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The inhomogeneous Calderén-Zygmund operators on weak local
Hardy spaces associated with ball quasi-Banach function spaces

Xingyu Liu?, Jian Tan*"

#School of Science, Nanjing University of Posts and Telecommunications, Nanjing 210023, People’s Republic of China

Abstract. Let X be a ball quasi-Banach function space on R”, WX be the weak ball quasi-Banach function
space on R", ix be the local Hardy space associated with X. In this paper, we introduce the weak local
Hardy-type space Why associated with X via using maximal function characterization. Moreover, we obtain
the boundedness of inhomogeneous Calderé6n-Zygmund operators from hx to WX or Whx. All these results
have a wide range of generality and, particularly, to our best knowledge, even when they are applied to the
Morrey spaces, Orlicz-slice spaces and mixed-norm Lebesgue spaces, the results in this paper are also new.

1. Introduction

The theory of local Hardy space plays an important role in various fields of analysis and partial differen-
tial equations, see [11,126]. Moreover, various variants of Hardy spaces on IR" and their real-variable theories
have been developed (see, for instance, [1}22]). Recently, to extend the Banach function space further so that
Morrey spaces, Orlicz-slice spaces and mixed-norm Lebesgue spaces are included in a unified framework,
Sawano et al. [28] introduced the ball quasi-Banach function space X on R" and also investigated the Hardy
space Hx via the grand maximal function. Besides, the local Hardy space hx was also introduced in [28],
and the relation between Hx and hx was established. For more details on Hardy spaces associated with
ball quasi-Banach function spaces, we refer to [19, 20,32} 33} 35].

On the other hand, the theory of singular integral operators began in the 1950s when Calderén and
Zygmund studied convolution operators that appeared in elliptic partial differential equations with constant
coefficients. In order to find the biggest function space A such that Calderén—-Zygmund operators are
bounded from A to WL!, the weak H' space theory was first introduced by Fefferman and Soria in [8]. Then
the weak HP(0 < p < 1) space theory was studied by Liu in [18]. Very recently, Zhang et al. [38] introduce
the weak Hardy-type space and obtain the boundedness of Calderén—-Zygmund operators from the Hardy
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space Hx to WHx, which includes the critical case. Also see [27] for the case on spaces of homogeneous
type. Meanwhile, Tan [29] proved that the inhomogeneous Calderén-Zygmund operator is bounded on
local variable Hardy spaces h*") via establishing the finite atomic decomposition for the local variable Hardy
space. Inspired by these results, we will focus on the boundedness of inhomogeneous Calderén-Zygmund
operators from hx to WX and from hx to Whx, which includes the critical case.

Recall that, the inhomogeneous Calderén-Zygmund operator was considered in [7]. Define D to be
the space of all smooth functions with compact support. The operator T is said to be an inhomogeneous
Calder6n-Zygmund operator if T is bounded on L?, and T is a continuous linear operator from D to 9’
defined

T(f), 9) = f K(x, ) f(y)g(dxdy

for all f, g € D with disjoint supports, where K(x, y), the kernel of T, satisfies the conditions as follows:

1
b =yl |x — y[r+o

I(K(x,y)lsCmin{ },forsome6>0andx¢y

and fore € (0,1)

€

+ 1Ky, x) - K (v, %)| < c||y —J

x — y|n+e

K, y) — K (x,y)

when )y -y < 3l —yl.

The main purpose of this paper is threefold. The first goal is to introduce the weak local Hardy-type
space Whx via the radial maximal function. The second goal is to obtain the boundedness of inhomogeneous
Calderén-Zygmund operators from hx to WX or Why. Last but not least, we will apply these results to some
concrete function spaces, such as Morrey spaces, Orlicz-slice spaces and mixed-norm Lebesgue spaces.

Now we state the main results of the paper as follows.

Theorem 1.1. Let0 < 0 <s<1,g€ (1,00),0>0ande € (0,1). Assume that X is a ball quasi-Banach function
space satisfying Assumptions [2.12}[2.13|and [2.14, Assume that X'/* is a ball Banach function space. Let T be an

inhomogeneous Calderon—Zygmund operator. If 0 € [max{-L=, L1, 1) and there exists a positive constant Cy such
g yg p n+o6’ n+e p

that for any a € (0, c0) and any sequence {f]} N C A

j€

[04

X I max{ #,n"‘?}
xem":{zjm[m(m(xu {}} "

O ymaaa)
S C ; max{ﬁlnn?} , 1
) [Zﬂ; Iz ] 1 M
JE Xmax{ﬁ,#}
then T has a unique extension on hx. Moreover, there exists a positive constant C such that for any f € hx,
[Tl < Cll by

To state the (hx, Whx)-boundedness of T, we also need to assume one additional conditionon T, fRn T(a)(x)dx =
0 for the local-(X, g, d)-atom a and suppa ¢ Q with |Q| < 1. For convenience, we write T; (1) = 0,if T satisfies
the above moment condition.

Theorem 1.2. Let 0 < 0 <s < 1,9 € (1,00) and € € (0,1). Assume that X is a ball quasi-Banach function
space satisfying Assumptions |2.12, 2.13|and [2.14} Assume that X'/* is a ball Banach function space. Let T be an

(1) =0. If 6 € [max {L h }, 1) and there exists a positive

inhomogeneous Calderon—Zygmund operator and T,

loc n+6’ n+e
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constant Co such that for any a € (0, co) and any sequence { ﬁ}jeN c ., H holds true, then T has a unique extension
on hx. Moreover, there exists a positive constant C such that for any f € hx,

I Al < CILAs

2. Preliminaries

In this section, we present some notions and known results concerning the ball quasi-Banach function
spaces and the weak ball quasi-Banach function spaces. Then we give some assumptions on the Hardy—
Littlewood maximal operator. Meanwhile, we recall the definition and some results of local Hardy type
spaces hx.

