. Suppose 0 < A < 5. If f € Cexp, (RY), then we have
,}1_1;1; ”C"f”f - f”expE =0.

Proof. First, let’s show that C,, is a positive linear operator from space Cexp, into Bexp,- The formula
indicates that C,, , is a positive and linear operator. Since

Chnexpy (x)

w0 expg(x)

(2-etn) " (14 xiie)™

2_6/\//1

||Cn,n exp,

expB

su
e exp; (1)

e,

IN

the operator Cy,, maps the space Cexp, into Bexp,. Now, as a application of Theorem 3.} if we show

. A A _ _
’}1_{130 ’ Cun (epr) - eprHeXpB =0, A=0,1and 2,

then the proof is immediate. The result when A = 0, follows from Lemma Next, when A =1 from we
get

|Cn,,1 exp, (x) —exp, (x)|

‘ Cun (exp A) —exp, oxpy = sxlig expy )
,1 A\~
e —(2- M) (14 adgm)
= sup =
x>0 e

- —eAm\™"
_ Supem_B)x(l_e_Ax(z_ eA/,,)l(1+ 1-¢ ) )

x_
x>0 2 —eAn

IA

sup (1 —e (2 - eA/”)_l (1 + xﬁ)_n) .

x>0 2—eAln

The expression takes the supremum value at x = 0 for n large enough. Thus, we have

lim

n—oo

= lim (1 ~(2- eA/”)_l) ~ 0.

expp n—oo

Cun (epr) —expy
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Similarly, for A = 2, we get

Cn,n Esz (X) - exp2 (X)
Cun (expi) - expinB = ngg | :XpB () . |

(2 - ez"‘/”)_1 (1 +x

b 1 — g2A/n
= supe

x>0

-1 2A/m\ T
2Ax 2A/n l—c
eAx — (2 — e ) (1 + x—z_em,,,)

2 — @2A/n

-n
) _ eZAx

n

= su
ng ebx

-1 1—e?A/m

— (A-B)x [1 _ ,—2Ax (n _ 2A/n -—°c

= sxlige (1 e (2 e ) (1 +x2_62A/n

IA

-1 1-—
sup (1 — e (2 - eZA/”) (1 +x

x>0

2 _
In a similar way, we observe that

=0.

expg

lim

n—o00

Chn (expi) — exp}

Therefore, the desired result follows. [

4. Order of Convergence

e2Aln —n
e2A/n :

)

6789

This section deals with the estimates on convergence with regard to weighted moduli of continuity for

the functions f € CK | (IR*). We take into account here the weighted moduli of continuity defined by

expy

620

t) —
3(fi0) = sup O

—xizs ©XP4 () +exp, (x)

x20

for f € Ck. (R*) (see [2]). This moduli of continuity satisfy:

exp A

1. For f € Ck, (R*), we have %ir%a}(f;é) = 0.

exp
2. Forany & >A0 and f € C’éXpA (R*), we have
w(f;£0) <21+ 8w (f;0).
Theorem 4.1. Let 0 < A < B, then for f € C’gXpA (R*) one has
ICunf = Fllop, <2 (2 +(2-e") 4 - eZA/n)—l)E)v(f; Nen)
where vn:%+ﬁ+ﬁ.

(4)

Proof. By using (5) for A > 0 in which we choose A = Il s > 0, Cauchy-Schwarz inequality, (3) and

6 4
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application of Lemmas[2.2]and [2.4] for each x > 0 leads us to
|Cunf () = f ()|
Ax
—~ . € 5 12 1 1/2 5 1/2
2w (f;0) {(CM epr) (x) + e + = ((Cn,nlpx) (x)) + 5 ((Cm, epoA) (x)) ((Cn,nlpx> (x)) }

1/2
Cn,n ;2( ( ) 1/2
= 23(f;5) {(c exp,) (x) + ™ + %(af‘u((cm exp,,) () )}

IA

1/2 »
_ [ (Cme) @ ((Conv?) ) (Conexps) )
= 2w(f;0)e™ {————F— +texp, p(x) + 1+ )
expy (¥) oexpg_, (%) expos ()
We can write
(Cn,n#}%) (x) % + x(x;—3)
sup T P
ng €XPy(-4) (x) ng o2(B—A)x
3 e 3e~!
= = On,

(C,,,n epoA) (x) 12 (2 - eZA/”)_l (1 + x;:ﬁﬁi )_n "
sxl;g exp,y (%) - leig expy, (%)
< @ —eamy
and
(Cn,n epr) (x) _ (2 - eA/”)_l (1 + x%)_n
o epp M e expy ()
< (2-e ”)_1 )

selecting & = v}/?, the desired result follows. []

5. Further Studies

We may further extend the studies by considering another new operator D, := C,, o S,;, where S, is
Széasz-Mirakyan operator.

0.0 = 2 Y L (2) L (1)

2+x)" oy o’ \n —i (2¢) "2 4 x

Also, we have
1— e(EA/”—l) )—H

(Dn E!XpA) (X) = (2 - e('gA/”—l))_l [1 + XW

Under the conditions in Theorem 2.5 we have

X2+ 4x

rmmnm—ﬂm—fm——7—ﬂuﬂ

< L(x)l +2[é +x(x+4)+bn(x)]a)*( ”,nil/z),
n n
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where
1/2

by () = 12 [(Dn (exp_y (0 - exp_, (t))4) () (D) (x)]

Remark 5.1. We observe that its easy to have more and more compositions of Szdsz-Mirakyan operators to C, .
Also, moment producing functions can be evaluated but even if we increase compositions further and further the
error increases. So, its our claim here that the composition operator C,, , gives better approximation than the further
compositions.
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