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Abstract. The objective of the present findings is to analyze Kenmotsu manifolds by using (o, f) type
generalized symmetric metric connection. The characterization of Kenmotsu manifold by using certain
curvature properties corresponding to the generalized symmetric metric connection is investigated. In the
end, an example of Kenmotsu manifold with the generalized symmetric metric connection admitting Q
tensor and Weyl conformal curvature tensor is constructed by using partial differential equations.

1. Introduction

In a general metric space, Hayden introduced special metric connection with non-zero torsion[11]. In
a differentiable manifold, Golab studied the quarter symmetric connections which was a generalization
of Hayden’s connections[10]. Later, these connections was developed by many authors (see [1], [8], [9]
[10], [19], [23], [24], [15]). In almost contact manifolds, semi-symmetric metric connections was introduced
by Sharfuddin and Husain [25]. In next years, many characterizations of semi-symmetric and quarter-
symmetric connections have been made on Kenmotsu manifolds and Sasakian manifolds [2], [13], [14],
[16], [17], [18], [20], [22], [26],[27], [28], [29], [30].

A linear connection D is suggested to be generalized symmetric connection on condition that the torsion
tensor connection is presented in the form as follows:

T(Q1,Q2) = afu(Q22)Q1 — u(Q1)Q2} + B{u(Q2)P Q1 — u(Q1)PQs}, 1)

forany (¢, (2, € I'(TM), where ¢ is (1,1)-type tensor, u is a 1-form and «, § are smooth functions. In addition,
the connection is called to be a generalized symmetric metric connection (briefly, GSMC) if Dg = 0 when a
Riemennian metric g on M. Otherwise, the connection is non-metric [3], [4].
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e Set a = 0in (1), GSMC is known as f—quarter-symmetric connection.

e Set f =0in (1), GSMC is known as ¢—semi-symmetric connection.

The generalized Z tensor is a symmetric tensor of type (0, 2) defined as [31]
Z(Q1,22) = 5(Q1,22) + Ag(Q1, (D),

where 1,2, € I'(TM), A is some scalar function and S is Ricci tensor on M. The generalized Z tensor
for A = —+ reduced to a classical Z tensor, where r is a scalar curvature and 7 is the dimension on M.
The generalized Z tensor can be considered a generalized Einstein gravitational tensor with some scalar
function A. Mantica and Suh [32], introduced Q tensor by taking the trace of Z tensor. Q tensor is a tensor

of type (1,3) defined as
A
Q(Q4,0,,0Q3) = R(Q1,0,,Q3) - m{g(Qz, Q3)Q1 - g(Q1,3)(s}, )

where 1, (,, 23 € I'(TM) and R is a Riemannian curvature tensor.

Various characterizations of Kenmotsu manifold by using Q tensor were studied in [33]. A Kenmotsu
manifold is locally symmetric to a hyperbolic space H"(-1) if and only if R(g, 25)Q = 0, where g is a
characteristic vector field of the contact structure and (s is any vector field on M [21]. In [34], the author
proved that a Sasakian manifold is locally symmetric to a unit sphere 5"(1) if and only if the condition
R(p, Q5)Q = 0 holds.

The projective tensor P, the concircular curvature tensor Z and the Weyl conformal curvature tensor C,
are defined by [35]

1
P(01,2:)Q3 = R(Q1,22)Q3 - m{S(Qz, Q3)01 — S(Ql,Q3)Qz}, 3)

Z(@1,22)Q5 = R(Q1, 02) Q3 = ———=={g(Q2, Q)1 = 921, 23) 2, )

_r

(n=1)
1

C(Q1, 2)Qs = R(Q1, 22) Qs ~ —{S(Q2, Q)1 = 5(Q1, Q)22 + 9(Qa, Q3)Lo

— (01, 23)Los (0, Q)01 = g(Q1, Q05) Do), 5)

r
ATy

for all (24,2, Q23 € I(TM). Let (M", g) be a Riemannian manifold with curvature tensor R, Projective tensor
P, symmetric tensor Z, Q tensor Q, and Weyl conformal curvature tensor C, then for all (1,2, 3, Q4,0 €
I['(TM) we have [34]

(Q(e, 25)Q)(@1, D)o

Qle, 23)Q(Q1, Q)0 - Q(Qle, 23)21, 22)o
-Q(Q1,Q(e, 25)22)0 - Q(Q1, 22)Qe, M),

(R(Q4, QB)Q)(QL D)o = R(Q4, Q23)Q(Q21, 22)0 — QR(Q4, 23)21, 7).
=001, R(Q4, 023)Q27)0 — Q(1, Q22)R(Q4, 23)0.

