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Stability of variable coefficients Rayleigh beam with indefinite
damping under a force control in position and velocity
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® Avignon université, Laboratoire de mathématiques d’Avignon, 84916 Avignon, France
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Abstract. In this paper we study the exponential stability of a damped variable coefficients Rayleigh
beam, that is clamped at one end and is free at the other. This is a continuation of the work of Wang et
al in [17]. To stabilize the system, we apply a leaner boundary control in position and velocity at the free

end of the beam. Using the modern spectral analysis approach, we obtain the Riesz basis property and the
exponential stability.

1. Introduction

We study the nonuniform Rayleigh beam system with a indefinite damping term under boundary
controls feedbacks given by:

0? P 9? 0 92
P(x)a—tzl - ( (%) tz; ) E ( I(x )axz) (a(x)?gt) =0,x€(0,1),t>0

0,t —a 0,t —82 1,t)=0,t>0
ua( )—g( )—ﬁ( )3— , t> O
> (EI()82)(1 )= 1p(1) 355 (1,1) = au(l, t)+/3 (1 B, t>0

u(x,0) = up(x), %(x, 0) = ui(x), x € (0,1).

Here u(x, t) is the transversal deviation of the beam, x and t stand respectively for the position and time,
p(x) > 0 is the mass density, EI(x) > 0 is the stiffness of the beam, I,(x) > 0 is the mass moment of inertia.
The length of the beam is chosen to be unity, & and § are two given positive constants. The damping a(x) is

indefinite and continuously differentiable coefficient function such that

a(l) = 0 )
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' a(x)
fo 1@ dx > 0. 3)

For convenience, we assume that
p(x), Ip(x), El(x) € C*[0,1].

The nonuniform Rayleigh problem was investigate in [16] except that there was no damping term. In [16],
the authors use the Riesz basis approach to stabilize the system. We refer the readers to [1}[15H17] for further
details of this model. The uniform and nonuniform Rayleigh problem with boundary feedbacks controls
were discussed respectably in [1} [7, 16} 17], where a conjecture on how the control parameters affect decay
rate was proposed and then answered, respectively. There are several approaches to study these perturbed
systems.

In this paper we use the Riesz basis approach, which shows that the generalized eigenfunctions of
the system form a Riesz basis, and then deduces the spectrum determined growth condition and various
stability results from the eigenvalue distribution of the system.This approach was used in [1}[16,[17]. The
system (1) was studied in [17] with zero boundary conditions where the authors obtained a necessary
condition for the stability and establish the Riesz basis property as well as the spectrum determined growth
condition for the system.

The rest of this paper is organized as follows. In Section 2, we will find a suitable Hilbert space
framework for system (T), and then the system will be shown to generate a Cp-semigroup. We then study
the eigenvalue problem. The main trick is to use a space-scaling transformation to derive an equivalent
eigenvalue boundary problem and this leads to much simpler asymptotic expansions. In Section 3, we
shall apply techniques in [12-14] to the fundamental solutions of the eigenvalue boundary problem, and
then use the results to expand the characteristic determinant in deducing the asymptotic behavior of the
eigenvalues. In the last Section, we shall reveal how the damping term affects the decay rate asymptotically,
and then discuss how negative the damping could be so that the system is still exponentially stable.

2. Formulation of the problem and well-posedness

We start our investigation by formulating the system (1) in the suitable functional setting. We first
introduce the following spaces

Vv ={ueH'0,1); u(0) =0},

with the inner product

1 .
o = [ (p(x)u(x)@+Ip<x>%<x>j§<x>]dx,

W= {u € H%(0,1); u(0) =0, Z—Z(O) = o},

with the inner product

o

1 d*u —
(U, o)y = I) El(x)ﬁ(x)dx2 (x)dx + au(1)o(1).

Also, the energy space H = W x V which is endowed with the inner product
(w,0), (f, Dy =, Py + 0.9}y, w,0), (f,9) € H.

Easy to see that

cVc ,1) C c W/,
WcVcl*0,1)cV' cW (4)
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where W’ and V’ are the dual spaces of W and V, respectively.