2.1. Weak ball quasi-Banach function spaces

Denote by .# the set of all measurable functions on R"”. Before presenting the notion of weak ball
quasi-Banach function spaces, we first recall the concepts of Banach function spaces and ball quasi-Banach
function spaces. For the sake of simplicity, Y (R") =: Y, where Y is any (quasi-)Banach function spaces or
ball (quasi-)Banach function spaces on R".

Definition 2.1. [3| Chapter 1, Definitions 1.1 and 1.3] A Banach function space Y C .# is called a Banach function
space if it satisfies (i) || flly = 0 if and only if f = 0 almost everywhere;

(ii) |g| < |f] almost everywhere implies that ||g|ly < |Iflly;

(ii1) 0 < fu T f almost everywhere implies that ”fm”y T flly;

(iv) xg € Y for any measurable set E C IR" with finite measure;

(v) for any measurable set E C R" with finite measure, there exists a positive constant C), depending on E, such
that, forall f €Y,

f;lf(x)|dx < Celiflly,

where f and g are measurable functions. In fact, the above conditions ensure that the norm || - ||y is a Banach function
norm. For x e R" and r € (0, 00), let B(x,7) :={y e R" : [x — y| <}, and

B :={B(x,r): x € R" and r € (0, 0)}. (2)
We now present the notion of ball quasi-Banach function spaces as follows [28].

Definition 2.2. A quasi-Banach space X C .# is called a ball quasi-Banach function space if it satisfies
(i) || fllx = O implies that f = 0 almost everywhere;
(ii) |g] < |f] almost everywhere implies that ||gllx < ||fllx;
(iii) 0 < f,, T f almost everywhere implies that ”fm”X T fllx;
(iv) B € B implies that xp € X, where B is as in (2).
For any ball Banach function space X, the associate space (Kothe dual) X’ is defined by setting

X' =A{f e : \|fllx :=sup{lifgll : g € X, llgllx =1} < eo}, (©)
where || - ||lx- is called the associate norm of || - ||x.
Remark 2.3. The second condition of the Banach function space X is called the ideal property, which implies that X
is a quasi-Banach lattice [23]]. From [28| Proposition 2.3], we know that, if X is a ball Banach function space, then its

associate space X’ is also a ball Banach function space.

Then we recall the notions of the convexity and the concavity of ball quasi-Banach function spaces.
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Definition 2.4. [17, Definition 1.d.3] Let X be a ball quasi-Banach function space and p € (0,00). (i) The p-
convexification X¥ of X is defined by setting XV := {f € .4 : |fIP € X} equipped with the quasi-norm

Ifllo == AP

(ii) The space X is said to be p-concave if there exists a positive constant C such that for any sequence { f]-}],eN of X'/,

2 MAlln < |2 15

jEN jEN Xp

Particularly, X is said to be strictly p-concave when C = 1. Next we present the notion of weak ball quasi-Banach
function spaces as follows [38, Definition 2.8 and Remark 2.9].

Definition 2.5. Let X be a ball quasi-Banach function space. The weak ball quasi-Banach function space WX is
defined to be the set of all measurable functions f satisfying

Ifllwx = ;3};) [04 “X{xe]Rn:If(x)l>a} X] < . (4)
Remark 2.6. (i) Let X be a ball quasi-Banach function space. Forany f € Xand a € (0, 00), we have x {reRrfl>a) (X) <

|f (x)|/e for any x € R", which, together with Definition [2.2](ii), further implies that

sup [a||X{xE]Rn:|f(x)\>a} x] <|Ifllx-

a€(0,00)
This shows that X ¢ WX. (ii) Let f,g € WX with |f| < |g|. By Deﬁnition(ii), we conclude that || fllwx < llgllwx.

Lemma 2.7. [38, Lemma 2.10] Let X be a ball quasi-Banach function space. Then || - |lwx is a quasi-norm on WX,
namely,

(i) | fllwx = 0 if and only if f = 0 almost everywhere.

(ii) Forany A € Cand f € WX,

A fliwx = 1Al fllwx-
(iii) For any f, g € WX, there exists a positive constant C such that
If + gllwx < CllIfllwx + llglwx] -

Moreover, if p € (0, o0) and X7 is a ball Banach function space, then

1/ 1/ 1/
I + gllfh < 2mp [ gle + liglils ]

Remark 2.8. Let X be a ball quasi-Banach function space. By [38, Lemma 2.13], we know that WX is also a ball
quasi-Banach function space. For any given s € (0, ), it is easy to show that X® is also a ball quasi-Banach function
space. Thus, (WX)® and W (X®) make sense and coincide with equal quasi-norms. Indeed, for any f € (WX)®, by

Definitions[2.4] (i) and 2.5 we have
I s = P lwx = 111y cs)-

Let X be a ball quasi-Banach function space, then from [38, Lemma 2.13] we know the space WX is also a ball
quasi-Banach function space.

Now, we recall the notions of Muckenhoupt weights A, in [12].



