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Abstract. In this study, authors use Riemann-Liouville fractional integrals to get several new inequalities of
Hermite-Hadamard-Mercer type. We establish some trapezoid and midpoint type inequalities for functions
whose twice derivatives in absolute value are convex involving Riemann-Liouville fractional integrals. The
results of the paper are extensions and refinements of Hermite-Hadamard and Hermite-Hadamard-Mercer
type inequalities. we discuss special cases of our main results and give new inequalities of the Hermite-
Hadamard and Hermite-Hadamard-Mercer type. These results are accompanied by further remarks and
observations. Next, we see the efficiency of our inequalities via some applications on special means. Lastly,
a couple of examples through graphical visualizations are provided to illustrate the key findings of our
research.

1. Introduction

The remarkable concept of mathematical inequalities has long been a subject of discussion among math-
ematicians; some interesting applications are found in the following areas: operator equations, numerical
analysis, fractional calculus, quantum information theory, quantum calculus, network theory, and operator
theory. At the moment, this is a very active research topic, enhanced by the interaction between different
fields. Numerical integration and definite integral estimate have significance in applied science.

Fractional calculus is popular among researchers due to its behavior and applications not only in
the field of mathematical sciences but also in different fields of applied sciences such as epidemiology
[6], nanotechnology [7], physics [11], bio-engineering [14], and control systems [17]. Researchers have
used fractional calculus to construct various fractional integral inequalities because of their significance in
approximation theory. Based on their fundamental properties, researchers derive novel fractional operators
and apply them to numerous real-world problems. There are numerous articles and monographs, where
new fractional operators are employed to enhance integral inequalities including the Ostrowski inequality,
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Simpson inequality, Fejer type inequality, Hermite-Hadamard inequality, Jensen-Mercer type inequality,
and so on. The famous Hermite-Hadamard inequality associated with convex functions is one such
important integral inequality.
The concept of a convex function is extremely important in both pure and applied mathematics. Convex
functions are widely used in finance, economy, science and engineering. A function ℏ : ȷ ⊆ R → R,
ȷ := [δ1, δ2] is said to be convex if

ℏ
(
ξδ1 + (1 − ξ)δ2

)
≤ ξℏ(δ1) + (1 − ξ)ℏ(δ2),

holds for all δ1, δ2 ∈ ȷ and ξ ∈ [0, 1]. If the above inequality is reversed, then the function ℏ will be
the concave on [δ1, δ2]. Readers interested in having a broader overview of the development of different
notions of convexity can consult [19], which covers the various ramifications and extensions of the classical
notion of a convex function.

Let 0 < x1 ≤ x2 ≤ ... ≤ xn and let θi = (θ1, θ2, ...θn) non-negative weights such that Σn
i=1θi = 1. The Jensen

inequality [9] states that ℏ is a convex function on the interval [δ1, δ2]; then

ℏ

(
Σn

i=1θixi

)
≤ Σn

i=1θiℏ(xi),

where for all xi ∈ [δ1, δ2] and θi ∈ [0, 1], (i = 1,n). In particular, if n = 2 and θ1 = θ2 =
1
2 we have the

equation (1) of [12]:

ℏ
(x1 + x2

2

)
≤
ℏ(x1) + ℏ(x2)

2
.

The Hermite–Hadamard inequality states that if a mapping ℏ : ȷ ⊆ R→ R is a convex function on ȷwith
δ1, δ2 ∈ I, δ1 < δ2 then,

ℏ
(δ1 + δ2

2

)
≤

1
δ2 − δ1

∫ δ2

δ1

ℏ(x)dx ≤
ℏ(δ1) + ℏ(δ2)

2
. (1)

In other words, the integral mean value of a convex function, interpolates the Jensen Inequality for n = 2
and we note that this inequality can make a bounded estimation of the integral mean on [δ1, δ2], so it has
wide applications in numerical integration, so the Hermite-Hadamard Inequality is one of the topics that
attracts the most attention in the Mathematical Sciences today (see [1, 18]).

The double inequality (1) holds in the reversed direction if ℏ is concave [10].

Theorem 1.1. (See [16]). If ℏ is convex function on ȷ = [δ1, δ2], then

ℏ

(
δ1 + δ2 − Σ

n
i=1θixi

)
≤ ℏ(δ1) + ℏ(δ2) − Σn

i=1θiℏ(xi),

for each xi ∈ [δ1, δ2] and θi ∈ [0, 1], (i = 1,n) with Σn
i=1θi = 1.

Remark 1.2. For some results related with Jensen-Mercer inequality, see([2], [3], [13], [15],[16], [20]).

After these necessary inequalities about convex functions, we will now give the definitions which we
will use in this paper.

Definition 1.3. (see [8], [23], [24], [27]). Let ℏ ∈ L[δ1, δ2]. The Left sided and right sided Riemann-Liouville
fractional integrals Iα

δ+1
ℏ and Iα

δ−2
ℏ of order α > 0 with δ1 ≥ 0 can be defined respectively by

Iα
δ1
+ℏ(x) =

1
Γ(α)

∫ x

δ1

(x − ξ)α−1ℏ(ξ)dξ, x > δ1
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Iα
δ2
−ℏ(x) =

1
Γ(α)

∫ δ2

x
(ξ − x)α−1ℏ(ξ)dξ, x < δ2

here Γ(α) is Euler Gamma function. and I0
δ1
+ℏ(x) = I0

δ2
−ℏ(x) = ℏ(x).

