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The relative Haagerup property of semigroup crossed products

Qing Meng?

#School of Mathematical Sciences, Qufu Normal University, Qufu, Shandong province 273165, China

Abstract. In this paper, we study the relative Haagerup property of semigroup crossed products. Let G be
a lattice ordered group that acts on a unital C*-algebra A through an action a. We show that the inclusion
A C Ay, G* has the relative Haagerup property if and only if G has the Haagerup property.

1. Introduction

The Haagerup property was first defined for groups by Haagerup in [13], as a weaker version of
amenability. Many important groups were shown to have the Haagerup property (see [6]). Since then, the
Haagerup property has been considered for von Neumann algebras and C*-algebras (see [4, 5,7, 11, 15, 20,
23, 24]). In particular, Dong extended the definition of the Haagerup property from the single C*-algebra
case to the relative case of inclusions of C*-algebras in [11]. Moreover, Dong and Ruan [12] also developed
a Hilbert module version of the Haagerup property for general C*-algebras A C 5.

It is interesting to consider the permanence of the Haagerup property under the standard constructions
of C*-algebras. The structure of group crossed products is one of the most important structures in the
theory of operator algebras. It is natural to try to extend the ideas of this area to a more general setting.
Semigroups have algebraic structures that are more basic than groups. Hence, various authors introduced
and studied the semigroup C*-algebras and semigroup crossed products (see [14, 16, 17, 21, 22]).

In this paper, we study the relative Haagerup property of semigroup crossed products. Let G be a
lattice ordered group that acts on a unital C*-algebra A through an action @. We show that the inclusion
A C A=y, G* has the relative Haagerup property if and only if G has the Haagerup property. This result
is a generalization of [19, Theorem 5.7] which is about the Haagerup property of semigroup C*-algebras.

From now on, we always consider separable unital C*-algebras and countable discrete groups. However,
by replacing the sequences with nets, we can generalize the main results of this paper to unital C*-algebras
and discrete groups in an analogous way.

2. The Haagerup property

Firstly, let us recall the definition of the Haagerup property for groups from [3, Definition 12.2.1]. A
discrete group G has the Haagerup property if there exists a sequence {¢,} of positive definite functions on G
with @,(e) = 1, such that each ¢, vanishes at infinity and ¢,(g) — 1 forall g € G.
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Then we introduce the notion of the relative Haagerup property. Let 1 € C € D be C*-algebras, p be a
fixed tracial state on . We denote by (L*(D, p), \p) the GNS-construction associated to p, and let || - || be
the associated Hilbert norm. Suppose that there exists a p-preserving conditional expectation & from D
onto C. Let @ : D — D be an Ec-preserving C-bimodule unital completely positive (u.c.p.) map. Then
there exists a contraction Ty : L*(D, p) — L*(D, p) determined by

Ap(x) = Ap(D(x))

for all x € D. Let ec = Tg,, then it is just the associated projection from L2(D, p) onto L*(C, p) (see [11]). An
operator aech acts on L2(D, p) by
aecb(A,(x)) = Ap(ac(bx))

foralla,b,x € D. Let
Fo(D) = (T € C'NBUAD,p)): T =Y awech;F finite set and a;,b; € D}
ieF
and K¢(D) be the norm closure of F¢(D) in B(LX(D, p)).

Definition 2.1. The inclusion C C D is said to have the relative Haagerup property if there exists a sequence {®,}
of E¢-preserving, C-bimodule, u.c.p. maps from D to itself such that

1. IAp(Dn(x) = x)ll2 — O for every x € D;
2. To, € Ke(D,) for all n.

Note that the tracial state p in this paper may not be faithful. Hence the definition 2.1 is slightly different
from [11, Definition 3.1] in which the tracial state must be faithful.

3. Semigroup crossed product

In this paper, a lattice ordered group is a pair (G, <) consisting of a discrete group G and a partial order <
on G such that if e is the unit of G and G* = {s € Gle < s}, then

1. Every pair s, t of elements of G has a least common upper bound in G*.
2. The inequality g < h implies sgt < sht, for all g, h,s,t € G.

For details of lattice ordered groups, we refer the reader to [2] and [9]. It is known that if G is lattice ordered,
then G is a quasi-lattice ordered group (see [8]) and

G = G+(G+)—1 — (G+)_1G+.

From now on, A is a unital C*-algebra and «a is a homomorphism from G to the group Aut(A) of
automorphisms on A. Next we recall the structure of the reduced semigroup crossed product.

