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Abstract.

The quantum calculus or a g-calculus is the generalization as well as modifications of the classical cal-
culus. Over the last twenty years, the subject of g-calculus has served as a connection between mathematics
and physics. In recent past there is a substantial increase of research in field of g-calculus because of its
applications in many fields such as number theory, combinatorics, special functions basic hyper geometric
functions mechanics, theory of relativity and other sciences-quantum theory. In this paper we introduce
the concept of g-analoge of statistical convergence of double sequence of order A and studied some of its
geometric properties. Further, we define g-cesaro summability of order A and gave the relationship between
g-strong p-cesaro summability of order A and the g-statistical convergence of double sequences of order i
for A < fi.

1. Introduction

The concept of statistical convergence was introduced in problems related to series summation whose
idea goes back to the first edition (published in Warsaw 1935). of the monograph of A.Zigmund [22]. The
idea was introduced and investigated by Steinhaus [21] and Fast [7] and later on studied by Schoenberg
[20].

Statistical convergence has now recently became an active area of research. Different mathematicians
explored the idea in numerous areas like measure theory, trigonometric series, approximation theory etc. It
was further studied in the area sequence space and summability methods by Fridy [8], Connor [6], Maddox
[12], Mursaleen et al. [17].

The concept of statistical convergence was put forth to double sequences by Mursaleen and Edely [15],
Karakaya [10] et al., Moricz [13] and many others.

The quantum calculus or a g—calculus is the generalization as well as modifications of classical calculus.
Over the last twenty years, the subject of g-calculus had served as a link between mathematics and physics.
In recent past there was a substantial increase of research in the field of g-calculus because of its applications
in many other fields such as number theory, combinatorics, speed functions, basis hypergeometric functions,
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mechanics, theory of relativity and quantum theory.
The g-analoge of statistical convergence is applied in approximation theory and summability, later it was
extended to double g-statistical convergence [18].

2. Definitions and Preliminaries

Definition 2.1. [17] The g-analog of real numbers is given by

. :{ :1—_2’, g <R\

The formal definition of g-analog is that “Analog of a theorem, identity or expression is a generalization

including a new parameter g which refers back to the original theorem, identity or expression in the limit
asqg— 1.”.
This concludes a fact that g-analog of something is not a unique expression as we just need to satisfy the
limiting condition of 1 and also that above equation is not a definition but an example of many g-analog of
numbers. For example 7 can also be a g-analog of numbers as many others. The prior g-analog is the best
one to the real numbers.

Definition 2.2. [17] Let x = (xx) be a number sequence. It is said to be Cesaro summable to L, if
n
111’1’1% Z Xk = L.
n
k=0

Definition 2.3. [17] The g-analog of Cesaro matrix is given by Cy(¢*) = (cik(qk)), where

7 ;
cl (g6 =TT if k<n,
nk 0, otherwise

Definition 2.4. [17] Let K € N. For g > 1, the g-density of K is given by
8¢(K) = 6s(K) = lim inf(C! x)n-
n—oo
Definition 2.5. [17] A number sequence x = (x) is said to be g-statistically convergent to L, if for every
€ >0and n € N, such that 6,(K) = 0, where, K= {k: k <n: |x — L| > €}.
The set of all g-statistically convergent sequences is indicated by S,.

Definition 2.6. [15] The double density of the set K € N X N is defined as

P(K) = lim Kol

7
nm—oo MM

where the cardinality of the enclosed set K(n,m) is indicated by vertical bars and K(n,m) = {(j, k) €
NXxN:j<nandk <m;(j k) € K}.

