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Abstract. This paper investigates the existence of weak solution for a class of nonlinear singular elliptic
problem of Schrödinger type involving the p(x)-Laplacian operator in a bounded domain in RN. Under
certain additional assumptions on the nonlinearities, the corresponding functional satisfies the Palais-
Smale condition. Then, by applying the Mountain Pass Theorem, we can demonstrate the existence of
weak solution for the considered problem.

1. Introduction

Let Ω be a smooth bounded domain in RN(N ≥ 2), with a Lipschitz boundary denoted by ∂Ω. In
this paper, we investigate the existence of weak solution of the following singularity elliptic problem of
Schrödinger type

−∆p(x)u +
|u|s−2u
|x|s = λV(x)|u|q(x)−2u + µ f (x,u) inΩ,

u = 0 on ∂Ω,
(1)

where

• ∆p(x)u = div
(
|∇u|p(x)−2

∇u
)
, denotes p(x)-Laplacian operator

• f : Ω ×R→ R is a Carathéodory function

• The potential V : Ω→ R is measurable and positive a.e. in Ω
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• p and q are reals functions satisfying p(x), q(x) ∈ C+(Ω)

• λ, µ are the reals parameters

• 1 < s < p(x) < ∞..

Problems with the p(x)-Laplacian operator is a significant topic in the theory of partial differential equations
and has been studied by many researchers [4–6, 13, 14, 16]. These issues arise from various fields of applied
mathematics and physics, such as elastic mechanics, electrorheological fluids, and image restoration.

The solution of elliptic problems with the p(x)-Laplacian without singularity has been studied by
several authors (see for example [1, 2, 17, 18]). In [8], the authors studied a type of singular elliptic problems
involving the p(x)-Laplacian operator, but with subcristal Sobolev-Hardy exponents.

The paper is divided into tree parts. In Section 2, We present basic results for Lebesgue-Sobolev variable
exponent spaces and the Mountain Pass Theorem, which we will use to address our problem. In Section 3,
we prove the existence of weak solutions for the problem (1), by presenting several lemmas.

2. Definitions and preliminary results

2.1. Generalized Lebesgue-Sobolev spaces

In this section, we present some definitions and properties of Lebesgue-Sobolev spaces with variable
exponents, commonly known as generalized Sobolev spaces (see for example [9, 11]). Let

C+(Ω) =
{
p ∈ C(Ω) : p(x) > 1, for every x ∈ Ω

}
.

For every p ∈ C+(Ω),we define

p+ = max
{
p(x) ∈ Ω

}
and p− = min

{
p(x) ∈ Ω

}
.

We define the generalized Lebesgue space Lp(x)(Ω) by

Lp(x)(Ω) =
{

v : Ω→ R,
∫
Ω

|v(x)|p(x)dx < ∞
}

equipped with the Luxemburg norm

∥v∥q(x) = inf
{
C > 0 :

∫
Ω

∣∣∣∣v(x)
C

∣∣∣∣q(x)
dx ≤ 1

}
.

We define by L∞+ (Ω) the subset of L∞(Ω), of expression:

L∞+ (Ω) =
{
p ∈ L∞(Ω) : inf ess p ≥ 1

}
.

We denote by modular ρ the quantity

ρ(v) =
∫
Ω

|v|p(x)dx.

Proposition 2.1. [9, 11] If v ∈ Lp(x)(Ω), then

1. ∥v∥p(x) < 1(= 1;> 1) equivalent ρ(v) < 1(= 1;> 1).

2. if ∥v∥p(x) > 1, then ∥v∥p
−

p(x) ≤ ρ(v) ≤ ∥v∥p
+

p(x).

3. if ∥v∥p(x) < 1, then ∥v∥p
+

p(x) ≤ ρ(v) ≤ ∥v∥p
−

p(x).
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Proposition 2.2. [9] (Hölder inequality) Let u ∈ Lp(x)(Ω), v ∈ Lq(x)(Ω), p− > 1 et q ∈ L∞+ (Ω), then∣∣∣∣∣∫
Ω

u(x)v(x)dx
∣∣∣∣∣ ≤ (

1
p−
+

1
q−

)
∥u∥p(x)∥v∥q(x) ≤ 2∥u∥p(x)∥v∥q(x). (2)

Definition 2.3. [12] Let X be a real Banach space and 1 < s < N, we recall the classical Hardy’s inequality, which
says that∫

Ω

|v(x)|s

|x|s
dx ≤

1
H

∫
Ω

|∇v(x)|sdx, for all v ∈ X, (3)

where H :=
(

n−s
s

)s
.

