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Abstract. The Sombor index is a novel degree based topological index, based on geometrical considera-
tions. For a graph G, the Sombor index is defined as the sum over all edges uv of G of the terms

√
d2

u + d2
v

where du, dv denote the degrees of the end vertices of uv. In this paper, we determine the first two graphs
with maximum Sombor and exponential Sombor indices among cacti of a fixed order and fixed number
of cycles. We also characterize such extremal cacti for reduced Sombor index, average Sombor index and
p-Sombor index, as well as for generalized Sombor index. By this we extend the results by Das [3] and Liu
[13].

1. Introduction

Topological indices are graph invariants which are used to predict structural properties of chemical
compounds. Among the large number of such invariants that nowadays are studied in mathematics
and mathematical chemistry [11, 23], a family of vertex-degree-based topological indices were recently
conceived, based on geometric considerations [8, 9]. This are the so-called Sombor index and its congeners.
Of their several noteworthy applications we mention here just a few [1, 10, 14, 19, 20]. Results of their
mathematical investigations are found in the review [15] and the recent papers [2, 3, 5, 6, 12, 16–18, 21, 22].

The different variants of Sombor indices can be defined in unison as follows

sTI(G) =
∑
uv∈E

ϕα( f (du), f (dv)) (1)

where ϕα(x, y) = α
√

xα + yα. Similarly, the generalized Sombor index can be defined as

1TI(G) =
∑
uv∈E

µα( f (du), f (dv))

where µα(x, y) = (x2 + y2)α and du, dv denote the degree of the vertices u, v respectively. The analogous
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exponential versions can be defined as,

esTI(G) =
∑
uv∈E

eϕα( f (du), f (dv))

e1TI(G) =
∑
uv∈E

eµα( f (du), f (dv)) .

In (1) if we put α = 2 and f (x) = x, the we get the ordinary Sombor index SO(G), For α = 2 and f (x) = x−1
we get the reduced Sombor index SOred(G), whereas for α = 2 and f (x) = x − 2m

n (where n,m are order and
size of the underlying graph) we get the average Sombor index SOav1(G). For α = p and f (x) = x, we get the
p-Sombor index SOp(G). The reduced p-Sombor index and average p-Sombor index can then be constructed
by taking α = p and f (x) = x − 1, and α = p and f (x) = x − 2m

n , respectively.
Cacti’s are connected graphs in which any two distinct cycles have at most one common vertex. Let Cn,k

denote the collection of all cacti of order n having exactly k cycles. If all the k cycles in G ∈ Cn,k are triangles
(i.e., C3) then the cactus is called a triangular cactus. Cactus bundles are cactus graphs in which every cycle
and trees are attached at a common vertex. The cactus bundle consisting of k triangles along with n− 2k− 1
pendent edges attached at a common vertex is called triangular cactus bundle, and is denoted by C0

n,k. Let
C1

n,k denote the cactus of order n having k cycles C3 and n − 2k − 2 pendent edges attached at a common
vertex and one pendent edge attached at a different vertex of the cycle C3. LetUn denote the collection of
all unicyclic graphs of order n, and U3,n−3 denote the unicyclic graph with a triangle C3 along with n − 3
pendent edges attached at a vertex u of the cycle C3.

For a vertex u of a graph G, let NG(u) denote the collection of all vertices of G, adjacent to the vertex u.
Several works concerning bounds and extremal graphs for the Sombor indices of cacti can be found

in [7, 13, 24]. However, all these works consider different versions of the Sombor index individually. In
the present work, we propose a unified method to determine the extremal cactus graphs that attain the
maximum values of various versions of the Sombor and exponential Sombor indices. We also determine
the second maximal value for all classes of Sombor indices for cacti. By extending this approach, we can
determine higher-order extremal graphs for all classes of Sombor indices for cacti.

2. Main Results

In order to prove the main results, we first state a few auxiliary lemmas.

Lemma 2.1. If x ≥ 1, y ≥ 1, α > 1, then ϕα(x, y) = α
√

xα + yα is an increasing function with respect to x (resp. y).

Proof.

∂ϕα(x, y)
∂x

= xα−1(xα + yα)
1
α−1 > 0 .

Since, ϕα(x, y) is a symmetric function with respect to x and y, we get the result.

Lemma 2.2. If x ≥ 1, y ≥ 1, α > 1, k > 0, then ϕ′α(x, y) = α
√

xα + yα − α
√

xα + (y − k)α is a decreasing function with
respect to x.