X. Liu, J. Tan / Filomat 39:20 (2025), 6819-6839 6823

Definition 2.9. An A, weight w, with p € [1, o), is a locally integrable and non-negative function on R" satisfying

that, when p € (1,00),
sup|—= | wx)dx||—= | {wk))™dx 00,
BEIIE:S) Bl Jp Bl Jg

1 _
sup g [ oot ] <

where B is as in . Define Aw := Upe(1,c0) Ap-

and, whenp =1,

Definition 2.10. Letp € (0,00) and w € Aco. The weighted Lebesgue space LY, is defined to be the set of all measurable
functions f such that

”f”Lfy = [jﬂ;n |f(x)|Pa)(x)dx]” < 00,

Lemma 2.11. [38| Lemma 2.17] Let X be a ball quasi-Banach function space. Assume that there exists an s € (0, o)
such that X'/* is a ball Banach function space and M is bounded on (Xl/ s),. Then there exists an € € (0, 1) such that

€
X continuously embeds into L], with w = [M (XB(ﬁ,, 1))] , namely, there exists a positive constant C such that for any
fekX,
Ifllzs, < ClIfllx-

2.2. Assumptions on the Hardy—Littlewood maximal operator

Denote by L; the set of all locally integrable functions on R”. Recall that the Hardy-Littlewood
maximal operator M is defined by setting, for all f € L _and x € R",

Mf(x):= sup ——= lf(ldy. )
FO0= SR B o
For any 6 € (0, ), the powered Hardy-Littlewood maximal operator M® is defined by setting, for all
feLl andxeR?,

loc

1/6
MO(FY) = {M(1f1°) )}
In order to prove several theorems in this paper, we need the following assumptions.

Assumption 2.12. Let X be ball quasi-Banach function space. For some 0,s € (0,1] and 0 < s, there exists a positive
j:

constant C such that, for any {f]} L C A,

1/s 1/s
Y MO (5)] <c|$Y 1Al : ©)
p= . p= .

Assumption 2.13. Let X be a ball quasi-Banach function space satisfying (€) for some 0,s € (0,1]. Let d >
[n(1/6 — 1)] be a fixed integer and q € (1, c0]. Assume that for any f € A,

||M((q/5),)(f)H(xl/s)’ < Cllfl ey )

where the implicit positive constant is independent of f.
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Assumption 2.14. Let X be a ball quasi-Banach function space. Assume that there exists an r € (0, o0) such that M
in (5) is bounded on (WX)'/".

Now we recall the definition of the local Hardy type space hx established in [28].

Definition 2.15. Let X be a ball quasi-Banach function space. Let ® € S satisfy fRn D(x)dx # 0 and b € (0, 0)
sufficiently large. Then the Hardy space hx associated with X is defined as

hx = {f €8 : Iflln = || (F, @], < o0},
where the maximal function m;’(f, @) of Peetre type is defined by setting, for all x € R",

|- - )]
wherix©1) (1 + t‘1|]/|)h

my (f, @)(x) :=

Moreover, the atomic decomposition theory is very useful when we consider the boundedness of
operators on Hardy spaces. For instance, see [9} 30, 31, 36]. Then we recall the definition of the local-
(X, g, d)-atom in [34]. Denote that

dx :=[n(1/6 -1)]. (8)
Definition 2.16. Let X be a ball quasi-Banach function space and q € (1, 00]. Assume that d € Z.. fulfills d > dx.

Then a measurable function a is called a local-(X, q, d)-atom if there exists a cube Q C R” such that supp (a) C Q;

llalle < |‘|)?(|g||>7< and if |Q| < 1, then f]R, a(x)x*dx = 0 for any multi-index o € Z! with |a| < d.

Lemma 2.17. [34, Theorem 4.8] Let X be a ball quasi-Banach function space, satisfying both Assumption with
0 < 6 < s < 1and Assumption 2. 13| with the same s € (0, 1] and d € N such that d > dx, where dx is as in
Then f € hx if and only if f € S’ and there exist a sequence a] 1 of local-(X, oo, d)-atoms supported, respectzvely,

in cubes {Q]} and a sequence {/\ 2, of non-negative numbers such that

f = Z /\ja]' in & (9)
=1
and
) s 1/s
= llxglix .
Moreover,

Il fllny ~ inf

7

i( L]
] )

XQ;
Slva ) *| |

where the infimum is taken over all decompositions of f as in (9) and the positive equivalence constants are independent
of f but may depend on s.

Lemma 2.18. [34, Lemma 2.21] Assume that X is a ball quasi-Banach function space satisfying Assumption
with some s € (0,1] and Assumption |2.13|for some q € (1, 00] and the same s € (0,1] as in (H) Let {aj}],zl C L9 be

supported, respectively, in cubes {Q]-} " anda sequence {/\ }oi C [0, 00) such that, for any j € IN,

|1/q

[
o], < =
e =Tl
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and
1/s

Then f = Y.32; Ajaj converges in S and there exists a positive constant C, independent of f, such that

1/s

Al <C[3Y [L] X,

j=1 ”XQ/'”x

3. Weak local Hardy spaces and their maximal characterizations

In this section, we introduce the weak local Hardy type space Whx, associated with the ball quasi-
Banach space X, and obtain several maximal function characterizations. To state the results, we need
some definitions. In what follows, we denote by S the space of all Schwartz functions, equipped with the
well-known topology determined by a countable family of seminorms, and by &’ its topological dual space,
equipped with the weak-+ topology. For any N € N, let

Fn={p€eS: Z sup [(1 + N+

ez’ |p|<N ¥€R"

P <1,

ﬁl ﬁn
here and hereafter, for any f:= (B1,...,Bs) € Z} and x e R",|f| := p1 + - - - + B and o= (%) (i) .

First, we recall the local vertical, non-tangential grand maximal functions as follows.

Definition 3.1. Let f € S, NeIN,a,b € (0,00)and ® € S.
(i) The local radial maximal function m(f, ®) is defined by setting, for all x € R",

m(f, ®)(x) := sup (@ + ) ()]

(ii) The local grand maximal function my(f) is defined by setting, for all x € R",

(D@ = sup {[79 (1)« )]st € O 1), b= ol <t € T). (10)

(iii) The local non-tangential maximal function m;(f, @), with aperture a € (0, 00), is defined by setting, for all x € R",

te(0,1) | yeR",|ly—x|<at

m,(f, P)(x) := sup { sup |CDt*f(y))}.
(iv) The local maximal function m;’(f, ®) of Peetre type is defined by setting, for all x € R",

@+ £) (= )
*% , q) = T
; (f, D)) (y,t):]llil”px(oﬂ) (1+ 1y’

(v) The local grand maximal function my’, (f) of Peetre type is defined by setting, for all x € R",

o Wi+ ) - )|
Min (D)= v {(y,t)eswlz(o,n @+ J
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Definition 3.2. Let X be a ball quasi-Banach function space. Then the weak Hardy-type space Whx associated with
X is defined by setting

Why = {f € 8"t I|fllwny = [[mn(F)]| g < o0},
where my(f) is as in with N € N sufficiently large.