Let u be a smooth solution of system (1) and ¢ € W. Multiplying the first equation of system (1)) and
integrating on [0, 1]. Then integrating by parts, we get

. _ -
f [ (x) FTe (x t)gb x) + Ip( (9&;52 (x, t)—¢(x)] dx+f El(x) ou (x t) d)(x)alx

f a(x)a Bt(x t)—¢(x)dx+azu(1 t)¢)(1)+ﬁ (1 t)cp (5)

Now we define the continuous linear operators A € L(W, W) and B, C, D € L(V,V’) by

A: W — W
¢ +— Ap: W — C

(6)
Y (Ady) = f Elx) (P(x) ‘b(x)dx+a¢(1 (1),
B: V — V
¢ — Bp: V — C )
U dp d
v (Bo9)= [ aw
c.: VvV — VvV
¢ — Co: V — C ®)
! — dp d
— (Cov) = fo (p(x)qb(x)l#(x)+Ip(x)£(x)d—f(x) dx
D: V — V
¢ +— D¢p: V — C 9)

Y — (Do) = d((D),

Then by the Lax-Milgram Theorem (see [3} [18]), the operator A (resp. C) is a canonical isomorphism of W
(resp. V) onto W’ (resp. V’). With these operators, the equation (5) becomes

(9 u au au
< o’ ¢> {Au, @) + <B§/¢> + ﬁ<D§/¢> =0, Vo e W. (10)
Assume that Au € V’, since C : V — V' is isomorphism, we get:

u

_ u du) .
-z =°C 1(Au+B§+ﬁDE) inV.

Therefore, we define the linear unbounded operator &7 by

() ={(u,v) e H; ve Wand Au € V'}, (11)

o (u,0) = (0,-C7 Au), ¥ (u,0) € 9(e7), (12)
and the linear bounded operator % as follows

% (u,v) = (0,-C™" (Bv+ pDv)), ¥ (u,v) € H. (13)
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Thus, (5) can be formulated into an evolution equation in H as

(14)

(/fi—l;[(t) = (o +B)U({1)
U(0) = Uy,

where U = (u, (Z—t:) and Uy = (ug, u1).

Lemma 2.1. <7 is a skew-adjoint operator on the energy space H and 0 € p (7).
Proof. Let (1,v), (f,9) € (<), using the fact that
(Au,v) = (u,v)y, Yu,v € W,

(Cu,v) =(u,v)y, Yu,vev,

we get

(e (,0), (f, ) = ((0,~C Au), (£,9)),,
= @ fiw = (CAug),
=— <CC‘1Au, g> + m
= —(Au, g) +(Af,0)
= —(u, 9w +(CC1Af,0)
== (u, gy +(C1Af,0)y
=—(u,g)y + <U, C’lAf>V
= =, 0), Z(f, 9))g -

To show that 0 € p(7), let (f, g) € H, we look for a unique element (1, v) € Z(<7) such that

o (u,9) = (f,9),

thenv = f and
-ClAu=y.

Since C : V — V’ is isomorphism,
Au = -Cg.

So, for any ¢ € W, we get
(Au,¢) = —(Cg,9). (15)

For any ¢ € W, we have <A¢), ¢> = Ipli3,-

The left-hand side of is a continuous coercive bilinear form W of u and ¢. Moreover, the right-hand
side of is a continuous linear form L of ¢ on W.

Using the well-known Lax-Milgram Theorem, there exists a unique u € W so that

W, o) =L(¢$), YopeW,
holds and 0 € p(A). O

Furthermore we have the following characterization of the space 2(<7) (see [16]).
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Lemma 2.2. Let (u,v) € H. Then (u,v) € 2(<7) if and only ifu € W N H3(0,1) and v € W such that
d*u
ﬁ(l) =0. (16)

In particular, o~ is compact on the energy space H.

Proof. The sufficiency is obvious. To prove the necessity, let (11,v) € 2(&7) such that <7/ (u,v) = (f,9) € ‘H.
Then we have v = f and
-ClAu=yg.