Proof.

∂ϕ′α(x, y)
∂x

= xα−1(xα + yα)
1
α−1
− xα−1(xα + (y − k)α)

1
α−1 < 0

since, x ≥ 1, y ≥ 1, α > 1, k > 0.

Lemma 2.3. If x ≥ 1, y ≥ 1, α > 1, k > 0, then ϕ′α(x, y) = α
√

xα + yα − α
√

xα + (y − k)α is an increasing function
with respect to y.
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Proof.

∂ϕ′α(x, y)
∂y

= yα−1(xα + yα)
1
α−1
− (y − k)α−1(xα + (y − k)α)

1
α−1 =

(
xα

yα
+ 1

) 1
α−1

−

(
xα

(y − k)α
+ 1

) 1
α−1

> 0

since, x ≥ 1, y ≥ 1, α > 1, k > 0.

Lemma 2.4. If x ≥ 1, y ≥ 1, α > 1, then ϕα(x,n − x) = α
√

xα + (n − x)α is an is an increasing function with respect
to x when x ≥ n

2 and is a decreasing function when x < n
2 .

Proof.

∂ϕα(x, (n − x))
∂x

= (xα−1
− ((n − x)α−1))(xα + (n − x)α)

1
α−1 .

Then, (xα−1
− ((n − x)α−1)) > 0 when x ≥ n

2 and (xα−1
− ((n − x)α−1)) < 0 when x < n

2 .

As a consequence, we have a following

Corollary 2.5.

ϕα(n − 1, 1) > ϕα(n − 2, 2) > · · · > ϕα
(⌈n

2

⌉
,
⌊n

2

⌋)
.

Lemma 2.6. If x ≥ 1, y ≥ 1, α > 1, then µα(x, y) = (x2 + y2)α is an increasing function with respect to x (resp. y).

Proof.

∂µα(x, y)
∂x

= 2xα(x2 + y2)α−1 > 0 .

Now, µα(x, y) is a symmetric function with respect to x and y, we get the result.

Lemma 2.7. If x ≥ 1, y ≥ 1, α > 1, then µ′α(x, y) = (x2 + y2)α − (x2 + (y − k)2)α is an increasing function with
respect to x.

Proof. By direct computation,

∂µα(x, y)
∂x

= 2xα(x2 + y2)α−1
− 2xα(x2 + (y − k)2)α−1 > 0 .

Lemma 2.8. If x ≥ 1, y ≥ 1, α > 1, then µ′α(x, y) = (x2 + y2)α − (x2 + (y − k)2)α is an increasing function with
respect to y.

Proof. By direct computation,

∂µα(x, y)
∂y

= 2yα(x2 + y2)α−1
− 2(y − k)α(x2 + (y − k)2)α−1 > 0 .

Lemma 2.9. If x ≥ 1, y ≥ 1, α > 1, then µα(x,n − x) = (x2 + (n − x)2)α is an increasing function with respect to x
when x ≥ n

2 and is a decreasing function when x < n
2 .
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Proof.

∂µα(x, (n − x))
∂x

= (4x − 2n)α(x2 + (n − x)2)α−1 > 0 ,

now, (4x − 2n)α(x2 + (n − x)2)α−1 > 0 when x ≥ n
2 and (4x − 2n)α(x2 + (n − x)2)α−1 < 0 when x < n

2 .

As a consequence, we have a following

Corollary 2.10.

µα(n − 1, 1) > µα(n − 2, 2) > · · · > µα
(⌈n

2

⌉
,
⌊n

2

⌋)
.

Let G ∈ Cn,k be a cactus and u be a vertex in a cycle. By T(u) denote the tree attached at the vertex u.

Transformation 2.11. Let G ∈ Cn,k be a cactus, u a vertex belonging to a cycle, and T(u) the tree attached at the
vertex u, such that |E(T(u))| = m. Let G′ be the graph obtained from G by deleting all the edges of T(u) and connecting
all the vertices of T(u) other than u to u (i.e., attaching m pendent edges to u), see Figure 1. Then

G � G − E(T(u)) + {uv : v ∈ T(u), v , u} .

Figure 1: The graphs G and G′ of Transformation 2.11

Lemma 2.12. Let G ∈ Cn,k and G′ be the graph obtained as in Tranfromation 2.11 where T(u) � Sm+1. Then

(a.) sTI(G) < sTI(G′).

(b.) 1TI(G) < 1TI(G′).