Recently, Öğulmüş and Sarıkaya [21] introduced several integral inequalities of Hermite–Hadamard-
Mercer type for functions whose first derivatives in absolute value are convex functions via Riemann-
Liouville fractional integrals. We present two of their Lemmas here for the purpose of our new develop-
ments.

Lemma 1.4. ([21]). Let ℏ : ȷ = [δ1, δ2] → R be a twice differentiable mapping on (δ1, δ2) with δ1 < δ2. If
ℏ
′

∈ L[δ1, δ2], then the following identity for fractional integrals holds:

ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)
2

−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]
=

s2 − s1

2

∫ 1

0
(ξα − (1 − ξ)α)ℏ

′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))dξ,
(2)

for all s1, s2 ∈ [δ1, δ2], α > 0 and ξ ∈ [0, 1].

Lemma 1.5. ([21]). Assume that ℏ : ȷ = [δ1, δ2]→ R be a differentiable mapping on (δ1, δ2) such that ℏ′ ∈ L[δ1, δ2]
where δ1, δ2 ∈ ȷ with δ1 < δ2. Then the following identity for fractional integrals holds:

2α−1Γ(α + 1)
2(s2 − s1)α

[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− ℏ

(
δ1 + δ2 −

s1 + s2

2

)
=

s2 − s1

4

∫ 1

0
ξα

[
ℏ
′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
− ℏ

′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))]
dξ,

(3)

for all s1, s2 ∈ [δ1, δ2], α > 0 and ξ ∈ [0, 1].

The structure of the current article is as follows: After reviewing some basic ideas and concepts about
fractional calculus and Jensen-Mercer type inequalities, in Section 2 we establish trapezoid type for twice
differential convex functions in the setting of Riemann-Liouville fractional integrals. After that, in the
context of Riemann-Liouville fractional integrals, we develop Midpoint type for twice differential convex
functions in Section 3. Next, applications to special means of real numbers of the outcomes in Section 4 are
examined. Furthermore, the main findings of our study are demonstrated with certain examples through
graphical visualizations. in section 5. Finally, a brief conclusion of the findings is provided in Section 6.

2. Riemann-Liouville fractional integrals inequalities of trapezoid type for twice differentiable convex
functions

Here we give trapezoid type for twice differential convex functions via Riemann-Liouville fractional
integrals. We need the following lemma for obtaining those results:

Lemma 2.1. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) such that ℏ′′ ∈ L[δ1, δ2]
where δ1, δ2 ∈ ȷ with δ1 < δ2. Then the following identity for fractional integrals holds:

ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)
2

−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)− f (δ1 + δ2 − s2)

]
=

(s2 − s1)2

2(α + 1)

∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]ℏ
′′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))dξ,
(4)

for all s1, s2 ∈ [δ1, δ2], α > 0 and ξ ∈ [0, 1].
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Proof. By using integration by parts, we have∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]ℏ
′′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))dξ

=
[1 − (1 − ξ)α+1

− ξα+1]ℏ
′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2)
s2 − s1

∣∣∣∣1
0

+
α + 1

(s2 − s1)

∫ 1

0
(ξα − (1 − ξ)α)ℏ

′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))dξ

=
α + 1

(s2 − s1)

∫ 1

0
(ξα − (1 − ξ)α)ℏ

′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))dξ.

(5)

The intended identity in (4) follows from (5) by using (2) and rearranging the terms.

Remark 2.2. If we take s1 = δ1 and s2 = δ2, in Lemma 2.1, then Lemma 2.1 gives [26, Lemma 2.1].

Remark 2.3. If we take s1 = δ1, s2 = δ2 and α = 1, in Lemma 2.1, then Lemma 2.1 gives [5, Lemma 1].

Theorem 2.4. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) with δ1 < δ2. If |ℏ′′ |q

is convex on [δ1, δ2], q ≥ 1, then for all s1, s2 ∈ [δ1, δ2] and α > 0, the following inequality for fractional integrals
holds: ∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)

2
−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

α(s2 − s1)2

2(α + 1)(α + 2)

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + |ℏ
′′

(s2)|q

2

) 1
q

.

(6)

Proof. From Lemma 2.1, using the Power mean inequality, we obtain∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)
2

−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]dξ
)1− 1

q

×

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]|ℏ
′′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))|qdξ
) 1

q

.

Using Jensen-Mercer inequality because of the convexity of |ℏ
′′

|
q, we obtain∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)

2
−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]dξ
)1− 1

q

×

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(
ξ|ℏ

′′

(s1)|q + (1 − ξ)|ℏ
′′

(s2)|q
))

dξ
) 1

q

=
(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]dξ
)1− 1

q

×

(
(|ℏ

′′

(δ1)|q + |ℏ
′′

(δ2)|q)
∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]dξ

−

∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]
(
ξ|ℏ

′′

(s1)|q + (1 − ξ)|ℏ
′′

(s2)|q
))

dξ
) 1

q
.
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The desired result follows from the above inequality and using the following computations:∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]dξ =
α
α + 2

,

∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]ξdξ =
∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1](1 − ξ)dξ =
α

2(α + 2)
,

this completes the proof.

