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Abstract. Our investigation involves sequential warped product manifolds that contain gradient Ricci-
Bourguignon harmonic solutions. We present the primary connections for a gradient Ricci-Bourguignon
harmonic solution on sequential warped product manifolds. In practical applications, our research inves-
tigates gradient Ricci-Bourguignon harmonic solitons for sequential generalized Robertson-Walker space-
times and sequential standard static spacetimes. Our finding generalizes all results proven in [23].

1. Introduction and motivations

The choice of the warping function has a significant impact on the properties of warped product mani-
folds, which have a broad and interesting geometry. Therefore, it is crucial to comprehend how this function
behaves when studying these items. The study of warped product manifolds has attracted a lot of attention
lately, partly because of its many applications and links to other branches of mathematics. Consequently,
there are numerous significant applications in geometry and physics for the study of warped product man-
ifolds. For instance, some black hole spacetimes are modelling using warped product manifolds in general
relativity. They appear in the study of moduli spaces of vector bundles on algebraic varieties in algebraic

geometry. In topology, they have been used to construct examples of exotic manifolds that do not admit a
smooth structure [8].
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On the other hand, it has been noticed that a perturbation of the Ricci solitons equation was proposed
by J. P. Bourguignon in [10] which is called the Ricci-Bourguignon soliton. After initiating these concepts,
several authors studied them. For examples, S. Dwivedi [13] constructed some results for the solitons of
the Ricci-Bourguignon flow and generalized corresponding results for Ricci solitons. The results he proved
about Ricci-Bourguignon almost solitons were generalized by using Ricci-Bourguignon almost solitons,
introduced from Ricci’s almost solitons. He also developed the integral formulas for compact gradient
Ricci-Bourguignon solitons and compact gradient Ricci-Bourguignon almost solitons. In the case of con-
stant scalar curvature or conformal vector fields, a compact gradient Ricci-Bourguignon almost soliton is
isometric to a Euclidean sphere. For similar studies (see [4, 5, 14, 26-28, 30-33] ). In the next study, the
concept of harmonic-Ricci solitons was introduced and provided some characterizations of rigidity, gener-
alizing known results for Ricci solitons. In the complete case, the restriction to the steady and shrinking
gradient soliton was imposed, and some rigidity results can be traced back to the vanishing of certain
modified curvature tensors that take into account the geometry of a Riemannian manifold equipped with
a smooth map 7, called n-curvature, which is a natural generalization in the setting of harmonic-Ricci
solitons of the standard curvature tensor [1]. Furthermore, almost all Ricci-harmonic solitons were defined
as generalizations of Ricci-harmonic solitons and harmonic-Einstein metrics [2, 3].

It has been shown that a gradient shrinking almost Ricci-harmonic soliton on a compact domain can
be almost harmonic Einstein under some necessary and sufficient conditions. Following the previous
concept, the Ricci-Bourguignon harmonic solitons introduced in [29] used the idea of V-harmonic map to
study for geometric properties of gradient Ricci-Bourguignon harmonic solitons. As a result, the relation-
ship between gradient Ricci-harmonic solitons and sequential warped product manifolds was established in
[22, 23] by considering sequential warped product manifolds consisting of gradient Ricci-harmonic solitons.

They also gave the physical applications of sequential standard static space-time and sequential gen-
eralized Robertson-Walker space-time. In the present paper, our main focus is on the studying gradient
Ricci-Bourguignon harmonic solitons inspired by [29] in sequential warped product manifolds that are
similar to the [23]. Taking motivation from Ricci-harmonic solitons in sequential warped product mani-
folds, we then introduce the notion of Ricci-Bourguignon harmonic solitons in sequential warped product
manifolds and prove some results about them which generalize previous results for Ricci-harmonic solitons
in sequential warped product manifolds. We also derive some significant applications for gradient Ricci-
Bourguignon solitons in sequential standard static space-time and sequential generalized Robertson-Walker
space-time.