(Qe, 2)Z)(@1, )0 = Qlo, Q3)Z(01, 2)0 = Z(Qlo, Q5)21, s )0
~Z(©1,Qo, 23)2)0 = Z(01, 22)Q(e, Q3o
Q(o, Q2)P(Q1, D)0 - P(Qlo, Q3)21, )
~P(0Q1,Q(0, 23)22)0 = P(Q1, 22)Q(0, Qs)e.

(Qle, 23)P)( 1, 220

In the current article, preliminaries are presented in Section 2, and Section 3 illustrates a generalized
symmetric connection for a Kenmotsu manifold. Additionaly, “the curvature tensor” and “Ricci tensor”
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and its scalar curvature of a Kenmotsu manifold are calculated in relation to generalized metric connection.
As for Section 4, Q tensor (Q), projective tensor (P), concircular curvature tensor (Z) and Weyl conformal
curvature tensor (C) are studied by using GSMC. Furthermore, we discuss the various conditions for
Kenmotsu manifold.

2. Preliminaries

To practically call a differentiable manifold M of dim (1 = 2m + 1) as a contact metric, one should
consider a (1, 1) tensor field, a contravariant vector field, a 1- form and a Riemannian metric g that satisfies
the following conditions

Yo = 0, (6)

nWp) = 0 7)

n = 1, (8)

VA1) = Q1+ (e, )
g1, Y Q2) = g(Q1,2) — n(Q1)1(Q2), (10)
9(Q1,00 = 1), (11)

for 1,0, € I'(TM). When g(1, ) = ®(4,(7) is written, the tensor field ¢ is viewed as an anti-
symmetric (0,2) tensor field [7]. If the contact metric manifold meets the conditions

Vo, )22 g1, Qr)0 — ()P, (12)

Vao,0 O — (), (13)

then it is called a Kenmotsu manifold. [12].
In addition, Kenmotsu manifolds have the following expressions [12]:

Va,mQz2 = g(@,P2) (14)
gR(Q1,22)25,00 = 1R(Q21,22)Q3)

= g(Q1, Q3)n(Q) — g(Q2, Q3)1((21), (15)

R(o, Q21)Q2 = n(Q2)Q1 - g(Q1, 22)0, (16)

R(1, D)o = n(Q1)Q2 —n(22)(, 17)

R(o, )0 = Q1 —n()o, (18)

S5(Q1,00 = —(n—-Dn(2), (19)

S, PQ2) = S(Q1, Q) + (n = 1)n(Q1)1(Q22) (20)

for 01, Q2; € I'(TM), where R and S can be seen as the curvature tensor and the Ricci tensor belonging to M.
A Kenmotsu manifold M is found to be generalized 7- Einstein when the Ricci tensor S of it is presented as
follows;

S(Ql, Qz) = ag(Ql, Qz) + bT](Ql)T](Qz) + Cg(l/JQl, Qz),fOT’Ql, 0, € F(TM) (21)

a, b and c are viewed as smooth functions. In such a way that a # 0 and b # 0 in the event that c = 0, M is
seen as 1-Einstein manifold.

3. Kenmotsu Manifolds with GSMC

Suppose that D presents a linear connection and let D be a Levi-Civita connection. Then, we have

DQ1Q2 = Dngz + H(Ql, Qz), (22)
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for 1,2, € I'(TM). Using (1) and (22), H is a tensor of type (1,2), we have
1 , ,
H(Qq, () = E[T(QLQZ) +T(21,02) + T (Qz, )],
and
g(T'(Q1, ), Q3) = g(T(Q3, 01), Q)

where T represents the torsion tensor of D By virtue of (1) and (24), one obtains
T'(Q1,02) = afn(©Q1) Q22 = g(Q1, Q2)0} + BI=1(Q1)PQ2 — g(P 21, Q7))

Furthermore, through use of (1), (23) and above euation, we get
H(Q1, Q2) = afn(22)Q1 — g(1, Q2)0} + P{-1(CQ1) (22}

As the results, the following theorem exists:

Theorem 3.1. [5], [6] In a Kenmotsu manifold, GSMC D is assosiated to the relation
Do, Q2 = Do, Q; + a{n(Q2)Q1 = 9(Q1, Q2)0} = p(Q1)Y Q.