Remark 2.4. Subject to conditions 1 ≤ p− ≤ p+ < +∞, we have

(a + b)p(x)
≤ 2p+−1

(
ap(x) + bp(x)

)
.

The space W1,p(x) is defined by

W1,p(x)(Ω) =
{

v ∈ Lp(x)(Ω),
∂v
∂x j
∈ Lp(x)(Ω), j = 1, . . . ,N

}
equipped with the norm

∥v∥ = ∥v∥p(x) + ∥∇v∥p(x).

We denote by W1,p(x)
0 (Ω) the closure of C∞0 (Ω) in W1,p(x)(Ω).

Proposition 2.5. [11] W1,p(x)(Ω) is a reflexive and separable Banach.

Theorem 2.6. [3] For p, q ∈ L∞+ (Ω), p(x) ≤ q(x), we have

W1,p(x)(Ω) ↪→W1,q(x)(Ω),

with continuous injection.

Let p∗ be the Sobolev critical exponent associated with p, of expression

p∗(x) =


Np(x)

(N−p(x)) si p(x) < N,

+∞ if p(x) ≥ N.

Theorem 2.7. [3] For p, q ∈ C(Ω), p−, q− ≥ 1, we have

q(x) < p∗(x) for all x ∈ Ω.

In addition
W1,p(x)(Ω) ↪→ Lq(x)(Ω),

with continuous and compact injection.

Theorem 2.8. [3] If p, q ∈ C(Ω) are such that 1 ≤ p(x) ≤ q(x) ≤ p∗(x), for all x ∈ Ω, then

W1,p(x)(Ω) ↪→ Lq(x)(Ω),

with continuous injection.
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Proposition 2.9. [3, 11] (Poincaré inequality) If p− > 1, then there exists a positive constant C such that

∥v∥p(x) ≤ C∥∇v∥p(x), for all v ∈W1,p(x)
0 (Ω).

In this paper, we will try to find a weak solution to the problem (1) in the following space

G :=
{
φ ∈W1,q(x)(Ω) : φ|∂Ω = 0

}
. (4)

The space G is a closed subspace of the separable and reflexive Banach space W1,q(x)(Ω) (see [9, 11]) , so G is
also separable and reflexive Banach space with the norm ∥v∥p(x) = ∥∇v∥p(x).

2.2. Nemytskii operator and Montain Pass Theorem

We started by defining the Nemytskii operator. Let v : Ω→ R and f ∈ C(Ω ×R).

• The operator N f defined by (
N f v

)
(x) = f (x, v(x))

is called the Nemytskii operator relative to f .

• If f : Ω ×R→ R, a Carathéodory function verifying

| f (x, s)| ≤ a(x) + b|s|
p(x)
q(x) for every s ∈ R,

with p, q ∈ C+(Ω), a ∈ Lq(x)(Ω), a(x) ≥ 0 and b ≥ 0, then the Nemytskii operator N f of Lp(x)(Ω) in
Lq(x)(Ω) is a continuous and bounded operator.

Next, let X be a Banach space.

Definition 2.10. [10] Let φ : X→ R.

(i) The sequence vn in X is called a Palais-Smale sequence of level c denoted (PS)c if

φ (vn)→ c and
∥∥∥Dφ (vn)

∥∥∥
X∗ → 0.

(ii) We say that the functional φ satisfies the Palais-Smale condition at level c if every sequence of (PS)c has a
convergent sub-sequence.

(iii) If φ ∈ C1(X,R) satisfies the condition (PS)c, then any accumulation point v̄ of a sequence vn of (PS)c is a critical
point of φ. Implicitly, we have Dφ(v̄) = 0 and φ(v̄) = c.

Consider the set Γ of all paths connecting the origin to v0 of X:

Γ =
{
γ ∈ C([0, 1],X), γ(0) = 0, γ(1) = v0

}
,

and we put
c = inf

γ∈Γ
max
s∈[0,1]

φ(γ(s)).

