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Abstract. This paper discusses the significance of quantum calculus in some mathematical fields. It
specifically investigates solutions’ existence, uniqueness, and stability for a system of n-nonlinear fractional
q-differential equations with initial conditions involving Caputo fractional q-derivatives. The paper utilizes
Schauder’s and Banach’s fixed-point theorems and Ulam-Hyers’ stability criteria to explore the analytical
dynamics inherent in these solutions. Additionally, it provides two illustrative examples to demonstrate
the practical applicability of the obtained results.

1. Introduction

Fractional calculus, which extends differentiation and integration to non-integer orders, has gained
significant attention from researchers because of its broad applications in modeling a wide range of scientific
and technical phenomena. Fractional equations are utilized across various fields, such as blood flow
dynamics, electrical circuits, biology, chemistry, physics, control theory, wave propagation, and signal and
image processing, among others. For a more in-depth examination of the practical applications of fractional
calculus, readers can refer to works by Afshari et al. [2–4], Agrawal [5], Benchohra et al. [1, 6–9], Herrmann
[10], Hilfer [11], Kilbas et al. [12], and Samko et al. [13].

In the 20th century, physicists sparked a scientific revolution in quantum mechanics, leading mathemati-
cians to develop quantum calculus. Jackson was the first to introduce a new concept in quantum calculus,
which later became influential in various disciplines, including mathematics, mechanics, and physics, see
[14, 15]. Recognizing the substantial applications of fractional q-calculus in many physical, biological, and
economic systems, Al-Salam and Agarwal proposed the concept of fractional q-calculus, see [16, 17]. The
effective role of quantum fractional differential equations (q-FDEs) in physics and mechanics has resulted
in numerous applications across different fields, as discussed in [18–22].
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In [23], Salim et al. investigated the following fractional q-difference problem:
(cDζ

qξ)(ς) = ℘(ς, ξ(ς)); ς ∈ Ψ := [0, β],

ξ(0) = ξ0 ∈ 𭟋,

where q ∈ (0, 1), ζ ∈ (0, 1], β > 0, ℘ : Ψ × 𭟋 → 𭟋 is a given continuous function, 𭟋 is a real (or complex)
Banach space with norm ∥ · ∥, and cDζ

q is the Caputo fractional q-difference derivative of order ζ.
In [24], the authors proved some existence of solutions for the following problem with implicit fractional

q-difference equations in Banach algebras:
cDζ

q

(
ξ(ς)

h(ς,ξ(ς))

)
= ψ

(
ς, ξ(ς),c Dζ

q

(
ξ(ς)

h(ς,ξ(ς))

))
; ς ∈ Ψ := [0, β],

ξ(0) = ξ0 ∈ R,

where q ∈ (0, 1), ζ ∈ (0, 1], β > 0, h : Ψ ×R→ R∗, ψ : Ψ ×R2
→ R are given functions.

In [25], Basti and Arioua investigated the existence and uniqueness of solutions for a system of n-
nonlinear fractional differential equations with integral conditions of the form:

ρ
D
α1
0+ y1 (t) = f1

(
t, y (t) , ρDβ1

0+ y1 (t)
)
, t ∈ [0,T] ,

ρ
D
α2
0+ y2 (t) = f2

(
t, y (t) , ρDβ2

0+ y2 (t)
)
, t ∈ [0,T] ,

...
ρ
D
αn
0+ yn (t) = fn

(
t, y (t) , ρDβn

0+ yn (t)
)
, t ∈ [0,T] ,

with the integral conditions
ρ
I

1−α1
0+ y (0+) = ρ

I
1−α2
0+ y (0+) = · · · = ρ

I
1−αn
0+ y (0+) = 0,

where y =
(
y1, y2, . . . , yn

)
, for n ∈ N, also T, ρ > 0, 0 < βi ≤ αi ≤ 1 and fi : [0,T] × Rn

→ R are continuous
functions.