Corollary 2.5. If we take s1 = δ1 and s2 = δ2, in Theorem 2.4, then we have∣∣∣∣∣ℏ(δ1) + ℏ(δ2)
2

−
Γ(α + 1)

2(δ2 − δ1)α
[
Iα(δ1)+ℏ(δ2) + Iα(δ2)−ℏ(δ1)

]∣∣∣∣∣ ≤ α(δ2 − δ1)2

2(α + 1)(α + 2)

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q

2

) 1
q

.

Remark 2.6. If we take s1 = δ1, s2 = δ2 and α = 1, in Theorem 2.4, then Theorem 2.4 gives [25, Remark 3.11].

Theorem 2.7. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) with δ1 < δ2. If |ℏ′′ |q

is convex on [δ1, δ2], q > 1, then for all s1, s2 ∈ [δ1, δ2] and α > 0, the following inequality for fractional integrals
holds: ∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)

2
−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]rdξ
) 1

r
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + |ℏ
′′

(s2)|q

2

) 1
q

≤
(s2 − s1)2

2(α + 1)

( r(α + 1) − 1
r(α + 1) + 1

) 1
r
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + |ℏ
′′

(s2)|q

2

) 1
q
,

(7)

where 1
r +

1
q = 1.

Proof. From Lemma 2.1, using the Holder’s inequality, we obtain

∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)
2

−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]rdξ
) 1

r
( ∫ 1

0
|ℏ
′′

(δ1 + δ2 − (ξs1 + (1 − ξ)s2))|qdξ
) 1

q
.

Using Jensen-Mercer inequality because of the convexity of |ℏ
′′

|
q, we obtain

∣∣∣∣∣ℏ(δ1 + δ2 − s1) + ℏ(δ1 + δ2 − s2)
2

−
Γ(α + 1)

2(s2 − s1)α
[
Iα(δ1+δ2−s2)+ℏ(δ1 + δ2 − s1) + Iα(δ1+δ2−s1)−ℏ(δ1 + δ2 − s2)

]∣∣∣∣∣
≤

(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]rdξ
) 1

r

×

( ∫ 1

0

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(
ξ|ℏ

′′

(s1)|q + (1 − ξ)|ℏ
′′

(s2)|q
))

dξ
) 1

q

=
(s2 − s1)2

2(α + 1)

( ∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]rdξ
) 1

r
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + |ℏ
′′

(s2)|q

2

) 1
q
.

This proves the first inequality. To prove the second inequality, we observe that for any A > B ≥ 0 and
r ≥ 1, we have (A − B)r

≤ Ar
− Br. Thus, it follows that
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[1 − (1 − ξ)α+1
− ξα+1]r

≤ 1 − (1 − ξ)r(α+1)
− ξr(α+1),

for all ξ ∈ [0, 1]. Hence we have that

∫ 1

0
[1 − (1 − ξ)α+1

− ξα+1]rdξ ≤
∫ 1

0
[1 − (1 − ξ)r(α+1)

− ξr(α+1)]dξ

=
r(α + 1) − 1
r(α + 1) + 1

.

This completes the proof of the Theorem.

Corollary 2.8. If we take s1 = δ1 and s2 = δ2, in Theorem 2.7, then we have∣∣∣∣∣ℏ(δ1) + ℏ(δ2)
2

−
Γ(α + 1)

2(δ2 − δ1)α
[
Iα(δ1)+ℏ(δ2) + Iα(δ2)−ℏ(δ1)

]∣∣∣∣∣ ≤ (δ2 − δ1)2

2(α + 1)

( r(α + 1) − 1
r(α + 1) + 1

) 1
r
( |ℏ′′ (δ1)|q + |ℏ

′′

(δ2)|q

2

) 1
q
.

Corollary 2.9. If we take s1 = δ1, s2 = δ2 and α = 1, in Theorem 2.7, then we have∣∣∣∣∣ℏ(δ1) + ℏ(δ2)
2

−
1

δ1 − δ1

∫ δ2

δ1

ℏ(x)dx
∣∣∣∣∣ ≤ (δ2 − δ1)2

4

(2r − 1
2r + 1

) 1
r
( |ℏ′′ (δ1)|q + |ℏ

′′

(δ2)|q

2

) 1
q
.

3. Riemann-Liouville fractional integrals inequalities of midpoint type for twice differentiable convex
functions

Here we give Midpoint type for twice differential convex functions via Riemann-Liouville fractional
integrls. We need the following lemma for obtaining those results:

Lemma 3.1. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) such that ℏ′′ ∈ L[δ1, δ2]
where δ1, δ2 ∈ ȷ with δ1 < δ2. Then the following identity for fractional integrals holds:

2α−1Γ(α + 2)
(s2 − s1)α

[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)
=

(s2 − s1)2

8

∫ 1

0
ξα+1

[
ℏ
′′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
+ ℏ

′′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))]
dξ,

(8)

for all s1, s2 ∈ [δ1, δ2], α > 0 and ξ ∈ [0, 1].

Proof. It suffices to note that

I =
∫ 1

0
ξα+1

[
ℏ
′′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
+ ℏ

′′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))]
dξ

=

∫ 1

0
ξα+1ℏ

′′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
dξ +

∫ 1

0
ξα+1ℏ

′′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))
dξ

= I1 + I2.
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Integrating by parts, we have

I1 =

∫ 1

0
ξα+1ℏ

′′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
dξ

= −
2ξα+1ℏ

′
(
δ1 + δ2 −

(
2−ξ

2 s1 +
ξ
2 s2

))
s2 − s1

∣∣∣∣∣1
0
+

2(α + 1)
s2 − s1

∫ 1

0
ξαℏ

′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
dξ

= −
2ℏ

(
δ1 + δ2 −

s1+s2
2

)
s2 − s1

+
2(α + 1)
s2 − s1

∫ 1

0
ξαℏ

′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
dξ.