Theorem 2.11. [10] Assume that φ ∈ C1(X,R), φ(0) = 0 and satisfying the three conditions

1. There exists ϱ, b > 0 such as φ(v) ≥ b for ∥v∥X = ϱ.
2. There exists v0 ∈ X with ∥v0∥X > ϱ and such that φ (v0) ≤ 0.
3. φ satisfies the condition of (PS)c.

Then c is a critical value of φ.
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3. Basic assumptions and main result

The present paper will be examined under the following hypotheses:

(M1) We assume that the functions p, q are continuous and satisfy p(x) < N, along with 1 < p− < p+ < q− <
q+ ≤ p∗(x).In particular, p proves that |p(x) − p(y)| ≤ c

| log |x−y|| holds for |x − y| ≤ 1
2 and x, y ∈ RN.

(M2) f : Ω ×R→ R is a Carathéodory function of class C1 (Ω ×R,R) such that

| f (x, v)| ≤ a(x)|v|
p(x)
α(x) , for all (x, v) ∈ Ω ×R.

Here, a ∈ Lα(x)(Ω) is non negative mesurable function with 1
α(x) +

1
p(x) = 1.

(M3) Suppose that 0 ≤ θG(x, v) ≤ v f (x, v), such that p+ < θ < q−, x ∈ Ωwith G(x, v) =
∫ v

0
f (x, t)dt.

(M4) The potential V ∈ L∞ (Ω) ∩ Lβ(x) (Ω) is nonnegative and 1
β(x) +

1
q(x) = 1.

Now, we introduce the definition of a weak solution for (1).

Definition 3.1. v ∈ G is a weak solution of (1), if for all u ∈ G∫
Ω

|∇v|p(x)−2
∇v∇udx +

∫
Ω

|v|s−2vu
|x|s

dx − λ
∫
Ω

V(x)|v|q(x)−2vudx − µ
∫
Ω

f (x, v)udx = 0.

The following theorem presents the main result of this paper.

Theorem 3.2. If the hypotheses (M1)-(M4) are satisfied, then the problem (1) has a weak solution inG for all λ, µ > 0.

Befor geving the proof of the main result, we need some results. First we define the energy functional
corresponding to problem (1) by

φλ,µ(v) =
∫
Ω

1
p(x)
|∇v|p(x)dx +

∫
Ω

|v|su
s|x|s

dx −
∫
Ω

λ
V(x)
q(x)
|v|q(x)dx −

∫
Ω

µF(x, v)dx. (5)

We put

η(v) =
∫
Ω

1
p(x)
|∇v|p(x)dx, Λ(v) =

∫
Ω

|v|s

s|x|s
dx,

δ(v) =
∫
Ω

V(x)
q(x)
|v|q(x)dx, ζ(v) =

∫
Ω

µF(x, v)dx.

Moreover, by Proposition 2.1 we have the following result.

Proposition 3.3. Let v ∈W1,p(x)
0 and ρp(v) :=

∫
Ω

|v(x)|p(x)dx. Then

• ∥v∥ < 1(= 1;> 1)⇐⇒ ρ(|∇v|) < 1(= 1;> 1)

• If ∥v∥ > 1, then
1

p+
∥v∥p

−

≤ η(v) + Λ(v) ≤
1

p−
∥v∥p

+

+

∫
Ω

|v|s

s|x|s
dx

• If ∥v∥ < 1, then
1

p+
∥v∥p

+

≤ η(v) + Λ(v) ≤
1

p−
∥v∥p

−

+

∫
Ω

|v|s

s|x|s
dx.

By [? ] and [7, Theorem 3.1], we have the following lemma.
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Lemma 3.4. The functional φλ,µ is well defined and C1(G,R). Moreover,

〈
φ′λ,µ(v),u

〉
=

∫
Ω

|∇v|p(x)−2
∇v∇udx +

∫
Ω

|v|s−2vu
|x|s

dx −
∫
Ω

λV(x)|v|q(x)−2vudx −
∫
Ω

µ f (x, v)udx.

By (M2) togheter with (M4), it is easy to see that φ′λ,µ belongs to the topological dual of G.

Lemma 3.5. There exists positives constants ϱ and b such that φλ,µ(v) ≥ b on ∥v∥p(x) = ϱ.