Since C : V — V’ is isomorphism,
Au+Cg=0,

hence

1 . 1 T
fo EI(x)%(x)%(x)dx + au()y(1) + fo (p(x)g(x)m + Ip(x)Z—Z(x)‘;—f(x)] dx =0,Yyp € W. (17)

Let ¢ € C;(0,1), taking ¢(x) = f ¢(t)dt and substitute it into yields
0

du

1 2 d(p 1 1 1 . 1 dg . ~
fOEI(x)dx2 (x)a(x)dx+0zu(l)‘f0 q)(x)dx+j; (fx p(t)g(t)dt)<p(x)dx+f; Ip(x)a(x)d)(x)dx—o, (18)

then

1 P2 F 1 1 dg, |—
L‘El(x)ﬁ(x)%(x)dx:—jo‘ [au(1)+£ p(t)g(t)dt+Ip(x)a(x)]qb(x)dx.
Thus

d d? 1 d
- (EI(-)d—xL;) = au(l) + f p(Hg(t)dt +Ipd—i € 12(0,1). (19)

X

Since EI € C4(0,1), sou € WN H3(0,1). Let ¢ € V such that ¢(1) = 1 and (x) = f ¢(t)dt, substitute it into

0
. Then integrating by parts and using , we get holds. By Lemma[2.1} <7 ~! exists and is bounded
on H. From The Sobolev Embedding Theorem, 7! is compact. [J

Therefore, since </ is a skew-adjoint operator with compact resolvent and & is bounded, a standard
perturbation result (see Pazy[10]) will then imply that </ + # generates a Cy-group on H and has compact
resolvent. Thus, the spectrum o(< + %) consists of only isolated eigenvalues that have a finite algebraic
multiplicity.

Using standard semigroup theory, we get the following theorem on the existence, uniqueness, and
regularity of the equation (14) solution.

Theorem 2.3. (Existence and uniqueness)

1. If Uy € D(«7), then system has a unique strong solution
U € C([0, +eo[, 2()) N C' ([0, +oo[ , H).
2. If Uy € H, then system (14)) has a unique weak solution

U e C([0,+oo[ ,H).
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3. High frequencies

In this section, we obtain asymptotic expansions for the eigenvalues of & + #. Let A € ¢ (&7 + #) and
U = (u,v) € 2 (&) such that
(o + B)U =AU

Equivalently

v=Au
—CY(Au + Bv + Do) =
Since C : V — V' is an isomorphism, we have v = Au and

Au + ABu + ABDu + A*Cu = 0. (20)
Using (6)-(9), we get
' - .
f EI(x) d'u (x) (x)dx +au(l)p(1) + A f a(x)d—u(x)d—lp(x)dx + ABu()p(1)
0
(21)

+/\2f (p(x)u(x Y + () (x)—l'b(x))dx— 0, Vi € W.

Let ¢ € C7°(0,1) and substitute it into (21), we get

a2 (_ dPu d ( du ) d (. du
<ﬁ (Elﬁ)—/\a (ﬂa)‘i‘/\ (pM—E(IPE)),lP>—O
Then, we have

d? (. d*u d du of o d( du )
Integrating by parts and using (22), we get
2u
a (EI( )= )(1) - )\219(1)—(1) = au(1) + Apu(d).

Consequently, the function u is determined by the following system:

2 2
ddz (EI( )d ) A d ( (x)—)+)\2(p(x)u (1 0= ))
2

du

u0) = 0 = fl?m =0 3

2
% (EI(-)ZTZ) 1) - )\le(l);l—z(l) = au(1) + Apu(l).

We showed that implies (23). Now, we will prove the converse : that implies (20). From (22), we
multiply the first equation of (23) by ¥ with ¥ € W and integrate over [0,1]. By integrating by parts, the

second equation of and the fact that i € W, we obtain

d

2 _ 1 FoT 1 av
E(EI(-)%)(1)¢(1)+I EI(x) () l’b(x)dx+Aj; a(x)Z—Z(x)d—li(x)dx

du  —— — du di ~
- PLO) T WPD + 42 fo (p(x)u(xwm +Ip<x>a<x>%<x>)dx =0,
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And by the third equation of (23), we get (21):

dy

d? TVZRY
- g(x)dx + Apu()y(1)

1 du —— v du
j;EI(x)@(x) 2 (x)clx+ozu(1)1p(1)+/\f0 a(x)ﬁ(x)

) -
+ A2 fo (p(x)u(x)w + Ip(x)g—z(x)i—f(x)]dx =0, Y e W.

