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Characterization of ss-supplemented modules with respect to finitely
generated factor modules in view of singularity

Esra Oztiirk Sozen?

*Sinop University, Faculty of Sciences and Arts, Department of Mathematics, 57000, Sinop, Turkey

Abstract. In this essay (amply) cofinitely ;-supplemented modules are presented and fundamental
algebraic features of these modules are examined. Privately, a ring characterization theorem is presented
as follows. R is a Ogq-perfect ring if and only if every (projective) left R-module is (amply) cofinitely
Oss-supplemented. Moreover, the question when cofinitely .-supplemented modules are cofinitely ss-
supplemented is checked. With this aim we define left A,-rings and the fact that a ring R is a left A-ring if
and only if each cofinitely .-supplemented R-module is cofinitely ss-supplemented is proven.

1. Introduction

In Module Theory, it is an important research area to investigate modules which have a decomposition by
direct summands. Generalizing this, modules whose submodules have a supplement are of an importance
too. In Figure 1 we emphasise the wide usage field of supplement submodules via keywords taken from
Web of Science (WOS). Now let us introduce the basic concepts of this field that we need. At first, underline
that R will indicate an associative ring with unit and W will indicate a unitary R-module in this essay.

By A < W we indicate that A is a submodule of W. A module W is called simple if W has only trivial
submodules. Socle(W) which points the sum of whole simple submodules of W, is denoted by Soc(W).
A < Wis called small (denoted by A < W) if A+ T # W for every proper T < W. The sum of whole small
submodules of W is denoted by Rad(W). For A < W, if there exists a submodule T < W satisfying A+T = W
and ANT < T, then T is a supplement submodule of A in W. If A < W is of a supplement contained
in B whenever A + B = W for any B < W, then A is of ample supplements in W. A module W is called
(amply) supplemented if each submodule of W is of a (ample supplements) supplement in W. In [2], the
authors characterized cofinitely supplemented modules as the modules whose maximal submodules are of
supplements. A < W is called cofinite if % is finitely generated and W is called cofinitely supplemented if
each cofinite submodule of W is of a supplement in W.

In the years of 2000 and 2007, [28] and [13] generalized small submodules and supplemented modules via
singularity and contributed 6-small submodules and 6-supplemented modules in the literature. Afterwards,
studies on the generalization of these modules were carried out and are still continuing [9, 17]. The sum of
whole o-small submodules of W will be indicated by 6(W).
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Figure 1: Bibliometric analyse of supplement submodules from WOS with respect to keywords

In [11], ss-supplemented modules are defined as follows. A module W is called ss-supplemented if
there exists some T < W such that A+ T = Wand ANT < Socs(T) for any A < W where Soc,(T) =
Soc(T) N Rad(T). Hence a new algebraic structure is constructed between semisimple submodules and
supplemented modules. Motivetad by this, in [22] the authors introduced 6s-supplemented modules
which takes place between ss-supplemented modules and 6-supplemented modules. A module W is called
Oss-supplemented if there exists a submodule T < W such that A+ T = Wand AN T < Socs(T) for any
submodule of A of W where Socs(T) = Soc(T) N 6(T). And also see [6, 7, 15, 18, 19] for further and lifting
property of these type of modules.

In the year of 2023 in [23], the authors generalized ss-supplemented modules with respect to finitely
generated factor modules and so the definition of cofinitely supplemented modules was born in the liter-
ature. Combining [11, 22, 23], we have designed this study. This paper consists of three main parts. In
the fist section of the study, we present a literature summary that includes the articles that motivate the
basic definitions we constructed in the study with a bibliometric analyse support. In the second part of the
study, we begin the original part of the work including three subsections. In the first subsection, cofinitely
Oss-supplemented modules are defined, basic features as therotically are investigated and also necessary and
sufficient conditions that will be equivalent to the definition are determined. In the second subsection of the
main results we define amply cofinitely ds-supplemented modules. And here we continue the process we
followed in the previous section. Apart from this, we concretize with examples the relationship between
the three emerging module types, which are generalizations of each other. Also, ring characterizations (see
in Theorem 2.31) of these modules are investigated. By means of these concepts we reach the hierarchy
given below for a module.

(Amply) cofinitely ss-supp. = (Amply) cofinitely ds-supp. = (Amply) cofinitely 6-supp.

