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Numerical radius inequalities on C∗-algebras via generalized Cartesian
decomposition
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Abstract. We introduce a Cartesian type decomposition of an element in the setting of C∗-algebras, and
hence obtain several lower and upper bounds for both a-numerical radius and algebraic numerical radius
on C∗-algebras, which improve some existing bounds by means of Cartesian decomposition.

1. Introduction

Let A be a unital C∗-algebra with identity 1A, and let S(A) be the state space of A. By the algebraic
numerical range of x ∈ A, we mean the set V(x) = { f (x) : f ∈ S(A)}. This set generalizes the algebraic
numerical range V(T) of a bounded linear operator T ∈ B(H) on a Hilbert space H , which is the closure
of its classical spatial numerical range W(T) = {⟨Tξ, ξ⟩ : ξ ∈ H , ∥ξ∥ = 1}. The algebraic numerical radius
of x ∈ A is defined as v(x) = sup{|z| : z ∈ V(x)}. The numerical radius serves as a crucial instrument for
studying bounded linear operators (see [4] and the references therein).

For any element x ∈ A, it can be represented as

x = Re(x) + iIm(x),

where Re(x) = x+x∗
2 and Im(x) = x−x∗

2i are the real and imaginary parts of x, respectively. This decomposition
is well known as the Cartesian decomposition. Using Cartesian decomposition, Kittaneh proved a famous
inequality for the spatial numerical radius of a bounded linear operator, that is,

1
4
∥T∗T + TT∗∥ ≤ w2(T) ≤

1
2
∥T∗T + TT∗∥, (1)

where w(T) = sup{|z| : z ∈W(T)} [10]. In [14], Zamani gave various refinements and some useful character-
izations of the algebraic numerical radius of an element in a C∗-algebra by means of Cartesian decomposi-
tion. For more information about numerical radii on C∗-algebra and Banach algebra, we refer the readers
to [1, 3, 6, 7, 11, 12, 16].
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Motivated by the concepts of A-numerical range and A-numerical radius of operators inB(H) for a given
positive operator A on the Hilbert spaceH , Bourhim and Mabrouk introduced the notions of a-numerical
range and a-numerical radius of elements for a given positive element a in the setting of C∗-algebras [7].
Moreover, they defined a-adjoint x#a of an element x in A, and hence obtained a new type of Cartesian
decomposition of x by the formula

x =ℜ(x) + iℑ(x),

where ℜ(x) = x+x#a

2 and ℑ(x) = x−x#a

2i , as the classical Cartesian decomposition. Through this new kind of
decomposition, they earned an important and useful characterization of the a-numerical radius as follows:

va(x) = sup
θ∈R
∥ℜ(eiθx)∥a. (2)

In [11], Mabrouk and Zamani derived an upper and lower bound of the a-numerical radius, similar to the
famous inequality(1), that is,

1
4
∥x#a x + xx#a∥a ≤ v2

a(x) ≤
1
2
∥x#a x + xx#a∥a. (3)

Recently, Bhunia, Sen, and Paul defined a generalized Cartesian decomposition of T ∈ B(H) as

T = Reλ(T) + iImλ(T),

where Reλ(T) = T+λT∗
2 and Imλ(T) = T−λT∗

2i for all λ in the unit circle [5]. Furthermore, they developed
several interesting descriptions of the spatial numerical radius of bounded linear operators, and refined
several classical inequalities. Therefore, it is a very natural question whether there is a proper generalized
Cartesian decomposition of an element in the framework of C∗-algebras.

In this paper, we introduce a Cartesian type decomposition of elements in the setting of C∗-algebras,
and develop several upper and lower bounds of numerical radius on C∗-algebras. The contents of the
sections of this paper are as follows. In Section 2, we give some basic concepts on numerical ranges and
numerical radii. In Section 3, we define generalized a-Cartesian decomposition of an element, and give
several characterizations of a-numerical radius on C∗-algebras for a given positive element a based on
(2). Moreover, we develop several lower bounds of a-numerical radius which refine the inequality (3),
and present some conditions when these equalities hold. In Section 4, as an application of this Cartesian
decomposition, we give some more general upper bounds for the algebraic numerical radius on C∗-algebras.

2. Numerical ranges and numerical radii

Let A be a unital C∗-algebra with the identity 1A, and let A′ be the dual space of A, the family of all
continuous linear functional onA. A linear functional f ∈ A′ is said to be positive if f (x∗x) ≥ 0 for all x ∈ A,
and written as f ≥ 0. We denote S(A) by the set of all states onA, i.e.,

S(A) = { f ∈ A′ : f ≥ 0, f (1A) = 1}.