From the operators (6)-(9), the preceding equation is written as
(Au + ABu + ABDu + A*Cu, ) = 0, Vip € W
What implies (20). Consequently, any solution to equation (23) is a solution to and vice versa. For this,

we focus on solving equation (23).
We need the following lemma (see [16} [17]).

Lemma 3.1. Let hyi(x) and hy(x) be two linearly independent solutions for the second order linear homogeneous
differential equation

(L)' @) = p)u(x) = 0.
Then we have

D := Iy (05 (1) — K, (1)h2(0) # 0. (24)

Expanding (23) into the following form:

EII(.X) " EI“(X) 1’7 IP(X) 7 I’p(.X) ’ ‘O(X)
u®(x) +2 El(D) u” (x) + EI00) u” (x) — A? (T(x)u (x) + mu (x) - T(x)u(x)
alx) ax) , .\ _
-A EI(x)u (x) + EI(x)u (x)) =0 (25)
1(0) = #(0) = u”(1) = 0
(EL Y (1) = A2L(Dw'(1) = au(1) + Apu(l).

Now we convert the eigenvalue problem (25) into a more convenient form by a space-scaling transformation.
For this, let

1 1
¥ (1 (E)\5 L1,(8)\2
u(X)Zf(Z),Z=%L (EPI((;))Zdah:fo (EPI((;))Zdé, (26)

then (25) can be rewritten as

fO@) +a1(2) " (2) + a2(2) f (2) + a3(2) f'(2) = AR [f7(2) + b1(2) f' (2) — b2(2) £ (2)]

—Alco(@)f"(z) +c1(2) f'(2)] =0

f)=£0)=0 (27)
borf"(1) + b f'(1) = 0

buf”' (1) + biof’(1) + bisf' (1) — A?biaf’(1) — af(1) — ABF(1) =0,
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where
1

Cze BP0 1(L(0))2

Mm@ =65 +2 Fy Z T (El(x)) / @8
_ Z& ZXXX ZXXEI/('X) EI”('x)

a(z) =3 2 +4 2 +6 ZEI) + 2EIG)’ (29)
 Zyyxx Zoox EI'(X)  zy EI” (X)

1@ = " Y2 T 2R (30)
_za LW _ W

bi(z) = 2 + }m/ ba(z) = m/ (31)
__a() _ zea(x) | d'(x)

ole) = Z2EI(x)’ ale) = Z2El(x) Z3El(x)’ (32)

b1 = Zi(l)El(l)r b1z = 3z,(1)z(1)EI(1) + Zi(l)EI'(l), (33)

b13 = Zur(DEI(1) + 2 (DEI'(1), b1a = [,(1)zx(1), (34)

b21 = Z%(l), bzz = Zxx(l). (35)

If we replace A by u := hA, then (27) becomes

FOQ + @@ @)+ l)f @) + (@ ) - 1 1E) + S @) - bS]

[ 0@f @ + @ @) =0

£0) = £1(0)= 0 (36)
bor f”(1) + b f'(1) =0

buo /(1) + biaf"(1) + baa /(1) = h242bua (1) - af(1) = H B f (1) = 0,

In summary, we have the following theorem:

Theorem 3.2. A is an eigenvalue of o7 + 28 if and only if (36) has a nonzero solution f(z) for u = hA. Moreover, the
function u in the corresponding eigenfunction (¢, Ap) of < + 2 is given by (26).