Then we have the following estimates, which further give several maximal function characterizations of
the space Why.

Theorem 3.3. Let a,b € (0, o) and X be a ball quasi-Banach function space. Let @ € S satisfy f]Rn D(x)dx # 0. (i)
Let N > |b + 2] be an integer. Then, for any f € &',

lm(f, D)llwx < {[mi(F, D[y < (|5 P (11)
lin(f, @)l $ (Al 2 PHllyx o (£ D (12)
5 CF @y ~ s (13)

where the implicit positive constants are independent of f.
(ii) Let r,b, A € (0, 00) satisfy

(b—A)r>n. (14)
From Remark[2.8} if X is strictly r-convex and for all f € WX,

1/r
‘{ f £ - z)rdz}
[0,1]"

where the implicit positive constant is independent of f, then, forall f € &,

5 Al S I, Dl

where the implicit positive constant is independent of f. In particular, when N € IN N [|b + 2], 00), and one of the
quantities

< (U + ) fllws, (15)
WX

llm(f, P)llwx, m;(f'q))”wx’ mN(f)”wx’ mz*(f'q))nwx’ mZTN(f)”wx

is finite, then the other quantities are also finite and mutually equivalent with the implicit positive constants indepen-

dent of f.

Remark 3.4. We point out that {I5) holds true for any ball quasi-Banach function space X satisfying Remark[2.6| (i)
and Assumption Indeed, for any given r € (0, 00) and any f € X, x,z € R",

1/r
([ ve=vra} <asmime,

where the implicit positive constants are independent of f,x and z, but may depend on n and r. From this and the
assumption that X satisfies Remark (ii) and Assumption we deduce that, for any given r := 0 and A > %
and any f € WX and z € R",

1/r
z+[0,1]"

where the implicit positive constants are independent of f and z, but may depend on n and r.

S (1+12)7
WX

M(r)(f)HWX < (1 + 12D fllwx,
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Proof of Theorem The proof of this theorem is similar to that of [28, Theorem 5.3]. For the convenience

of the reader. we present some details. Let f € S’. We first prove (i). From (i), (ii) and (iii) of Definition 3.1}
it follows that, for any x € R",

m(f, @)(x) < my(f, @)(x) < my (f, P)(x),

which, together with Remark[2.6(ii), implies (1T). Moreover, by (i) and (iv) of Definition[3.1|again, we have,
for any x € R”,

m(f, ®)(x) < my(f)(x) $ mipe) (). (16)

In addition, from the proof of [13| Theorem 2.1.4(d)], we deduce that, for any x € R",

M) (f)(x) S my (f, ©)(x)

which, together with (16) and Remark2.6|(ii), implies (12). It is easy to see that, for any x € R", m;"(f, ®)(x) <
"\ (f)(x), which, combined with [28, Lemma 2.13], implies .
Now we prove (ii). Let b, N € (0, o0) satisfy
Nr>n and (b—-A)yr>n. 17)

Using [28] Lemma 2.8] with a dilation, we conclude that, for any m € IN, t € [1,2] and x € R”,

up )(DZ Mt *.f(y)l < Z zk(n N7) f |®2’k’”’[ *f(y)|brd
yerr (1 + 2m|x — y|)” pr R (1 +2™x — y|)

. k(n=N) |CD2'k m * f( y)|
L [ T

which, since m € IN and ¢ € [1, 2] are arbitrary, further implies that, for any x € R”,
. it @) -1 |
_ m\f, X—y
m(f, ®)(x) s r 2kt N’)f ——
U kz(; R Argr

00 1/r
- [m(f, ®)(x -y
AN f Im(f, D)~ y)I" |
{kZO n;‘ miorp (14 |ml)Pr ¥ }

From this and the assumption that X is strictly r-convex, it follows that

. 1/r
% — [m(f’ (D)(. — y)]r
k(n—Nr) _—
s {Z 2Ty dy}

k=0 mez"

1/

S [(f, ) - )V

<, 2k(n Nr) f d
“|L ) (o T T

|

WX

k=0 mezn (WX)l/r
= [m(f, ®)(- - I v
m P Papp—
s Y 2ot ¥ f e e
k=0 mezn m+[0,1]" (1 + |m|) (WX)I/’

r 1/r|| r
[f [m(f@)('—y)] dy]
m+[0,1] (1 + |ml)? WX

mezZ"

~ - ok(n=Nr)
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which, combined with (14), and (17), further implies that

1/r
(125 (f, @[y S lmCF, @Yl {22“" Y W}

k=0 meZ"
~ [lm(f, P)llwx-
This finishes the proof of (ii), and hence of Theorem m|

4. Proofs of Main Results

Proof of Theorem 1.1 Assume f € hx and d € [dx, o) N Z, is a fixed integer, where dx is defined by
dx :=[n(1/6 —1)]. Then from [34], we find that there exists a sequence {aj}jzl of (X, 00, d)-atoms supported,
respectively, in a {Qj}]: of cubes, and a sequence {)\j};l of non-negative numbers, independent of f but
depending on s, such that

f=Y Amp in 8, (18)
=1

and

- 1/s

Y, [ J xorp || S 1l (19)

j=1 ‘X Q/“X x
In addition, from Lemma we find that there exists an ¢ € (0,1) such that, forany h € .#,