By a similar argument, one gets:

I2 =

∫ 1

0
ξα+1ℏ

′′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))
dξ

=
2ξα+1ℏ

′
(
δ1 + δ2 −

(
ξ
2 s1 +

2−ξ
2 s2

))
s2 − s1

∣∣∣∣∣1
0
−

2(α + 1)
s2 − s1

∫ 1

0
ξαℏ

′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))
dξ

=
2ℏ

(
δ1 + δ2 −

s1+s2
2

)
s2 − s1

−
2(α + 1)
s2 − s1

∫ 1

0
ξαℏ

′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))
dξ,

we can write

I =
2(α + 1)
s2 − s1

∫ 1

0
ξα

[
ℏ
′
(
δ1 + δ2 −

(2 − ξ
2

s1 +
ξ
2

s2

))
− ℏ

′
(
δ1 + δ2 −

(ξ
2

s1 +
2 − ξ

2
s2

))]
dξ. (9)

The desired identity in (8) follows from (9) by using (3) and rearranging the terms.

Remark 3.2. If we take α = 1, in Lemma 3.1, then Lemma 3.1 gives [4, Lemma 1].

Remark 3.3. If we take s1 = δ1, s2 = δ2 and α = 1, in Lemma 3.1, then Lemma 3.1 gives [22, Lemma 2].

Theorem 3.4. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) with δ1 < δ2. If |ℏ′′ |
is convex on [δ1, δ2]. Then the following inequality for fractional integrals holds:∣∣∣∣∣2α−1Γ(α + 2)

(s2 − s1)α
[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8(α + 2)

[
2
[
|ℏ
′′

(δ1)| + |ℏ
′′

(δ2)|
]
−

[
|ℏ
′′

(s1)| + |ℏ
′′

(s2)|
]]
,

for all s1, s2 ∈ [δ1, δ2] and α > 0.

Proof. By means of Lemma 3.1 and Jensen-mercer inequality, we find that∣∣∣∣∣2α−1Γ(α + 2)
(s2 − s1)α

[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8

{ ∫ 1

0
ξα+1

∣∣∣∣ℏ′′(δ1 + δ2 −
(2 − ξ

2
s1 +

ξ
2

s2

))∣∣∣∣dξ + ∫ 1

0
ξα+1

∣∣∣∣ℏ′′(δ1 + δ2 −
(ξ

2
s1 +

2 − ξ
2

s2

))∣∣∣∣dξ}
≤

(s2 − s1)2

8

{ ∫ 1

0
ξα+1

[
|ℏ
′′

(δ1)| + |ℏ
′′

(δ2)| −
(2 − ξ

2
|ℏ
′′

(s1)| +
ξ
2
|ℏ
′′

(s2)|
))]

dξ

+

∫ 1

0
ξα+1

[
|ℏ
′′

(δ1)| + |ℏ
′′

(δ2)| −
(ξ

2
|ℏ
′′

(s1)| +
2 − ξ

2
|ℏ
′′

(s2)|
))∣∣∣∣dξ}

=
(s2 − s1)2

4(α + 2)

[
|ℏ
′′

(δ1)| + |ℏ
′′

(δ2)| −
|ℏ
′′

(s1)| + |ℏ
′′

(s2)|
2

]
.

Which completed the proof.
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Remark 3.5. If we take α = 1, in Theorem 3.4, then Theorem 3.4 gives [4, Theorem 3].

Theorem 3.6. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) with δ1 < δ2. If |ℏ′′ |q

is convex on [δ1, δ2], q > 1, then for all s1, s2 ∈ [δ1, δ2] and α > 0, the following inequality for fractional integrals
holds: ∣∣∣∣∣2α−1Γ(α + 2)

(s2 − s1)α
[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8

( 1
(α + 1)r + 1

) 1
r

[(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
3|ℏ

′′

(s1)|q + |ℏ
′′

(s2)|q

4

) 1
q

+
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + 3|ℏ
′′

(s2)|q

4

) 1
q
]
,

(10)

where 1
r +

1
q = 1.

Proof. From Lemma 3.1, using the Holder’s inequality, we obtain∣∣∣∣∣2α−1Γ(α + 2)
(s2 − s1)α

[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8

( ∫ 1

0
ξ(α+1)rdξ

) 1
r
{( ∫ 1

0

∣∣∣∣ℏ′′(δ1 + δ2 −
(2 − ξ

2
s1 +

ξ
2

s2

))∣∣∣∣qdξ
) 1

q

+
( ∫ 1

0

∣∣∣∣ℏ′′(δ1 + δ2 −
(ξ

2
s1 +

2 − ξ
2

s2

))∣∣∣∣qdξ
) 1

q
}
.