And we show that the relations given above are not reversible (see in Example 2.33 and Example 2.34).
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In the last subpart of the study we examine the suitable conditions which makes cofinitely ds-supplemented
modules cofinitely ss-supplemented given in [23] (see Proposition 2.45). With this aim we also define left
Ags-rings and it is proven in Proposition 2.41 that each cofinitely 6.-supplemented R-module is cofinitely
ss-supplemented over a Ag-ring R. And in Conclusion, reference studies that will help us generalize the
definitions we have created and contribute to the sustainability of the study are included.

2. Main results

2.1. Cofinitely Oss-Supplemented Modules

In this part of the study, cofinitely 0s-supplemented modules are defined and basic theoretic properties
of these modules are presented with additional examples.

Definition 2.1. If there exists a submodule B < W satisfying A + B = W and A N B < Socs(B) for each cofinite
submodule A < W where Socs(B) = Soc(B) N 6(B) then W is called a cofinitely 6ss-supplemented module.

Obviously, each cofinitely 6s-supplemented module is cofinitely 6-supplemented. Moreover, Og-
supplemented modules are cofinitely 0.-supplemented. Moreover, 0s-supplemented modules are cofinitely
Oss-supplemented. The converse is provided for finitely generated modules.

Proposition 2.2. Any factor module of a cofinitely ds-supplemented module is cofinitely 6ss-supplemented.

Proof. Let W be cofinitely ds-supplemented and A < W. For each cofinite submodule £ of ¥, we have

w
W = 4 is finitely generated. So K < W is cofinite. By hypothesis, there exists T < W satisfying K+ T = W
A
and KN T < Socs(T). Thus, & = & + &4 and £ n B4 = Kﬂ(zm) = A+(Tm<) < T4 [28, Lemma 1.3(2)].
AH(TNK) TnK TnK

1R

Moreover, —

TARNA) = Tna 1S semlslmple as a factor module of the sermslmple module KN T by

[10, Corollary 8.1.5]. So, % N T;A < Socs (T+A) Hence, T+A is a 0s-supplement of X 7 in A , that is, the factor
module & is cofinitely 6,-supplemented. [

Corollary 2.3. Any homomorphic image of a cofinitely Oss-supplemented module is cofinitely Oss-supplemented
module.

Corollary 2.4. Any direct summand of a cofinitely Oss-supplemented module is cofinitely dss-supplemented module.

Lemma 2.5. Let W be a module and A, X < W such that X <5 W. If A + X is of a 6ss-supplement B in W, then a
projective semisimple direct summand P of W exists satisfying that B + P is a 0ss-supplement of A in W.

Proof. By hypothesis, we get (A+X)+B =W, (A+X)NB < Socs(B). Thus, (A+X)NB <s Band (A+X)NB
is semisimple. As W = X + (A + B) and X <5 W, there exists a projective semisimple submodule P < W
provided P < Xand W = P®(A+B). In this case, W = A+(B+P). Now, it remains to show that AN(B+P) <
B+P and alsoitis semisimple. Since AN(B+P) < [BN(A+P)]+[PN(A+B)] = [BN(A+P)] < [BN(A+X)] <s B
and so AN(B+P) <5 B+Pby [28, Lemma 1.3(1)] and it is also semisimple as a submodule of the semisimple
submodule B N (A + X) by [10, Corollary 8.1.5]. This completes the proof as A N (B + P) < Socs(B+ P). O

We give the following standart lemma as it is useful to prove the fact that an arbitrary sum of cofinitely
Oss-supplemented modules is cofinitely 0s-supplemented.

Lemma 2.6. Let A, B < W such that A is cofinitely Oss-supplemented and B is cofinite. If A+ B is of a dss-supplement
in W, then B is of a 0ss-supplement in W.
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Proof. Let Sbe a 6is-supplement of A+ B in W, thatis W = (A+B)+Sand (A+B)NS < Socs(S). Since B < Wiis

w
cofinite, then <& S+B SKVB (S;E};A =~ Am(s 5 is finitely generated and so, A N (S + B) < A is cofinite. From the

assumption, there exists T < Asatisfying A =[AN(S+B)]|+Tand [AN(S+B)]NT =TN(S+ B) < Socs(T).
In the remaining part of the proof, it will be shown that S + T is a 0s-supplement of B in W. Clearly,
W=A+(B+S)={[AN(S+B)]+T}+(B+S) = B+(S+T). Moreover, BN(S+T) < [SN(B+T)]+[TN(B+S)] <
[SN(B+A)]+[TN(B+S)] <5 S+Tand [SN(B+A)]+[TN(B+S)]is also semisimple by [10, Corollary 8.1.5].
Therefore BN (S + T) is also 6-small and semisimple in S + T as a submodule of [SN (B + A)] + [T N (B + S)]
by [28, Lemma 1.3(a)] and [10, Corollary 8.1.5]. O

IIZ

Proposition 2.7. An arbitrary sum of cofinitely Os-supplemented modules is cofinitely 6ss-supplemented.