Al < liklx

where v := [M (lQ(g,l))]e. Combining this, and , we conclude that

Ixalls [ lxgl ]
f= Na: = A v X g , (20)
2= 5Tl | Tl
in S’ and
'”/YQJ' L‘;’P—s ’
] .
L |,
jeN ”XQj L%
LY
LY T
< [Z[m xo,| || S Iflly < oo. @)
jEN 721:¢ x

LE |l

, and [5, Theorem 3.6] further implies that f € i’ and f = }. ;e Aja; in . Applying this and [6)
Theorem 1.9], we find that T(f) = }. jen AT (a j) holds true in L)’ and L2. Therefore, we further infer that

T(f)zZ/\jT(aj) in 8. (22)

jEN

Observe that, for any j € IN,

a] is an local-(L3’, oo, d)-atom supported in Q;. This, together with
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Then, to prove this theorem, by Definition[2.5, we only need to show that for any f € hx and any a € (0, ),

a ||X{xe]R”:|T(f)(x)|>a} o S fllny- (23)

Moreover, we denote Q(cq;,[;) the closed cube centered at x and of sidelength [;. Similarly, given
Q = Qlcg;,lj) and A > 0,AQ means that the cube with the same center cg, and with 51delength Al We

denote Q = 2 /nQ simply. Then for any a € (0, ), by , Lemma|[2.7|(iii) and Remark[2.6|(i), we have

aHX{xeR”:|T(f)(x)|>a} X aHX{xelR":|Z}Zl AT (ap)@|>af |l

ol

< ZAjT(ﬂj))(z\anj + )({

j=1 X

a
=

xe]Ru;‘Z}i’il AiT(a;)(®)x, Vi, YeR":

+a )({

L2 AT (a))@)x

>%}
X

X

( WQ;‘)C

(ZWQ/‘)C >%} X
=1 + I,. (24)

xeR*

AT AT (a)) ()x

From this, to prove , it is only necessary to prove I1 < ||flls, and I> < || flln,, respectively.
Notice that, for any j € N,a; € L2 Since T is bounded on L?, it follows that

lof™
”T(”J‘)XZ«/ﬁQf 2 S HT(a]») S ””/”Lz > ” |
which, combined with Lemma and (19), implies that
- 1 s 1/s
IES Z[—’] XQ; S MMl (25)
() |

where the atom 4; in Lemma is replaced by T (11 ]-) X2 g,
To estimate the term I,, we will divide into the following two cases.
Case 1: |Q]~| < 1. In this case, a; satisfies the vanishing moment condition. Notice that ! jis the side

length and cq, is the center of Q;. When x € QJC, we have)x - CQ/.| =22 |y - CQI( and |y - cQj| < I. By using the
smooth condition of kernel K we obtain that

T () @] = | f [ y) - 7<(x, o] aj<y>dy‘

f T n+e |a](y)|dy
Qj |x —CQ; )

/
: ‘_—Q| ol I
; 1
(x - CQ]|H+€ ”XQJ‘”X

T [M(xq) )] "

i 1|X
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Case 2: |Qj| > 1 In this case, we have |x — y| ~ [x —¢q,| and |x — y| > 2, where x € QC, and y € Q;. By

using the size condition of K, for any x € Q?, we obtain that

‘T (a)) (x)l = ’ fQ K yaj(y)dy

C
< ——a;(y)|dy <
L/‘ |X—CQ].|”+6| ]y| y

< fQ 15 ) Iaj<y>|dy

o bl

el
C 12 C Q)|
—lajllzz - |Q -
P e ] o
Cl‘n+6 4o
- [M (o) @]

|x—cQJ|n+(S HXQ;HX i ||XQ1”X

Therefore, by this, Definition 2 (1), ' y = max{
that

0<0<s<1,0¢[1) and (19), we find

n+o6’ n+e}

N
—_—
N |
=
———
=
m
=
——
™
i\
>
=
=
>
0
—
2
|
_—
Vv
X
[S1i=)
—
- =
%

N
—_——
M g
R
=
S|
=

= leall™)
- 1 s 1/s
iXQ
< Z(]—] < 1l (26)
kol
b'
Finally, combining (25) and (26), we conclude that for any a € (0, o),
@ ”X{xe]R":|T(f)(x)|>a} RS Il

namely, holds true. This finishes the proof of Theorem O

Next, we will prove Theorem[1.2]
Proof of Theorem[I.2] Let 6,s and d be as in Lemma[2.18and f € hx. Then, by Lemma we find that

there exist a sequence {a ]}jo of (X, 2,d)-atoms supported, respectively, in a sequence {Q]}] of cubes, and

a sequence {/\ j}]: of non-negative numbers, independent of f but depending on s, such that (18) and
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hold true. From Theorem .1, we know
T(f)= Y AT(y) in LY and S
jEN

Let ® € S satisfy f D(x)dx # 0. Then, to prove Theorem . by Assumpt10r1 and Theorem. (ii),
we only need to show that, for any f € hy,

m(Tf, P)llwx < 11l (27)

where m(T f, ®) is as in Definition B.1{i) with f replaced by Tf. For any a € (0, %), by Lemma [2.7] (iii) and
Remark 2.6 (i), we have

a HX{XE]R”:H’I(Tf,q))(X)>a} X Sa ”X{XGIR”:Z]E]N /\/m(Tuj,ll))(x)>a} X

sa HX{xez VIQjE jen Ajm(Ta; @) (x)>4 |

ol

{xe(Z\fQ,) YienAj m(Ta] <I>)(x)> } <

ZA m T“Jf )XZ\FQ
jEN

X{xe(z\MQf)C:zjeNAjm(Ta,,qJ)(xp%} N
=1 +1.