Let A be the regular isometric representation of G* on ¢?(G*) and (7, H) be a faithful representation of
A . For a € A, we define 7t(a) € B(H ® *(G")) as follows:

T(@)(£ ® 8s) = (m(a7" (@))()) ® b
for all £ € H and s € G*. The homomorphisms 7@ and Iy ® A satisfy the covariance relation
T(as@)(Iy ® As) = (I @ As)7e(a)
for all s € G* and a € A, where Iy is the identity operator on H. The reduced semigroup crossed product

Axy, G* is the C*-subalgebra of B(H ® £2(G")) generated by {7(a) : a € A} and {Iy ® A : s € G*}. In fact, the
reduced semigroup crossed product does not depend on the choice of the faithful representation (7, H).
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We identify A as a subset of A >, , G* through its canonical embeddings. Let By = span{aA;A; : a €
A, s, t € G*}, then By is dense in A =, , G*. We can write every element x in By as a finite sum

X = Z A AsAy,

s teG*

where a,; € A. It follows from [19, Lemma 6.2] that the map

Eal Z a5 AsAy) = Z s

s,teG* seG*

extends to a conditional expectation from A >, , G* to A.

4. The relative Haagerup property of semigroup crossed products

In this section, 7 is an a-invariant tracial state on A. Let 7/ = 7 o &. It follows from [19, Lemma 6.3] that
7’ is a tracial state on A >, , G*. We start by giving some results that will be used later.

Lemma 4.1. [21, Proposition 2.2] Let W : G* — B be an isometric homomorphism into a unital C*-algebra B.
Then there is a unique extension W : G — B such that W, = W, W, for all u € G* and v € G. Moreover, if
91, -, 9m € G, then the matrix (ngl g/,),-]- is positive in M,,(B).

Therefore, the regular isometric representation of G* has a unique extension A : G — A, , G* such that
Ay = AAy

forall g = u™'v € G, where u,v € G*. Then we give the main results of this paper by using a similar strategy
to [11].

Lemma 4.2. Let g, h € G. If g # h, then
Acadg) L Av(bAy)

foralla,be A
Proof. If g # h, then

(Av(ady), Av(bAy)) = T'(Ajb'ady) = T (b'aAgA;) = 0
foralla,b € A. Hence, Av(ady) L Av(bAy). O

Lo =st7! where u,v,s,t, € G*, then

Lemma4.3. Ifg=u"
Av(ady) = Av(adsAy)
foralla e A.
Proof. 1f g = st™!, we have
' ((ady — aAsA}) (ady — adsAy))
= T’(/\;a*a)\g - )\;a*aASA’; = MA@ ad, + AAiatadsAy)
T’(a*a/\g)\; - a*a/\s/\:/\; — @' aAgA AL + aadsA{ALAY)

=1(a*a) — t(a'a) — t(a"a) + t(a’a) = 0.

for all a € A. Hence, Av(ady) = Av(adsA}). O
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Lemma 4.4. If x € By, then
Av(®) = Y AvAgEaldy).

g€G
Proof. Forany x = }, a,:AsAj, we get
steG*
Av@) = Y Avla A =Y ) Avlasidy)
s,teG* g€G g=st~1
_ -1 _ .
=YY Ac(gag @) = Y Av(AgEa(Ay).
gEG g:st*1 _t]EG

This completes the proof. O

6496

Lemma 4.5. For each normalized positive definite function ¢ on G, there is an Eg-preserving, u.c.p. map P from

A =, G* into itself such that
D(axb) = ad(x)b

foralla,b e Aand x € Ax,, G*.

Proof. We define @ : By — B by

O( Y audA) = Y @t e

s,teG* s,teG*

Then it follows from [18] that @ is a u.c.p. map and it is easy to see that

Sﬂoq):(‘}ﬂ.

Foreachx = }, a,:A;A; € By, we have
s,teG*

D(ax) = O( Z aas i AsAy) = Z qo(st‘l)aas,tAsAI

s,teG* s,teG*
=a Z (p(st_l)as,t/\s/\: = ad(x)
steG*

for all 4 € A. Similarly we can get
O(xb) = O(x)b
forall b € A and x € By. Hence it follows from continuity that
®(axb) = ad(x)b

foralla,be Aand x € A=, ,G*. O

Theorem 4.6. The inclusion A C A =, G* has the relative Haagerup property if and only if G has the Haagerup

property.

Proof. Suppose that the inclusion A C A »,, G* has the relative Haagerup property. Let {®,} be as in

Definition 2.1. Define ¢,(g) : G — C by

Pulg) = T (@, (A1),
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If {g1,...,gm} is an arbitrary finite subset in G, we choose i € G* such thats; = hg; € G* foralli=1,2---n
Forallgi,...,9m € Gand all cy, ..., c, € C, the positivity of 7 yields

m m

Z CiCiPn (g;lgl) = Z Cic_]'T,((q)”(/\g;lgi)))\;jflgi)

ij=1 ij=1

= ZCzC;T (@A )A )
i,j=1
m

- Z T(GAs Du(Al, A )ciAl) 2 0.
i,j=1

Hence, @, is positive definite on G. Moreover, as 1 — +oo,
lpa(g) — 1] = |T’(CD,1(Ag)/\;) -1 = |7'(D, (/\g)/\;) - T’(/\g/\;)l
= T (@Pn(Ag) = APAD] < NIA(Pu(Ag) — Ag)lle — 0
for all g € G. Since Tg, € Ka(A =, G¥), there exist x1, ..., X, in A >, , G and y1, ..., Y € Bp such that

m

€
ITo, = ) xeayll < 5.