The algebraic numerical range and algebraic numerical radius of an element x ∈ A are defined by

V(x) = { f (x) : f ∈ S(A)}

and
v(x) = sup{|z| : z ∈ V(x)},

respectively. It is known that v(·) is a norm onAwith

1
2
∥x∥ ≤ v(x) ≤ ∥x∥
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for all x ∈ A. In particular, let T ∈ B(H) be a bounded linear operator on a Hilbert space H , and let
A = B(H), then the spatial numerical range and the spatial numerical radius of T are given by

W(T) = {⟨Tξ, ξ⟩ : x ∈ H , ∥ξ∥ = 1}

and
w(T) = sup{|z| : z ∈W(T)},

respectively.
A positive element x ∈ A is denoted by x ≥ 0. Denote A+ by the set of all positive elements in A.

Suppose that a ∈ A+ is a nonzero positive element inA. As the notation in [7], we set

Sa(A) = { f ∈ A′ : f ≥ 0, f (a) = 1},

the set of all positive linear functionals onAwith f (a) = 1.
The a-numerical range and a-numerical radius of an element x ∈ A are defined by

Va(x) = { f (ax) : f ∈ Sa(A)}

and
va(x) = sup{|z| : z ∈ Va(x)},

respectively [7], which are extensions of the notions of A-numerical range and A-numerical radius of a bounded
linear operator T ∈ B(H), given by

WA(T) = {⟨Tξ, ξ⟩A : ξ ∈ H , ∥ξ∥A = 1}

and
wA(T) = sup{|z| : z ∈WA(T)},

respectively [15]. Here A is a positive bounded linear operator on a Hilbert spaceH and ∥ξ∥A =
√
⟨Aξ, ξ⟩

for ξ ∈ H .
For any x ∈ A, we define

∥x∥a = sup
{√

f (x∗ax) : f ∈ Sa(A)
}
.

It follows from [7, Proposition 3.3] that ∥ · ∥a is actually a semi-norm on the setAa = {x ∈ A : ∥x∥a < ∞}, and

∥xy∥a ≤ ∥x∥a∥y∥a

for all x, y ∈ Aa.
For any x ∈ A, an element x#a ∈ A is said to be a-adjoint of x if ax#a = x∗a. DenoteAa by the collection of

all elements inA that admits an a-adjoint. Moreover,Aa andAa are unital subalgebras ofAwithAa ⊂ A
a

[7]. Furthermore, for any x ∈ Aa, it follows from [7, Corollary 4.9] that the following equation holds:

∥x∥2a = ∥xx#a∥a = ∥x#a x∥a = ∥x#a∥
2
a . (4)

In addition, we also have
1
2
∥x∥a ≤ va(x) ≤ ∥x∥a

for all x ∈ Aa.
An element x ∈ A is said to be a-hermitian or a-selfadjoint (a-positive) if ax is hermitian or selfadjoint

(positive), that is, ax = x∗a (ax ≥ 0). If x#a is an a-adjoint of x, then it is easy to check that

x =ℜ(x) + iℑ(x), (5)

the a-Cartesian decomposition of x, where ℜ(x) = x+x#a

2 and ℑ(x) = x−x#a

2i are a-hermitian. However, this
decomposition is not unique in general [7].
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3. a-numerical radius

Let T = {λ ∈ C : |λ| = 1}. Motivated by a generalized Cartesian decomposition of a bounded linear
operator on a Hilbert space defined in [5], we introduce the following Cartesian decomposition in the
framework of unital C∗-algebras.

Definition 3.1. The generalized a-Cartesian decomposition of an element x ∈ Aa is

x =ℜλ(x) + iℑλ(x),

where

ℜλ(x) =
x + λx#a

2
, ℑλ(x) =

x − λx#a

2i
,

for all λ ∈ T.

In particular, if λ = 1, then this decomposition is just the usual a-Cartesian decomposition in [7].
The following proposition gives some new characterizations of a-numerical radius by means of gener-

alized a-Cartesian decomposition.

Proposition 3.2. Let x ∈ Aa. Then

(i) va(x) = sup
λ∈T
∥ℜλ(x)∥a = sup

λ∈T
∥ℑλ(x)∥a.

(ii) For any λ ∈ T, we have
va(x) = sup

α,β∈R,α2+β2=1
∥αℜλ(x) + βℑλ(x)∥a.

(iii) For any ϕ ∈ R, we have

va(x) = sup
θ∈R

∥∥∥∥∥∥ eiθx + ei(ϕ−θ)x#a

2

∥∥∥∥∥∥
a

.