Using Jensen-Mercer inequality because of the convexity of |ℏ
′′

|
q, we obtain∣∣∣∣∣2α−1Γ(α + 2)

(s2 − s1)α
[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8

( 1
(α + 1)r + 1

) 1
r
{( ∫ 1

0

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(2 − ξ

2
|ℏ
′′

(s1)|q +
ξ
2
|ℏ
′′

(s2)|q
))

dξ
) 1

q

+
( ∫ 1

0

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(ξ

2
|ℏ
′′

(s1)|q +
2 − ξ

2
|ℏ
′′

(s2)|q
))

dξ
) 1

q
}

=
(s2 − s1)2

8

( 1
(α + 1)r + 1

) 1
r

[(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
3|ℏ

′′

(s1)|q + |ℏ
′′

(s2)|q

4

) 1
q

+
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
|ℏ
′′

(s1)|q + 3|ℏ
′′

(s2)|q

4

) 1
q
]
.

And so the proof is completed.

Remark 3.7. If we take α = 1, in Theorem 3.6, then Theorem 3.6 gives [4, Theorem 5].

Theorem 3.8. Assume that ℏ : ȷ = [δ1, δ2]→ R be two times differentiable mapping on (δ1, δ2) with δ1 < δ2. If |ℏ′′ |q

is convex on [δ1, δ2], q ≥ 1, then for all s1, s2 ∈ [δ1, δ2] and α > 0, the following inequality for fractional integrals
holds: ∣∣∣∣∣2α−1Γ(α + 2)

(s2 − s1)α
[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8(α + 2)1− 1
q

[(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q

α + 2
− |ℏ

′′

(s1)|q
( 1
α + 2

−
1

2(α + 3)

)
−

1
2(α + 3)

|ℏ
′′

(s2)|q
) 1

q

+
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q

α + 2
−

1
2(α + 3)

|ℏ
′′

(s1)|q −
( 1
α + 2

−
1

2(α + 3)

)
|ℏ
′′

(s2)|q
) 1

q
]
,

for all s1, s2 ∈ [δ1, δ2] and α > 0.
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Proof. From Lemma 3.1 and using power mean inequality for q ≥ 1, we have∣∣∣∣∣2α−1Γ(α + 2)
(s2 − s1)α

[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8

( ∫ 1

0
ξα+1dξ

)1− 1
q
{( ∫ 1

0
ξα+1

∣∣∣∣ℏ′′(δ1 + δ2 −
(2 − ξ

2
s1 +

ξ
2

s2

))∣∣∣∣qdξ
) 1

q

+
( ∫ 1

0
ξα+1

∣∣∣∣ℏ′′(δ1 + δ2 −
(ξ

2
s1 +

2 − ξ
2

s2

))∣∣∣∣qdξ
) 1

q
}
.

Using Jensen-Mercer inequality because of the convexity of |ℏ
′′

|
q, we obtain∣∣∣∣∣2α−1Γ(α + 2)

(s2 − s1)α
[
Iα
(δ1+δ2−

s1+s2
2 )+
ℏ(δ1 + δ2 − s1) + Iα

(δ1+δ2−
s1+s2

2 )−
ℏ(δ1 + δ2 − s2)

]
− (α + 1)ℏ

(
δ1 + δ2 −

s1 + s2

2

)∣∣∣∣∣
≤

(s2 − s1)2

8(α + 2)1− 1
q

{( ∫ 1

0
ξα+1

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(2 − ξ

2
|ℏ
′′

(s1)|q +
ξ
2
|ℏ
′′

(s2)|q
))

dξ
) 1

q

+
( ∫ 1

0
ξα+1

(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q −
(ξ

2
|ℏ
′′

(s1)|q +
2 − ξ

2
|ℏ
′′

(s2)|q
))

dξ
) 1

q
}

=
(s2 − s1)2

8(α + 2)1− 1
q

[(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q

α + 2
− |ℏ

′′

(s1)|q
( 1
α + 2

−
1

2(α + 3)

)
−

1
2(α + 3)

|ℏ
′′

(s2)|q
) 1

q

+
(
|ℏ
′′

(δ1)|q + |ℏ
′′

(δ2)|q

α + 2
−

1
2(α + 3)

|ℏ
′′

(s1)|q −
( 1
α + 2

−
1

2(α + 3)

)
|ℏ
′′

(s2)|q
) 1

q
]
.

This complete the proof.

Remark 3.9. If we take α = 1, in Theorem 3.8, then Theorem 3.8 gives [4, Theorem 4].

Remark 3.10. If we take q = 1, in Theorem 3.8, then Theorem 3.8 gives Theorem 3.4.

4. Application: Special Means

In this section, we provide applications of newly discovered inequalities in the context of special means
of real numbers. For arbitrary positive real numbers δ1 and δ2 (δ1 , δ2),we consider the means as follows:

(1) The arithmetic mean:

A(δ1, δ2) =
δ1 + δ2

2,
, δ1, δ2 ≥ 0.

(2) The harmonic mean:

H(δ1, δ2) =
2δ1δ2

δ1 + δ2,
, δ1, δ2 > 0.

(3) The logarithmic mean:

L(δ1, δ2) =
{

δ2−δ1
ln δ2−ln δ1

; δ1 , δ2,
δ1; δ1 = δ2,

δ1, δ2 > 0.

(4) The generalized logarithmic mean:

Ln(δ1, δ2) =
{ [ δn+1

2 −δn+1
1

(n+1)(δ2−δ1)

] 1
n ; δ1 , δ2,

δ1; δ1 = δ2,
δ1, δ2 > 0; n ∈ Z − {−1, 0}.
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Proposition 4.1. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q ≥ 1 and for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣Ln
n

(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
− A

(
(δ1 + δ2 − s1)n, (δ1 + δ2 − s2)n

)∣∣∣∣
≤

n(n − 1)(s2 − s1)2

12

[
2A

(
δq(n−2)

1 , δq(n−2)
2

)
− A

(
sq(n−2)

1 , sq(n−2)
2

)] 1
q
.