First, we start to treat the fundamental solutions of equation (36). We notice that this equation is not in
the classical form that is to say the highest power of the eigenvalue parameter u is not equal to the order of
the highest derivative of the equation. For this, the results of [2,9] is not applicable. Its results are modified
in the papers of Tretter [12-14] that we can apply in our case. To begin, we divide the complex plan into
four sectors:

(k+1Dm
2

ﬂ:{ze@:%ﬂgrgzs },k=0,1,2,3 (37)

and for each .;, we will pick w; and w; to be the square roots of —1 so that

Re (pw1) < Re(pws), Yp € . (38)

it /2 i370/2

In particular, we will choose w1 = ™%, w, = e in sector .%y and re-shuffle them in each the remaining
sectors so that holds. Writing u = pw; for p in each sector .4, we have the following result on the
fundamental solutions of from [1},[17] (see also [15]).

Lemma 3.3. In each sector .74, for p € %, with |p| sufficiently large, the equation

fO@) +m@)f" (@) + 2 f" (@) +a@)f @) + p* [f(@) + i@ f (@) - @) f ()]
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—1p[ (@) f"(2) + c1<z>f'<z>] =0, (39)

has four linearly independent fundamental solutions ys(z, p)(s = 1,2,3,4) and they possess the following asymptotic
expressions (for j = 0,1,2,3)

e =@ +0(p), s=1,2, 40
W p) = (pwe2) e [yu(2) + O(p7)], s = 3,4, (41)

where for s = 3,4,

e =exp( [ 5[0 =010~ fo.czcot] ), )
Ys(0) =1, ys(1) = exp (D1 + iws2D»), (43)
with
1 1
D=3 [ a0 -mo1a, D2 = [t 49

and h1(z) = h1(x(z)), ha(z) = ha(x(2)) are two linearly independent solutions to the following equation:
@)+ @) f (2) —b(2)f(z) =0

From (@#0) and (#1), we can obtain asymptotic expansions for the boundary conditions of system (36). In the
following, we introduce the notation

[aly =a+ O(p_l).

Theorem 3.4. Denote the boundary conditions of system by Uy, U, Uz and Uy, then for p € A, with |p|
sufficiently large, we have the following asymptotic expansions:

i =sion={ PGSO
Us(ys, p) = y:(0,p) = { Z;?)I:((lolgzég)l)): ;EZSES?)L z i zlz, 421 o
Ua(ys, p) = ¥ (1, p) + £y§(1 p)
- { X/ (DH(L) + 2D (1) + bﬁX’(l)h’ﬂ) +0(p7), s=12
pRer=2 (v (w2, + O p~ )) =94 v

XD + X2 (1) + bﬁx'(l)h’(l)] , s=12,
bn 1
p2ePw5_2 [ys(l)ws_z]l , s=3,4,
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117 b 7 b / b / a
Ui(ys, p) =y (L, p) + ﬁys 1,p)+ +ﬁys(1,p) + pth;; v:(1,p) - Eys(l, p)
. P
b pys(1,p)
b1y _
2 ’ 1 —
e (thnxz(l)hs(l) +0(p )) s=1,2,

48)
0rs bs -1 _ (
pePes (ys(l)cug’_2 + 2. Ys(Dws—2 + O(p )), s=34,

b14
2 ’ —
p |:h2b11 xZ(]-)hs(l)]l 7 s = ]-/ 2/

bus ]
Bepvs2 |y (Nw? , + ——vys(Dwsa| , s=3,4.
P []/( Jw;_, hzbuy( Jws-2 .

Proof. The proof is just a direct substitution of the fundamental solutions and into the boundary
conditions. [J

Note that y = ip for any p € .%, is the eigenvalue in if and only if p satisfies the characteristic equation

U4§y1, P; Uy (y2, P; U4E]/3/ p) U4Ey4, P;

| Usly, p) Us(y2,p) Us(yz, p) Us(ya,p) | _

Alp) = Uay1,p)  Ua(yz,p) Ua(ys, p) Ua(ys,p) | 0 )
Ui(y, p) Ui(ya,p) Ui(ys, p) Ui(ys, p)

We have the following asymptotic expansion of the characteristic equation A(p).