Definition 2.7. [15] A double sequence x = (xj) is said to be statistically convergent to the number L, if for
every ¢ > 0, 5°(K) = 0, where ,

K=A{(jk):j<nandk <m:|xy—L|> &}

Definition 2.8. [18] A double sequence x = (xj) is said to be g-statistically convergent to L, if for every
€>0, 6§(K) =0, where

K=A{(jk):j<nandk <m:|xy—L| > &}
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Unless otherwise noted, we use s, t,u, v € (0, 1] throughout the paper. To be concise, we use Ain place
of (s, t) and i in place of (1, v). We also define

o

<fies<uandt<Ly;

=

<fjies<uandt<vy;

=

2ies=uandt =1

Nt

€(01]les,te(01];
fe01] © u,ve01];
A=lincases=t=1;
fizlincaseu =v=1;

A>1lincases>1landt> 1;
and furthermore, we write 57 to denote S, and S to denote S,  in the following. Now the A-double
density of the set K C N x N is defined as

nsmt

2 T K(n,m)
(3}.\(K) = 1,%1 .

Remark 2.9. Note that for any set K € N x N, 5%(1() may be greater than 1, even equal to oo, but $*(K) < 1.
Also, 6*(K°) = 1 — 6*(K) holds but 6%(1() =1- 6§(K) does not hold in general.

Definition 2.10. [5] Let x = (xj) € w? and A € (0,1] be given. The sequence (xj) is said to be statistically
convergent of order A if there is a complex number I such that for every € > 0,

im LGk s j <k < =11 2 €l = 0.

In this case, we write S; - h]r}:n Xjx = L. Denote the set of all statistically convergent of double sequences of order A by
2
S5
Remark 2.11. The definition of statistical convergence of order A reduce back to the original definition of
statistical convergence of double sequence as soon as A tends to 1.
3. Main Results
Definition 3.1. A double sequence x = (x;) is said to be g-statistical convergent of order A if
nrlni1r_1)1oo ml{(z}j) cjEmk<m:lxp—I=€)l=0
or we can write the above definition as

[S/%\]q - li].,l‘]{lxj‘k =1
Denoting the set of all q-statistically convergent of double sequences of order A as [S;]q.

Remark 3.2. The definition of g-statistical convergence of order A reduce back to the original definition of
g-statistical convergence of double sequence as soon as A tends to 1.
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The limit of g-statistically convergent of order A is determined uniquely and clearly expressed for A € (0,1]
but not for A > 1 for instance, let x = (xj) be defined as :

_ )1, if j+k even
YK=Y 0, if j+k odd.

Then,

lim —q|{(j,k) cj<nk<m:lxp—1] =€l

n—soo [ lglm

< lim Q202D o /24 2+)

oo LMy = S0 Lty Lty

(n/2+1)(m/2+1)(1-q)?

< Mim e = 0
Applying L-Hospital rule on simultaneous limit.
n%r_l;loo m“(],k) . ] < Tl,k <m: le‘]‘| > €}|

L (n/2+1)(m/2+1) (n/2+1)(m/2+1)
< n,}/t11—>oo [elglm']y < n}n—wo [%}[M]

(11/2+1)(m/2+1)(1—q)2

< lim =0.

n,m—-o0

Applying L-Hospital rule on simultaneous limit. for 1 > 1 thatiss > 1 and t > 1, so that x = (x) is
g-statistically convergent of order A both to 1 and 0, that is, [S%]q - liIkn xjx =1and [S%]q - lirl(r1 xjt = 0, which
i !

means that the g-statistical limit of order A of the double sequence (x) is not unique. however, this is not
possible.

Theorem 3.3. g-statistical convergence of order A is linear. That is,

(i) If[S/%‘]q —limxj = land a € C, then [S%]q - limaxj = al.
(ii) If[S/%\]q - liijk = ll and [S/%\]q —lim Yik = lz, then [S/%\]q - lim(xjk + ]/jk) = l1 + lz.