Based on previous research, we investigate the existence, uniqueness and stability of solutions for a
system of n-nonlinear q-FDEs of the following form:

C
D
σ1
q,0+ y1 (t) = f1

(
t, y (t)

)
, t ∈ [0,T] ,

C
D
σ2
q,0+ y2 (t) = f2

(
t, y (t)

)
, t ∈ [0,T] ,

...
C
D
σn
q,0+ yn (t) = fn

(
t, y (t)

)
, t ∈ [0,T] ,

(1)

with the initial conditions:

yi (0+) = ζi ∈ R, for each i ∈ {1, . . . ,n} , (2)

where 0 < σi ≤ 1 and y =
(
y1, y2, . . . , yn

)
, for n ∈N. In addition fi : [0,T]×Rn

→ R are continuous functions
for each i ∈ {1, . . . ,n} . Here C

D
σ
q is the Caputo fractional q-derivative of order σ, with T > 0 and 0 < q < 1.

The following are the primary novelties of the current paper:

• Considering the diverse conditions we applied to system (1), our work can be seen as a continuation
of the studies mentioned above.

• Our work continues upon the obtained results in [23, 24] by extending the fractional equations to
n-nonlinear q-FDEs. This will necessitate the use of more complex approaches with different spaces
and norms.

• Our findings expand upon those in [25] by considering n-nonlinear with q-fractional derivatives.

• We also address the qualitative aspect by investigating the Ulam stability of our system.



I. Aouina et al. / Filomat 39:21 (2025), 7383–7395 7385

2. Preliminaries and Fundamental Concepts

This section presents concepts of q-calculus and provides some definitions and lemmas that will be used
in this paper (see [26–29]).

The q-integer [σ]q , for σ ∈ R, given by

[σ]q =

{ 1−qσ

1−q , q , 1,
σ, q = 1.

The definition of q-factorial [m]q! is

[m]q! =
{

[m]q [m − 1]q · · · [1]q , m ∈N,
1, m = 0.

We introduce the q-shifted as follows

(t − s)(0)
q = 1, (t − s)(k)

q =

k−1∏
j=0

(
t − sq j

)
, for k ∈N, and 0 < s < t.

The concept of the q-shifted is also introduced for σ ∈ R and σ <N

(t − s)(σ)
q = tσ

∞∏
k=0

t − qks
t − qσ+ks

, 0 ≤ s ≤ t.

The q-analogue of Gamma function for σ ∈ R \ {−m, m ∈N ∪ {0}} is defined by

Γq (σ) =
(
1 − q

)(σ−1)(
1 − q

)σ−1 , 0 < q < 1.

Obviously

Γq (1) = 1, Γq (m + 1) = [m]q!, and Γq (σ + 1) = [σ]q Γq (σ) .

The q-derivative of a function u is defined by

D0
qu (t) = u (t) , and Dqu (t) =

u (t) − u
(
qt
)(

1 − q
)

t
, t , 0,

and Dqu (0) = lim
t→0

Dqu (t). Also, the q-derivative of higher order is given by(
Dm

q u
)

(t) = DqDm−1
q u (t) , m ∈N.

We have the following q-derivatives with respect to t and s

tDq

[
(t − s)(σ)

]
= [σ]q (t − s)(σ−1) ,

sDq

[
(t − s)(σ)

]
= − [σ]q

(
t − qs

)(σ−1) .

Definition 2.1 ([30]). Let σ > 0 and u be a function defined on [0,T], the fractional q-integral of the Riemann-
Liouville is defined by

I
σ
q u (t) =

1
Γq (σ)

∫ t

0

(
t − qs

)(σ−1) u (s) dqs,

and I0
qu (t) = u (t) .
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Definition 2.2 ([31]). Let σ > 0 and u be a function defined on [0,T], the fractional q-derivative of Riemann-Liouville
is defined by

D
0
qu (t) = u (t) and Dσ

q u (t) = Dm
q I

m−σ
q u (t) ,

where m is the smallest integer greater than or equal to σ.

Lemma 2.3 ([32]). Let σ, β > 0, and u be a function defined on [0,T]. Then the next formula hold

1. IσqI
β
qu (t) = Iσ+βq u (t),

2. Dσ
qI

σ
q u (t) = u (t).

Definition 2.4 ([31]). Let σ > 0, the fractional q-derivative of the Caputo type is defined by

C
D

0
qu (t) = u (t) and C

D
σ
q u (t) = Im−σ

q Dm
q u (t) , t ∈ [0,T] ,

where m is the smallest integer greater than or equal to σ.