Proof. (i) From [7, Theorem 4.11], we see that

va(x) = sup
θ∈R
∥ℜ(eiθx)∥a = sup

θ∈R
∥ℑ(eiθx)∥a.

It follows that

va(x) = sup
θ∈R
∥ℜ(eiθx)∥a = sup

θ∈R

∥∥∥∥∥∥ eiθx + e−iθx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥x + e−2iθx#a

2

∥∥∥∥∥∥
a

= sup
λ∈T

∥∥∥∥∥∥x + λx#a

2

∥∥∥∥∥∥
a

= sup
λ∈T

∥∥∥ℜλ(x)
∥∥∥

a .

Similarly, we have

va(x) = sup
θ∈R
∥ℑ(eiθx)∥a = sup

θ∈R

∥∥∥∥∥∥ eiθx − e−iθx#a

2i

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥x − e−2iθx#a

2i

∥∥∥∥∥∥
a

= sup
λ∈T

∥∥∥∥∥∥x − λx#a

2i

∥∥∥∥∥∥
a

= sup
λ∈T

∥∥∥ℑλ(x)
∥∥∥

a .
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(ii) For any λ ∈ T, we have

va(x) = sup
γ∈T
∥ℜγ(x)∥a = sup

γ∈T

∥∥∥∥∥∥x + γx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥x + λeiθx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥ e
1
2 iθ(e−

1
2 iθx + e

1
2 iθλx#a )

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥ e−
1
2 iθx + e

1
2 iθλx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥cos(θ2 )x − i sin(θ2 )x + cos(θ2 )λx#a + i sin(θ2 )λx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥cos
(
θ
2

) x + λx#a

2
+ sin

(
θ
2

) x − λx#a

2i

∥∥∥∥∥∥
a

= sup
α,β∈R,α2+β2=1

∥αℜλ(x) + βℑλ(x)∥a.

(iii) For any ϕ, θ ∈ R, we take λ = eiϕ, α = cosθ and β = − sinθ, respectively. It follows from the proof
of (ii) that

va(x) = sup
θ∈R

∥∥∥cosθℜλ(x) + (− sinθ)ℑλ(x)
∥∥∥

a

= sup
θ∈R

∥∥∥∥∥∥cosθ
x + λx#a

2
+ (− sinθ)

x − λx#a

2i

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥ (cosθ + i sinθ)x + (cosθ − i sinθ)λx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥ eiθx + λe−iθx#a

2

∥∥∥∥∥∥
a

= sup
θ∈R

∥∥∥∥∥∥ eiθx + ei(ϕ−θ)x#a

2

∥∥∥∥∥∥
a

.

Theorem 3.3. If x ∈ Aa, then
v2

a(x) ≤ va(x2) + ∥ℜλ(x)∥2a

for all λ ∈ T.

Proof. For any ϕ, θ ∈ R, by the equation (4) and Proposition 3.2, we have

∥eiθx + ei(ϕ−θ)x#a∥
2
a =

∥∥∥∥(eiθx + ei(ϕ−θ)x#a
)2∥∥∥∥

a

= ∥e2iθx2 + e2i(ϕ−θ)(x#a )2 + eiϕ(x#a x + xx#a )∥a
= ∥(e2iθ

− 1)x2 + e2iϕ(e−2iθ
− 1)(x#a )2 + (x + eiϕx#a )2

∥a

=
∥∥∥∥2 sinθ

(
ei(θ+π/2)x2 + e2iϕe−i(θ+π/2)(x#a )2

)
+ (x + eiϕx#a )2

∥∥∥∥
a

≤ 2∥ei(θ+π/2)x2 + e2iϕe−i(θ+π/2)(x#a )2
∥a + ∥x + eiϕx#a∥

2
a
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≤ 4va(x2) + ∥x + eiϕx#a∥
2
a .

Taking supremum over all θ ∈ R, we get

v2
a(x) ≤ va(x2) +

∥∥∥∥∥∥x + eiϕx#a

2

∥∥∥∥∥∥2

a

by (i) of Proposition 3.2. This implies the desired inequality.

Theorem 3.4. Let x ∈ Aa. Then

va(x) ≥
1
2

∥∥∥∥∥x +
λ + µ

2
x#a

∥∥∥∥∥
a
,

for all λ, µ ∈ T.