Proof. All the vertices except x ∈ T(u) have same degree in G and G′. Let d′u denote the degree contribution
of all the edges to u other than the edges of T(u). Then,

sTI(G) − sTI(G′) =
∑

xy∈T(u)

ϕα(dx, dy) +
∑
ux

ux<T(u)

ϕα(du, dx) −
∑

xy∈T(u)

ϕα(d′u +m, 1) −
∑
ux

ux<T(u)

ϕα(d′u +m, dx) < 0

since T(u) � Sm+1, du < d′u+m. Therefore, by Lemma 2.1,ϕα(du, dx) < ϕα(d′u+m, dx). Also, for every xy ∈ T(u),
ϕα(dx, dy) < ϕα(dx + dy − 1, 1) < ϕα(d′u +m, 1) by Lemmas 2.1, 2.4, and as dx + dy − 1 ≤ d′u +m. Similarly,

1TI(G) − 1TI(G′) =
∑

xy∈T(u)

µα(dx, dy) +
∑
ux

ux<T(u)

µα(du, dx) −
∑

xy∈T(u)

µα(d′u +m, 1) −
∑
ux

ux<T(u)

µα(d′u +m, dx) < 0

since T(u) � Sm+1, du < d′u+m. Therefore, by Lemma 2.4, µα(du, dx) < µα(d′u+m, dx). Also, for every xy ∈ T(u)
µα(dx, dy) < µα(dx + dy − 1, 1) < µα(d′u +m, 1) by Lemmas 2.4, 2.9, and as dx + dy − 1 ≤ d′u +m.
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Figure 2: The graphs G and G′ of Transformation 2.13

Transformation 2.13. Let G ∈ Cn,k be a cactus and Cr = u1u2 . . . uru1, r > 3 be a cycle in G. Assume that
dui ≥ dui+1 , 1 ≤ i ≤ r − 1. Let G′ be the graph obtained from G by deleting all the edges adjacent to ui+1 and adding
edges connecting all the neighbors of ui+1 to ui, see Figure 2. That is,

G′ � G −
⋃

x∈NG(ui+1)

{ui+1x} +
⋃

x∈NG(ui+1)

{uix} .

Lemma 2.14. Let G ∈ Cn,k and G′ be the graph obtained as in Tranfromation 2.13. Then

(a.) sTI(G) < sTI(G′).

(b.) 1TI(G) < 1TI(G′).

Proof. All the vertices other than ui,ui+1 have the same degree in G and G′. Therefore, all the edges other
than those incident on ui,ui+1 will contribute the same value to the topological index in G and G′. Therefore,

sTI(G) − sTI(G′) =
∑
uix

x,ui+1

ϕα(dui , dx) +
∑
ui+1x
x,ui

ϕα(dui+1, dx) + ϕα(dui , dui+1 )

−

∑
uix

x,ui+1

ϕα(dui + dui+1 − 1, dx) −
∑
ui+1x
x,ui

ϕα(dui + dui+1 − 1, dx) − ϕα(dui + dui+1 − 1, 1) < 0 ,

since by Lemma 2.1, for the edge uix, ϕα(dui , dx) ≤ ϕα(dui + dui+1 − 1, dx) and for the edge ui+1x, ϕα(dui+1, dx) <
ϕα(dui + dui+1 − 1, dx). Also, by Corollary 2.5, ϕα(dui , dui+1 ) < ϕα(dui + dui+1 − 1, 1). Similarly,

1TI(G) − 1TI(G′) =
∑
uix

x,ui+1

µα(dui , dx) +
∑
ui+1x
x,ui

µα(dui+1, dx) + µα(dui , dui+1 )

−

∑
uix

x,ui+1

µα(dui + dui+1 − 1, dx) −
∑
ui+1x
x,ui

µα(dui + dui+1 − 1, dx) − µα(dui + dui+1 − 1, 1) < 0

since by Lemma 2.4, for the edge uix, µα(dui , dx) < µα(dui + dui+1 − 1, dx) and for the edge ui+1x, µα(dui+1, dx) <
µα(dui + dui+1 − 1, dx). Also, by Corollary 2.10, µα(dui , dui+1 ) < µα(dui + dui+1 − 1, 1).