Proof. Let {M;}ic; be a community of cofinitely ds-supplemented modules and W =} _ M;. For any cofinite
K <W,wehave W = M; + M;, +...+ M;, + Kwheren € N and iy, 1, ..., i, € I. By hypothesis, Mj, is cofinitely
Oss-supplemented and 0 is the trivial ds-supplement of W, M;, + ... + M;, + Kis of a ds-supplement in W via
Lemma 2.6. Applying Lemma 2.6 again by induction, it can be seen that K is of a 6s-supplementin W. O

Corollary 2.8. Any direct sum of cofinitely 6ss-supplemented modules is cofinitely Os-supplemented.
Corollary 2.9. Let W be a cofinitely Os-supplemented module. Then so is any W-generated module.

Proof. Let G be a W-generated module. Then, there exists an epimorphism f : WO = @W — G. Thus, W&
cofinitely 6s-supplemented by Corollary 2.8. So G is cofinitely ds-supplemented by Proposition 2.2. [

Definition 2.10. A module W is called ©-cofinitely-6ss-supplemented if there exists a Os-supplement which is a
direct summand of W for each cofinite submodule of W.

Proposition 2.11. Let W be a cofinitely 6ss-supplemented module. In this case, each cofinite submodule of %(W) is
a direct summand.

be cofinite. Then K < W is cofinite and by hypothesis there exists T < W such

T+Socs(W) _ W T+Socs(W) _
Socs(W)  — Socs(W) " Socs(W)

Proof. Let Socs (W) (W) < SOC»(W)

that K+ T = Wand KN T < Socs(T). Clearly,

(KNT)+Socs(W) _
Socs(W)

K
Moreover o ) N

SOC@ w T

_w
= (0. Hence, sgcé(w) <e Socs(W) * U

Corollary 2.12. Let W be a cofinitely 6ss-supplemented module. In this case is @-cofinitely Oss-supplemented.

7 Soc, (W)

Corollary 2.13. Let W be a cofinitely Os-supplemented module. If %(W) is finitely generated, then
Oss-supplemented and semisimple.

_W__
Socs(W) 18

Remember from [22] that a module W is called strongly 6-local, if it is 6-local and 6(W) < Soc(W).

Lemma 2.14. Let W be a module and T, X < W such that T is a Os-supplement of a maximal submodule of W and
T + X is of a 6ss-supplement in W. In this case, X has a 8ss-supplement in W.

Proof. AsT is a Ogi-supplement of a maximal submodule of W, T is strongly 6-local or projective semisimple
by [22, Proposition 3.4]. If T is projective semisimple, it is 0s-supplemented obviously. Or if T is strongly
0-local, it is Os-supplemented by [22, Lemma 4.1]. Taking into account both cases, it can be obtained that X
is of a Og-supplement in W by [22, Lemma 4.8]. [

Now we want to construct the conditions when a module W is cofinitely 6s-supplemented. With this aim
we point by Cofs (W) the sum of whole submodules of W that are d4-supplements of maximal submodules
of W. If there is no such a module, Cofs (W) = 0 is accepted. Also, we prefer the notations 5-Loc;(W) and
Socp(W) to indicate the sum of strongly 0-local and the sum of projective semisimple submodules of W,
respectively.
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Theorem 2.15. The implications given above are equivalent for a module W.

(1) W is cofinitely Os5-supplemented.
(2) A Oss-supplement is present in W for each maximal submodule of W.
(3) Sy rsecwy 18 of no maximal submodule.

(4) % is of no maximal submodule.

Proof. (1) = (2) : Let P £ W be maximal. Then P is cofinite in W as % is simple. Therefore, P is of a
Oss-supplement in W.