We first estimate I;. Observing that m (Ta i (1)) <m (Ta ]-) and a; € L7, by the fact that T is bounded on L1
and the size condition of 4;, we conclude that

lof"™
”m (Taj’ S ||M(Taj) S ||Ta1||Lq ~ ”a]”Lq ~ ” |
which, combined with Lemma and (19), implies that
- N s 1/s
L < Z[—]] Xq S M f My, (28)
‘ ”XQ/”X N

~\C
where the atom 4; in Lemma|2.18|is replaced by m(Ta;, ®)x, NTo When x € (2 VnQ ]-) , we will consider two
cases: )Qj| >1and |Qj| <1
Consider the case )Q j| > 1. In this case,

| > 1, then we have

|q>t*T(aj) (x)| = ‘ fR ” Dy(x = y)T (a)) (y)dy'
< fQ @ w]a

T(a)) (y)| :

< sup
yeQ(xt)

Noting that 0 <t <1 < Z(Qj) and x € (2 \/ﬁéj)c, it implies that y € (Q)C. From the proof of Theorem
[1.1} we conclude that

sup [T@)(y) < 7—— o [M()(Q])(x)]m.

yeB(x, 1) H ¥
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Consider the case |Q]-| <1 IfO0<t< |x - cQ]-) /2, then together with x € (2 \/EQ]-)C, we can get that
yE (Q)C. Thus, repeating the same argument as used above, then we have

0+ (0;) 0] £ = [M(xq)) o] =TT

llee
Finally, we consider the case that f > (x - CQ].| /2 . Observing that ¢ (Qj) < 1, it follows that a; has

vanishing moment condition and T*(1) = 0. For any x € (2 VinQ ]-)C, then by using the mean value theorem
together with the Holder inequality yield that

|(Dt * Ta](x)| = f ‘ Ta](y)dy‘
1

" Jgo q,(x t y)_q)(x

<
n

y
" ™), I}

= — + +

tn[ |1/_CQ]"<"Z/ nljgly—cQj|<@ y—CQ/.|Z‘XCZQj‘]

X — x—cQ/
°()- q’(T)‘ 72|y

= A +A+ A3. (29)

|Ta;(y)| dy

X

For A;, by the the mean value theorem, we find that, for any j € IN and y € R” with )y - CQ].| < nl;j, such
that

1< @ ((x —Cot Q(CQ]' /t‘[ |] |Ta](y)|dy,

|y—ch|<nl/-
which, combined with the Holder inequality and the fact that T is bounded on L?, implies that, for all
te(0,1)andx € (2 \/ﬁéj)c,

tVH—l |

y_C/
e iy

1= # ]y—fgj\@lf |x—ch)
e ot s —
pS |x _ CQ/‘n+1 aj 2 1=J |x _ CQ]|1’L+1 ||X ||X
lﬂ+€ 1
]

~ n+e . (30)
= o ™ ol

For A,, by using the smooth condition of the kernel K, the vanishing moment condition of 2; and the

Holder inequality, we conclude that, for all z € éj, forallt€ (0,1)and x € (2 \/ﬁé]-)c,

A s f ‘y_—CQfL[ f »)aj(z)||7((y,z)—7((y,CQi)|dZ dy

nl'<'/ CQ| ‘l Q;“ ‘x—CQ|

1
e DR AL e
T R
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I 1
S o] Tyl o
|x - CQ/‘ nljs‘y—cQ/’<Tf |]/ - CQ],|
lr‘l+€
j 1

S e : (31)
e —co " el

For A3, by the vanishing moment condition of 2; and the Holder inequality, we find that, for all z € éj,

forall# € (0,1)and x € (2 \/EQ;')C/

os [l oo 5]

y=cq;
x [ @bz - K, co)|dzdy
Qj

$f| | |<1>¢ (x— y)|f |a](z)| ‘ || ~dzdy
Y=cQj|z 2
CQ,

el )fwn Eocal .,

Y=g Q Qj | - Q|

?
s —L 1l [o] |@ix ~ y)|dy
[
|x_CQ/‘ y=co;=

+ 1 ;I

1 t 1

X — dy
|y—ccz,v|z‘HzQ" v |x - CQ/|n |y - CQf|n+e
l}jl+€
; 1

~ n+e . (32)
- o™ ol

We denote 0 € [max{n g +€} 1) and combined , ., and ( , we conclude that, for all
X € (2 \/EQ]) ,

t€(0,1)
As with (26), by Definition[2.4(i), [), 0 < 6 < s < 1 and (19), we find that

L < If1lny- (33)
Finally, combining (28) and (33), we conclude that for any « € (0, c0),

<
o S flys
namely, (27) holds true. This finishes the proof of Theorem[T.2} m

(71, @) = sup |(Dt*Ta](x)|_” T [M (xcg)) ()] 1]

a | X{xe]R” :m(Tf,q))(x)>a}

5. Applications

In this section, we apply all above results to the following concrete examples of ball quasi-Banach
function spaces, namely, Morrey spaces, Orlicz-slice spaces and mixed-norm Lebesgue spaces.
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5.1. Morrey spaces.

We first recall the notion of Morrey spaces.

Definition 5.1. Let 0 < g < p < co. The Morrey space M’; is defined to be the set of all f € L?OC such that

1/q
Ifllyg = sup |B|”P-W{ fB If(y)lqdy} <o,
€

where B is as in ([2).

Let X be a ball quasi-Banach function space. Let 0 < g <p < oo. If X := Ms, then WX := WM’,; is the
weak Morrey space, hx = th; is the local Hardy-Morrey space, and Whx := Wth; is the weak local
Hardy—-Morrey space. The definitions of weak Morrey spaces, local Hardy—Morrey spaces and weak local
Hardy-Morrey spaces are as in Definitions and [3.2lwith X replaced by Mg.