Transformation 2.15. Let G ∈ Cn,k be a triangular cacti and C3 = u1u2u3u1 be a cycle in G. Assume that
du1 ≥ du2 ≥ du3 ≥ 3. Let G′ be the graph obtained from G by deleting all the edges adjacent to u3 other than u1u3,u2u3
and adding edges connecting all the neighbors of u3 other than u1,u3 to u1, see Figure 3. That is,

G′ � G −
⋃

x∈NG(u3)
x,u1,x,u2

{u3x} +
⋃

x∈NG(u3)
x,u1,x,u2

{u1x} .
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Figure 3: The graphs G and G′ of Transformation 2.15.

Lemma 2.16. Let G ∈ Cn,k and G′ be the graph obtained as in Transformation 2.15. Then

(a.) sTI(G) < sTI(G′).

(b.) 1TI(G) < 1TI(G′).

Proof. All vertices other than u1,u3 have the same degree in G and G′. Therefore, all the edges other than
those incident on u1,u3 will contribute the same value to the topological index in G and G′. Therefore,

sTI(G) − sTI(G′) =
∑
u1x

x,u2
x,u3

ϕα(du1 , dx) +
∑
u3x

x,u1
x,u3

ϕα(du3 , dx) + ϕ(du1 , du2 ) + ϕ(du3 , du2 ) + ϕα(du3 , du1 )

−

∑
u1x

x,u2
x,u3

ϕα(du1 + du3 − 2, dx) −
∑
u3x

x,u1
x,u2

ϕα(du1 + du3 − 2, dx)

− ϕα(du1 + du3 − 2, 2) − ϕα(du1 + du3 − 2, du2 ) − ϕα(2, du2 )

=
∑
u1x

x,u2
x,u3

(ϕα(du1 , dx) − ϕα(du1 + du3 − 2, dx)) +
∑
u3x

x,u1
x,u3

(ϕα(du3 , dx) − ϕα(du1 + du3 − 2, dx))

+ ϕ′(du3 , du2 ) − ϕ′(du1 + du3 − 2, , du2 ) + ϕα(du3 , du1 ) − ϕα(du1 + du3 − 2, 2) < 0

since by Lemma 2.1, for the edge u1x, ϕα(du1 , dx) ≤ ϕα(du1 + du3 − 2, dx) and for the edge u3x, ϕα(du3 , dx) <
ϕα(du1 + du3 − 2, dx). Also, by Lemma 2.2, ϕ′(du3 , du2 ) < ϕ′(du1 + du3 − 2, , du2 ) as du3 < du1 + du3 − 2. Also by
Lemma 2.1, ϕα(du1 , du2 ) < ϕα(du1 + du3 − 2, du2 ). Similarly,

1TI(G) − 1TI(G′) =
∑
u1x

x,u2
x,u3

µα(du1 , dx) +
∑
u3x

x,u1
x,u3

µα(du3 , dx) + µα(du1 , du2 ) + µα(du2 , du3 ) + µα(du3 , du1 )

−

∑
u1x

x,u2
x,u3

µα(du1 + du3 − 2, dx) +
∑
u3x

x,u1
x,u2

µα(du1 + du3 − 2, dx)

− µα(du1 + du3 − 2, 2) − µα(du1 + du3 − 2, du2 ) − µα(du2 , 2)

=
∑
u1x

x,u2
x,u3

(µα(du1 , dx) − µα(du1 + du3 − 2, dx)) +
∑
u3x

x,u1
x,u3

(µα(du3 , dx) − µα(du1 + du3 − 2, dx))

+ µ′(du3 , du2 ) − µ′(du1 + du3 − 2, , du2 ) + µα(du3 , du1 ) − µα(du1 + du3 − 2, 2) < 0

since by Lemma 2.4, for the edge u1x, µα(du1 , dx) ≤ µα(du1 + du3 − 2, dx) and for the edge u3x, µα(du3 , dx) <
µα(du1 + du3 − 2, dx). Also, by Lemma 2.6, µ′(du3 , du2 ) < µ′(du1 + du3 − 2, , du2 ) as du3 < du1 + du3 − 2. Also, by
Lemma 2.4, µα(du1 , du2 ) < µα(du1 + du3 − 2, du2 ).
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Using these results we arrive at the following upper bounds on Sombor indices of cacti.

Theorem 2.17. Let G ∈ Cn,k,n ≥ 8, k ≥ 1. Then

(a.) sTI(G) ≤ (n − 2k − 1)(ϕ(n − 1, 1)) + 2k(ϕ(n − 1, 2)) + kϕ(2, 2) and the equality holds if and only if G � C0
n,k.