Theorem 3.5. In sector %, the characteristic determinant A(p) of the eigenvalue problem has an asymptotic
expansion

A(p) = —ip5xz(1)D {eipeDl_D2 + e7iPeP1tD2 | O(p_l)}, (50)
where D is defined in and Dy, D, are defined in [@4). The asymptotic expansion also holds in the other
sectors as well. Furthermore, the boundary problem is strongly reqular in the sense of [13| Definition 2.7]. Then,

the zeros of A(p) are simple when their modulus are sufficiently large.

Proof. In sector .#p, using the fact that in (@8),

bﬁ _ Ip(l)zx(l) 2
b Z2()EIQ)

4

and substituting [@5)-(48) into the characteristic determinant A(p), we have

[ (O)],
[0 0],
A= b
kﬂwm+#mwm+7¢mwn
21 1
p* ()],
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[2(0)]y

[x-m],
[ C (1) + 1P D) + = b” X (), <1>

p? |0y,
(1] 1l

ip[1]y —ip[1]y

_pZEIpeD] -D, [1]1 _p2€—lpeD] +D2[1]1

pSEipeDl -D, [0]1 p3e—ip€D1 +D, [0]1

Developing the above determinant, we obtain (50). The strong regularity defined in [13, Definition 2.7]
together with the simplicity of the zeros w1th large enough modulus can be verified directly from the fact
that eP1~P2, eP1#D2 x (1) > 0 and (24).

Theorem 3.6. There exists an integer N > 0 such that the eigenvalues Ay of problem (23) are simple and possess the
following asymptotic expressions:

(1 (! (T o
/\k—ﬁ(—%fo co(t)dt+1(§+kn))+0(k ), k>N, kez, (51)

1
where N is a sufficiently large positive integer, h = f ( Ef}((?)) d& defined in and cy(z) = 21:51( ) defined in

(32). Thus,

1
ReAr — —% co(t)ydt = —= f Ia((x)) dx ask — oo. (52)

Proof. In sector ., we see from (24) and (50) that equation (49) becomes
ePeP17D2 4 pmipDitD2 | O(p_l) =0 (53)

If we consider the equation

eipeDl—Dz + e—ipeD1+D2 — 0

equivalently
2ip-2D; _
e =-1,

with solutions
ptkzipk:D2+i(g+kn),k=1,2,..., (54)
where D is defined in (#4). Using and the Rouché’s theorem, the solutions of will satisfy

yk:D2+i(g+kn)+0(k*1),k>N,ke]N, (55)
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where N is a sufficiently large positive integer. Note that the eigenvalues of &/ + % are distributed
symmetrically with respect to the real axis. So the dual eigenvalues are

Hk:Dz—i(ngkn)Jro(k-l),k>N,ke]N. (56)

Hence, we can conclude from (55), and p = hA that

1 1 T 1

Also, for large enough k, Ay is simple because problem is strongly regular [9] pp. 64 —74]. O

Remark 3.7. The same remark of [17l] , we explain the interplay between the strong reqularity and the simplicity of
the eigenvalues for problem (or 27)). From the characteristic equation (or (27)) and the structure of the
corresponding Green’s function for the inverse of the associated ordinary differential operator [9, pp. 34 — 371, the
multiplicity of each A € o(<f) with large enough modulus, as a pole of the resolvent operator R(A, &), is less than
or equal to the order of A as a zero for the entire function A(p) with A = % On the other hand, since problem

is strongly reqular, it is easy to verify that A is geometrically simple when modulus of A is large and the zeros of
A(p) = 0 are simple when their modulus are large. So eigenvalues of problem with sufficiently large modulus are
algebraically simple because: m, < p.my [8, pp. 148], where p denotes the order of the pole of the resolvent operator
and m,, my denote the algebraic and geometric multiplicities, respectively.

All the above discussions can be summarized into the following result on the spectrum of &7 + %.

Theorem 3.8. Let o/ + 2 be defined as in (I1), and ({13). Then each A € (<7 + BB) is simple when |A| is large
enough, and has an asymptotic expression given by (51).