Proof. Consider the two sequences x = (xj), y = (yjx) and A € (0,1] the result is clear for a = 0. For a # 0 the
proof of (i) follows from

m”(]rk) j<nk<m,laxy —all > €l

Zﬁl(],k) ]<nk<m |Xjk l|> |11|}|
and that of (ii) follows from the following inequality:
e NG K) 2 <k < m e+ ye = (1 + 1) > e

HG k) :j<nk<m,lxp—hl= 5} + NG k) j<nk<m,|yp—1ll =5}

< n’] [m [n’] [m

It is quiet evident that every convergent double sequence is also g-statistically convergent of order A,
ie. [cz]q - [S% |4 for A € (0,1] but not vice versa. For instance let x = (xj) be defined by

]k if j=ntk=m* o

Xjk { 0, otherwise n=12,,..,m=1,2..
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lim o (G K) - j <k <oms e — 11N

n,m— 00 [7°],

< lim — 0.

- n,m—00 [ s] [ f]

So that x = (xj) is g—statistically convergent of order A with [S%]q —lim xj = 0 where A > 1/2 that is
s >1/2, t > 1/2 but it is not g—convergent.

4. g-Cesaro Summability of order A of double sequence

Definition 4.1. [5] Let A € (0, 1] be given. A sequence x = Xjk is said to be Cesaro summable of order Aif there is a
complex number | such that

lim n;m, Z] 1 Xk Xk =1,

n,m—oo

which is the case when we say that x is Cesaro summable of order A to . For A = 1,the Cesaro summablity of order A
reduces to the Cesaro summability that is given. The set of all Cesaro summable double sequences of order A will be
indicated by w?.

The set of all Cesaro summable double sequences will be denoted by w?.

Definition 4.2. [18] The double g-Cesiro matrix is given by C(1 D = (Cstpr(q°*")) with
I s« pandt <r;
I = [r+1]4[p+1],7 = =
() { 0 otherwise

The entire paper for q > 1, we take
s+t 2

8 (K) = Lypex Cly 1 XK (1, 1) = Z

s te K
and the double g-density of K, 62(K ) is given by

03(K) = P —lim &} (K).
pr

Now we define g-Cesaro summability of order A.
Definition 4.3. Let x = (xj) be sequence. Then x is called q-Cesiro summable of order A where A € (0,1] to | € C if
S, gt ) )% =
=1 k=1
The set of all g-Cesaro summable double sequences of order A will be denoted by [w ] .The set of all g-Cesaro summable
double sequences will be denoted by [w?],.

Remark 4.4. The definition of g-Cesaro summablity of order A reduce back to the original definition of
g-Cesaro summability as seen as A tends to 1.

Definition 4.5. Let A € (0,1] be given, and let p be positive real number. Then, a sequence x = (xj) is said to be
g-strongly p-Cesaro summable of order A if there is a complex number | such that

n m
i 1 L
Jim g Y Y k=1 =0,
i=1 j=1
which is the case when we say that x is g-strongly p-Cesaro summable of order Atol.

Remark 4.6. The definition of g-strongly p-Cesaro summabillity of order A return to the definition of g-
strongly p-Cesaro summabillity as soon as A = 1.
This set is denoted by [w?]7.
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5. Relationship between the g-statistical convergence of order A and the g-statistical convergence of
order i forA L [i

Now we prove some important results of this paper, where we furnish the relationship between the
g-statistical convergence of order A and the g-statistical convergence of order fi for double sequence spaces
where 1 < 1. Further the relation between the g-statistical convergence of order A and the g-statistical
convergence is also discussed.

Theorem 5.1. Let A, i € (0,1] such that A < i, then, [Sﬁ]q C [Sz]q

Proof. Let A, i € (0,1] be given. If A < fi and so thats < u and t < v, then

o 1 L
HG R j<nk<mlxyp—Ill2€}l £ ———=—N(Gk):j<nk<m,lxy—I =€},

B [ns]q[mt]q

[nu]q[mv]q

for every € > 0 and this gives that [S%]q c [Sfl]q.

Theorem 5.2. Let A, i € (0, 1] be given such that that A < fi, and let p be a positive real number.Then, q — [w,]; C
— [wy?]z and the inclusion is strict for some A and fi such that A < fi.