(b.) 1TI(G) ≤ (n − 2k − 1)(µ(n − 1, 1)) + 2k(µ(n − 1, 2)) + kµ(2, 2) and the equality holds if and only if G � C0
n,k.

Proof. Let G be the graph that attains the maximum value of the topological index among the graphs in
Cn,k. Then by the repeated application of Transformation 2.11 and by Lemma 2.12, all the bridges of G must
be pendent edges and by repeated application of Transformation 2.13 and by Lemma 2.14, G must be of
the form of a triangular cactus whose all bridges are pendent edges. Now, by the repeated application of
Transformation 2.15 and by Lemma 2.16, G � C0

n,k. Then, by direct computation,

sTI(C0
n,k) = (n − 2k − 1)(ϕ(n − 1, 1)) + 2k(ϕ(n − 1, 2)) + kϕ(2, 2)

1TI(C0
n,k) = (n − 2k − 1)(µ(n − 1, 1)) + 2k(µ(n − 1, 2)) + kµ(2, 2) .

Using the same Transformations 2.11-2.15 we can establish upper bounds of exponential Sombor index
for cacti of order n having fixed number of cycles k.

Corollary 2.18. Let G ∈ Cn,k,n ≥ 8, k ≥ 1. Then

(a.) esTI(G) ≤ e((n−2k−1)(ϕ(n−1,1))+2k(ϕ(n−1,2))+kϕ(2,2)) and the equality holds if and only if G � C0
n,k.

(b.) e1TI(G) ≤ e((n−2k−1)(µ(n−1,1))+2k(µ(n−1,2))+kµ(2,2)) and the equality holds if and only if G � C0
n,k.

We now determine the cacti in Cn,k with second greatest Sombor indices.

Figure 4: The graphs mentioned in Theorem 2.19.

Theorem 2.19. Let G ∈ Cn,k\{C0
n,k},n ≥ 12, k ≥ 1. Then

(a.) sTI(G) ≤ (n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2) + ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2)
and the equality holds if and only if G � C1

n,k.

(b.) 1TI(G) ≤ (n − 2k − 2)µα(n − 2, 1) + (2k − 1)µα(n − 2, 2) + (k − 1)µα(2, 2) + µα(n − 2, 3) + µα(3, 1) + µα(3, 2)
and the equality holds if and only if G � C1

n,k.
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Proof. Let G be the graph that attains the maximum value of topological index among graphs in Cn,k\{C0
n,k}.

Then using Transformation 2.11 to Transformation 2.15 and Lemmas 2.12–Lemma 2.16, G must be a cactus
bundle having the following properties.
Case I: All the pendent edges are not attached at a common vertex. Then G has exactly one pendent edge
attached at a different vertex of the cycle C3, that is, G � G1, see Figure 4. Then by direct computation

sTI(G1) =(n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2)
+ ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2) .

Case II: All except one cycle must be an end block: Then G has one cycle C3 which is not attached at a
common vertex. Then either it must be attached at the end of a pendent vertex or some other vertex of the
cycle, i.e., G � G2 or G � G3, see Figure 4. Then,

sTI(G1) − sTI(G2) = (n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2)
+ ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2) − (n − 2k − 1)ϕα(n − 3, 1)
− (2k − 3)ϕα(n − 3, 2) − (k − 1)ϕα(2, 2) − ϕα(n − 3, 4) − 3ϕα(4, 2)
= (n − 2k − 2)(ϕα(n − 2, 1) − ϕα(n − 3, 1)) + (2k − 3)(ϕα(n − 2, 2) − ϕα(n − 3, 2))
+ (ϕα(n − 2, 3) − ϕα(n − 3, 4)) + ϕα(n − 2, 2) − ϕα(n − 2, 1) + ϕα(n − 2, 2) − 2ϕα(4, 2)
+ ϕα(3, 2) + ϕα(3, 1) − ϕα(4, 2) > 0

in view of Lemmas 2.1–Lemma 2.4 and Corollary 2.5. Also, note that ϕα(3, 2) + ϕα(3, 1) > ϕα(4, 2) and
ϕα(n − 2, 2) > 2ϕα(4, 2) when n ≥ 12. Now,