Lemma 2.5 ([31]). Let σ ∈ R+, then the following equality holds

(
I
σ
q

C
D
σ
q u (t)

)
= u (t) −

m−1∑
k=0

Dk
qu (0+)

Γq (k + 1)
tk.

If σ ∈ (0, 1), we have(
I
σ
q

C
D
σ
q u (t)

)
= u (t) − u (0) .

Lemma 2.6 ([27]). Let σ > 0, assume that u ∈ C ([0,T] ,R), then

C
D
σ
q u (t) = Dσ

q

u (t) −
m−1∑
k=0

Dk
qu (0+)

Γq (k + 1)
tk

 ,

where C ([0,T] ,R) is a Banach space of all continuous functions from [0,T] into R, with the norm

∥u∥ = sup
0≤t≤T

|u (t)| .

3. Main Results

Here, we provide several lemmas to demonstrate our main results.

Lemma 3.1. Let 0 < σi ≤ 1, for any yi ∈ C ([0,T] ,R) and continuous functions
(

fi
)

i=1,n : [0,T] × Rn
→ R, the

solutions of problem (1)–(2) is equivalent to the n-fractional q-integral equations
y1 (t) = ζ1 +

∫ t

0 Gσ1

(
t, qs

)
f1

(
s, y (s)

)
dqs,

y2 (t) = ζ2 +
∫ t

0 Gσ2

(
t, qs

)
f2

(
s, y (s)

)
dqs,

...

yn (t) = ζn +
∫ t

0 Gσn

(
t, qs

)
fn

(
s, y (s)

)
dqs,

(3)

where Gσi are continuous functions, also called the Green’s functions written as follows

Gσi

(
t, qs

)
=

(
t − qs

)(σi−1)

Γq (σi)
, (4)

for each i ∈ {1, . . . ,n}, s ∈ (0, t] and t ∈ [0,T].



I. Aouina et al. / Filomat 39:21 (2025), 7383–7395 7387

Proof. Let 0 < σi ≤ 1, 0 < q < 1, and yi ∈ C ([0,T] ,R) for each i ∈ {1, . . . ,n}. Starting applying Iσi
q on both

sides of system (1), we obtain(
I
σi
q

C
D
σi
q yi (t)

)
= Iσi

q fi
(
s, y (s)

)
,

from Lemma 2.5, by using conditions (2), we get

yi (t) = ζi + I
σi
q fi

(
t, y (t)

)
. (5)

Otherwise, by applyingDσi
q on both sides of the equations (5), utilizing Lemma 2.6, we find that

D
σi
q
(
yi (t) − ζi

)
= Dσi

q I
σi
q fi

(
t, y (t)

)
.

Then,

C
D
σi
q yi (t) = fi

(
t, y (t)

)
.

Furthermore, from (5), we find

yi (0+) = ζi, for each i ∈ {1, . . . ,n} .

Let us define E = X1 × X2 × · · · × Xn, where Xi =
{
yi, yi ∈ C ([0,T] ,R)

}
i=1,n, with the norm∥∥∥y

∥∥∥
E = max

1≤i≤n

∥∥∥yi

∥∥∥ .
Under this norm (E, ∥·∥E) is a Banach space.

Let us define the integral operators

Tiy (t) = ζi +

∫ t

0
Gσi

(
t, qs

)
fi
(
s, y (s)

)
dqs. (6)

Since fi
(
t, y

)
and Gσi

(
t, qs

)
are continuous functions for each i ∈ {1, . . . ,n} , then Ti are continuous, i.e.,

Ti (E) ⊂ Xi.
Let T : E→ E be a system of n-operators that defined by

T y (t) =


T1y (t)
T2y (t)
...

Tny (t)

 , (7)

where (Ti)i=1,n are the integral operators given by (6), characterized by the norm∥∥∥T y
∥∥∥

E = max
1≤i≤n

∥∥∥Tiy
∥∥∥ ,

with
∥∥∥Tiy

∥∥∥ = sup
0≤t≤T

∣∣∣Tiy (t)
∣∣∣.