2. Basic formulas and Notations

Miiller [25] introduced Ricci-harmonic flow, which is defined as follows: for a closed manifold X, given
a map 7 from X to some closed target manifold N;

9 . J
59 = —2Ric +2aDn @ Dn, 5= Pl

where g(t) is a time-dependent metric on %, Ric is the corresponding Ricci curvature, p,1 is the tension field
of 1 with respect to g and « is a positive constant (possibly time dependent). Moreover, Dn stands for the
gradient of the function 7. In [4], S. Azami developed Ricci-Bourguignon harmonic flow, which is

{ 29 = —2Ric - 2fRg + 2aDn ® Dn
1= pn-

Definition 2.1. Let 1 : (X,9) — (N, h) a smooth map (not necessarily a harmonic map), where (Z, g) and
(N, h) are static Riemannian manifolds.
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Then ((Z, g9), (N, h), V1,8, A) is called Ricci-Bourguignon harmonic solitons if

{ Ric - fRg — aDn ® Dn - %ng = Ay, @.1)

pgn1 +(DOn, V) =0

where R is the scalar curvature function of metricg, and o > 0 is a positive constant depending on real
constants § and A. On other hand, 1 is map between (X, g) and (N, h). In particular, when V = Df, Then
(X, 9), (N,h),V,n,B,A) is called a gradient Ricci-Bourguignon harmonic soliton if it satisfies the coupled
system of elliptic partial differential equations

{ Ric — Ry — aDn® Dn + D*f = Ay, 2.2)

pgn —{Dn, Df) =0,

here f : M — R be a smooth function and D?*f = Hess(f). The function f is called the potential func-
tion of the Ricci-Bourguignon harmonic soliton. It is obvious that Ricci-Bourguignon harmonic solitons
((X,9), (N, h),V,n,B, A) are Ricci harmonic solitons if = 0. Azami et al.[5] gave the condition under which
a complete shrinking Ricci-harmonic Bourguignon soliton must be compact. The gradient Ricci-harmonic
soliton is said to be shrinking, steady, or expanding depending on whether A > 0,A =0or A <0.

Definition 2.2. The gradient Ricci-Bourguignon harmonic soliton is called trivial if the potential function
f is constant.

It can be from (2.2) that when n and f are constants, (X, g) must be an Einstein manifold.

2.1. Sequential warped product manifolds

Let (¥;, gi) be three Riemannian manifolds with the associated matric g; for i = 1, 2, 3, then the sequential
warped product of the form I = (I; X L) Xp, X3 is defined as the following metric,

9=01®f{9)® 395, (2.3)

where fi : X1 — Rand f, : £; X £ — R are two smooth warping functions. Now we denote the
Levi-Civita connections on X, Ij, X, and X3 by D, Dy, D, and D3, respectively. Similarly, Ricci curvature
is presented as Ric, Ric!, Ric?, and Ric3, respectively. We represent the gradient of f; on X; by D, f; and
D1 f1l? = g1(D1 f1, D1 f1). Similarly, the gradient of f, on £ by Df; and || DA = g(Dfr, D).

Now we recall a lemma which will be important in the proof of our main theorem.

Lemma 2.1. [16] Assuming that © = (1 Xy Xp) X, X3 is a sequential warped product manifold with metric
g=(n flzgz) Eszzg3, then for any B;, V;, Z; e I'(X;) and i = 1,2, 3, the following holds

DBl Vi =D, V.

Z)BIBZ = DBzBl = Bl(ln f1)B2.

D, Vo = Do, Vo — f192(B2, Vo) D1 fi.
Z_)B3Bl = Z_)BlBg, = Bl(lnfz)Bg,.

Z_)B3 B2 = Z_)BZB3 = Bg(ln fz)B3.

Dy, V3 = Dsp, V3 — f93(Bs, V3)Dfo.
R(B1, V1)Z1 = Ri(B1, V1)Zy

R(B2, V2)Zy = Ra(By, V2)Zs — D1 f1llP{92(B2, Z2) V2 — 92(Va, Z5) By}
R(B1, V2)Z1 = £ D7 (Bi, Zi)Va.

13(]31, V2)Zy = f192(V2, Z2) D1, D1 f1.

. R(B1, V2)Zs = 0.