Proof. By the Hölder inequality, we get∫
Ω

|F(x, v)|dx ≤
∫
Ω

∣∣∣∣∣a(x)
q(x)
|v|q(x)

∣∣∣∣∣ | dx

≤
2
q−
∥a∥α(x)

∣∣∣|v|q(x)
∣∣∣
p(x)

≤
2c1

q−
∥a∥α(x)∥v∥

qi

p(x),

and ∫
Ω

|
V(x)
q(x)
|v|q(x)

|dx ≤
2
q−
∥V∥β(x)

∣∣∣|v|q(x)
∣∣∣
β′(x)

≤
2
q−
∥V∥β(x)∥v∥

qi

q(x)β′(x)

≤
2c2

q−
∥V∥β(x)∥v∥

qi

p(x),

where
i = ± if ∥v∥p(x) ≷ 1.

Using the above and Proposition 3.3, we obtain

φλ,µ(v) =
∫
Ω

(
1

p(x)
|∇v|p(x) +

|v|s

s|x|s

)
dx −

∫
Ω

λ
V(x)
q(x)
|v|q(x)dx −

∫
Ω

µF(x, v)dx

≥
1

p+

∫
Ω

|∇v|p(x)dx −
2λc2

q−
∥V∥β(x)∥v∥

qi

p(x) −
2µc1

q−
∥a∥α(x)∥v∥

qi

p(x)

≥
1

p+
∥v∥p

i

p(x) −
2λc2

q−
∥V∥β(x)∥v∥

qi

p(x) −
2µc1

q−
∥a∥α(x)∥v∥

qi

p(x)

≥
1

p+
∥v∥p

i

p(x) −

(
2λc2

q−
∥V∥β(x) +

2µc1

q−
∥a∥α(x)

)
∥v∥q

i

p(x),

where
i = ± if ∥v∥p(x) ≷ 1,

and c1, c2 are positives constants.
So, for all λ, µ > 0 and v ∈ G, with ∥v∥p(x) = ϱ , sufficiently small, there exists b > 0 such that

φλ,µ(v) ≥ b > 0.

Lemma 3.6. There exists v0 ∈ G with ∥v0∥p(x) > ϱ such that φλ,µ(v0) < 0.
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Proof. Choose v0 ∈ G, ∥v0∥p(x) > 1. For t large enough we have

φλ,µ (tv0) =
∫
Ω

1
p(x)
|∇tv0|

p(x) dx +
∫
Ω

|tv0|
s

s|x|s
dx −

∫
Ω

λ
V(x)
q(x)

|tv0|
q(x) dx −

∫
Ω

µF (x, tv0) dx,

and according to (3) and the Proposition 2.1, We obtain

φλ,µ (tv0) =≤
1

p−

∫
Ω

|∇tv0|
p(x) dx +

∫
Ω

|tv0|
s

s|x|s
dx − λ

1
q+

∫
Ω

V(x) |tv0|
q(x) dx

≤
tp+

p−
∥v0∥

p+

p(x) +
ts

sH

∫
Ω

|∇v0|
s dx −

2λctq−

q+

∫
Ω

V(x) |v0|
q(x) dx

≤
tp+

p−
∥v0∥

p+

p(x) +
1

sH
∥v0∥

s
p(x) −

2λctq−

q+

∫
Ω

V(x) |v0|
q(x) dx.

This yields φλ,µ (tv0)→ −∞, as t→ +∞ since

0 ≤
∫
Ω

V(x) |v0|
q(x) dx ≤ 2c

′

∥V∥β(x) ∥v0∥
q+

p(x) .

Lemma 3.7. The functional φλ,µ satisfies the Palais-Smale condition (PS)c, for any c ∈ R.

Proof. Let (vn) be a (PS)c sequence for the functional φλ,µ in G i.e. φλ,µ (vn) is bounded and φ′λ,µ (vn) → 0.
Then the sequence vn is bounded in G.
In fact, since φλ,µ (vn) is bounded, we have

C1 ≥ φλ,µ (vn) =
∫
Ω

(
1

p(x)
|∇vn|

p(x) +
|tvn|

s

s|x|s

)
dx −

∫
Ω

λ
V(x)
q(x)

|vn|
q(x) dx −

∫
Ω

µF (x, vn) dx

≥

∫
Ω

(
1

p(x)
|∇vn|

p(x) +
|vn|

s

s|x|s

)
dx −

∫
Ω

λ
V(x)
q(x)

|vn|
q(x) dx −

∫
Ω

µF (x, vn) dx

≥

∫
Ω

(
1

p(x)
|∇vn|

p(x) dx +
|vn|

s

s|x|s

)
dx −

∫
Ω

λ
V(x)
q(x)

|vn|
q(x) dx −

∫
Ω

µvn

θ
f (x, vn) dx.