6562

(23)

(24)

(25)

(26)

(27)

Corollary 3.2. In a Kenmotsu manifolds with GSMC D, semi-symmetric metric and quarter symmetric metric

connections are characterized by, respectively
D, Qs = Do, Qs + 1(Q22)Q1 — g(Q1, )0,
DQl.()z = DQle - T](Ql)lPQZ
By means of (27), the following proposition exists:

Proposition 3.3. [5], [6] In a Kenmotsu manifolds with GSMC V, we have

Do, )2, = (a+ g Qr, Q2)0 — ()P4},
Doo = (a+1){Q1—-n(21)o),
DaonQ2 = (a+1D){g(Q1, 22) — n(Q2)n()},

for every (21, Q, € T(TM).

Let R be the curvature tensor corresponding to generalized metric connection D, then

R((1,2,)Q3 = Do, D, Q3 — Do,Do, Q3 — Dy, 0,1Q5.
Using (3.3), (27) and (33), we have
R(Q1,2)Q5 = R(Q1,02)Q5 + laa +2)(9(Q1, Q3)Qs — 9(Q2, 03))

+ala + 1)(n(Q2)n(Q3)Q1 = n(Q1)n(Q23) 2

+9(Qa, Q3)(Q1) — 9(Q1, Qa)N(2)) + (e + DIN(Q)N(Q3) P
—(Q)N(Q3) P2 + g(Q21, P Q3)1n(22)0 — 9(Q2, PQ3)1(Q1)0

= R(Q1,22)Q3 + a(a + 2)(9(Q1, Q23) Q2 — g(Q2, Q23)(21)
+(1+ a){n(V)R(g, a1 + 1)

—(Q1)R(g, a0z + pP22) s},

(28)
(29)

(30)
(31)
(32)

(33)

(34)

where R(024, 2,)(23 is a Riemannian curvature tensor corresponding to the Levi-Civita connection D. When

(35) and the first Bianchi identity are paid attention, we have
R@o)Qs + R(Qo,Q23)Q1 + R(Qs, 1) Q2 = 2(6 + ap){n(Q1)g(pQa, Q)

+ 1(Q2)9(Q1, PQ3) +1(Q23)g(22, Il’Ql)}-

Thus, the following proposition is obtained

(35)
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Proposition 3.4. [5], [6] Let us consider that M be a Kenmotsu manifold (dim= n) together with GSMC of type
(o, B). When o = =1 or B = 0 it provides the first Bianchi identity of D on M.
The following proposition is presented using (15), (16), (17), (18) and (35).

Proposition 3.5. [5], [6] When M be a Kenmotsu manifold (dim= n) with GSMC of type («a, ), the obtained
expressions are:

R(Q1, D)0 = (a+1{R(Q1, 22)0 + BIn(Q2) Qs — n(Q1)Y 2,1}, (36)
R(o,01)Q; = (a+D{R(g, Q1) — BIN(Q2)Y Q1 + g(Q1, ) 0]}, (37)
R(o,Q2)o0 = (a+1){R(g, Q)0 — pPQs}, (38)

NR(Q1, 22)Q23) = (a+ D{n(Q2)9(Q1, Q3) — N(Q1)9(22, 23)
+  BIn(Q2)g(Q21,1PQ23) — n(Q21)g9(Q2, P3)]} (39)

Y(2q,0, .Q3 € F(TM)
The Ricci tensor S and the scalar curvature 7 of a Kenmotsu manifold is presented with GSMC D

S(01,2) = ) g(R(ei, 01) s, €9,

i=1

r= 2 g(eir ei)/
i=1
V1,0, € T(TM). Let {e7,ey,...,e,} be an orthonormal frame. In the view of (10) and (35), the obtained
equation is
S(2,Q3) = S(Q2,Q3) +{(2—n)a? + (3 - 2n)alg(Q2, Q3)

+(n = 2)(@” + a)n(Q2)1(Q23) = (B + ap)g(Q2, pL3). (40)
By the symmetric property of the Ricci tensor S, (40) gives
5(Q2, Q3) = 5(Q3, Q) = =2(B + aB)g(Q2, PQa). (41)

Thus, the theorem below is obtained.

Theorem 3.6. [5], [6] Let us consider that M be a Kenmotsu manifold (dim= n). The Ricci tensor S of GSMC D is
symmetric if and only if @« = =1 or p = 0.