CR(B,V)Zi=0,i# ]

. R(B;, V3)Z; = —%21);2(13,-, Z)Vs,i,j=1,2.
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14. I:{(Birv3)z3 = £95(V3,Z3)Dp,Dfr,i =1,2.
15. R(Bs, V3)Z5 = R3(B3, V3)Zs — |Df11*{g5(Bs, Z3)V3 — g5(V3, Z3)Bs}

Lemma 2.2. [16] Assuming that & = (1 X5 Xp) X, X3 is a sequential warped product manifold with metric
g=(® ffgz) ®f2293, for any B;, V;, Z; e I'(L;) and i = 1, 2, 3, the following holds

1. R_iC(Bl,Vl) = RiCl(Bl,Vl) - %Df‘l(Bl’Vl) - %DJZ:Z(BLVl)'

2. Ric(By, V2) = Rica(Bz, V2) = £ 92(B2, V2) — %D}Z(Bz,vzl

3. R:iC(Bers) = Ric3(Bs, V3) — £ 93(Bs, B).

4. Ric(B;,Vj)=0,i# j.
where f = fily, fi + (n2 = DID: filP> and f3 = HAfo + (13 = DID L.

This paper will consider the harmonic map as a real function 1 : X — R. Our first result characterizes
locally the harmonic map 17 using the potential function7; : £ — R. Ontheotherhand, 7t; : 1 XXy xE3 — L;

are projection maps for i = 1,2,3 and 7y, : L; — R are partial non-constant harmonic maps. It has been
shown that the potential function

m = Mg, © T, mz, € C(Z1) (2.4)

depends only on the base manifold ¥; [18, 24]. Precisely, we obtain the following: We now prove the key
lemma as follows:

Lemma2.3. AssumingthatX = ((X1Xy, X2)Xp, X3, 11,1, B, A) is a gradient Ricci-Bourguignon harmonic soliton
on a sequential warped product manifold, including a non-constant harmonic map 7, then the harmonic
map 7 can be expressed in the form 1 = 1z, o 7y, 0r 1 =15, 0 My, 0r N =1z, oz if and only if 71 = Mz, o M
for a neighborhood v of a point (p1,p2,p3) € I'(X), where 1 € C®(Z;) is another potential function and
7; : L — R as projection maps fori =1, 2,3.

Proof. From Lemma 2.2, we can rewrite the following:

Ric(B, V1) =Ric: (B, V1) — 2 D7 (By, V1) = D7 (By, V1) (25)
Ao fk
Ric(By,V;) =0, j=23 (2.6)
Ric(By, V2) =Rica(Ba, V2) = (filkg, fi + (n2 = DIID: fil?)g2(B2, V2)
ns >
— —D%(By, V), 2.7
I3 ", (B2, V2) 27)
Ric(Bs, V3) =Rics(Bs, V3) = ( oAz, fo + (13 = DIID, foll?)g3(B3, Bs) (2.8)

for all Bl,Vl € F(Zl), Bz, Vz € T(Zz) and B3, B3 S F(Zg,)

Operating equation (2.2) for B; and B, then we have
Ric(B;, B)) + D*m(B;, B)) — aDn(B)Dn(B)) = (BR + 1)7(B;, B))
pg1(Bi, B)) — 3(Dn(B;), Dm(B;)) = 0, (2.9)

fori # jand 2 < j < 3. For the first part, let us assume that the harmonic map 7 can be expressed in the
formn=1ns,0m, or n=rng,o0mp, oOr 1n=1;,o ns then using (2.9), we find that

D,zh (B1,B2) = B1(B2(11)) — D, B2(111)
= a@n(BﬂZ)n(Bz) =0, V Biel'(X) & V Bel(Xy). (2.10)

Also, we get easily

g_(Bl,Bg) =0 and R_iC(Bl,BQ) =0 (211)
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from (2.6). Similarly, we have

Dﬁl (B1,B3) = B1(Bs(m1)) — D, Bs(1m1)
= aDn(Bl)Dq(Bg) =0, V B1 S F(Zl) & V B3 S F(Z;;) (212)

Together, the following
g(B1,B3) =0 and Ric(By,Bs) =0, (2.13)
from (2.6). Now combining the (2.10), (2.11), (2.12) and (2.13), using in the first part of (2.9), we derive
aDn(B)Dn(B;) = (BR + A)7(B;, Bj) = 0, (2.14)
fori=1and j =2,3. Thenitis easy to find that 1 = 1z, o 711 due to [24].