Proof. If we set in Theorem 2.4, α = 1 and ℏ(ξ) = ξn one can obtain the result directly.

Proposition 4.2. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q ≥ 1 and for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣L−1
(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−H−1

(
δ1 + δ2 − s1, δ1 + δ2 − s2

)∣∣∣∣
≤

(s2 − s1)2

6

[
2H−1

(
δ3q

1 , δ
3q
2

)
−H−1

(
s3q

1 , s
3q
2

)] 1
q
.

Proof. If we set in Theorem 2.4, α = 1 and ℏ(ξ) = 1
ξ one can obtain the result directly.

Proposition 4.3. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, we have:

∣∣∣∣Ln
n

(
δ1, δ2

)
− A

(
δn

1 , δ
n
2

)∣∣∣∣ ≤ n(n − 1)(δ2 − δ1)2 q
√

A
(
δq(n−2)

1 , δq(n−2)
2

)
12

,

and

∣∣∣∣L−1
(
δ1, δ2

)
−H−1

(
δ1, δ2

)∣∣∣∣ ≤ (δ2 − δ1)2 q
√

H−1
(
δ3q

1 , δ
3q
2

)
6

.

Proof. If we set s1 = δ1 and s1 = δ1 in results of Proposition 4.1 and Proposition 4.2, one can obtain the
Proposition 4.3.

Proposition 4.4. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q > 1, 1
q +

1
r = 1 and for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣Ln

n

(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
− A

(
(δ1 + δ2 − s1)n, (δ1 + δ2 − s2)n

)∣∣∣∣
≤

n(n − 1)(s2 − s1)2

4

(2r − 1
2r + 1

) 1
r [

2A
(
δq(n−2)

1 , δq(n−2)
2

)
− A

(
sq(n−2)

1 , sq(n−2)
2

)] 1
q
.

Proof. If we set in Theorem 2.7, α = 1 and ℏ(ξ) = ξn one can obtain the result directly.

Proposition 4.5. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q > 1, 1
q +

1
r = 1 and for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣L−1

(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−H−1

(
δ1 + δ2 − s1, δ1 + δ2 − s2

)∣∣∣∣
≤

(s2 − s1)2

2

(2r − 1
2r + 1

) 1
r [

2H−1
(
δ3q

1 , δ
3q
2

)
−H−1

(
s3q

1 , s
3q
2

)] 1
q
.

Proof. If we set in Theorem 2.7, α = 1 and ℏ(ξ) = 1
ξ one can obtain the result directly.

Proposition 4.6. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, we have:

∣∣∣∣Ln
n

(
δ1, δ2

)
− A

(
δn

1 , δ
n
2

)∣∣∣∣ ≤ n(n − 1)(δ2 − δ1)2 r√2r − 1 q
√

A
(
δq(n−2)

1 , δq(n−2)
2

)
4 r√2r + 1

,

and

∣∣∣∣L−1
(
δ1, δ2

)
−H−1

(
δ1, δ2

)∣∣∣∣ ≤ (δ2 − δ1)2 r√2r − 1 q
√

H−1
(
δ3q

1 , δ
3q
2

)
2 r√2r + 1

.
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Proof. If we set s1 = δ1 and s1 = δ1 in results of Proposition 4.4 and Proposition 4.5, one can obtain the
Proposition 4.6.

Proposition 4.7. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣Ln
n

(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−

(
2A

(
δ1, δ2) − A(s1, s2

))n∣∣∣∣
≤

n(n − 1)(s2 − s1)2

8

[2
3

A
(
δn−2

1 , δ
n−2
2

)
−

1
3

A
(
sn−2

1 , s
n−2
2

)]
.

Proof. If we set in Theorem 3.4, α = 1 and ℏ(ξ) = ξn one can obtain the result directly.

Proposition 4.8. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for all s1, s2 ∈ [δ1, δ2], we have:∣∣∣∣L−1
(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−

(
2A

(
δ1, δ2) − A(s1, s2

))−1∣∣∣∣
≤

(s2 − s1)2

12

[
2H−1

(
δ3

1, δ
3
2

)
−H−1

(
s3

1, s
3
2

)]
.

Proof. If we set in Theorem 3.4, α = 1 and ℏ(ξ) = 1
ξ one can obtain the result directly.

Proposition 4.9. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, we have:∣∣∣∣Ln
n

(
δ1, δ2

)
−

(
A
(
δ1, δ2)

)n∣∣∣∣ ≤ n(n − 1)(δ2 − δ1)2

24

[
A
(
δn−2

1 , δ
n−2
2

)]
,

and∣∣∣∣L−1
(
δ1, δ2

)
−

(
A
(
δ1, δ2

))−1∣∣∣∣ ≤ (δ2 − δ1)2

12

[
H−1

(
δ3

1, δ
3
2

)]
.

Proof. If we set s1 = δ1 and s1 = δ1 in results of Proposition 4.7 and Proposition 4.8, one can obtain the
Proposition 4.9.