Proof. For any λ, µ ∈ T, it follows from (i) of Proposition 3.2 that

va(x) ≥ max
{∥∥∥∥∥∥x + λx#a

2

∥∥∥∥∥∥
a

,

∥∥∥∥∥∥x + µx#a

2i

∥∥∥∥∥∥
a

}

=

∥∥∥ x+λx#a

2

∥∥∥
a +

∥∥∥∥ x+µx#a

2i

∥∥∥∥
a

2
+

∣∣∣∣∣∣∣∣∣
∥∥∥ x+λx#a

2

∥∥∥
a −

∥∥∥∥ x+µx#a

2i

∥∥∥∥
a

2

∣∣∣∣∣∣∣∣∣
≥

∥∥∥∥ x+λx#a

2 + i x+µx#a

2i

∥∥∥∥
a

2
+

∣∣∣∣∣∣∣∣∣
∥∥∥ x+λx#a

2

∥∥∥
a −

∥∥∥∥ x+µx#a

2i

∥∥∥∥
a

2

∣∣∣∣∣∣∣∣∣
=

1
2

∥∥∥∥∥x +
λ + µ

2
x#a

∥∥∥∥∥
a
+

∣∣∣∣∣∣∣∣∣
∥∥∥ x+λx#a

2

∥∥∥
a −

∥∥∥∥ x+µx#a

2i

∥∥∥∥
a

2

∣∣∣∣∣∣∣∣∣
≥

1
2

∥∥∥∥∥x +
λ + µ

2
x#a

∥∥∥∥∥
a
,

and hence the conclusion follows.

Theorem 3.5. Let x ∈ Aa. Then for any λ ∈ T, we have

va(x) ≥
∥x∥a

2
+
|∥ ℜλ(x)∥a − ∥ℑλ(x)∥a|

2
. (6)

va(x) ≥
∥x∥a

2
+
|
∥x∥a

2 − ∥ℜλ(x)∥a|
4

+
|
∥x∥a

2 − ∥ℑλ(x)∥a|
4

. (7)

va(x) ≥
∥x∥a

2
+
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|

2
√

2
. (8)

Proof. From (i) of Proposition 3.2, we have

va(x) ≥ ∥ℜλ(x)∥a, va(x) ≥ ∥ℑλ(x)∥a

for all λ ∈ T. Thus,

va(x) ≥ max{∥ℜλ(x)∥a, ∥ℑλ(x)∥a}

=
∥ℜλ(x)∥a + ∥ℑλ(x)∥a

2
+
|∥ℜλ(x)∥a − ∥ℑλ(x)∥a|

2
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≥
∥ℜλ(x) + iℑλ(x)∥a

2
+
|∥ℜλ(x)∥a − ∥ℑλ(x)∥a|

2

=
∥x∥a

2
+
|∥ℜλ(x)∥a − ∥ℑλ(x)∥a|

2
.

Take
α = max

{
∥x∥a

2
, ∥ℜλ(x)∥a

}
, β = max

{
∥x∥a

2
, ∥ℑλ(x)∥a

}
.

Hence

va(x) ≥
α + β

2
+
|α − β|

2

=

∥x∥a
2 + ∥ℜλ(x)∥a

4
+
|
∥x∥a

2 − ∥ℜλ(x)∥a|
4

+

∥x∥a
2 + ∥ℑλ(x)∥a

4
+
|
∥x∥a

2 − ∥ℑλ(x)∥a|
4

+
|α − β|

2

=
∥x∥a

4
+
∥ℜλ(x)∥a + ∥ℑλ(x)∥a

4
+
|
∥x∥a

2 − ∥ℜλ(x)∥a|
4

+
|
∥x∥a

2 − ∥ℑλ(x)∥a|
4

+
|α − β|

2

≥
∥x∥a

4
+
∥ℜλ(x) + iℑλ(x)∥a

4
+
|
∥x∥a

2 − ∥ℜλ(x)∥a|
4

+
|
∥x∥a

2 − ∥ℑλ(x)∥a|
4

+
|α − β|

2

≥
∥x∥a

2
+
|
∥x∥a

2 − ∥ℜλ(x)∥a|
4

+
|
∥x∥a

2 − ∥ℑλ(x)∥a|
4

.

Now we take α =
√

2
2 and β = ±

√
2

2 . Then it follows from (ii) of Proposition 3.2 that

va(x) ≥

√
2

2
∥ℜλ(x) ± ℑλ(x)∥a

for all λ ∈ T. Therefore,
√

2va(x) ≥ max{∥ℜλ(x) + ℑλ(x)∥a, ∥ℜλ(x) − ℑλ(x)∥a}

=
1
2

(∥ℜλ(x) + ℑλ(x)∥a + ∥ℜλ(x) − ℑλ(x)∥a)

+
1
2
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|

≥
1
2
∥ℜλ(x) + ℑλ(x) + iℜλ(x) − iℑλ(x)∥a

+
1
2
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|

=
1
2
∥(1 + i)λx#a∥a +

1
2
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|

=

√
2

2
∥x∥a +

1
2
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|.