3.1. Existence and Uniqueness Results of Solutions

This part discusses the existence and uniqueness of solutions, along with illustrative examples. We
impose the following hypotheses:
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(H1) For any y, ỹ ∈ Rn, there exist n × n nonnegative constants
(
λi,k

)
i,k=1,n such that the functions fi satisfy

∣∣∣ fi (t, y) − fi
(
t, ỹ

)∣∣∣ ≤ n∑
k=1

λi,k

∣∣∣yk − ỹk

∣∣∣ , for all t ∈ [0,T] .

(H2) For any y ∈ Rn, there exist two families of nonnegative continuous functions
(
ψi

)
i=1,n and

(
ωi,k

)
i,k=1,n

such that

∣∣∣ f (
t, y

)∣∣∣ ≤ ψi (t) +
n∑

k=1

ωi,k (t)
∣∣∣yk

∣∣∣ , for all t ∈ [0,T] .

For each i ∈ {1, . . . ,n}, we denote

λi = max
1≤k≤n

{
λi,k

}
, and ζ = max

1≤i≤n
{|ζi|} ,

and

ψ∗i = sup
0≤t≤T

ψi (t) , ω∗i = sup
0≤t≤T

{
max
1≤k≤n

{
ωi,k (t)

}}
.

Theorem 3.2. Assume the hypotheses (H1) and (H2) hold, if

nω∗i T
σi

Γq (σi + 1)
< 1, for each i ∈ {1, . . . ,n} , (8)

then problem (1)–(2) has at least one solution on [0,T].

Proof. Firstly, we transform problem (1)–(2) into a fixed point problem.
Let the operator T : E→ E defined by (7), with

[
Ti

(
y
)

(t)
]

i=1,n being the integral operators given by

Ti
(
y
)

(t) = ζi +

∫ t

0
Gσi

(
t, qs

)
fi
(
s, y (s)

)
dqs, t ∈ [0,T] ,

where Gσi

(
t, qs

)
defined in (4), for each i ∈ {1, . . . ,n} .

We demonstrate that T satisfies the assumptions of Schauder’s fixed point theorem. This proof will be
completed in three steps.
Step 1: T is a continuous operator.
Consider the sequences

(
ym

)
m∈N =

(
ym

1 , y
m
2 , . . . , y

m
n

)
, such that lim

m→∞
ym → y in E. For each i ∈ {1, . . . ,n} and

t ∈ [0,T] , we obtain∣∣∣Tiym (t) − Tiy (t)
∣∣∣ ≤ ∫ t

0
Gσi

(
t, qs

) ∣∣∣ fi (s, ym (s)
)
− fi

(
s, y (s)

)∣∣∣ dqs

≤

∫ t

0
Gσi

(
t, qs

) n∑
k=1

λi,k

∣∣∣ym
k (s) − yk (s)

∣∣∣ dqs

≤
nλiTσi

Γq (σi + 1)

∥∥∥ym − y
∥∥∥

E .

Since ym → y,we get
∣∣∣Tiym (t) − Tiy (t)

∣∣∣→ 0, as m→∞.Hence lim
m→∞

∥∥∥T ym − T y
∥∥∥

E = 0, for all t ∈ [0,T]. Then
T is continuous.
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Step 2: T is defined from a bounded, closed and convex subset into itself.
For each i ∈ {1, . . . ,n}, using (8), we consider r satisfies

r ≥
(
ζ +

ψ∗i T
σi

Γq (σi + 1)

) (
Γq (σi + 1)

Γq (σi + 1) − nω∗i T
σi

)
.

Thus the subset ϑr defined by

ϑr =
{
y ∈ E,

∥∥∥y
∥∥∥

E ≤ r
}

,

is clearly bounded, closed and convex in E.
Let T : ϑr → E be the integral operator defined by (7). Then T (ϑr) ⊂ ϑr. Indeed, by using (H2), for each
i ∈ {1, . . . ,n} and t ∈ [0,T], we get∣∣∣ fi (t, y (t)

)∣∣∣ ≤ ψi (t) +
n∑

k=1

ωi,k (t)
∣∣∣yk

∣∣∣ ,
≤ ψ∗i + nω∗i

∥∥∥y
∥∥∥

E .