Proposition 4.10. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q > 1, 1
q +

1
r = 1 and for all s1, s2 ∈ [δ1, δ2], we

have: ∣∣∣∣Ln
n

(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−

(
2A

(
δ1, δ2) − A(s1, s2

))n∣∣∣∣
≤

n(n − 1)(s2 − s1)2

16 r√2r + 1

[(
2A

(
δq(n−2)

1 , δq(n−2)
2

)
−

1
2

A
(
3sq(n−2)

1 , sq(n−2)
2

)) 1
q

+
(
2A

(
δq(n−2)

1 , δq(n−2)
2

)
−

1
2

A
(
sq(n−2)

1 , 3sq(n−2)
2

)) 1
q
]
.

Proof. If we set in Theorem 3.6, α = 1 and ℏ(ξ) = ξn one can obtain the result directly.

Proposition 4.11. Let 0 < δ1 < δ2, and n ∈ N, n ≥ 3. Then, for q > 1, 1
q +

1
r = 1 and for all s1, s2 ∈ [δ1, δ2], we

have: ∣∣∣∣L−1
(
δ1 + δ2 − s2, δ1 + δ2 − s1

)
−

(
2A

(
δ1, δ2) − A(s1, s2

))−1∣∣∣∣
≤

(s2 − s1)2

8 r√2r + 1

[(
2H−1

(
δ3q

1 , δ
3q
2

)
−

3
2

H−1
(
3s3q

1 , s
3q
2

)) 1
q

+
(
2H−1

(
δ3q

1 , δ
3q
2

)
−

3
2

H−1
(
s3q

1 , 3s3q
2

)) 1
q
]
.

Proof. If we set in Theorem 3.6, α = 1 and ℏ(ξ) = 1
ξ one can obtain the result directly.



T. Hussain et al. / Filomat 39:21 (2025), 7483–7497 7494

5. Illustration Examples

In this section, a couple of examples through graphical visualizations are provided to illustrate the key
findings of our research.

Example 5.1. Let ℏ : [0, 1]→ R be a mapping, δ1 = 0, δ2 = 1, s1 =
1
4 and s2 =

3
4 . Then |ℏ′′ (x)|q = x2q is convex on

[0, 1]. We compute the left-member and the right member of the inequality (6) denoting the left member by Ms and
the right member by Md. We have

Ms = |
ℏ(1 − 1

4 ) + ℏ(1 − 3
4 )

2
−
Γ(α + 1)
2( 3

4 −
1
4 )α

[Iα
(1− 3

4 )+
ℏ(1 −

1
4

) + Iα
(1− 1

4 )−
ℏ(1 −

3
4

)]|,

or

Ms = |
ℏ( 3

4 ) + ℏ( 1
4 )

2
−

2αΓ(α + 1)
2

[Iα
( 1

4 )+
ℏ(

3
4

) + Iα
( 3

4 )−
ℏ(

1
4

)]|

Md =
α( 3

4 −
1
4 )2

2(α + 1)(α + 2)

1 −
( 1

4 )2q + ( 3
4 )2q

2


1
q

,

or

Md =
α

8(α + 1)(α + 2)

(
1 −

1 + 9q

2.16q

) 1
q

.

By calculus we get respectively,

Ms = |
( 3

4 )4 + ( 1
4 )4

24
− 2α−1α[

∫ 3
4

1
4

(
3
4
− ξ)α−1 ξ

4

12
dξ

+

∫ 3
4

1
4

(ξ −
1
4

)α−1 ξ
4

12
dξ]|,

Ms =
α

24.42 |
13
α + 1

−
15
α + 2

+
4
α + 3

−
2
α + 4

|,

if we take into account that the integrals,

J1 =

∫ 3
4

1
4

(
3
4
− ξ)α−1 ξ

4

12
dξ =

1
12

(3
4

)4 (1
2

)α
[

1
α
−

8
3(α + 1)

+
8

3(α + 2)
−

32
27(α + 3)

+
16

81(α + 4)
]

and that

J2 =

∫ 3
4

1
4

(ξ −
1
4

)α−1 ξ
4

12
dξ =

1
12

(1
4

)4 (1
2

)α
[

1
α
+

8
α + 1

+
24
α + 2

+
32
α + 3

+
16
α + 4

].

Now we compute in the same way the right-member of the inequality (7), Theorem 2.7. The left-member is the
same as in Theorem 2.4, inequality (6).

Md2 =
α

8(α + 1)

(
qα + 1

qα + 2q − 1

) q−1
q (

1 −
1 + 9q

2.16q

) 1
q

.

The validity of the results from Theorem 2.4, inequality (6), and of Theorem 2.7, inequality (7), is checked in the
special case where α, q ∈ [5, 20], as shown in Figures 1(a) and (b). In Figure 1(c), the common left-hand side of
inequalities (6) and (7) is represented in red, while the right-hand sides of (6) and (7) are represented in blue and green
respectively. Additionally, the analysis is extended to the case where α, q ∈ [1.3, 20].
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In order to check the inequality (10) from Theorem 3.6 and then the inequality from Theorem 3.8 for the same
function h like before, ℏ : [0, 1] → R being a mapping, δ1 = 0, δ2 = 1, s1 =

1
4 and s2 =

3
4 , but this time when

α, q ∈ [5, 70], we need to compute the common left-member Ms2 and the right-members respectively, denoted by Md3
and Md4.