sTI(G1) − sTI(G3) = (n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2)
+ ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2) − (n − 2k − 2)ϕα(n − 3, 1)
− (2k − 2)ϕα(n − 3, 2) − kϕα(2, 2) − ϕα(n − 3, 3) − 2ϕα(3, 2)
= (n − 2k − 2)(ϕα(n − 2, 1) − ϕα(n − 3, 1)) + (2k − 2)(ϕα(n − 2, 2) − ϕα(n − 3, 2))
+ (ϕα(n − 2, 3) − ϕα(n − 3, 3)) + ϕα(n − 2, 2) + ϕα(3, 2) + ϕα(3, 1) − ϕα(2, 2) > 0

by Lemma 2.2, Lemma 2.4, and Corollary 2.5.
Case III: All bridges are not pendent edges. Then G must be of the form of G � G2 or G � G4. Then,

sTI(G1) − sTI(G4) = (n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2)
+ ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2) − (n − 2k − 3)ϕα(n − 2, 1)
− (2k)ϕα(n − 2, 2) − kϕα(2, 2) − ϕα(n − 2, 2) − ϕα(2, 1)
= ϕα(n − 2, 3) − ϕα(n − 2, 2) − (ϕα(n − 2, 2) − ϕα(n − 2, 1))
+ ϕα(3, 2) − ϕα(2, 2) + ϕα(3, 1) − ϕα(2, 1) > 0

by Lemma 2.2, Lemma 2.3, and Corollary 2.5.
Case IV: No cycle is C3. If G has at least one cycle which is not C3 then it must be C4. Thus G has the form
G � G5. Now,

sTI(G1) − sTI(G5) = (n − 2k − 2)ϕα(n − 2, 1) + (2k − 1)ϕα(n − 2, 2) + (k − 1)ϕα(2, 2)
+ ϕα(n − 2, 3) + ϕα(3, 1) + ϕα(3, 2)
− (n − 2k − 2)ϕα(n − 2, 1) − (2k)ϕα(n − 2, 2) − (k + 1)ϕα(2, 2)
= (ϕα(n − 2, 3) − ϕα(n − 2, 2)) + ϕα(3, 2) − ϕα(2, 2) + ϕα(3, 1) − ϕα(2, 2) > 0

where each quantity is positive by Lemma 2.1 and Corollary 2.5. Replacing ϕα by µα and applying
Lemma 2.6, Lemma 2.7, Lemma 2.9, and Corollary 2.10 we get 1TI(G1) > 1TI(Gi), i = 2, 3, 4, 5. Therefore,
the maximum value is obtained when, G � G1 � C1

n,k.
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As a consequence of Theorem 2.21, we have the following corollary:

Corollary 2.20. Let G ∈ Cn,k\{C0
n,k},n ≥ 12, k ≥ 1. Then

(a.) esTI(G) ≤ e(n−2k−2)ϕα(n−2,1)+(2k−1)ϕα(n−2,2)+(k−1)ϕα(2,2)

×eϕα(n−2,3)+ϕα(3,1)+ϕα(3,2)

and the equality holds if and only if G � C1
n,k.

(b.) e1TI(G) ≤ e(n−2k−2)µα(n−2,1)+(2k−1)µα(n−2,2)+(k−1)µα(2,2)

×eµα(n−2,3)+µα(3,1)+µα(3,2)

and the equality holds if and only if G � C1
n,k.

As a direct consequence of Theorem 2.17, we also obtain the upper bound of these topological indices
for unicyclic graphs of a given order and characterize the graph attaining the bounds by considering the
particular case of k = 1 in Cn,k.

Theorem 2.21. Let G ∈ Un,n ≥ 8. Then

(a.) sTI(G) ≤ (n − 3)(ϕ(n − 1, 1)) + 2(ϕ(n − 1, 2)) + ϕ(2, 2) and the equality holds if and only if G � U3,n−3.

(b.) 1TI(G) ≤ (n − 3)(µ(n − 1, 1)) + 2(µ(n − 1, 2)) + µ(2, 2) and the equality holds if and only if G � U3,n−3.

The corresponding exponential version is:

Corollary 2.22. Let G ∈ Un,n ≥ 8. Then

(a.) esTI(G) ≤ e((n−3)(ϕ(n−1,1))+2(ϕ(n−1,2))+ϕ(2,2)) and the equality holds if and only if G � U3,n−3.

(b.) e1TI(G) ≤ e((n−3)(µ(n−1,1))+2µ(n−1,2))+µ(2,2)) and the equality holds if and only if G � U3,n−3.

In a similar manner, the second upper bound of Sombor indices of unicyclic graphs of a fixed order can
be directly obtained using Theorem 2.19. This results in the graph U′3,n−3, which is the graph consisting
of the cycle C3 along with n − 4 pendent edges attached at a vertex, and one pendent edge attached at a
different vertex of C3.