This completes the proof of the theorem.

Corollary 3.6. Let x ∈ Aa. Then the following statements are equivalent:
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(i) va(x) = ∥x∥a2 .
(ii) ∥ℜλ(x)∥a = ∥ℑλ(x)∥a =

∥x∥a
2 for all λ ∈ T.

Proof. Suppose that va(x) = ∥x∥a2 . By the inequality (7) in Theorem 3.5, we conclude that

va(x) ≥
∥x∥a

2
+

∣∣∣ ∥x∥a2 − ∥ℜλ(x)∥a
∣∣∣

4
+

∣∣∣ ∥x∥a2 − ∥ℑλ(x)∥a
∣∣∣

4
≥
∥x∥a

2
,

for all λ ∈ T. It is easy to see that ∥ℜλ(x)∥a = ∥ℑλ(x)∥a =
∥x∥a

2 for all λ ∈ T.
From (i) of Proposition 3.2, we have

va(x) = sup
λ∈T
∥ℜλ(x)∥a = sup

λ∈T
∥ℑλ(x)∥a,

and hence the proof of the other direction is obvious.

The following proposition gives another characterization of a-numerical radius through generalized
a-Cartesian decomposition.

Proposition 3.7. Let x ∈ Aa. Then

va(x) =

√
2

2
sup
λ∈T
∥ℜλ(x) ± ℑλ(x)∥a.

Proof. From Proposition 3.2, by a simple computation, we have

1
√

2
sup
λ∈T
∥ℜλ(x) ± ℑλ(x)∥a =

1
√

2
sup
λ∈T

∥∥∥∥∥∥x + λx#a

2
±

x − λx#a

2i

∥∥∥∥∥∥
a

=
1
√

2
sup
λ∈T

∥∥∥∥∥∥ (1 ∓ i)x + (1 ± i)λx#a

2

∥∥∥∥∥∥
a

= sup
λ∈T

∥∥∥∥∥∥x + 1±i
1∓iλx#a

2

∥∥∥∥∥∥
a

= va(x).

Corollary 3.8. Let x ∈ Aa. Then the following statements are equivalent:

(i) va(x) = ∥x∥a2 .

(ii) ∥ℜλ(x) ± ℑλ(x)∥a =
√

2
2 ∥x∥a for all λ ∈ T.

Proof. Suppose that va(x) = ∥x∥a2 . As in the proof of the inequality (8) in Theorem 3.5, we have

va(x) ≥
1
√

2
max{∥ℜλ(x) + ℑλ(x)∥a, ∥ℜλ(x) − ℑλ(x)∥a}

≥
∥x∥a

2
+
|∥ℜλ(x) + ℑλ(x)∥a − ∥ℜλ(x) − ℑλ(x)∥a|

2
√

2

≥
∥x∥a

2
,

for all λ ∈ T. Then it is straightforward that

∥ℜλ(x) ± ℑλ(x)∥a =

√
2

2
∥x∥a

for all λ ∈ T.
Conversely, by Proposition 3.7 we can complete the proof of the other direction immediately.
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Theorem 3.9. Let x ∈ Aa. Then for any λ ∈ T, we have

v2
a(x) ≥

1
4
∥xx#a + x#a x∥a +

1
2
|∥ℜλ(x)∥2a − ∥ℑλ(x)∥2a |. (9)

v2
a(x) ≥

1
4
∥xx#a + x#a x∥a +

1
4
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |. (10)

v2
a(x) ≥

1
4
∥xx#a + x#a x∥a +

1
4

(α + β), (11)