(2) = (3) : Suppose that the submodule 57Loc5(wl)j Soer ) = 67Loc5(WV)V+SOCP(W) be maximal. In this case, P is
a maximal submodule of W containing 6-Locs(W) + Socp(W). From assumption, there exists a submodule
T <WsuchthatP+T = Wand PNT < Socs(T). In this case, T is strongly o-local or projective semisimple
by [22, Proposition 3.4]. Then, we have T < 6-Locs(W) + Socp(W) < P. Hence, we get the contradiction
T+P=P=W.

(3) = (4) : Assume that fP W <@ fr:(W is maximal. In this case, P is a maximal submodule of 144
including P. As 0-Locs(W) < Cofs (W) and Socp(W) < Cofs, (W) we get 5-Locs(W) + Socp(W) < Cofs (W

P. Con51der the natural epimorphism n : W — m. Then s—rwismmm 1S max1mal in

W which is a contradiction.
(4) = (1) : Let K < W be cofinite. In this case, as 1< is finitely generated for K < K + Cofs (W) < W,

K+C°f>sg S fa vy s finitely generated and so, K + Cofs, (W) is cofinite. Moreover, K + Cofs (W) is not

proper in W. Otherwise, if it were proper, then there would be a maximal submodule 7= fs W S K +COIJ/‘\£.‘(W)

m as it is finitely generated. Thus, Cofs (W) < K+ Cofs (W) <
P < W where P is maximal in W. Thus, ¢ +C01f1 T S X +CO‘}‘: 0l would be maximal which contradicts with

(3). Then, K + Cofs (W) = W is deduced. As % is finitely generated, we have W = K+ A; + Ay + ... + A,
for some positive integer i = 1,2,...,n where each A; is a di-supplement of a maximal submodule of W.
As A, is a Os-supplement of a maximal submodule of W and (K + A1 + Az + ...An—1) + A, is of the trivial
Oss-supplement 0 in W, then K + A; + Ay + ...A,—1 is of a Oi-supplement in W by Lemma 2.14. Repeating
Lemma 2.14 again and again, at the end it will be verified that K has a 0s-supplement in W. Hence, W is
cofinitely 6s-supplemented. [J

including every proper submodule of

By means of the theorem given above we can give the following example verifying that a cofinitely
Oss-supplemented module may not be 04-supplemented.

Example 2.16. Since the Z module Q does not have maximal submodules, then it is cofinitely Os-supplemented by
Theorem 2.15 as & fo @ = Q ~ Q. However, it is not a 5.-supplemented module.

Now we go on by giving anecdotes showing the conditions that make the relations reversible mentioned
before.
The following proposition taken from [22] is given for the completeness.

Proposition 2.17. Given implications below are equivalent for a finitely generated module W.

(1) W is ss-supplemented.
(2) W is cofinitely 6ss-supplemented.
(3) W =Wy + W, + ...+ W, where each W; is strongly 6-local or projective semisimple.

Theorem 2.18. Let W be a cofinitely 6-supplemented module with 5(W) < Soc(W). In this case, W is cofinitely
Oss-supplemented.

Proof. Let the submodule K < W be cofinite. Then, there exists a submodule S of W such that K+ S = W and
KNS <5 5. Thus, KNS < 6(S) < 6(W). Then KN S is semisimple by hypothesis. Thus, S is a d;-supplement
of Kin W. Consequently, W is cofinitely 6s-supplemented. O
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2.2. Amply Cofinitely Os-Supplemented Modules

Here we define cofinitely d.-supplemented modules as a genaralization of the modules given in the
previous subsection. We investigate basic features and ring characterization of these modules.

Definition 2.19. A submodule A of W is of ample dss-supplements in W if each submodule B of W with W = A + B
includes a dss-supplement of A in W [22].

Definition 2.20. If each cofinite submodule of a module W is of ample Os-supplements in W then W is called amply
cofinitely 8ss-supplemented.

Proposition 2.21. If each submodule of a module W is cofinitely Oss-supplemented, then W is an amply cofinitely
Oss-supplemented module.

Proof. Let K < W be cofinite and W = K + B for some B < W. As ¥ = K8 =~ B s finitely generated,
K N B < Bis cofinite. then, there exists T < W such that (KN B)+ T=Band (KNB)NT =KNT <5 T and
KNTissemisimple. Also, wehave W =K+ B =K+ [(KNB)+T]=K+T. Hence, T is a 6;s-supplement of

K contained in B. It means that W is amply cofinitely d,-supplemented. [

Corollary 2.22. The implications given below are equivalent for a ring R :

(1) Each module is cofinitely dss-supplemented.
(2) Each module is amply cofinitely Os-supplemented.