4. Exponential stability of the system

In this section, we investigate the Riesz basis property and the stability of system (14). We will first
establish the completeness of the generalized eigenfunctions of &7 + . For this, we need the following
Theorem [4} pp. 170].

Theorem 4.1. Let K be a compact self-adjoint operator in a Hilbert space H with ker K = {0} and eigenvalues
Ai(K), j=1,2,...,00. Assume that

Y K < o,

j=1
for some v > 1, and let S be a compact operator such that I + S is invertible. Then the system of generalized
eigenfunctions of the operator A := K(I + S) is complete in H.

Theorem 4.2. Let </ + 2 be defined as in (T1),(12) and (13). Then the system of the generalized eigenfunctions of
o + B are complete in Hilbert space H.

Proof. Lemma ensures that (i<7)~! is a compact self-adjoint operator with ker(i<?)~! = {0}. By Theorem
@ (when ¢y(t) = 0), it is easy to see that {Ax((ie?) ")}, € I. We have

(i( + B) = () U+ B!
= (i) - Bt YU+ Baz™H)).

Since B/ (I + B.2/~")! is compact and I — B/~ (I + ./ ~)7! is invertible. So by Theorem 4.1} the proof
is complete. O
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To show the basis property of generalized eigenvectors of .7 + %, we need the following theorem (see [16]).

Theorem 4.3. Let X be a separable Hilbert space, and A the generator of a Co-semigroup T(t) on X. Suppose that
the following conditions hold:

(1) We can decompose 6(A) = 01(A) U 02(A) and 02(A) = {Aile, consists of only isolated eigenvalues of finite
algebraic multiplicity.

(2) For mu(Ay) := dim E(Ay, A)X, where E(Ay, A) denotes the Riesz-projection associated with Ay, we have
sup m,(Ax) < co.
k=1

(3) There is a constant « such that

sup {ReA|A € 01(A)} < a < inf {ReA|A € 02(A))

and
inf |A, — Ay > 0.
n#m

Then the following assertions are true:

(i) There exist two T(t)-invariant closed subspaces X1 and X, such that o (Alx,) = 01(4), 0 (Alx,) = 02(A) and
{E (A, A) Xa}ioq forms a Riesz basis of subspaces for Xa. Furthermore,

X=X1 8 X,.

(if) If sup |IE (A, A)| < oo, then Z(A) € X1 ® X, C X.
k>1

(iit) X has the topological direct sum decomposition X = X1 @ X if and only if

E (A, A)
=1

sup < 00,

n>1

Combining Theorems and .7 we have the following result.

Theorem 4.4. System is a Riesz spectral system (in the sense that its generalized eigenfunctions form a Riesz
basis in ‘H). Thus, the spectrum determined growth condition holds, i.e.

(A + B) = (o + B),

with s(o/ + %) := sup {ReA|A € o( + HB)} being the spectral bound of of + % and w(o/ + %) being the growth
bound of the semigroup e +#),

Proof. Let 0x(o + #) = o(« + %) and 01(« + H) = {—oo}. From Theorem and all hypotheses in
Theoremare true. So Theoremimplies that X; = {0}. Therefore, the first assertion of Theoremsays
that there is a sequence of generalized eigenvectors of .7 + % that forms a Riesz basis in H. Accordingly, the
spectrum determined growth condition can be obtained by a direct consequence of the Riesz basis property
and the simplicity of the high eigenfrequencies of &/ + #. 0O

Finally, we state the following two results describe how stability depends upon the sign of damping
function.

Theorem 4.5. Suppose that conditions (2) hold, a(x) is continuously differentiable on [0, 1] and a, > 0. Ifa(x) > 0,
then, is exponentially stable.
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Proof. We have

dov . | 5
E(x) dx —Blo(D)I" <0, ¥V (u,0) € 2(),

1
Re (o + #) (u,v),(1,0))y = —j{; a(x)

then o/ + Z is dissipative in H and it is easy to see that 0 € p(</ + #). Hence, &/ + % generates a
Co-semigroup of contractions on H. We show now Red < 0 for all A € (<7 + %). Multiplying the first
equation of system by u, the conjugate of u, and integrating on [0, 1], we obtain