The space MZ was introduced by Morrey [24] in 1938. For more details, for example see [10, 21]].

Moreover, the Morrey space MZ satisfies Assumptions[2.12 3 and [2.14] respectively, in Lemmas
“2.

and The following lemma shows that the Assumption [2.12|for M; hold true.

Lemma 5.2. [34, Remark 2.4] Let 0 < q < p < co. Assume that s € (0,1] and 6 € (0, min{s, q}). Then there exists a
positive constant C such that for any {f]} . C M,

)
j:

s
0o 0o

Z (M@ (£)[ <C Z ik
j=1 M Jj=1 M

The following Fefferman—Stein vector-valued maximal inequalities for WM;J hold true, which shows that
the Morrey space Ms satisfies Assumptionm

Lemma 5.3. [14, Theorem 3.2] Let 0 < g < p < oo. Assume that r € (1,00) and s € (0,q). Then there exists a
positive constant C such that for any { f]-}],:l c A,
1/r 1/r
r r
2 [M(5) <cliy I
= gy IV ()"

The following lemma shows that the Morrey space MZ satisfies Assumption m

Lemma 5.4. [38, Lemma 7.6] Let 0 < g < p < 00,7 € (0,9) and s € (g, co]. Then there exists a positive constant C
such that for any {f};?il c A,

(/) , ,
% (f>1|[(M§)l,,] < Al gy,
where [(Mg)l/r]l is as in H with X := (Ms)l/r.

To apply Theorems [1.1] and [1.2] to Morrey spaces, we need the following weak-type Fefferman-Stein
vector-valued inequality of the Hardy-Littlewood maximal operator M in (5) from M/ to WA in [38,
Proposition 7.16].
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Proposition 5.5. Let p € [1,00) and r € (1, 00). Then there exists a positive constant C such that for any { f]} N
M ]
1/

1

N0 IS ol

Applying Lemmas and proposition Theorems [1.1and [1.2} we immediately obtain the
following boundedness of inhomogeneous Calderén—-Zygmund operator, as follows.

M

Theorem 5.6. Let q € (0,1],p € (0, 00) with q < p. Let T be an inhomogeneous Calderon—Zygmund operator. If
qe [max {n vl nﬁe} ], then T has a unique extension on hM’;. Moreover, there exists a positive constant C such
that for any f € WM,

I lhep < g

Theorem 5.7. Let g € (0,1],p € (0, 00) with q < p. Let T be an inhomogeneous Calderon—Zygmund operator and
T, (1) =0. Ifg € [max{n s e},l] then T has a unique extension on hMp Moreover, there exists a positive
constant C such that for any f € hM?,

1T pe < Cllhrg-

5.2. Orlicz-slice spaces.
We begin with the notions of both Orlicz functions and Orlicz spaces (see, for instance, [4} 16} [25])).

Definition 5.8. A function ®@ : [0, 00) — [0, 00) is called an Orlicz function if it is nondecreasing and satisfies
D(0) = 0, D(t) > 0 whenever t € (0, c0) and lim;_,o, O(f) =

An Orlicz function @ is said to be of lower (resp., upper) type p with p € (—oo, 00) if there exists a positive constant
Cip), depending on p, such that, for any t € [0, c0) and s € (0,1) [resp., s € [1,00)],

D(st) < C(p)qu)(i’)

A function @ : [0, c0) — [0, 00) is said to be of positive lower p (vesp., upper) type if it is of lower (resp., upper)
type p for some p € (0, o).

Definition 5.9. Let ® be an Orlicz function with positive lower type pgand positive upper type pg,. The Orlicz space
L® (R") is defined to be the set of all measurable functions f such that

Ifllogen = inf{/\e(o,oo): f | (If( )|) N <1}

Definition 5.10. [37] Let t,q € (0, 00) and @ be an Orlicz function with positive lower type pyand positive upper
type pg,- The Orlicz-slice space (E'Zp)t is defined to be the set of all measurable functions f such that

Let X be a ball quasi-Banach function space. If X := (Eq ) then WX := (WE‘7 )t is the weak Orlicz-slice

space, hx := (th ) is the local Orlicz-slice Hardy space, and Why := (Wth ) is the weak local Orlicz-slice
Hardy space. The definitions of weak Orlicz-slice spaces, local Orlicz-slice Hardy spaces and weak local
Orlicz-slice Hardy spaces are as in Definitionsﬁ 2 5 an Hwﬁh X replaced by (Eq )

The following lemma shows that the Assumptlon 2 12 for hold true.

1
||le<x,t>Hmn>r 4
_ ()

HlB(x,f)”m(W)
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Proposition 5.11. [34, Remark 2.4] Let s € (0,1] and 9 € (O, min {s, Por r}) . Then there exists a positive constant
C such that for any {f]} cL!

(o)
j=1 loc”

1 1

<cli Y IAl
(E), = (1),

(o) s s
2 [M?(5)]
j=1
The following vector-valued inequality of the Hardy-Littlewood operator M in (5) on (WEfb)t, which
shows that (Eg)t satisfies Assumption@
Proposition 5.12. [38, Proposition 7.47] Let t € (0, o), q,s € (1, 00) and @ be an Orlicz function with positive lower

type pg, € (1, 00) and positive upper type pg,. Then there exists a positive constant C, independent of t, such that, for
any sequence { fj}jeN cC A,

1

st | zellyarl

ieN ieN
! (WEL), ! (WEL),

The following lemma shows that the weighted Lebesgue space L, satisfies Assumption

Lemma 5.13. [37, Lemma 4.4] Let t, g € (0, co) and ® be an Orlicz function with positive lower type pgand positive
upper type pl. Let r € (max {q, p&;},oo] and s € (0, min {p&l,q}). Then there exists a positive constant C ),
depending on s and r, but independent of t, such that, for any f € 4,