Remember from [3] that a module W is called coatomic if each submodule of W is included in a maximal
submodule of W and a ring R is called a left max ring if Rad(W) < W for each left R-module W, which is
equivalent to the fact that R is a left max ring iff each nonzero left R-module is coatomic.

Proposition 2.23. For a ring R each left R-module is amply cofinitely 6ss-supplemented iff each left R-module is the
sum of strongly 6-local or projective semisimple submodules.

Proof. Let W be an arbitrary left R-module. By assumption W is amply cofinitely ds-supplemented and
so it is cofinitely 6s-supplemented. It follows that R is a 6s-perfect ring by [22, Theorem 5.3] and also R
is a left max ring by [22, Proposition 5.5]. Thus W is coatomic. Hence, W is the sum of strongly d-local
or projective semisimple submodules by [22, Proposition 4.10]. For the sufficiency, let W be an arbitrary
module. By hypothesis W is the sum of strongly 6-local or projective semisimple submodules of W. Then
W is coatomic and W is cofinitely 6s-supplemented by [22, Proposition 4.10]. Hence, W is amply cofinitely
Oss-supplemented by Corollary 2.22. [

A module W is called m-projective if an f € End(W) exists such that f(W) < A and (Iw — f)(W) < B
whenever W =A + Bforany A,B<W.

Proposition 2.24. Let W be a mt-projective cofinitely Os-supplemented module. In this case, W is amply cofinitely
Oss-supplemented.

Proof. Let K < W be cofinite and B < W where W = K + B. From hypothesis there exists an endomorphism
f W — W such that f(W) < K and (Iw — f)(W) < B. It is clear that (Iw — f)(K) < K. Let T be a
Oss-supplement of K in W. In this case, K+ T = W, KNT <5 T and KN T is semisimple. Therefore,
W = fW) + (w = W) = FW) + (I = AEK +T) < K + (I — HIK) + (@ — HI(T) < K+ Iy — T) < W
Then we have K + (I — f)(T) = W. Note that (I — f)(T) < (Iw — f)(W) < B. Now it will be shown that
Kn(w—-HT) =Uw—-fHKNT). Lety e KN (Iw — f)(T). Theny € Kand y = (Iw — f)(t) = t — f(t) for some
t € T. From here, y + f(t) = t € KN T. This implies that KN (I — f)(T) = (Iw — f)(KNT) <5 (Iw = f)(T) by
[28, Lemma 1.5] and also it is semisimple by [10, Corollary 8.1.5]. O
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Lemma 2.25. Let L; (1 < i < n) be a finite community of submodules of a module W such that for each 1 <i <n, L;
is either strongly d-local or projective semisimple and let A < W such that A+ Ly + Ly +- - - +L,, is of a 6s-supplement
T in W. In this case, there exists (possibly empty) I C {1,2, ..., n} satisfying that T + Y ;; X; is a Oss-supplement of A
in W such that X; = L; or X; is a projective semisimple direct summand of L;.

Proof. Letn = 1. By assumption, (A+ L)+ T =A+(L1+T)=W,(A+L)NT <s Tand (A+Li1)NTis
semisimple. If AN (L + T) < Socs(L1 + T) can be shown, it will be verified that L; + T is a 6s,-supplement of
Ain W where X; = L. Itis a known fact that AN (L1 + T) < [L1 N (A + T)] + [T N (A + L1)]. Let us consider
the submodule H =L N (A +T).

Casel:LetH=L1N(A+T)<s L1. AsTN(A+L;) <5 T, thenwehave AN(L; +T) <5 L1 + T. On
the other side, L1 N (A + T) < 6(L1) and so H is semisimple whenever L; is strongly 6-local or projective
semisimple. Thus, A N (L1 + T) is semisimple by [10, Corollary 8.1.5].