Conversely, we assume that 177 can be written in the form 17 = 115, o ;1 € C*(X;), then using equation (2.1)
and (2.3), we constructed

aDn(B)Dn(B)) =0 (2.15)

for B; € I'(X;). From the hypothesis, 1 is a non-constant map, then there exist a neighborhood point
0= (Pl,pz, pg) € F(21 X ):Q X 23) and vector field B,‘ = B1 + Bz + Bg, such that

Dn(Bl +B, + B3)D1](B1 + By + B3) # 0. (216)

Applying summing up to 3 in (2.16), we get

Y Dn(B)Dn(B)) # 0. (2.17)

3 3
=1 j=1,i#j

3
Y (Dn(B)? +
i=1

1

Now from (2.15) and (2.17), we reached that Dn(B;) # 0 for some i = 1,2, 3. The proof is completed. [

2.2. Main Theorems

Theorem 2.4. A sequential warped product manifold of the type ¥ = (X1 Xy X2) X, X3,4,1m1,1,5,A) is a
gradient Ricci-Bourguignon harmonic soliton if and only if the functions f;, 11,1, p and A satisfy one of the
following conditions:

(@) If n = ng, oy, then

Ric; — %D%(fl) - %ﬂz(fz) + D*(m1) — aDins, ® Diny, = (A + ,BR)gl;
{51 = 91(D1, Di(m — n2 log(fl))}flzl +n3Dim(log)(f2)) =0, (2.18)
Rm—%ﬁmbKMﬂWHﬁwm+w—m&mﬁmamm@, (2.19)

and together X3 is Einstein with Rics = A3g3 such that

Az = (/\ + ﬁR)fzz + hAf + (13 = DIDAIF — L(Dam(f)). (2.20)
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(b) If n = 1y, o 72, then

Ric; — %@5( fi) - %@2( £2) + D*(m) = (A + BR)g1, (2.21)
Ric, - %@%fz) - %Dzﬂzz ® Dons, ={(A + BR)f + ik fi + (2 = DID AP = AD1m1 ()92,
1

Aoy, + 13055, (f2) =0, (2.22)
together X3 is Einstein with Ricz — %Dﬂ]zz ® Drny, = Azgs such that

As = (A+BR)fZ + folrfo + (13 = DIDLIE = Hr(Dim(f))- (2.23)

(c) If n =1y, o3, then

Ric; — %1)3( f) - %1)2( £) + D) =(1 + BR)g, (2.24)

Ric, - %zﬂfz) ={(A+ BR)FE + fi fi+(n2 = DD il = fi(D1m(f))}g2

(2.25)
Ric; — %9317;3 ® Dz, =A393,
: Asns, =0, in X3 (2.26)
together with the following,
As = (A +BR)f + folfo + (13 = DIDAIR - H(D1m(f)). (2.27)

where D?f = Hess(f) and Df is the gradient of the function is f.

Proof. Let & = (X1 Xp X2) Xj, X3, 4, 11,1, B, A) be a gradient Ricci-Bourguignon harmonic soliton with the
assumptions 1 = 1y, o 7i1. By applying Lemma 2.3 and Hessian equations from [20] in the main equation
(2.1), we arrive at (2.18), Similar procedures, again using Lemma 2.3 and 1 = 1)y, o 711 into the equation (2.1),
from Lemma 2.2, we derive that

Rica(By, V) = f;92(Ba, Vz)—%DZ(BZ,Vz) + DBy, Vo) = (A + ﬁR) f292(B2, V) (2.28)

for any By, Vz € T(X;) and f; = (f1A1f1 +(ny — 1)||Z)1f1||2). Including the results from Lemma 2.1 and the

relation of the Hessian for any function gives the following

D*n(Ba, Va) = AD1m(f1)g2(Ba, Vo). (2.29)