The following theorem is enabled through use of (40)

Theorem 3.7. [5], [6] When M is an n— dimensional Kenmotsu manifold with GSMC of type (a, B), The scalar
curvature concerning the connection is

F=r+n-2)(1-n)a*-2n-1)>a. (42)

4. Some characterizations of Kenmotsu manifold with respect to GSMC

In this section, we study the Q tensor (Q), concircular curvature tensor (Z) and projective tensor (P) by
using GSMC. Corresponding to the equations (2), (3) and (4), the Q tensor (Q), projective curvature tensor
(P) and concircular curvature tensor (Z) with respect to GSMC are defined as

Q(Q1, 2, Q3) = R(Q1, 2y, Q3) — 25 {(Q2, Q3) Q1 — 9(Q1, Q23) 2}, (43)
P(Q1,02)Q5 = R(Q1, 22)Q3 = 75{5(0s, Q3)01 - 5(01, Q3) ), (44)
Z(01,02)Q3 = R(Q21,27) Q23 - n(,,;__l){!](ﬂz, 23)0; - {7(01,()3)92}, (45)

C(Q1, Q)23 = R(Q1,0,)Q5 - ﬁ{g(f)z, Q3)21 — 5(Q1,Q3) Q5 + g(Q, Q3)Ly

~9(Q1, Q)LD + G {9(Q, Q3) Q1 - 9(Q1, 23)2), (46)
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where L is a Ricci operator such that g(LQ1, ;) = S(Q4, (2,) for all 4, Q,, Q3 € I'(TM). By using, (36) -
(38), (16) - (18) and (43), we have

Proposition 4.1. Let (M", g) be a Kenmotsu manifold, then with respect to GSMC the Q tensor (Q), satisfy the
following relations

QUQ1, 2)o=(1+a+ nATl)R(Ql, Q)0 + B(1 + a)(n( Q)P Q1 = N(Q1)YQ2y), (47)
Q0000 = (1+ &+ —R(g, 010, ~ 1+ )(AQPO, + 9(O1, $02)0), ()
Qo o= (1 +a+ —)R(, o - f(1 + @, )

forall (01,0, e T(TM).
Next, if we take Q(g, Q5)Q = 0, then
(Qle, 25)Q)(@1, D)0 = Qlo, A5)QQ1, D)o - Q(Qle, 25)21, s )o
~Q(01, e, Q5)Q2)0 — A1, 22)Q(e, As)o = 0, (50)
for all 4, Q;, Qs € I'(TM). Using equations (16) - (18) and Proposition 4.1, in above equation, we get

(Q(o, 25)Q)(21, Q) (1+a+ n—il){(l + a)(9(Qs, 1)

—g(Qs, Q2) 1) = R(Q1.2,)0s)

+B(1 + a){(l +a+ %)(9(05, Q)P

—9(Qs, Q)P Qs + g(Qs, P22)n(Q1)0
~(Qs,PQ1)N(22)0) + R(Q1, Q) Qs

—(1+ a)(9(Qs, P22) Q21 — g(Qs5,1 1))

+B(1 + a)(1(Q2)9(Qs, Q1)o - 1(Q1)9(Qs, Qo)

_9(05, (PQI)(PQZ + 9(-05/ (PQZ)(PQl}r (51)

where
R(Q1, Q)pQs = PR(Q1, Q5)Qs5 + g(Y, Qo) Qs — g(Qs, Q1) Qs
+(aer +2) + 1)(9(Q1, PQ5) Qs — 9(Qa, PQs5) )
+(1+ a){n(Q1)g(a s + B2, POs)g
—N(Q2)g(a 1 + BYQ1, PQs)a). (52)

Let
R(Q1,Qy, 01, 2)
9(Q1, 01)g(Q2, Qa) — 19(Q1, Q) P’
be the sectional curvature with respect to GSMC, then
IN(Q1)Pg(Q1, Q2) + IN(Q2)Pg(Q21, Q1) = 2n(Q1)n(Q2)9(Q21, Q2)
9(€1, 21)9(Q2, 22) — [9(Q1, o) '

K((4, Q) = (53)

K=K+al@+2)—ala+1)
(54)
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From equations (51), it is easy to analyze that characterization of Kenmotsu manifold by Q tensor (Q)
for @ # —1 and B # 0is not in compact form and much meaning full; hence we are only discussing the cases
where (o # =1, =0)and (a = -1, # 0).

Theorem 4.2. The Q tensor (Q) with a— semi-symmetric connection on Kenmotsu manifold satisfies the condition
Q(0, Q5)Q = 0 if and only if either A = —(1 + a)(n — 1) or manifold is with K = —(1 + ), where A is the scalar
function and K is the sectional curvature.

Proof. Equations (51) and (53), completes the proof. [J

Theorem 4.3. Let us consider that M be a Kenmotsu manifold (dim= n) with (-1, B) GSMC then the Q tensor (Q)
will satisfy the condition Q(g, Q5)Q = 0 if and only if curvature tensor vanishes (R = 0).

Proof. Equations (51) and (53), completes the proof. [J

Theorem 4.4. Let (M, g) be a Kenmotsu manifold with curvature tensor (R) and Q tensor (Q), then (Q(g, (25)@)(()1, ) =
(Q(o, Q5)R)(Q1, 2)o ¥ 1,2, Q5 € T(TM).