Case 2 : Suppose that H is not 0-small in L. Then, it is not possible that L; < L; and so L; is not
projective semisimple by [21, Lemma 2.9]. As L; is strongly 6-local, 6(L1) <5 L1 and also 6(L1) is maximal
in L;. Thus, H + 6(L1) = L; and so there exists a projective semisimple submodule X < 6(L;) provided
HeX=L. Then W=A+(T+L))=A+(T+H+X)=A+(T+X)asH=L1N(A+T) <A+ T. Moreover,
wehave AN(T+X)=[TNA+X)]+[XNA+T]<[TNA+L)]+[XN(A+T)] <5 T+ X. Furthermore,
since the submodules TN (A+X) < TN(A+L;) and XN (A +T) < X are semisimple, then so is A N (T + X).
Hence, T + X is a 0g-supplement of A in W where X is a projective semisimple direct summand of L;. So
the proof is completed for n = 1.

Let n > 1. With induction on 1, a subset ] of {2, ...,n} and submodules X; < L; exist where j € | such that
T+).jej Xjis a 6ss-supplement of A +L; in Wand X; = L; for each j € ] or X; is a projective semisimple direct
summand of L;. Then the case n = 1 shows the existince a submodule X; < L; such that T + X; + } jey Xjis
a Oss-supplement of A in W where X; = L; or X is a projective semisimple direct summand of L;. [J

Theorem 2.26. The implications given below are equivalent for a module W :

(1) W is amply cofinitely 6ss-supplemented.

(2) Each maximal submodule of W has ample 6ss-supplements in W.

(3) For each cofinite submodule K and a submodule L < W such that W = K+ L, an integer n € Z* exists such that
W =K+ Ly +Ly+---+ L, where each L; is either strongly 6-local submodule of L or a projective semisimple
submodule of L for each 1 < i < n.

Proof. (1) = (2) : Itis evident.

(2) = (3) : Let K < W be cofinite and W = K + L for some submodule L < W. It will be shown that the
existence of finitely many strongly 6-local or projective semisimple submodules X3, Xy, ..., X;, of W satisfying
W =K+ (X;+ X+ ..+ X,). Let ¢ be the community of submodules X of L where X = X; + X5 + ... + X;;
X; is strongly 0-local or projective semisimple for i = 1,2,..,n. Let us assume that W # K + X for every
X € ¢. Then itis possible to find a set of submodules U such that W # U + X. By Zorn’s Lemma a maximal
element V of this collection exists satisfying W # V + X and also K < V by [21, Lemma 3.5]. Here V < W
is cofinite obviously. As 1 is finitely generated and V is proper, there exists a maximal submodule P of
W containing V. In this case, W = P+ X and V < P and V is the maximal one satisfying W # V + X. As
X < Lwehave W = P + L. Therefore, by (2) there exists a ds,-supplement T of P which is strongly 6-local or
projective semisimple by [22, Proposition 3.4]. Note that V' # V + T. If it were the contrast, we would get
the contradiction W = P+ T = T'since T < V < P and T is the 0s-supplement of P where P is maximal in W.
ThenV < V+Tand W=V +T)+S5=V+(T+S)isgotwhereT,Sc¢p. AsT+Sep, W=V +(T+5)is
obtained and this contradicts with the maximality of V.

(3) = (1) : Itis clear from Lemma 2.25. [

Theorem 2.27. Let K, L < W such that W = K+ L. If L is 6ss-supplemented, then L includes a ds-supplement of K
in W.

Proof. By assumption, a submodule T of L exists such that (KNL)+T = Land (KNL)NT = KNT < Socs(T).
Since W= K+ (KNL)+T=K+T,then T is a §;-supplement of K in W contained by L. O
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Proposition 2.28. Let W be a module such that each cyclic submodule of W is 6ss-supplemented. Then W is amply
cofinitely Oss-supplemented.

Proof. Let P < W be maximal and W = P + L for some L < W. Then there exists x € L such that x ¢ P and so
we have W = P + Rx by the maximality of P. By hypothesis and Theorem 2.27, Rx contains a ds-supplement
of Pin W. Hence, W is amply cofinitely ds-supplemented by Theorem 2.26. [J

Theorem 2.29. The implications given below are equivalent for a finitely generated module W:

(1) W is amply Os-supplemented.

(2) Each maximal submodule of W has ample 6ss-supplements in W.

(3) Foreach submodule A and a submodule B of W such that W = A+B, it can be written that W = A+Li+Lo+...+L,
provided each L; is either strongly 6-local or projective semisimple submodule of L for 1 <i < n.