In addition 〈
φ′λ,µ (vn) , vn

〉
=

∫
Ω

(
|∇vn|

p(x)
−
|vn|

s

|x|s

)
dx −

∫
Ω

λV(x) |vn|
q(x) dx −

∫
Ω

µ f (x, vn) vndx,

then

C1 ≥
1

p+

∫
Ω

|∇vn|
p(x) dx +

∫
Ω

|vn|
s

|x|s
dx −

1
q−

∫
Ω

λV(x) |vn|
q(x) dx +

1
θ

〈
φ′λ,µ (vn) , vn

〉
−

1
θ

∫
Ω

|∇vn|
p(x) dx −

1
θ

∫
Ω

|vn|
s

s|x|s
dx +

1
θ

∫
Ω

λV(x) |vn|
q(x) dx

≥

(
1

p+
−

1
θ

) ∫
Ω

|∇vn|
p(x) dx +

(
1 −

1
sθ

) ∫
Ω

|vn|
s

|x|s
dx

+

(
1
θ
−

1
q−

) ∫
Ω

λV(x) |vn|
q(x) dx +

1
θ

〈
φ′λ,µ (vn) , vn

〉
.

By contradiction, we assume that (vn) is unbounded in G. In particular, for n to be large enough, we can
choose ∥vn∥ ≥ 1. Therefore, there exists C3 > 0 in such a way that

−C3 ∥vn∥p(x) ≤
〈
φ′λ,µ (vn) , vn

〉
≤ C3 ∥vn∥p(x)
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because φ′λ,µ (vn)→ 0. To that end,

C1 ≥

(
1

p+
−

1
θ

)
∥vn∥

p+

p(x) +

(
1
θ
−

1
q−

) ∫
Ω

λV(x) |vn|
q(x) dx −

1
θ

C3 ∥vn∥p(x)

≥

(
1

p+
−

1
θ

)
∥vn∥

p+

p(x) −
1
θ

C3 ∥vn∥p(x) .

That implies a contradiction. Hence the sequence (vn) is bounded in G.
Thus, there exists a subsequence, again denoted by (vn), which is weakly convergent to v in G. We will

prove that (vn) is strongly convergent to v in G. For this purpose, we have in mind the following equality〈
φ′λ,µ (vn) − φ′λ,µ(v), vn − u

〉
= (6)〈

η′ (vn) − η′(v), vn − v
〉
+ ⟨Λ′ (vn) −Λ′(v), vn − v⟩ − ⟨δ′ (vn) − δ′(v), vn − v⟩ − ⟨ζ′ (vn) − ζ′(v), vn − v⟩ .

Obviously, the left-hand term tends to zero for sufficiently large n. The first thing, we show is that
⟨ζ′ (vn) − ζ′(v), vn − v⟩ → 0 as n→∞.

Let Br be the ball inΩ of radius r centered at the origin and B′r = Ω \ Br. In unbounded domains, we use
the well-known compactness argument. Roughly speaking, we write the following

|⟨ζ′ (vn) − ζ′(v), vn − v⟩| =
∣∣∣∣∣∫
Ω

(
f (x, vn) − f (x, v)

)
(vn − v) dx

∣∣∣∣∣
≤

∫
Br

∣∣∣ f (x, vn) − f (x, v)
∣∣∣ |vn − v| dx

+

∫
B′r

∣∣∣ f (x, vn) − f (x, v)
∣∣∣ |vn − v| dx.

Considering Theorem 2.8, together with the compact embedding W1,p(x) (Br) ↪→ Lp(x) (Br), the first term on
the right-hand side of the above inequality vanishes as n→∞. Conversely, the second term disappears as
r→∞. In fact, we have∫

Br

∣∣∣ f (x, vn) − f (x, v)
∣∣∣ |vn − v| dx ≤ 2

∣∣∣ f (x, vn) − f (x, v)
∣∣∣
α(x)
|vn − v|p(x),Br

.

Due to (M2), the Nemytskii operator is bounded. Hence, we obtain∫
Br

∣∣∣ f (x, vn) − f (x, v)
∣∣∣ |vn − v| dx ≤

ε
2
.