Proof. Letx = (x4) € 4 — [w l;- Then, give A and i such that A < i and a positive real number p, we may

write
TN mv] ZZMZ] P S G [mt] ZZW v

i=1 j=1 i=1 j=1
and this gives that g — [wﬁ]; cqg- [wﬁ]ﬂ.
To show that this is a strict inclusion, consider the sequence x = (x;;) defined by
— i=r,j=m’ mn=1,273
7710, otherwise P T s
It is clear that

”i| T _(—gF Vi
xij— 1P <

[mU]q (1 = n"0)(1 = m®)

—> Qasn,m— oo,
7’1”] mv]q P ]

using L-Hospital rule. Hence g — [w ] —lim x;; = 0; thatis x € g — [wf]]p for fi € (1/2,1](ie., for 1/2 < u <
1and 1/2 < v < 1), but since

(Vn-1(ym=-1) _ o ZZ'XU'_”

[ns]q [mt]q : nS]q P

and ([Vn = 1]))/[#°])([ Vm = 1])/[m'];) — o0 as n — co,m — oo, then x ¢ g — [w}]; for A €(0,1/2] (i.e., for
0<s<1/2and 0 <t <1/2). This completes the proof.

The following result is a consequence of Theorem 5.2.

Corollary. Let 4, fi € (0,1] be given such that A < fi, and let p be a positive real number. Then,
(i) q—[w;l; = q— [wy]g if and only if A = f;

(i) g — [w?]; € g — w} for each A such that A € (0,1] and 0 < p < co.
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Theorem 5.3. Let A € (0,1], and let 0 <p <p’ < co. Then, q - [w’,]; € q = [w}];.
Proof. The proof is a simple consequence of Holder’s inequality which is an extension of a result of Maddox
[12].
Taking A = 1 in Theorem 5.3, we obtain a result of Maddox [12]: if 0 < p < p’ < oo, then g —w?, € g —w;.

Theorem 5.4. Let A and [i be given such that A< i, and let 0 < p < oo, where A, fi € (0,1]. If a sequence is
g-strongly p—Cesaro summable of order A to I, then it is g-statistically convergent of order i to I.

Proof. For any sequences x = (x;;) and € > 0, we have

lxij— 1P > (G, j):i<n,j<m,lxj;—I| > €}l€,

-

Il
—_

i=1 j

so that since A < fi,
1 n m
- - i — 1P
s t ]
[ne]g[m']q & 4=

NG j):i<n,j<m,lx;—I >e}le’ > HG@ ) :i<n,j<m,lx;—1 > €lle,

> 1
= [ne]y[m'], [n"],[m*],

From this, it follows that if x = (x;;) is g-strongly p-Cesaro summable of order A to I, then it is g-statistically
convergent of order [i to [.

If we take fi = A in Theorem 5.4, we obtain the following result .

Corollary. Let A €(0,1] be given, and let 0 < p < c0 .If a double sequence is g-strongly p-Cesaro summable
of order A to /, then it is g-statistically convergent of order A to I.

Remark 5.5. Note that the converse of Theorem is not valid in a general context. We see that a bounded
and g-statistically convergent double sequence of order A need not be g-strongly p-Cesaro summable of
order A in general for A € (0,1].

The sequence x = (x;;) defined by

1 . 3 3
—F, 1¥FNn’,]+m

xij=4 Vi ] mn=1,23..
1, otherwise

is an example for this case. We see that x € I2, and x € S; for each A € (1/3,1].
Consider the inequality

n m 1
IR

i=1 j=1

which holds for every positive integer m > 2 and 1 > 2. Define the sequence spaces A, = {i <n:i # k% k =
1,2,3,.},Bu={j<m:j#k*k=1,2,3,..} and take p = 1.
Now since

Zn: i lxiil” > Vm/n,

i=1 j=1
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we have (see [5]);

m
Y bl
[nS]q Ny = !

=

j=1
" i i
[ns [mt]q le Z |ij| > [ns] t] Z Z \[\/- [T, Oasn,m 3

so that x ¢ g — [w;], for & € (0,1/2] if p = 1. Therefore, x € g — S5 — [w;]s for & € (1/3,1/2] if p = 1.
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