where
α =

∣∣∣∣∣∥ℜλ(x)∥2a −
1
4
∥xx#a + x#a x∥a

∣∣∣∣∣
and

β =

∣∣∣∣∣∥ℑλ(x)∥2a −
1
4
∥xx#a + x#a x∥a

∣∣∣∣∣ .
Proof. From Proposition 3.2, we have

va(x) ≥ ∥ℜλ(x)∥a, va(x) ≥ ∥ℑλ(x)∥a

for all x ∈ Aa and λ ∈ T. Then it follows from the equation (4) that

1
4
∥xx#a + x#a x∥a +

1
2
|∥ℜλ(x)∥2a − ∥ℑλ(x)∥2a |

=
∥(ℜλ(x))2 + (ℑλ(x))2

∥a

2
+
|∥ℜλ(x)∥2a − ∥ℑλ(x)∥2a |

2

≤
∥(ℜλ(x))2

∥a + ∥(ℑλ(x))2
∥a

2
+
|∥ℜλ(x)∥2a − ∥ℑλ(x)∥2a |

2

=
∥ℜλ(x)∥2a + ∥ℑλ(x)∥2a

2
+
|∥ℜλ(x)∥2a − ∥ℑλ(x)∥2a |

2
= max{∥ℜλ(x)∥2a , ∥ℑλ(x)∥2a}

≤ v2
a(x),

for all λ ∈ T.
By Proposition 3.7, for any λ ∈ T, we have the inequality

√
2

2
∥ℜλ(x) ± ℑλ(x)∥a ≤ va(x),

and so

1
2
∥xx#a + x#a x∥a +

1
2
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |

=
1
2
∥(ℜλ(x) + ℑλ(x))2 + (ℜλ(x) − ℑλ(x))2

∥a

+
1
2
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |

≤
1
2
∥(ℜλ(x) + ℑλ(x))2

∥a +
1
2
∥(ℜλ(x) − ℑλ(x))2

∥a

+
1
2
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |

=
1
2
∥ℜλ(x) + ℑλ(x)∥2a +

1
2
∥ℜλ(x) − ℑλ(x)∥2a
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+
1
2
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |

= max{∥ℜλ(x) + ℑλ(x)∥2a , ∥ℜλ(x) − ℑλ(x)∥2a}

≤ 2v2
a(x).

This completes the proof of (10).
Set

γ = max
{
∥ℜλ(x)∥2a ,

1
4
∥xx#a + x#a x∥a

}
and

δ = max
{
∥ℑλ(x)∥2a ,

1
4
∥xx#a + x#a x∥a

}
.

One can easily conclude that for any λ ∈ T, we get

α + β

4
+

1
4
∥xx#a + x#a x∥a

≤
1
4
∥xx#a + x#a x∥a +

α + β

4
+
|γ − δ|

2

=
∥ℜλ(x)2 + ℑλ(x)2

∥a

4
+

1
8
∥xx#a + x#a x∥a +

α + β

4
+
|γ − δ|

2

≤
∥ℜλ(x)∥2a + ∥ℑλ(x)∥2a

4
+

1
8
∥xx#a + x#a x∥a +

α + β

4
+
|γ − δ|

2

= max{γ, δ} =
γ + δ

2
+
|γ − δ|

2
≤ v2

a(x).

This completes the proof of the theorem.

Example 3.10. LetA =M2(C), and let a =
[
1 0
0 1

]
. Consider x =

[
1 + i 0

0 0

]
and λ = i. It is easy to see that

ℜλ(x) =
[
1 + i 0

0 0

]
, ℑλ(x) = 0.

Then the three inequalities in Theorem 3.9 give the following bounds:

v2
a(x) ≥ 2, v2

a(x) ≥ 1, v2
a(x) ≥

3
2
,

respectively.
While for λ = −1, we have

ℜλ(x) =
[
i 0
0 0

]
, ℑλ(x) =

[
−i 0
0 0

]
.

It follows that the three inequalities in Theorem 3.9 give the following bounds:

v2
a(x) ≥ 1, v2

a(x) ≥ 2, v2
a(x) ≥ 1,

respectively.

Corollary 3.11. Let x ∈ Aa. Then the following statements are equivalent:

(i) v2
a(x) = 1

4∥xx#a + x#a x∥a.
(ii) ∥ℜλ(x)∥2a = ∥ℑλ(x)∥2a =

1
4∥xx#a + x#a x∥a for all λ ∈ T.
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Proof. Suppose that v2
a(x) = 1

4∥xx#a + x#a x∥a. From the inequality (11), we have

v2
a(x) ≥

1
4
∥xx#a + x#a x∥a +

1
4

(α + β) ≥
1
4
∥xx#a + x#a x∥a,

where
α =

∣∣∣∣∣∥ℜλ(x)∥2a −
1
4
∥xx#a + x#a x∥a

∣∣∣∣∣
and

β =

∣∣∣∣∣∥ℑλ(x)∥2a −
1
4
∥xx#a + x#a x∥a

∣∣∣∣∣
for all λ ∈ T. Then it is easy to see that

∥ℜλ(x)∥2a = ∥ℑλ(x)∥2a =
1
4
∥xx#a + x#a x∥a

for all λ ∈ T.
From (i) of Proposition 3.2, we have

va(x) = sup
λ∈T
∥ℜλ(x)∥a = sup

λ∈T
∥ℑλ(x)∥a,

and hence the proof of the other direction is obvious.