On the other hand, we have∫
B′r

∣∣∣ f (x, vn) − f (x, v)
∣∣∣ |vn − v| dx ≤

∫
B′r

a(x) |vn|
p(x) + a(x) |vn|

p(x)−1
|v| + a(x)|v|p(x) + a(x)|v|p(x)−1

|vn| dx

≤
ε
2
,

for r sufficiently large. Indeed, ∫
B′r

a(x) |vn|
p(x) dx ≤ 2∥a∥α(x)||vn

∣∣∣p(x)
∣∣∣∣
p(x)
≤
ε
8
,

for r sufficiently large. Using Young’s inequality, we get∫
B′r

a(x) |vn|
p(x)−1

|v|dx ≤
∫

B′r
a(x)

(
|vn|

p(x) + |v|p(x)
)

dx

≤ 2∥a∥α(x)

(
|vn|

p(x)
∣∣∣
p(x)
+ ||v|p(x)

∣∣∣
p(x)

)
≤
ε
8
,
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for r sufficiently large.
Similarly, according to r, we show that the last two terms are less than ε

8 .
Using the same reasoning, the following holds

⟨δ′ (vn) − δ′(v), vn − v⟩ ≤ λ
∫

Br

∣∣∣∣V(x)
(
|vn|

q(x)−2 vn − |v|q(x)−2v
)∣∣∣∣ |vn − v| dx

+ λ

∫
B′r

V(x)
(
|vn|

q(x) + |v|q(x)−2vnv + |v|q(x) + |vn|
q(x)−2 vnv

)
dx

≤ c1

∥∥∥∥V(x)
(
|vn|

q(x)−2 vn − |v|q(x)−2v
)∥∥∥∥
β(x)
∥vn − v∥q(x)

+ c2∥V(x)∥r(x)

(
|vn|

q(x)
∣∣∣
q(x)
+ |v|q(x)

∣∣∣
q(x)

)
≤ ε,

and

⟨Λ′ (vn) −Λ′(v), vn − v⟩ ≤
∫

Br

∣∣∣∣∣∣ |vn|
s−2vn − |v|s−2v
|xs|

∣∣∣∣∣∣ |vn − v|dx

+

∫
B′r

|vn|
s + |v|s−2vnv + |v|s + |vn|

s−2vnv
|xs|

dx

≤ c1

∥∥∥∥∥∥ |vn|
s−2vn − |v|s−2u
|xs|

∥∥∥∥∥∥
β(x)

∥un − u∥q(x)

+ c2

∥∥∥∥∥ 1
|xs|

∥∥∥∥∥
β(x)

(
|vn|

s
∣∣∣
q(x)
+ |v|s|q(x)

)
≤ ε,

for n, r large enough.
The last step consists in using two elementary inequalities in RN, namely

(p − 1)|ν − Υ|2(|ν| + |Υ|)p−2
≤

(
|ν|p−2ν − |Υ|p−2Υ

)
(ν − Υ), p(x) ≥ 2.

(p − 1)|ν − Υ|2(|ν| + |Υ|)p−2
≤

(
|ν|p−2ν − |Υ|p−2Υ

)
(ν − Υ), 1 < p(x) < 2.

It follows from (6) that
〈
φ′ (vn) − φ′(v), vn − v

〉
→ 0 when n→∞.

Now if p(x) ≥ 2, we obtain using the first inequality

22−p+
∫
Ω

|∇vn − ∇v|p(x) dx ≤
∫
Ω

(
|∇vn|

p(x)−2
∇vn − |∇v|p(x)−2

∇v
)

(∇vn − ∇v) dx→ 0 when n→∞.

On the contrary, if p(x) ≥ 1 we must consider the two sets

Up =
{
x ∈ Ω, p(x) ≥ 2

}
; Vp =

{
x ∈ Ω, 1 < p(x) < 2

}
,

and then apply the first inequality to Up and the second inequality to Vp.

Proof of Theorem 3.2. Set
Γ =

{
γ ∈ C([0, 1],G) : γ(0) = 0, γ(1) = v0

}
c := inf

γ∈Γ
max
t∈[0,1]

φλ,µ(γ(t)).

According to Lemma 3.5, Lemma 3.6 and Lemma 3.7, the energy functional φλ,µ satisfies the geometric
conditions of the Mountain Pass theorem. Hence c is a critical value of φλ,µ associated with a critical point
v ∈ G, which is exactly a solution of (1).
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