Proof. Using equation (43) in equation (50), we have

(e, 25)Q)(@1, )0 = (Qle, 29)R)(@1, 22)0

— {U(Qz)Q(QI Q5)01 = n(21)Q0, 25)Q,

+9(Q(0, 25)Q1, 002 — 9(Q2, 0)Q(0, Q25)4
—-g(Q(0, Q5)Qs, 0)Q1 + 9(21, 0)Q(0, Q5)Q2>

—9(Q22,Q(o, Q5)0)21 + 9(Q21, Qle, QS)Q)Qz}- (55)
The various terms of above equation, are

Qlo, 25)1 = (1+a + :47)(n(Q1) Qs — 9(Qs, Q1)g) - B + @)(NQ1)YOQs + 9(Qs, 1)),

Qlo, 25)25 = (1+a + 1) (1(Q2)Q5 — 9(Qs, 22)0) = B(1 + )N Q2)P Qs + 9(Qs, P D2)g),

9(Qo, 05)01, 0022 = (1+ a + 7 )(MQ1NQs5) = 9(Qs, Q1)) Q2 = B + @)g(Qs, P21) D,

(56)
9(Q0, 05)2, 001 = (1+ a + A5 )(1(Q2IN(Q5) — 9(Qs, 22)) 1 = B(1 + @)g(Qs, P2 Dy,
9(Q0, Q5)0, 22) 21 = ( ﬁ)(Q(QS/ Q) - TI(QS)TI(QZ))Q1 =Bl + a)g(¢Qs, 22)(,

9(Qe, Q5)0, 1) = (1 + a + 27 )(9(Q5, Q1) = N(Qs)n(21)) 22 = B + @)g(Y D5, 21) Q.
Using Proposition 4.1 and set of equations (56) in equation (55), we obtain

1(22)Q(0, Q25)021 — n(21)Q(0, Q5)Q1 + 9(Q(0, Q5)Q1, 0)22 — 9(Q2, 0)Q(0, Q25)(1
—g(Q(0, 25)Q22, 0)21 + 9(Q1, 0)Q(0, Q25)Q; — 9(Q2, A0, 25)0) Q1 + g(21, A0, Q5)0)22 = 0,

hence (Q(o, 25)Q)(Q1, 22)0 = (Qe, Q5)R)(Q1, Q)o ¥ 21,2, Q5 €T(TM). O
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Thus from Theorem 4.2 and Theorem 4.3, we can say that

Corollary 4.5. The curvature tensor (R) with a— semi-symmetric connection on Kenmotsu manifold satisfy the
condition Q(o, Qs)R = 0 if and only if either A = —(1 + a)(n — 1) or manifold is with K = —(1 + a), where A is the
scalar function and K is the sectional curvature.

Remark 4.6. [33] If a = 0, then Q(o, Q5)R = 0 if and only if manifold is locally isometric to H"(-1).

Theorem 4.7. Let (M, g) be a Kenmotsu manifold with curvature tensor (R) and Q tensor (Q), then R.Q = R.R.

Proof. Let (01, (25, Q3,04 and (5 are vector fields on M, then

(R(Qs, 25)Q)(Q1,22)05 = R(Qu, 25)Q(Q1, 22)Q3 - QR(Q4, 05)01, )3

—Q(21, R(Q4, Q5)0Q2)Q3 — Q(Q1, 22)R(Q4, Q5) Q23
= (R(Qs, Q5)R)(Q1, 22)Q5 - %{9(1?(@4, Q5)(, Q3)(2
—9(R(Q4, Q5), Q3)1 — g(R(Q4, Q5)Q3, (25) 24

—g(R(Q4, Q5)Q3, Ql)Qz}- (57)

From equation (35), we have

g(R(Q1, 22)Q5,Qs5) = g(R(Q1, 22) 25, Q3), (58)
R(Q1,2:)Q3 = =R(Q3, Q1) Q5.
Thus equations (57) and (58), implies that R.Q = R.R. O
Now, if Q(g, Q25)Z = 0, then for all Qy, Q,, Q5 € T(TM), we have
(Qo, 25)Z)(1, D)o = Qlo, A5)Z(Q1, Q)o — Z(Qlo, 25)21, 22)0 (59)
~2(©1,Qlo, 25)2)0 = Z(1,22)Q(o, Qs)0 = 0.
Using equations (16) - (18) and Proposition 4.1 in equation (60), we have
(A0 092) @1, e = (1+a+ )+ a)(g(2s 210,
—-g(Qs, Qz)Ql) - R(Ql-QZ)QS}
+B(1+ a){(l # s =) (505, 00, - g5, Q)P
H{1+ 2+ =) (905, YOI - 95, YOI2)0)
+(1 + @) (9(Qs, P21) Qs — g(Q5,1P22) Q1) + R(Q1, Q)P Qs
+B(1+ )(1(Q2)7(Qs, 21)o - 1(Q1)9(Qs, Q2)o)
—9(Qs, pO1)PL + 9(05,¢Qz)¢01}- (60)