Proof. 1t is a clear consequence of Theorem 2.26. [J

Corollary 2.30. If W is a finitely generated module such that each cyclic submodule of W is dss-supplemented, then
W is amply Oss-supplemented.

Proof. It follows from Theorem 2.29 and Proposition 2.28. [

Theorem 2.31. The implications given below are equivalent for a ring R:

(1) R is bss-perfect.

(2) rRis amply cofinitely 6s-supplemented.

(3) R is 6-semiperfect and 6(R) = Soc(R).

(4) Each projective left R-module is (amply) cofinitely Oss-supplemented.

(6) Each left R-module is (amply) cofinitely Os-supplemented.

(6) Each left R-module is the sum of strongly 6-local or projective semisimple submodules.
(7) rRis the sum of strongly d-local or projective semisimple submodules.

(8) Every maximal left ideal of R has ample Oss-supplements in R.

Proof. (1) = (2) : From (1) gR is cofinitely 6s-supplemented. Hence, gR is amply cofinitely ds-supplemented
by Proposition 2.21.

(2) = (3) : By hypothesis rR is 0s-supplemented. Then R is 6-semiperfect and 6(R) = Soc(R) by [22,
Theorem 5.3].

(3) = (4) : By (3) each projective left R-module is ds-supplemented and so cofinitely ds-supplemented.
Hence each projective left R-module is amply cofinitely 0,-supplemented by Proposition 2.21.

(4) = (5) : Because each left R-module is an epimorphic image of a projective R-module, then the proof
completes from Corollary 2.3.

(5) = (6) : It follows from Proposition 2.23.

(6) = (7) : Itis clear.

(7) = (8) : It follows from [22, Corollary 4.11].

(8) = (1) : Itis clear from [22, Theorem 5.3]. O

In the next theorem the notations 6-Locs(W), Socp(W) and y(A) will represent the sum of whole strongly
0-local submodules of W; the sum of whole projective semisimple submodules of W; the (possibly empty)
family of maximal submodules P of W with A < P < W, respectively.

Owing to these notations we will give a new characterization for modules whose maximal submodules
have ample 6-supplements.

Proposition 2.32. The implications given below are equivalent for a module W:

(1) Each maximal submodule of W has ample ds-supplements in W.
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(2) y(A) = y[6-Locs(A) + Socp(A)] for every submodule A < W.
(3) y(Rx) = y[6-Locs(Rx) + Socp(Rx)] for every x € W — Rad(W).

Proof. (1) = (2) : Let A < W and P be a maximal submodule of W which does not include A. By maximality
of P we have W = P + A. By hypothesis a 6s;-supplement T of P exists contained in A. Then T is strongly
0-local or projective semisimple by [22, Proposition 3.4] and so we have T < 6-Locs(A) + Socp(A) < A £ P.
Hence, P does not contain 6-Locs(A) + Socp(A).

(2) = (3) : Evident by assumption.

(3) = (1) : Let P < W be maximal and W = P + B for some B < W. Then, there exists x € B — P
and so we have W = P + Rx by maximality of P. As x ¢ Rad(W), Rx is not contained by P. Then
P ¢ y(Rx) = y[6-Locs(Rx) + Socp(Rx)]. Therefore, there exists a projective semisimple or strongly -local
submodule L of W which is not contained by P. Using maximality of P we have W = P + L. Since P + L has
the trivial 04-supplement 0 where L is projective semisimple or strongly 6-local, then by Lemma 2.25 P has
a Oss-supplement T contained by L. Hence the proof is completed. [

A module W holds the following relationship.

(Amply) cof. ss-supplemented = (Amply) cof. s-supplemented = (Amply) cof. 6-supplemented

Now, we show that the relations given above are not reversible. In Example 2.33 we give a module
proportion which is (amply) cofinitely ds-supplemented but not (amply) cofinitely ss-supplemented; and
in Example 2.33 we give a module proportion which is (amply) cofinitely 6-supplemented module but not
(amply) cofinitely o4-supplemented.

Example 2.33. Let Q = [[ Z; and let R be the subring of Q generated by €D Z, and 1q. Since <2— is the only
i=1 i=1 Dz

singular simple module, we have 5(R) = @5 Z, = Soc(R). Also R is a 6-semiperfect ring which is not semiperfect by

i=1
[28, Example 4.1]. Hence rR is (amply) cofinitely Os-supplemented by Theorem 2.31 as it is Oss-perfect. Furthermore,
rR is not (amply) cofinitely ss-supplemented by [23, Theorem 3].