Combing the equations (2.28) and (2.29), we get our supposed result (2.19). Now for any B3, V3 € I'(X3) and
using Lemma 2.2 with 1 = 1y, o 71, we get

Rics(Bs, Va) ~ ( fotafa + (13 = DIDSIR (B, Vo) + DB, Vi) = (1 + R) ga(Bs, V). (2.30)
the same property as in (2.29) is applied, ones have

D*m1(Bs, V3) = foDam1(f2)95(Bs, Va)- (2.31)
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Inserting (2.31) into (2.30), we derive

Rics(Bs, V) = {fohafo + (13 = DIDSIPIga(Bs, Va) + foDami(f2)95(Bs, Va) = (A + R)f2g5(Bs, Va)  (2.32)

From the above equation, it is concluded that X3 is an Einstein manifold. The same procedures will apply
to another case, and then it completes the proof of our Theorem.
0

Theorem 2.5. Let a sequential warped product manifold of the type X = ((X1 X, X2) X, X3,7,1m1,7,8,A) is a
gradient Ricci-Bourguignon harmonic soliton with non-constant harmonic map 7. If (A + pR) > 0, 1; tend
to maximum or minimum in ¥; with the inequality,

%t”glz)Z(fz) + %Al(fn >Ry, (2.33)

then m; = 115, © M1 is constant functions, where R; is represent the scalar curvature on R;.

Proof. From the first statement of the theorem and taking the trace in (2.18) for any By, V1 € I'(X1)

Ali]lz;] = 7’11()\ + ﬁR) + 6¥||dﬂ1(7])||2 -Ri + %t?’%@z(fg) + %Al(fl) (234)

Now from (2.33) and (A + ER) > 0 together with 77 tend to maximum or minimum in X, it easily conclude
from (2.34), the map 11 = 115, o 711 is a constant function. [J

Theorem 2.6. Let a sequential warped product manifold of the type X = ((X1 X, X2) X, X3,7,1m1,7,,A) is a
gradient Ricci-Bourguignon harmonic soliton with non-constant harmonic map 7 such that f, tends to the
maximum or minimum and the following inequalities hold

{(/\ +BR) < j% or (A+pR)> j%} €T X Ty, (2.35)
2 2

then f, is a constant function.
Proof. One of the most useful elliptic operators of 2" order is defined by

n—1
f
Implementing (2.20), (2.23) (2.28) and (2.36), we get the following

w() =A() = Dm() + Dfa(). (2.36)

u—(A+pR)f
f '

Applying our assumption (2.35) in Eq. (2.37) together, if f, tends to a maximum or minimum, then f, is a
constant function. It completes the proof of the theorem. [

w(:) = (2.37)

3. Applications in sequential standard static space-time

If we consider X3 = I is an open interval associated with a subinterval of R. In this case, d? is the
Euclidean metric tensor on 7, then a sequential warped product manifold of the form X = ((X1 X X)X, 7, g)
turns into sequential standard static space-time with metric tensor 7 = (91 ® f742) @ f;(—dt?). This type of space-
time is defined in [19]. If 7 : ¥ — R is a harmonic map, then we have the following result:
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Theorem 3.1. Assume that a sequential warped product manifold of the type & = ((X1X 7, X2) X 1, 4,m1,1, 8, A)
is a gradient Ricci-Bourguignon harmonic soliton if and only if the functions f, 71,7, and A satisfy one of
the following conditions:

(a) If n =1y, o my, then

Ric; — %Df(fl) - %W(fz) + D*(m) - aDins, ® Din, = (A +BR)gy
{A1 = 91(D1, D11 — 2 10g(f1))}7721 + m3D111(log)(f2)) = 0, (3.1)
Ricz - 2D%(f) = (14 BR)A + fidafo) + (12 = DIDLAIP=FuDum( i) oz (3.2)
and together with the following
(A+BR)fZ + b fo = fo(Dimi(f2)) = 0, (33)
(b) If 1N =1x, 0Ty, then
Ric; - %D%(fl) - %Dz(fz) + D) =(A + BR)gn, (3.4)
Ric; - %Dz(fz) ~ ZDattz, ® Do, =|(A + BR)fZ + filki fi + (2 — DID Al
1