3. Applications

Several different versions of the Sombor index can be expressed via the symmetric function ϕα(x, y) as

SO(G) =
∑
uv∈E

ϕα( f (du), f (dv)) .

Now, taking the respective values in Theorem 2.17, we straightforwardly get the following results:

Corollary 3.1. Let G ∈ Cn,k, n ≥ 8, k ≥ 1, then

(a.) SO(G) ≤ (n − 2k − 1)(
√

(n − 1)2 + 1) + 2k((
√

(n − 1)2 + 4)) + 2
√

2k and the equality holds if and only if
G � C0

n,k.

(b.) SOred(G) ≤ (n − 2k − 1)(n − 2) + 2k((
√

(n − 2)2 + 1)) +
√

2k and the equality holds if and only if G � C0
n,k.

(c.) SOav1(G) ≤ (n − 2k − 1)((
√

(n − 1 − 2(n+k−1)
n )2 + (1 − 2(n+k−1)

n )2))

+2k((
√

(n − 1 − 2(n+k−1)
n )2 + (2 − 2(n+k−1)

n )2))+k
√

2(2− 2(n+k−1)
n ) and the equality holds if and only if G � C0

n,k.

(d.) SOp(G) ≤ (n − 2k − 1)( p
√

(n − 1)p + 1) + 2k(( p
√

(n − 1)p + 2p)) + 2k p√2 and the equality holds if and only if
G � C0

n,k.
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Similarly, the upper bounds on the exponential Sombor indices are as follows:

Corollary 3.2. Let G ∈ Cn,k, then

(a.) eSO(G) ≤ e((n−2k−1)(
√

(n−1)2+1)+2k((
√

(n−1)2+4))+2
√

2k) and the equality holds if and only if G � C0
n,k.

(b.) eSOred(G) ≤ e((n−2k−1)(n−2)+2k((
√

(n−2)2+1))+
√

2k) and the equality holds if and only if G � C0
n,k.

(c.) eSOav1(G) ≤ e(n−2k−1)((
√

(n− 2(n+k−1)
n )2+(1− 2(n+k−1)

n )2))

× e(2k((
√

(n−1− 2(n+k−1)
n )2+(2− 2(n+k−1)

n )2))+k
√

2(2− 2(n+k−1)
n )) and the equality holds if and only if G � C0

n,k.

(d.) eSOp(G) ≤ e(n−2k−1)( p
√

(n−1)p+1)+2k(( p
√

(n−1)p+2p))+2 p√2k and the equality holds if and only if G � C0
n,k.

The analogous result for the generalized Sombor index is:

Corollary 3.3. Let G ∈ Cn,k, then

1SO(G) ≤ (n − 2k − 1)((n − 1)2 + 1)α + 2k((n − 1)2 + 4)α + k(8)α

and the equality holds if and only if G � C0
n,k.

Using Theorem 2.19, we get the characterizations of the second-maximal indices.

Corollary 3.4. Let G ∈ Cn,k\{C0
n,k},n ≥ 8, k ≥ 1, then

(a.) SO(G) ≤ (n−2k−2)(
√

(n − 2)2 + 1)+ (2k−1)((
√

(n − 2)2 + 4))+ (k−1)2
√

2+ (
√

(n − 2)2 + 9)+
√

10+
√

13
and the equality holds if and only if G � C1

n,k.

(b.) SOred(G) ≤ (n − 2k − 2)(n − 3) + (2k − 1)((
√

(n − 3)2 + 1)) + (k − 1)
√

2 +
√

(n − 3)2 + 4 + 2 +
√

5 and the
equality holds if and only if G � C1

n,k.

(c.)

SOav1(G) ≤ (n − 2k − 2)((

√
(n − 2 −

2(n + k − 1)
n

)2 + (1 −
2(n + k − 1)

n
)2))

+ (2k − 1)((

√
(n − 2 −

2(n + k − 1)
n

)2 + (2 −
2(n + k − 1)

n
)2))

+ (k − 1)
√

2(2 −
2(n + k − 1)

n
)

+ (

√
(n − 2 −

2(n + k − 1)
n

)2 + (3 −
2(n + k − 1)

n
)2)

+ (

√
(3 −

2(n + k − 1)
n

)2 + (1 −
2(n + k − 1)

n
)2)

+ (

√
(3 −

2(n + k − 1)
n

)2 + (2 −
2(n + k − 1)

n
)2)

and the equality holds if and only if G � C1
n,k.