Similarly, for projective curvature tensor (P), if Q(g, Q25)P = 0, then
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(Qle, Q5)P)( @1, D)o = Qlo, Q2)P(Q1, Qa)o - P(Qlo, 25)01, Da)o (61)

—p(QL Qle, Qs)Qz)Q — P(Q1,022)Q(0, Q5)0 = 0.
Using equations (16) - (18) and Proposition 4.1 in equation (62), we have

(Qle, Q5)P)(@1, ) = p(1+ a){(l ta+ n%l)(g(szmz)wl

=9(Q5, )P Qo + g(Qs, PQ2)n(C1)e
—g(Qs, PO1)N(Q2)0) + P(Q1, Q)05

+B(1 + a)(n(Q2)g(Qs, Q1) — N(Q21)g(Qs, Q2)0)
—9(Qs5,001)Pps + g(Qs, ¢Q2)¢Q1}

A\~
+1+a+ m)p(Ql, 2,)0s. (62)

So from equations (60) and (62), for a— semi-symmetric connection and (1, §) type GSMC on Kenmotsu
manifold we obtain the following results.

Theorem 4.8. The concircular curvature tensor (Z) on Kenmotsu manifold M, with a— semi-symmetric connection
holds the condition Q(g, Qs)Z = 0 if and only if either A = —(1 + &)(n — 1) or manifold is with K = —(1 + a), where
A is the scalar function and K is the sectional curvature..

Corollary 4.9. The concircular curvature tensor (Z) on Kenmotsu manifold M, with (-1,p) type GSMC satisfy
Q(o, Q25)Z = 0 if and only if curvature tensor is zero (R = 0).

Theorem 4.10. The projective curvature tensor (P) on Kenmotsu manifold M, with a— semi-symmetric connection
holds the condition Q(g, Qs)P = 0 if and only if either A = —(1 + a)(n — 1) or P(Q1, 2,)Q5 =0,

where A is a scalar function.

Corollary 4.11. The projective curvature tensor (P) on Kenmotsu manifold Mwith (=1,p) type GSMC holds
Q(o, Q5)P = 0 if and only if projective tensor is zero P(Q1, 22)Qs = 0.

Let the Q tensor (Q) and Weyl conformal curvature tensor (C) on Kenmotsu manifold corresponding to
GSMC satisfying the condition Q(g, Q25)C = 0, then

(Qe, 25)C)( @1, )0 = Qlo, 25)C(Q1, D)o — C(QUe, )21, 22)o (63)
~C(©1,Qlo, 25)2)0 - T2, 02)Q(e, Qs)0 = 0.
From equations (16) - (18), (64) and Proposition 4.1, we obtain
(A0 00N @1, e = (1+a+ =) nC(@1, 229105 - 9(05, 1, 22)0)e
—1(Q21)C(Q2s5, 22)0 + 9(Q5, Q1)C(0, 22)0 — N(€22)C(Q21, Qs)0
+9(Qs, Q2)C(Q1, 0)o - C(Q1, Q) Qs + n(Q5)C(Q1, Q2)o)

-1+ 04){’](@(91/ D)0) Qs — g(¥Qs5,C(Q1, 22)0)0
—1(21)C(YQs, Q)0 + g(PQ2s5, 21)C(0, Q2)0 — N(Q2)C(Q1, PQs) 0

+g(PQs5, 2,)C(Q1, 0)0 — C(2, QZ)IPQS} (64)
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Taking the inner product of equation (64) with any vector field G € I'(TM), we have
A = -

(1+a+ —=)}{n(C(@Q1, 2)0)5(Q5, G) + 1(C(21, 22)Q5)1(G)

+1(Q1)n(C(Qs, 22)G) — g(Qs5, 21)n(C(g, 22)G) + n(Q2)n(C(Q1, 25)G)

—8(Qs, 2)n(C(Q1,0)G) - C(Q1, 22, Qs, G) = n(Qs)n(C(Q1, Q22)G))

—p( + a){n(C(Q1, 22)0)8( 5, Q2) + n(G)n(C(Q1, Q2)YQs)