Thus ∣∣∣Tiy (t)
∣∣∣ ≤ ∣∣∣∣∣∣ζi +

∫ t

0
Gσi

(
t, qs

)
fi
(
s, y (s)

)
dqs

∣∣∣∣∣∣ ,
≤ max

1≤i≤n
{|ζi|} +

∫ t

0
Gσi

(
t, qs

) ∣∣∣ fi (s, y (s)
)∣∣∣ dqs,

≤ ζ +

(
ψ∗i + nω∗i

∥∥∥y
∥∥∥

E

)
Tσi

Γq (σi + 1)
,

≤

(
ζ +

ψ∗i T
σi

Γq(σi+1)

) (
Γq(σi+1)

Γq(σi+1)−nω∗i T
σi

)
(

Γq(σi+1)
Γq(σi+1)−nω∗i T

σi

) +
nω∗i T

σi

Γq (σi + 1)
r,

≤ r.

Hence,
∥∥∥Tiy

∥∥∥ ≤ r for each i ∈ {1, . . . ,n} , which implies that
∥∥∥T y

∥∥∥
E ≤ r. Consequently T (ϑr) ⊂ ϑr.

Step 3: T (ϑr) is an equicontinuous subset.
Let t1, t2 ∈ [0,T], t1 < t2 and y ∈ ϑr. Then, for each i ∈ {1, . . . ,n}, we have∣∣∣Tiy (t2) − Tiy (t1)

∣∣∣
=

∣∣∣∣∣∣
∫ t2

0
Gσi

(
t2, qs

)
fi
(
s, y (s)

)
dqs −

∫ t1

0
Gσi

(
t1, qs

)
fi
(
s, y (s)

)
dqs

∣∣∣∣∣∣ ,
≤

∫ t1

0

∣∣∣[Gσi

(
t2, qs

)
− Gσi

(
t1, qs

)]
fi
(
s, y (s)

)∣∣∣ dqs +
∫ t2

t1

Gσi

(
t2, qs

) ∣∣∣ fi (s, y (s)
)∣∣∣ dqs,

≤

(
ψ∗i + nω∗i r

) (∫ t1

0

∣∣∣Gσi

(
t2, qs

)
− Gσi

(
t1, qs

)∣∣∣ dqs +
∫ t2

t1

Gσi

(
t2, qs

)
dqs

)
. (9)

As t2 > t1, we obtain∣∣∣Gσi

(
t2, qs

)
− Gσi

(
t1, qs

)∣∣∣ = 1
Γq (σi)

[(
t1 − qs

)(σi−1)
−

(
t2 − qs

)(σi−1)
]

,

=
1

Γq (σi + 1) sDq

[
(t2 − s)(σi)

− (t1 − s)(σi)
]
.
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Then,∫ t1

0

∣∣∣Gσi

(
t2, qs

)
− Gσi

(
t1, qs

)∣∣∣ dqs ≤
1

Γq (σi + 1)

[
(t2 − t1)(σi) +

(
tσi
2 − tσi

1

)]
,

and ∫ t2

t1

Gσi

(
t2, qs

)
dqs =

−1
Γq (σi + 1)

[
(t2 − s)(σi)

]t2

t1
=

1
Γq (σi + 1)

(t2 − t1)(σi) .

Thus, (9) gives

∣∣∣Tiy (t2) − Tiy (t1)
∣∣∣ ≤ (

ψ∗i + nω∗i r
)

Γq (σi + 1)

[
2 (t2 − t1)(σi) +

(
tσi
2 − tσi

1

)]
.

As t1 → t2, the right-hand side of the above inequality tends to zero for each i ∈ {1, . . . ,n}. Combining steps
1 to 3 and applying the Ascoli-Arzelà theorem, we conclude that T : ϑr → ϑr is continuous and compact,
satisfies the assumptions of Schauder’s fixed point theorem [33]. Therefore, T has at least a fixed point
which is the solution of problem (1)–(2) on [0,T].