i=1

In particular, we have

< €
A (@4(Ag) = Av (Z;‘ xEayidle < 5. M
It follows from Lemma 4.4 that if x € By, then
Y A Ea)E = 1) Av(AeEa(ie)IE = IAw (@)} < +oo. 2)
9eG geG

Hence, for any 0 > 0, there exists a finite set F, 5 € G such that

Y 1A @Ea)E < 6.
geG\Fys
Let M = max({|Ax (x)ll}, 6
1<i<m
and 2 that
Pu(@)] = 1T (@a(A0)A7)]

= Sim +1)m and F, = U Fys. Forany g € G\ Fe, it follows from the inequalities 1

m

< T (@u(Ag) = Y 1iEa(yid DAyl + 1T (Y xiEalyidg) )l

i=1 i=1
< 1A (@u(Ag) = Y 2Ea(yid Dl + Y 1T @Ea(yidg)Ay)
=1 i=1
€ m
<3 le 1Aw ()l A Ealyidg)ll
€ m
=5+ Zl" 1Aw ()l A Ea(A;y))lz
€ = &
=3 ZMZ(M+ Dm =€

I’
—_
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This implies that G has the Haagerup property.

Suppose that G has the Haagerup property. Then there exists a sequence of normalized positive definite
functions {@,} that witnesses the Haagerup property. By Lemma 4.5, there exists a sequence {®,} of
Ea-preserving, A-bimodule, u.c.p. maps from A >, G* to itself. For any aA;A; € By, we have

IAw (@n(aAsA}) — aAADIB = A- (@a(st™h) = DadsA})I3
= (@a(st™) = 1> (M Ala"adA})
= (@a(st™) = 1)?1(a*a) — 0.

It follows from linearity and continuity that
1A (@n(x) = 2)ll2 = 0

for all x € A =,, G*. For simplicity of notation, we fix n and denote ¢ = ¢, ® = D,,. LetS; €5, C---C G
be an increasing sequence of finite sets whose union is G, and let

Ty = Z P(9)Ageary

gesm
for all m € N. For any aAsA; € By, we get

Ageadyb(Av (aAsA) = Av(AgEa(A;badA}))
= Av (A8l (ba)A;AA}))

| Av(bary), g=stl;
o, g #st,

and

bAgealy(Av(aAsA)) = Aw(bA,Ea(A;aAA}))
= Av (DA Eala, @A AA}))

| Av(bary), g=stl;
o, g#st,

forall b € A. Hence T,, € A’'. Let x € By. It follows from Lemma 4.4 that for any € > 0, there exists k. such
that for all k > k.,

Ae (= Y AEay)E = 14w ( Y AEa(Ax)I3
gGSk gEG\Sk

= Z ”AT'(aﬂ(/\;x))”% < A (x)IB.
9€G\S;

forallg € G\ S,.

. . . . . . 1
Since ¢ vanishes at the infinity, there exists a subsequence {S;,} such that |p(g)| < -,
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Pick an m € N, and choose that k, > k,,. For any x € By, we have

ITo = T, (A ()l = A0 (Y p@AEAN) = Y, (@A Ea(A )

geG gESk,,

<A Y, P@AEayl:
g€G\ S,

A Y p@AEAAI

9€Ske \Ski

<ellAr@l+( Y, lp@PIAEaty IR
9EG\Sy

< e+ DA

Therefore Top € Ka(A =,, G*). This implies that the inclusion A € A =, , G* has the relative Haagerup
property. [

On the other hand, it follows from [11, Theorem 3.4] that G has the Haagerup property if and only if the
inclusion A C A »,, G has the relative Haagerup property, where A >, , G is the reduced crossed product.
Therefore, the relative Haagerup property of A C A, G* is equivalent to the relative Haagerup property
of AC Axy,,G.

Example 4.7. Let (IF,, IF}) be the free group on two generators with the total order and let (F, F*) be the Thompson
group F with the total order (see [10]). We denote by y the conjugation action. We define a map t : C4(G) — C by
1(f) = f(e) for every f € Cy(G), where G is IF, or F. Then t is a y-invariant tracial state. Since IF, and F have the
Haagerup property (see [1, Example 2.9.12]), then the inclusion Cy(IF2) € Cy(IF2) >, , IF5 and Cy(F) € Cy(F) »,,, F*
have the relative Haagerup property.

We conclude this paper with the following remark.

Remark 4.8. If A = C, then A, G* is the reduced semigroup C*-algebra C;(G*), the conditional expectation Ez
is a tracial state which is denoted by Too, Ka(A =, G*) is the set of all compact operators on L>(Ci(G*), To). In the
case, the relative Haagerup property of the inclusion C C C,(G") is equivalent to the Haagerup property of C;(G")
with respect to To.. Hence, Theorem 4.6 is a generalization of [19, Theorem 5.7].
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