+1(Q)N(CYQs, 22)G) — g Qs5, Q1)n(C(o, 22)G) + n(Q2)n(C(Q1, YQ5)G)

+9(1Qs, Q2)n(C(Q1, 0)G) — C(Q1, Q2, P25, G)} =0. (65)

Since the inner product of equation (5) with g, yields

1 7
n—2+(n—1)(n—2)

C(1, 00,030 = (1+a) )(n(Q21)9(2, Q3) = (22)9(01, Q3)

—ﬁ(S(Qzl Q3)n(21) = S(Q24, Q3)U(Q2)) -p+ a)(n(Qz)g(bel, 3)

Q)W s, Os)). (66)

So, using the equation (66) in (65), we obtain

N ! ;
(1 +a+ m){C(Qquf G, Q) +(1+ a)(n " (n—=1)n-2)

)(8(25, Q2)3(021,6)
—9(Qs, 21)9(Q2,G)) + %(S(Qg, G)8(Qs, Q1) = 5(Q1, G)3(Qs, 22) + 5(21, Qs)(Q2)1(G)
~5(Q, Q5)n(QN(G)) + (1 + a)Z—:;(n(Qz)n(G)g(Qa Q1) = n(Q1)n(G)g(Qs, Qz))

—B(1 + a)(N(QIN(G)(WQ1, Q5) = QNG Q2 Qs) + ZW 22, G)(Qs, 1)

—g(W 0y, G)g(Qs, Qz))} —p(1+ a){C(Ql, Q5,G, Q) + anZ(S(QZ, G)g(WQs, Q1)

1 7
it m-Dm-2

=5(Q1, G)g(Y s, 22)) + (1 + ) )8 25, 22)8(021,G)
905, 0)(Q2,G)) + —(S(Q1, POSMQIE) ~ S22, YOG
0+ 02 (OO0 25, 01) - OG54 05,0

—B(L + a)(M(Q22)1(C)R(C1, Qs) ~ N(QINC(Qz, D) + g, O3, )

—g(p 1, G Qs Qz))} =0. (67)

Let {ej;j = 1,2...n} be an orthonormal frame on tangent bundle of Kenmotsu manifold, then taking
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21 = Qs = ¢j in equation (67) and taking sum over j, for 1 < j < n, we get

A n—1. n—1 7
(1+a+ m){ - 52,0 + (1 +a)(m + m)g(Qz, G)

nn-1)

1 /.
2(1'+(l+oz) p—

)QIN(G) + B + ) — 2)g( 23, G)}

1+«
n-—2

_ﬁ(l + a){ - (Z—:i)S(Qz, YG) + ((3 —n)a? +(5-2na—m-2)+

7

1 (s
D= V20 — (S ) - 2601+ ) = 2))5(02,G)

+,11T2(5(€]’f pej) = 2p(1 + a)(n - 2))77(Q2)77(G)} =0. (68)

Theorem 4.12. Let (M, g) be a Kenmotsu manifold with a— semi-symmetric metric connection. Then Q tensor (Q)
of (M, g) satisfies Q(o, Qs)C = 0 if and only if the manifold is generalized 1 Einstein or A = —(1 + a)(n — 1).

Proof. Taking f = 0 in equation (68), we have

A n—1_ n-1 7
(1+a+ m){— 52,6+ (1 +a)(m + m)g(Qz, G)

1

nn-1)
n—2

2(? +(1+a) )n(Qz)n(G)} =0. (69)

Therefore from equations (69), we have either A = —(1 + a)(n — 1) or

F+n-—1

nn—1)
n-1 -

5(2,G) = (1 + a)( 5

)2(02,6) -

! 1(17+ (1+a) Jn(Q2)n(G).

n-— n

Now using equation (40) in above equation, we obtain

F+n-—1

)= 12 = n)a? + (3 = 2mal 3(02,G)

—lreas a)%])n(oﬁn(c). 70)

S((,G) = ((1 + o)

—((n—2)(a2+a)+ =

Comparing equation (70) and (21), we get the required result. [J

Corollary 4.13. Let (M, g) be a Kenmotsu manifold with a GSMC of type (1, B). Then Q tensor (Q) of (M, g) satisfies
Q(o, Q25)C = 0 if and only if the manifold is generalized 1 Einstein.