Example 3.3. Consider the following problem:
C
D

1
2
1
4 ,0
+

(
y1

)
(t) = πt

2
√

e
+

sin(t)(|y1(t)|+|y2(t)|)
√

1+e(1+q+|y1(t)|+|y2(t)|) , t ∈
[
0, π6

]
,

C
D

2
3
1
4 ,0
+

(
y2

)
(t) = exp

(
−π2t

) (
1

100
√

e
+ tan(t)

π

(∣∣∣y1 (t)
∣∣∣ + ∣∣∣y2 (t)

∣∣∣)) , t ∈
[
0, π6

]
,

(10)

and

yi (0) = ζi ∈ R, for each i ∈ {1, 2} .

We set

f1
(
t, y1, y2

)
=

πt
2
√

e
+

sin (t)
(∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣)
√

1 + e
(
1 + q +

∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣) ,
f2

(
t, y1, y2

)
= exp

(
−π2t

) ( 1
100
√

e
+

tan (t)
π

(∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣)) .
The functions fi are continuous for any y ∈ R2. Also∣∣∣ f1 (

t, y1, y2
)
− f1

(
t, ỹ1, ỹ2

)∣∣∣ ≤ 2∑
k=1

1 + q

2
√

1 + e

∣∣∣yk − ỹk

∣∣∣ ,
∣∣∣ f2 (

t, y1, y2
)
− f2

(
t, ỹ1, ỹ2

)∣∣∣ ≤ 2∑
k=1

√
3

3π

∣∣∣yk − ỹk

∣∣∣ ,
hence, (H1) is satisfied for each i ∈ {1, 2}, with

λ1 = max
1≤k≤2

{
λ1,k

}
=

5

8
√

1 + e
and λ2 = max

1≤k≤2

{
λ2,k

}
=

√
3

3π
.

For each i ∈ {1, 2} and t ∈
[
0, π6

]
, we have∣∣∣ f1 (

t, y1, y2
)∣∣∣ ≤ πt

2
√

e
+

sin (t)
√

1 + e

(∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣) ,
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∣∣∣ f2 (
t, y1, y2

)∣∣∣ ≤ exp
(
−π2t

)
100
√

e
+

exp
(
−π2t

)
tan (t)

π

(∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣) .

Thus, hypothesis (H2) is satisfied, with

ψ1 (t) =
πt

2
√

e
, ω1,1 (t) = ω1,2 (t) =

sin (t)
√

1 + e
,

and

ψ2 (t) =
exp

(
−π2t

)
100
√

e
, ω2,1 (t) = ω2,2 (t) =

exp
(
−π2t

)
tan (t)

π
.

For each i ∈ {1, 2}, we obtain

ψ∗1 =
π2

12
√

e
, ω∗1 =

1

2
√

1 + e
and ψ∗2 =

1
100
√

e
, ω∗2 =

√
3

3π
.

Now, we show that

nω∗1Tσ1

Γq (σ1 + 1)
=

2 × 1
2
√

1+e
×

(
π
6

) 1
2

Γ 1
4

(
1
2 + 1

) ≃ 0, 395925 < 1,

nω∗2Tσ2

Γq (σ2 + 1)
=

2 ×
√

3
3π ×

(
π
6

) 2
3

Γ 1
4

(
2
3 + 1

) ≃ 0, 249391 < 1.

It follows from Theorem 3.2, that problem (10) has at least one solution.

Theorem 3.4. Assume that the hypothesis (H1) holds. If

max
1≤i≤n

{
nλiTσi

Γq (σi + 1)

}
< 1, (11)

then problem (1)–(2) admits a unique solution on [0,T].

Proof. Let y, ỹ ∈ E. By using (H1), we obtain for all t ∈ [0,T] that∣∣∣Tiy (t) − Ti ỹ (t)
∣∣∣ ≤ nλiTσi

Γq (σi + 1)

∥∥∥y − ỹ
∥∥∥

E , for each i ∈ {1, . . . ,n} .

Consequently∥∥∥T y − T ỹ
∥∥∥

E ≤ max
1≤i≤n

{
nλiTσi

Γq (σi + 1)

} ∥∥∥y − ỹ
∥∥∥

E .

Based on statement (11), it follows that T is a contraction operator. The Banach contraction principle [33]
leads us to conclude that T has a unique fixed point. This fixed point is the unique solution of problem
(1)–(2) on [0,T] .