[RZERE) ([(Eg)[]”")' < Cepllf ”([(EZ, )‘]us)'/

q 1/s 1 e . q . . age . . q
Here and hereafter, [(Efb)t] denotes the ;-convexification of (E(D)t as in Definition [2.4(i) with X := (E(D)t

1 ’
and p :=1/s, and ([(E?D)t] /s) denotes its dual space.
To apply Theorems|I.T|and [I.2]to Orlicz-slice spaces, we need the following weak-type Fefferman-Stein
vector-valued inequality of the Hardy-Littlewood maximal operator M in (5) from (Eé)t to (WEZD)t in [38)
Proposition 7.57]. The following lemma shows that the weighted Lebesgue space L, satisfies Assumption

213

Proposition 5.14. Let t € (0,00),9 € [1,00),7 € (1,00) and ® be an Orlicz function with positive lower type
Po € [1,00) and positive upper type py,. Then there exists a positive constant C, independent of t, such that, for any

=f1 } jez. c,

1 1

LMol =clibl
j€zZ jEZ
(WES), (),

Applying Lemma lemma Proposition Proposition Theorems|[T.T]and we imme-

diately obtain the following boundedness of inhomogeneous Calderén-Zygmund operator, as follows.

Theorem 5.15. Lett € (0, ), q € (0, ) and ® be an Orlicz function with positive lower type pg, and positive upper
type pg, . Let T be an inhomogeneous Calderén—Zygmund operator. If min {pg,, q} € [max {L o }, 1], then T has

n+o6’ n+e

a unique extension on (hEZ))t. Moreover, there exists a positive constant C such that for any f € (hEZ))t,

IT ey, < My,
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Theorem 5.16. Let t € (0,00),q € (0,00) and @ be an Orlicz function with positive lower type py, and positive
upper type pg, . Let T be an inhomogeneous Calderén—Zygmund operator and T; (1) = 0. If min {pq), q}

[max { ey iy e} ], then T has a unique extension on (hEZD)t. Moreover, there exists a positive constant C such that
q
forany f € (hE(D)t,
IT Ay, < Wlgiey),-

5.3. Mixed-norm Lebesgue spaces.

Definition 5.17. Let 7 := (p1,...,px) € (0,00]". The mixed-norm Lebesgue space LF is defined to be the set of all
measurable functions f such that

n r
1 P1
Il = {L'--[L|f(x1,...,xn)|p dxl] --~dx,,} <o

with the usual modifications made when p; = co for somei € {1,...,n}.

Let X be a ball quasi-Banach function space. If X := L7, then WX := WL is the weak mixed-norm
Lebesgue space, hx := I is the local mixed-norm Hardy space, and Why := WH’ is the weak local mixed-
norm Hardy space. The definitions of weak mixed-norm Lebesgue spaces, local mixed-norm Hardy spaces
and weak local mixed-norm Hardy spaces are as in Definition ‘. 2.15/and 3.2} .w1th X replaced by L.

The following lemma shows that the Assumptionfor L7 hold true. For any g := (p1,...,pn) € (0,00)",
we always let p_ := min{py, ..., p,} and p, := max {pi,...,p,}. By [34 Remark 2.4], we can easily obtain the
following conclusion and we omit the details here.

Lemma 5.18. Let fj € (0, 00)". Assume that s € (0,1) and 6 € (0, min{s, p_}). Then there exists a positive constant
C such that, for any {f]-}],=1 c .,

1

1
Z M(@) <C imr ,

i=1 i=1
/ Iy / I

8

A1 4 2
where (U’) & denotes the 1-convexification of L7 as in Definition i) with X and p replaced, respectively, by LV and
1/s.

The following vector-valued inequality of the Hardy-Littlewood operator M in (5) on WL, which shows
that L7 satisfies Assumptionm

Lemma 5.19. [38] Theorem 7.25] Let € (1,00)" and s € (1,00). Then there exists a positive constant C such that,
for any sequence { ff}jeN c A,

1

s

YIME | =l LAl

/N WL e WL
We also need the following Fefferman-Stein vector-valued maximal inequality on WL?.The following

lemma shows that the Assumption for L7 hold true. By [15, Lemma 3.5] and [2 Theorem 1.a], we can
easily obtain the following conclusion.
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Lemma 5.20. [38, Lemma 7.26] Let € (0, 00)",r € (0,p_land s € (p+, o0]. Then there exists a positive constant C
such that, for any f € A,

(/7 ) )
Im <f)|)[(w)u,] < Clfl -

where [(Lﬁ)l/r], isas in (3) with X := (Lﬁ)m.

To discuss the boundedness of inhomogeneous Claderén-Zygmund operators , we need the following
vector-valued inequality of the Hardy-Littlewood maximal operator M in (5) from L¥ to WL?.

Proposition 5.21. [38, Proposition 7.33] Let § € [1,00)" and r € (1, c0). Then there exists a positive constant C

such that, for any {f]-}jE]N cA,

1

Y| ezl

jEN . jEN 5
WLP Ly

Applying Lemma Lemma and Proposition Theorems [1.7] and we immediately

obtain the following boundedness of inhomogeneous Calderén—-Zygmund operator as follows.

~

Theorem 5.22. Letj € (0, co)". Let T be an inhomogeneous Calderon—Zygmund operator. If p_ € [max{ L, }, 1],

n+6’ n+e
then T has a unique extension on h¥. Moreover, there exists a positive constant C such that for any f € h?,

1Tl < CllFlls-
Theorem 5.23. Let f € (0,00)". Let T be an inhomogeneous Calderon-Zygmund operator and T; (1) = 0. If

n+6’ n+e

forany f € 17,

_ e |max {2, 2\ 1|, then T has a unigue extension on hP. Moreover, there exists a positive constant C such that
p q p

Ty < ClF Nl
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