Corollary 3.12. Let x ∈ Aa. Then the following statements are equivalent:

(i) v2
a(x) = 1

4∥xx#a + x#a x∥a.
(ii) ∥ℜλ(x) ± ℑλ(x)∥2a =

1
2∥xx#a + x#a x∥a for all λ ∈ T.

Proof. Suppose that v2
a(x) = 1

4∥xx#a + x#a x∥a. From the proof of the inequality (10), we get

v2
a(x) ≥

1
2

max{∥ℜλ(x) + ℑλ(x)∥2a , ∥ℜλ(x) − ℑλ(x)∥2a}

≥
1
4
∥xx#a + x#a x∥a +

1
4
|∥ℜλ(x) + ℑλ(x)∥2a − ∥ℜλ(x) − ℑλ(x)∥2a |

≥
1
4
∥xx#a + x#a x∥a,

for all λ ∈ T. Then it is obvious that

∥ℜλ(x) ± ℑλ(x)∥2a =
1
2
∥xx#a + x#a x∥a

for all λ ∈ T.
According to Proposition 3.7, the proof of the other direction is completed.

Theorem 3.13. If x ∈ Aa, then

v2
a(x) ≥

1
2

(∥ℜλ(x)∥2a + ∥ℑλ(x)∥2a) ≥
∥xx#a + x#a x∥a

4

for all λ ∈ T.

Proof. By a simple computation, one can easily find that

ℜ
2
λ(x) + ℑ2

λ(x) =
λ
2

(xx#a + x#a x),
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for all λ ∈ T, and so

∥xx#a + x#a x∥a
4

=
∥λ(xx#a + x#a x)∥a

4

=
1
2
∥ℜ

2
λ(x) + ℑ2

λ(x)∥a

≤
1
2

(∥ℜ2
λ(x)∥a + ∥ℑ2

λ(x)∥a) ≤ v2
a(x),

for all λ ∈ T.

4. Algebraic numerical radius

It is obvious that if a is the identity 1A of a unital C∗-algebraA, then va(x) = v(x) for all x ∈ A. Moreover,
for any x ∈ A, one can easily see that x♯a = x∗, and the generalized a-Cartesian decomposition of x is just
given as follows:

x = Reλ(x) + iImλ(x),

where
Reλ(x) =

x + λx∗

2
, Imλ(x) =

x − λx∗

2i
.

It is easy to find that Reλ(x) and Imλ(x) are normal elements ofA for all x ∈ A and λ ∈ T.

Theorem 4.1 ([2], Theorem 1.6.3). Let f ∈ A′ with f ≥ 0. Then there is a representation π ofA on a Hilbert space
H and a vector ξ ∈ H such that f (x) = ⟨π(x)ξ, ξ⟩ for every x ∈ A. Moreover, if f ∈ S(A), then ∥ξ∥ = 1.

Lemma 4.2 ([8, 13]). Let A ∈ B(H). Then the following inequalities hold:

(i) |⟨Aξ, η⟩|2 ≤ ⟨|A|ξ, ξ⟩⟨|A∗|η, η⟩ for all ξ, η ∈ H .
(ii) If A ∈ B(H) is positive and ξ ∈ H with ∥ξ∥ = 1, then

⟨Aξ, ξ⟩r ≤ ⟨Arξ, ξ⟩

for all r ≥ 1.

Theorem 4.3. Let x ∈ A, then

v2(x) ≤ v2(|Reλ(x)| + i|Imλ(x)|) ≤
∥x∗x + xx∗∥

2

for all λ ∈ T.

Proof. For any state f ∈ S(A), by Theorem 4.1 and Lemma 4.2, we have

| f (x)|2 = |⟨π(x)ξ, ξ⟩|2

= |⟨Reλ(π(x))ξ, ξ⟩|2 + |⟨Imλ(π(x))ξ, ξ⟩|2

≤ ⟨|Reλ(π(x))|ξ, ξ⟩2 + ⟨|Imλ(π(x))|ξ, ξ⟩2

= |⟨|Reλ(π(x))|ξ, ξ⟩ + i⟨|Imλ(π(x))|ξ, ξ⟩|2

= |⟨π(|Reλ(x)| + i|Imλ(x)|)ξ, ξ⟩|2

≤ ⟨|π(Reλ(x))|2ξ, ξ⟩ + ⟨|π(Imλ(x))|2ξ, ξ⟩

= ⟨π(|Reλ(x)|2 + |Imλ(x)|2)ξ, ξ⟩

=
〈
π

(xx∗ + x∗x
2

)
ξ, ξ

〉
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≤
∥x∗x + xx∗∥

2
,

for all λ ∈ T. Taking supremum over all states f ∈ S(A), we have

v2(x) ≤ v2(|Reλ(x)| + i|Imλ(x)|) ≤
∥x∗x + xx∗∥

2

for all λ ∈ T.