Example 3.5. Consider the following problem:

C
D

1
2
1
2 ,0
+

(
y1

)
(t) =

arcsin(t)(|y1(t)|+|y2(t)|+|y3(t)|)
π
√

1+qt
, t ∈

[
0, 1

2

]
,

C
D

5
6
1
2 ,0
+

(
y2

)
(t) = exp−π

2t

2π(1−q)(1+|y1(t)|+|y2(t)|+|y3(t)|) , t ∈
[
0, 1

2

]
,

C
D

6
7
1
2 ,0
+

(
y3

)
(t) =

arccos(t)(2+|y1(t)|+|y2(t)|+|y3(t)|)
π(t2+1)(1+|y1(t)|+|y2(t)|+|y3(t)|) , t ∈

[
0, 1

2

]
,

(12)
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and

yi (0) = ζi ∈ R, for each i ∈ {1, 2, 3} .

We set

f1
(
t, y1,y2,y3

)
=

arcsin (t)
(∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣ + ∣∣∣y3

∣∣∣)
π

√
1 + qt

,

f2
(
t, y1,y2,y3

)
=

exp−π
2t

2π
(
1 − q

) (
1 +

∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣ + ∣∣∣y3

∣∣∣) ,
f3

(
t, y1,y2,y3

)
=

arccos (t)
(
2 +

∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣ + ∣∣∣y3

∣∣∣)
π (t2 + 1)

(
1 +

∣∣∣y1

∣∣∣ + ∣∣∣y2

∣∣∣ + ∣∣∣y3

∣∣∣) .
The functions fi are continuous for any y, ỹ ∈ R3. Also

∣∣∣ f1 (
t, y1,y2,y3

)
− f1

(
t, ỹ1, ỹ2, ỹ3

)∣∣∣ ≤ 3∑
k=1

1
6

∣∣∣yk − ỹk

∣∣∣ ,
∣∣∣ f2 (

t, y1,y2,y3
)
− f2

(
t, ỹ1, ỹ2, ỹ3

)∣∣∣ ≤ 3∑
k=1

1
2π

(
1 − q

) ∣∣∣yk − ỹk

∣∣∣ ,
∣∣∣ f3 (

t, y1,y2,y3
)
− f3

(
t, ỹ1, ỹ2, ỹ3

)∣∣∣ ≤ 3∑
k=1

1
3

∣∣∣yk − ỹk

∣∣∣ .
Hence, the hypothesis (H1) is satisfied with λ1 =

1
6 , λ2 =

1
π , and λ3 =

1
3 .

For each i ∈ {1, 2, 3} we obtain

nλ1Tσ1

Γq (σ1 + 1)
=

3 × 1
6 ×

(
1
2

) 1
2

Γ 1
2

(
1
2 + 1

) ≃ 0, 383932 < 1,

nλ2Tσ2

Γq (σ2 + 1)
=

3 × 1
π ×

(
1
2

) 5
6

Γ 1
2

(
5
6 + 1

) ≃ 0, 557904 < 1,

nλ3Tσ3

Γq (σ3 + 1)
=

3 × 1
3 ×

(
1
2

) 6
7

Γ 1
2

(
6
7 + 1

) ≃ 0, 571772 < 1.

It remains to show that the condition (11)

max
1≤i≤3

{
nλiTσi

Γq (σi + 1)

}
≃ 0, 571772 < 1,

is satisfied. It follows from Theorem 3.4, that problem (12) admits a unique solution.

3.2. Ulam-Hyers Stability

Next, we use Definition 3.6 and 3.7 to study the Ulam-Hyers stability for our system of n-nonlinear
q-FDEs (1).
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Definition 3.6. The system (1) is Ulam-Hyers stable if there exists a real number η > 0, such that for all ε =
max
1≤i≤n

{εi} > 0 and for any solution z ∈ E satisfying the inequality∣∣∣∣CDσi
q,0+zi (t) − fi (t, z (t))

∣∣∣∣ ≤ εi, t ∈ [0,T] , i ∈ {1, . . . ,n} , (13)

there exists a solution y ∈ E of system (1) satisfying

∥∥∥y − z
∥∥∥

E ≤ ηε.