— A@im(f))lga, (3.5)
Aoz, + 13D0ns,(f2) =0,
and together with the following:

(A+BR)fZ + frlfo = H(Dim(f2) = 0. (3.6)

(c) If n =1z o my, then
Rici — %Z)%( f) - %1)2( £) + D) =(1 + BR)g, 3.7)
Ric; %ﬂz(fz) = {(A+BR)F2 + i fi+(m2 = DIDLAIE - fi(Dim(fi)g2, (3.8)

aDmr® 1)1771+f24{(A + .BR)fz2 + folAfo - fz(@ﬂh(fz))}} =0.
A[ﬂ[zo in 1. (39)

Proof. For the interval 7, the metric tensor is defined as g ](%, %) = —1 and Ricci curvature is given as
Ric(%, %) = 0 in Theorem 2.4, we desire result of theorem. The proof is completed. [J

4. Applications in generalized Robertson-Walker space-time
If we consider 11 : ¥ — IR is a harmonic map through the sequential generalized Robertson-Walker
space-time L = (I x5 X2) X5, 13,7, 11,1, B, A), then we have the following results.

Theorem 4.1. A sequential generalized Robertson-Walker space-time ¥ = (£ Xg Xo) Xp, X3,7,11,7,,1) is a
gradient Ricci-Bourguignon harmonic soliton if and only if the following differential equations satisfied
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(@) If n=ng, o my, then

nafy’ N 3 D%(f2)

fi f

- +an7 =A+pR,

7 ’ 7 anl’ ’ 1’13sz /7
n;—wm+-ﬁﬂu+ 5 nr =0,

: n 1’ 4 (w4
Rics = D) = {(1+ BR)FE + Aufy + 2 = DD* = Fifi o
and together X3 is Einstein with Rics = A3g3 such that
Az = ()\ + ,BR)fz2 + oAfo + (n3 — 1)||Df2||2 - (Dfo) o

(b) If n = 1y, o my, then
nzfl" + 7131)2(f2) _

3 5 W AR
Ric, — %Dz(fz) - %Dznzz ® Doy, = {(A + BR)ff +fifi! + (= 1)(f) - flfl"?i}gzr
1

Apns, + 13D0ns,(f2) =0,
and together X3 is Eintein with Ricz — %927722 ® Doy, = Azgs such that
As = (A+BR)f + frlfo + (13 = DIDLIP — (D) .
(c) If n =1y, o 73, then

le_fl/, + —7132)2(f2) —
f f

Ric, — %Dz(fz) = {(A +BR)FE A+ fifl + (2 = D) - flffﬂi}!izf

n =A+pR,

. a
Rics — — Dinz, ® Dsny, =A3gs,
f

A3T]23 =0, in 23,

and together with the following
As = (A +BR)fZ + frAfo + (13 - DIDSIP - (D) fami.

Proof. Now we define the following for first factor 1

Difi =~f],
Jd d
2 Z =
lel(atr 8t) 17
Afi=—f/,

Jd d
gz(a, 5) =-1,

9r(D1fi, Dif1) = —(f))*

All the above equations substitute in Theorem 2.4, and we get our desired results. it completes the proof of
our Theorem. [
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Remark 4.2. As we know if § = 0in (2.2), then a gradient Ricci-Bourguignon harmonic soliton is generalized
to gradient Ricci-Harmonic soliton which is given in [2, 4]. Now Substitute § = 0 in Theorem 2.4, Theorem
2.5, Theorem 2.6, Theorem 3.1 and Theorem 3.1. Then Theorem 2.4, Theorem 2.5, Theorem 2.6, Theorem
3.1 and Theorem 3.1 coincide with Theorem 2.1, Theorem 2.2, Theorem 3.1 and Theorem 3.2 in [23]. As a
result, our results are the natural generalization of gradient Ricci-Harmonic solitons on sequential warped
product manifolds.
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