Example 4.4. LetA =M2(C). Consider x =
[
1 0
1 1

]
and λ = i. Then we have

Reλ(x) =
1
2

[
1 + i i

1 1 + i

]
, Imλ(x) =

1
2

[
−1 − i −1
−i −1 − i

]
,

and so

|Reλ(x)| =
1
2

 √
2

√
2

2 +
√

2
2 i

√
2

2 −
√

2
2 i

√
2

 , |Imλ(x)| =
1
2

 √
2

√
2

2 −
√

2
2 i

√
2

2 +
√

2
2 i

√
2

 .
Therefore,

v(|Reλ(x)| + i|Imλ(x)|) =
3
2
,

and hence the inequality in Theorem 4.3 gives

v2(x) ≤ v2(|Reλ(x)| + i|Imλ(x)|) =
9
4
<

5
2
=
∥x∗x + xx∗∥

2
.

Lemma 4.5 ([9]). If A,B ∈ B(H) are positive operators, then

∥(A + B)r
∥ ≤ ∥Ar + Br

∥

for r ∈ [0, 1].

Theorem 4.6. Let x ∈ A. Then for any r ∈ [0, 2], we have

vr(x) ≤ ∥|Reλ(x)|r + |Imλ(x)|r∥

for all λ ∈ T.

Proof. As in the proof of Theorem 4.3, we have

| f (x)|2 = |⟨π(x)ξ, ξ⟩|2 ≤ ⟨π(|Reλ(x)|2 + |Imλ(x)|2)ξ, ξ⟩

≤ ∥|Reλ(x)|2 + |Imλ(x)|2∥

for all λ ∈ T. Thus,
v2(x) ≤ ∥|Reλ(x)|2 + |Imλ(x)|2∥

for all λ ∈ T. It follows from Lemma 4.5 that for any r ∈ [0, 2], we get

vr(x) ≤ ∥|Reλ(x)|2 + |Imλ(x)|2∥
r
2

= ∥(|Reλ(x)|2 + |Imλ(x)|2)
r
2 ∥

≤ ∥|Reλ(x)|r + |Imλ(x)|r∥,

for all λ ∈ T.
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Theorem 4.7. Let x ∈ A. Then for any r ≥ 2, we have

1
2
∥|Reλ(x)|r + |Imλ(x)|r∥ ≤ vr(x) ≤ 2

r
2−1
∥|Reλ(x)|r + |Imλ(x)|r∥

for all λ ∈ T.

Proof. By Proposition 3.2, we have

v2(x) ≥
1
4
∥x ± λx∗∥2

for all λ ∈ T. Therefore,

vr(x) ≥
1
2r ∥(x ± λx∗)2

∥
r
2 =

1
2r ∥|x ± λx∗|r∥.

This implies

vr(x) ≥
1
2

(∥|Reλ(x)|r∥ + ∥|Imλ(x)|r∥)

≥
1
2
∥|Reλ(x)|r + |Imλ(x)|r∥.

For any f ∈ S(A), by Theorem 4.1 and Lemma 4.2, we get

| f (x)| = |⟨π(x)ξ, ξ⟩|

= 2
1
2

(
|⟨Reλ(π(x))ξ, ξ⟩|2 + |⟨Imλ(π(x))ξ, ξ⟩|2

2

) 1
2

≤ 2
1
2

(
|⟨Reλ(π(x))ξ, ξ⟩|r + |⟨Imλ(π(x))ξ, ξ⟩|r

2

) 1
r

≤ 2
1
2−

1
r (⟨|Reλ(π(x))|ξ, ξ⟩r + ⟨|Imλ(π(x))|ξ, ξ⟩r)

1
r

≤ 2
1
2−

1
r (⟨|Reλ(π(x))|rξ, ξ⟩ + ⟨|Imλ(π(x))|rξ, ξ⟩)

1
r

= 2
1
2−

1
r ⟨π(|Reλ(x)|r + |Imλ(x)|r)ξ, ξ⟩1/r

≤ 2
r
2−1
∥|Reλ(x)|r + |Imλ(x)|r∥.

Taking supremum over all f ∈ S(A), we obtain

vr(x) ≤ 2
r
2−1
∥|Reλ(x)|r + |Imλ(x)|r∥.

This completes the proof.
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