! du, | ! du b ldu, |
A? f (p(x) ()l + I, (x) i) )dx+a|u(1)|2+)\ﬁ|u(1)|2+ f EI) |2 () dx+/\ f ax) |- ()| dx =0.
0
(57)
Let A = ReA +iImA, where ReA, ImA are real. Then
2 2 ! 2 du, [ 2 2
((Re/\) — (ImA) )fo (p(x) lu(x)|” +1,(x) E(x) )dx+a|u(1)| + (ReA) B lu(1)]
du v ldu, ]
fo El(x) —z(x) dx+(Re)\) fo a(x) a(x) dx =0, (58)

and

2
dx + (ImA) Blu()? = 0. (59)

()

x)

2 1
)dx+(Im/\)fO a(x) Z—Z(

1
2 (ReA) (ImA) fo (p(x) ()P + I (x) Z—Z

If ImA = 0, then by (58), we have

1 du 2
(ReA)? f (p(x) ()l + I,(x) |[5= (%) )dx +au) + (Red) g lu(1)f*
0 dx
1 1 2
f EI (x) du (x) dx + (ReA) f a(x) Z—Z(x) dx =0, (60)
thus ReA < 0 because a(x) > 0.
If ImA # 0, then by , we have
1 du 2 1 du 2
(ImA) [2 (ReA) (p(x) ()l + I,(x) |[5= (%) )dx + f a(x) |== ()| dx+B |u(1)|2] =0. (61)
0 dx 0 dx
Hence
1 2
|G| @ pur
=_-_J0 <0, (62)

(x)

2 1
f (P(X) (o + lp(x) )

thus ReA < 0 because a(x) > 0. Moreover, Theorem [3.6|ensure that the imaginary axis is not an asymptote
of 0 («/ + AB). Therefore, from Theorem we get

w (o + B) =sup{Rel| € o(A + AB)} <0

and the proof is completed. [
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Now, we are ready to consider the case that a(x) can change its sign on [0, 1]. We note

a*(x) = max{a(x),0} and a~(x) = max{—a(x),0}, for x € [0,1], (63)
and #* be the corresponding damping operators with respect to a*(x), respectively.

Theorem 4.6. Suppose that conditions {2) and (3) hold, a(x) is indefinite and continuously differentiable on [0, 1]

and o, B2 0. If
) 2
, o + B
{ } ﬁ[xel[é%{ —Ip(x)}] ] <|s(er + )

s
where s (o7 + #%) = sup {ReA|A € 0 (o7 + HB*)}, then, system (14) is exponentially stable.

a (x
Ip(x)

~

max

sup , (64)

x€[0,1]

Proof. Assume that a(x) is indefinite on [0, 1]. Then, it is easy to see that a*(x) satisfies the assumptions of
Theorem .5 Thus, we can decompose .« + % into

A+ B=oA+ B —FB".
Let (1,v) € ‘H, we have
w0,
= ||c (B0 + gDo)[}
= (C' (B v+pDo),C! (B 0 + pDv))
= <B_v +pDy,C"'(Bv+ ﬁDv)>

Y oodv, d ——
=f0 a (X)E(x)ﬂc 1(B~v + BDv) (x)dx + pv(1)C~1 (B~v + BDv) (1)
i .
a (x) 1 -1 (-
— C
< max »xsel[é% { L® },ﬁ(xsellgl{ o }] — llelly [|C™ (B~0 + pDw)||,
-
a (x) 1 1y
<o e (75} o s | )] ool e ool

where B is the linear operator corresponding to a~(x) defined in (7). Then

||<@_|| < max [

sup
x€[0,1

{L} 8l su
MUAEH Rl

1
V()

(65)

il

Applying the perturbation theory of contractive semigroups (see [10]), we have A € p (&7 + %) whenever
Red >s(o/ + 2") +| % ||.

Then
(o +B) <s(d + B+ |7

So from Theorem and —, we get
(A +B)=s(o +PB)<O.

Thus system (14) is exponentially stable. [
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