Proof. Taking a = —1 and g = 0 in equation (68) and then using (40), provides the required result. [

5. Example

Let M = {(x1,x2,%3) € R?} be a 3— dimensional Riemannian manifold with Riemannian metric g =
dx? + e21(dx3 + dx3), then the vector fields in the term of partial differential equations

J J
= _xl = _xl — = —_—
e1=e o B o =0 (71)

3JC3 !
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are linearly independent and making basis for global frame of I'(TM). Now considering a 1-form 7 (dx1)
and (1, 1)-tensor field 1, such that n(€Q;) = g(Q1, e3) for every (21 € I'(TM), and e; = ey, e, = —e; and
Ype; = 0. Also, from equation (71),

[er,e2] =0, [er,e3] = ey, [e2,e3] = es. (72)

The following equations are obtained using equation (72) in Koszul’s formula.

D, e1 = —e3, D,,e; = 0. D,e3 = ¢y,
Dé’zel = 0/ Dezez = —€3, Dez€3 = ez, (73)
De3€1 = 0, De3€2 = 0, De3€3 = 0,

Since M is satisfying the conditions
n(es) =1, Y*Z = ~Z +n(Z)es,

9WZ, 9 Q3) = g(Z, Q3) — n(Z)n(L23),
(Do, )2y = g1, Q2)0 — n(Q22)Y 21,
Dg,e3 = Q1 — (),

for all 21,0,,7,Q5 € I(TM) and e3 = g. So, (M, g) is a Kenmotsu manifold. Using equation (72), the
components of the Riemann curvature tensor are

R(er,e2)er = €2, Rer,e2)ex = —e1,  Rler, e3)er = es,

R(e1, e3)es = —e1,  R(ez,e3)e2 = e3,  Rlez, e3)es = —ey, (74)

R(e;,e2)es = R(er, e3)e2 = R(ez, e3)e; = 0.

The sectional curvature for various planes spanned by orthonormal frame fields (3, e;, e3) and the compo-
nents of Ricci tensor, are given by

K(e,e2) = K(eq,e3) = K(ez,e3) = 1, (75)

and,

(76)

5(61181) = _2/ 5(62162) = _2/ 5(63/63) = _2/
S(e1,e2) = S(eg, e3) = S(ez, e3) = 0.

The covariant derivative with respect to GSMC D for orthonormal fields e;, e; and e, by using equations
(73) and (27), are

Dﬁel = _(1 + a)e3l D€162 = 0/ D€1e3 = (1 + a)ell
D,,e1 =0, D, = —(1 + a)es, D,,e5 = aey, (77)
De361 = _,882/ D£’362 = ‘Be], D€363 = 0.

From above results, the following expressions are obtained.

Rie;, e)e1 = (1 +a)’es,  Rler, e2)e2 = —(1 +a)’ey,

R(e,e3)er = (1 + a)es, R(eq, e3)e3 = (1 + a)(Bez — e1),

R(ez, e3)e2 = (1 + a)es, R(ez, e3)e3 = —(1 + a)(=Pes + e2), (78)
R(es,ex)er = —(1 + a)Bes, Rles, er)ez = (1 + a)Pes.

The sectional curvature (K) and the non zero components of Ricci tensor (S) by using (78), are respectively

R(er,e2) = (1 +a)?, K(er, e3) = (1 +a) = K(ey, e3), (79)
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and,

S(er,e1) = —(1 +a)2 +a), S(ez, ) = —(1 + a)(2 + a),

S(es,e3) = —2(1 + av), S(ez,e1) = —(1 + a)p. (80)
Equations (78), (79) and (80), can be verified by the equations (34), (54) and (40). Further, the scalar curvature
corresponding to D (r = —6) and generalized-metric connection (7 = —2(1 + @)(3 + a)), verifies our Theorem
3.6 and Theorem 3.7.

From above results, the non zero components of the Q tensor (Q) and Weyl conformal curvature tensor,
are given by

Qer,eer = ((1+0) + e

Qler, e2)ez = —((1 +a) + %)61,

Qerseser = {1+ ) + $)es

Qer, es)es = =((1 + a) + 3)er + B(L + ez, (81)
Qlez,e3)e2 = ((1 +a)+ %)63/

Qlez, es)es = B(1 + a)er — ((1 +a)+ /Zl)ez),

Qles, e1)e2 = —B(1 + a)es,

Qles, er)ez = B(1 + a)es,

and,

Cler, e2)er = B(1 + a)es + (1 + a)(2 + a)es + Lea,
Cler, e2)e2 = —(1+ @)(2 + a)e; — B(1 + a)es — Ley,
Cler,e3)e; = 2(1 + a)es + Les,

Cler, e3)e3 = —B(1 + a)(2 + a)es + B(1 + @)e; + Leg,
Cley, e3)er = 2(1 + @)es + Les,

Clez, e3)es = B(1 + a)es — B(1 + a)(2 + a)e; — Leo.

(82)
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