Definition 3.7. The system (1) is generalized Ulam-Hyers stable if there exists a function φ ∈ C (R+,R+) satisfying
φ (0) = 0, such that for any solution z ∈ E of inequality (13), there exists a solution y ∈ E of (13) satisfying the
inequality∥∥∥y − z

∥∥∥
E ≤ φ (ε) .

Remark 3.8. A function z ∈ E is a solution of inequality (13) if and only if there exists a function 1 ∈ E and
(εi)i=1,n > 0, such that for all t ∈ [0,T] and i ∈ {1, . . . ,n},

1.
∣∣∣1i (t)

∣∣∣ ≤ εi,

2. C
D
σi
q,0+zi (t) = fi (t, z (t)) + 1i (t).

Lemma 3.9. If a function z ∈ E is the solution of inequality (13), then there exists (εi)i=1,n > 0, ensuring that z
remains the solution of the integral inequality∣∣∣∣∣∣zi (t) − zi (0) −

1
Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi (s, z (s)) dqs

∣∣∣∣∣∣ ≤ εiTσi

Γq (σi + 1)
.

Proof. If z is a solution of (13), by Remark 3.8, we have

zi (t) = zi (0) +
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

) [
fi (s, z (s)) + 1i (s)

]
dqs,

and ∣∣∣∣∣∣zi (t) − zi (0) −
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi (s, z (s)) dqs

∣∣∣∣∣∣ ,
=

∣∣∣∣∣∣zi (0) +
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

) [
fi (s, z (s)) + 1i (s)

]
dqs

−zi (0) −
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi (s, z (s)) dqs

∣∣∣∣∣∣ ,
≤

1
Γq (σi)

∫ t

0
Gσi

(
t, qs

) ∣∣∣1i (s)
∣∣∣ dqs,

≤
εiTσi

Γq (σi + 1)
, for each i ∈ {1, . . . ,n} .

Theorem 3.10. Assume that (H1) and (11) hold, then system (1) is Ulam-Hyers stable and consequently generalized
Ulam-Hyers stable.
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Proof. Let ε = max
1≤i≤n

{εi} > 0, assume that z ∈ E be a solution of inequality (13), and y ∈ E is the unique

solution of system (1), with the conditions

yi (0) = zi (0) , for each i ∈ {1, . . . ,n} ,

then

yi (t) = zi (0) +
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi
(
s, y (s)

)
dqs,

and ∣∣∣zi (t) − yi (t)
∣∣∣ = ∣∣∣∣∣∣zi (t) − zi (0) −

1
Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi
(
s, y (s)

)
dqs

∣∣∣∣∣∣ ,
≤

∣∣∣∣∣∣zi (t) − zi (0) −
1

Γq (σi)

∫ t

0
Gσi

(
t, qs

)
fi (s, z (s)) dqs

∣∣∣∣∣∣
+

1
Γq (σi)

∫ t

0
Gσi

(
t, qs

) ∣∣∣ fi (s, z (s)) − fi
(
s, y (s)

)∣∣∣ dqs.

Using (H1) and Lemma 3.9, for all t ∈ [0,T] and i ∈ {1, . . . ,n}, we get∥∥∥zi − yi

∥∥∥ ≤ Tσi

Γq (σi + 1)

(
εi + nλi

∥∥∥y − z
∥∥∥

E

)
,

then ∥∥∥y − z
∥∥∥

E ≤ max
1≤i≤n

{
Tσi

Γq (σi + 1)

(
εi + nλi

∥∥∥y − z
∥∥∥

E

)}
.

Since ε = max
1≤i≤n

{εi} > 0, we have

∥∥∥y − z
∥∥∥

E ≤ max
1≤i≤n

{
Tσi

Γq (σi + 1)

}
ε + Λ

∥∥∥y − z
∥∥∥

E ,

with Λ = max
1≤i≤n

{
nλiTσi

Γq(σi+1)

}
< 1. Then∥∥∥y − z

∥∥∥
E ≤ ηε,

where η = max
1≤i≤n

{
Tσi

(1−Λ)Γq(σi+1)

}
.

We deduce that system (1) is Ulam-Hyers stable and is consequently generalized Ulam-Hyers stable if we
set φ (t) = ηt.
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