Thus we have,

Ms2 = |22α−1Γ(α + 2)[Iα
( 1

2 )+
ℏ(

3
4

) + Iα
( 1

2 )−
ℏ(

1
4

)] − (α + 1)ℏ(
1
2

)|

or by calculus,

Ms2 =
α + 1
12.16

∣∣∣∣∣25
16
−

52α
16(α + 1)

+
30α

16(α + 2)
−

4α
16(α + 3)

+
α

16(α + 4)

∣∣∣∣∣ .
In addition, we get:

Md3 =
1

32

(
q − 1

qα + 2q − 1

) q−1
q

[
(
1 −

3 + 3q

4q+1

) 1
q

+

(
1 −

1 + 3q+1

4q+1

) q−1
q

]

and

Md4 =
1

32(α + 2)1− 1
q

[
(

1
α + 2

−
1
4q (

1
α + 2

−
1

2(α + 3)
) −

1
2(α + 3)

3q

4q

) 1
q

+

(
1
α + 2

−
1
4q

1
2(α + 3)

− (
1
α + 2

−
1

2(α + 3)
)
3q

4q

) 1
q

].

The graphic representations for the left-member and the right members of the inequalities from Theorem 3.6 and
3.8 are given in Figure 2 (a), (b) and (c).

Figure 1: (a)The graph of the left- and the right-hand sides of inequality (6) from Theorem 2.4 when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1,
s1 =

1
4 , s2 =

3
4 , and α, q ∈ [5, 20]. The red surface represents the graphic of left member and the blue surface represents the grapfic of the

right member when the variables are considered to be α and q; (b) The graph of the left- and the right-hand sides of inequality (7) from
Theorem 2.7 when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1, s1 =
1
4 , s2 =

3
4 , and α, q ∈ [5, 20]. The red surface represents the graphic of left member

and the green surface represents the grapfic of the right member; (c) The graph of the left- and the right-hand sides of inequality (6)
and (7) from Theorem 2.4 and Theorem 2.7 respectively, when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1, s1 =
1
4 , s2 =

3
4 , and α, q ∈ [1.3, 20]. The red

surface represents the graphic of left common member, the blue surface represents the grapfic of the right member from inequality (6)
Theorem 2.4, and the green surface represents the graphic of the right member from inequality (7), Theorem 2.7.
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Figure 2: (a)The graph of the left- and the right-hand sides of inequality (10) from Theorem 3.6 when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1,
s1 =

1
4 , s2 =

3
4 , and α, q ∈ [5, 70]. The cyran surface represents the graphic of left member and the magenta surface represents the

grapfic of the right member when the variables are considered to be α and q; (b) The graph of the left- and the right-hand sides
of inequality (10) from Theorem 3.6 and of inequality from Theorem 3.8 when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1, s1 =
1
4 , s2 =

3
4 , and

α, q ∈ [5, 70]. The cyran surface represents the graphic of the common left member of Theorem 3.6 and Theorem 3.8, the magenta
surface represents the grapfic of the right member of Theorem 3.6 and the yellow surface represents the graphic of the right member
of Theorem 3.8; (c) The graph of the left- and the right-hand sides of inequality from Theorem 3.8 when ℏ(x) = x4

12 and δ1 = 0, δ2 = 1,
s1 =

1
4 , s2 =

3
4 , and α, q ∈ [5, 70]. The cyran surface represents the graphic of left member and the yellow surface represents the grapfic

of the right member when the variables are considered to be α and q.

For graphical illustration from Figure 1 and Figure 2 it was used the MatlabR2023b software version and
also some calculus can be done by using the same software. Similar validations can be done for particular
cases for Theorem 3.4.

6. Conclusion

In this study, we presented some new generalizations of Hermite-Hadamard Mercer type inequalities
involving Riemann-Liouville fractional integrals. We also demonstrated some novel trapezoidal type and
midpoint type inequalities involving Riemann-Liouville fractional integrals for twice differentiable convex
functions. The main advantage some of these inequalities is that we can use them to help us figure out the
error bounds for the trapezoidal formula in both fractional calculus and classical calculus. Moreover, we
prove that our results generalize the inequalities obtained in some earlier works. Next, we have considered
some propositions in the context of special means; these confirm the efficiency of our findings.

Lastly, a couple of examples through graphical visualizations are presented in order to prove the validity
of inequalities from Theorem 2.4, Theorem 2.7, Theorem 3.6 and Theorem 3.4 in a special case. In the future
works, researchers can focus to generalize our findings by utilizing new fractional operators and other
notions of convexity.
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[25] M. Ç. Tatar and Ç. Yildiz, Some New Estimates for Hermite-Hadamard-Jensen-Mercer Type Inequalities, Turkish J. Sci. 9 (3) (2021)

225–240.
[26] J. R. Wang, X. Li, M. Feckan and Y. Zhou, Hermite–Hadamard-type inequalities for Riemann-Liouville fractional integrals via two kinds

of convexity, Appl. Anal. 92 (11) (2013) 2241–2253.
[27] S. H. Wang and Feng Qi, Hermite–Hadamard type inequalities for s-convex functions via Riemann–Liouville fractional integrals, J.

Comput. Anal. Appl 22(6) (2017) 1124–1134.


	Introduction
	Riemann-Liouville fractional integrals inequalities of trapezoid type for twice differentiable convex functions
	Riemann-Liouville fractional integrals inequalities of midpoint type for twice differentiable convex functions
	Application: Special Means
	Illustration Examples
	Conclusion