(d.) SOp(G) ≤ (n − 2k − 2)( p
√

(n − 2)p + 1) + (2k − 1)(( p
√

(n − 2)p + 2p)) + (k − 1) p√2 × 2p + (( p
√

(n − 2)p + 3p)) +
(( p√3p + 2p)) + (( p√3p + 1p)) and the equality holds if and only if G � C1

n,k.

The analogous bounds for the exponential Sombor indices can also be found by applying Theorem 2.19,
in which case the second-maximal cactus is also C1

n,k.



L. Alex, I. Gutman / Filomat 39:21 (2025), 7439–7449 7449

References

[1] S. Anwar, M. Azeem, M. K. Jamil, B. Almohsen, Y. Shang, Single-valued neutrosophic fuzzy Sombor numbers and their applications in
trade flows between different countries via sea route, J. Supercomput. 80 (2024) 19976–20019.

[2] Y. Chen, H. Hua, The relations between the Sombor index and Merrifield-Simmons index. Filomat, 37(14) (2023) 4785–4794.
[3] K. C. Das, Open problems on Sombor index of unicyclic and bicyclic graphs, Appl. Math. Comput. 473 (2024) #128647.
[4] K. C. Das, A. S. Çevik, I. N. Cangul, Y. Shang, On Sombor index, Symmetry 13 (2021) #140.
[5] N. Dehgardi, M. Azari, Trees, Unicyclic graphs and their geometric Sombor index: an extremal approach, Comput. Appl. Math. 43

(2024) #271.
[6] W. Gao, Extremal trees and molecular trees with respect to the Sombor-index-like graph invariants SO5 and SO6, Czechoslov. Math. J. 74

(2024) 927–941.
[7] Q. Geng, S. He, R. X. Hao, On the extremal cacti with minimum Sombor index, AIMS Mathematics 8(12) (2023) 30059–30074.
[8] I. Gutman, Geometric approach to degree–based topological indices: Sombor indices, MATCH Commun. Math. Comput. Chem. 86

(2021) 11–16.
[9] I. Gutman, B. Furtula, M. S. Oz, Geometric approach to vertex-degree-based topological indices -Elliptic Sombor index, theory and

application, Int. J. Quantum Chem. 124(2) (2024) e27346.
[10] M. Imran, M. Azeem, M. K. Jamil, M. Deveci, Some operations on intuitionistic fuzzy graphs via novel versions of the Sombor index for

internet routing, Granular Computing 9 (2024) #53.
[11] V. R. Kulli, Graph indices, in: M. Pal, S. Samanta, A. Pal (Eds.), Handbook of Research of Advanced Applications of Graph Theory in

Modern Society, Global, Hershey, 2020, pp. 66–91.
[12] Y. Li, H. Deng, Z. Tang, Sombor index of maximal outerplanar graphs, Discrete Appl. Math. 356 (2024) 96–103.
[13] H. Liu, Extremal cacti with respect to Sombor index, Iran. J. Math. Chem. 12 (2021) 197–208.
[14] H. Liu, H. Chen, Q. Xiao, X. Fang, Z. Tang, More on Sombor indices of chemical graphs and their applications to the boiling point of

benzenoid hydrocarbons, Int. J. Quantum Chem. 121 (2021) e26689.
[15] H. Liu, I. Gutman, L. You, Y. Huang, Sombor index: Review of extremal results and bounds, J. Math. Chem. 66 (2022) 771–798.
[16] J. B. Liu, Y. Q. Zheng, X. B. Peng, The statistical analysis for Sombor indices in a random polygonal chain networks, Discrete Appl. Math.

338 (2023) 218–233.
[17] P. Nithya, S. Elumalai, S. Balachandran, M. Masred, Ordering unicyclic graphs with a fixed girth by Sombor indices, MATCH Commun.

Math. Comput. Chem. 92 (2024) 205–224.
[18] B. A. Rather, M. Imran, S. Pirzada, Sombor index and eigenvalues of comaximal graphs of commutative rings, J. Algebra Appl. 23(6)

(2024) #2450115.
[19] A. Rauf, S. Ahmad, On Sombor indices of tetraphenylethylene, terpyridine rosettes and QSPR analysis on fluorescence properties of several

aromatic hetero-cyclic species, Int. J. Quantum Chem. 124(1) (2024) e27261.
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