Example 2.34. Let

K= {(rl'rZ""’r"'r/r/"-) [neN, rie My(F), r € [1(; 112]}

where F be a field. Here R is a ring with component-wise operations such that,

Soc(R) = {(r,7r2,...,74,0,0,...) |[n €N, r; € My(F)},
O(R) = {(m,rz,...,r,,,r, 7,..)|ne€N, r; € My(F), r € [8 1(;] = Rad(R)}.

By [28, Lemma 4.3] R is a 6-semiperfect ring but it is not Os-perfect as 6(R) # Soc(R) by [22, Theorem 5.3]. Hence, gR
is an (amply) cofinitely d-supplemented module by [26, Theorem 4.3] but it is not (amply) cofinitely 6ss-supplemented
by Theorem 2.31.

2.3. When Cofinitely 6ss-Supplemented Modules Are Cofinitely ss-Supplemented?

It is a known fact that every cofinitely ss-supplemented module is cofinitely ds-supplemented. In the
remaining part of the study we examine the reversible relation between these modules.

Lemma 2.35. Let W be a module with finitely generated socle and the submodule P < W be maximal. If P has a
Oss-supplement S in W, then P has an ss-supplement in W contained in S.
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Proof. By hypothesis, we have P+ S = W and PN S < Socs(S). Since P is maximal and ¥ = 23 = -5 then
PN Sismaximalin S. AsPNS < 6(S) < S, it must be true that 6(S) = S or 6(S) = P N S by the maximality of
PnS.

Case 1 :Let 6(S) = S. Then Ij—ris is not singular simple and so PN S is not essential in S. So S = (PN S)® D
for some D < S. It follows that W =P + S =P+ [(PN S)® D] = P® D and obviously D is an ss-supplement
of P in W which is contained by S.

Case?2 :Letd(S)=PnNS.

IfPNS < S, then S is an ss-supplement of P in W.

Otherwise, for a proper submodule T < S we have (PN S)+ T =S5. As PNS <; S, a projective
semisimple submodule Y of P N S exists satisfying Y @ T = S. It follows that 5(5) = 6(Y) ® 6(T) and
TNP=TNPNS=TNS)=0(T)+I[TNo6Y)] = 6(T) by modularity. Moreover, 5(T) =TNP<PNS <5 S
and as T is a direct summand of S, 5(T) = T N P <5 T. Note that it is also semisimple as a submodule of
PNS. Furthermore, W=P+S=P+Y +T =P+ T, thatis T is a 0s,-supplement of P in W.

Here, if 6(T) = TN P < T, then T is an ss-supplement of the maximal submodule P of W contained in
S and the proof is completed. Suppose the contrary. Since T is proper in S and Y is nonzero semisimple
in S, Soc(T) £ Soc(S) is got. Whenever 6(T) is not small in T, repeating the steps given above we get
Soc(T) 2 Soc(T') for a proper submodule T £ T as T = §(T) + T. Repeating the process, we get the
descending chain Soc(T) 2 Soc(T') % - -+ of Soc(W) throughout none of the T, T, ... is an ss-supplement of P.
We run into a contradiction as Soc(W) is finitely generated. Hence, 5(T) < T and P has an ss-supplement T
contained in S. [

Corollary 2.36. Let W be a finitely generated module with a finitely generated socle. W is ss-supplemented if and
only if W is dss-supplemented.

Corollary 2.37. Let W be a module with a finitely generated socle. Then, W is cofinitely ss-supplemented iff W is
cofinitely Oss-supplemented.

Proof. 1t is clear by Lemma 2.35 and [23, Theorem 1]. [

Lemma 2.38. Let W be a strongly d-local module. Then W = A & B such that A is cyclic strongly 6-local and B is
projective semisimple.

Proof. By hypothesis, as 6(W) is maximal, for an element x € W — (W), 6(W) + Rx = W. As 6(W) <5 W,
a projective semisimple submodule Y of 6(W) exists such that Y @ Rx = W by [28, Lemma 1.2] and
5(Y) ® 6(Rx) = Y @ 6(Rx) = 5(W) by [28, Lemma 1.5(3)] and [20, Corollary 2.2(2)]. As r% = Yéfg{‘x) = O(RT"X),
0(Rx) £ Rx is maximal and semisimple. Moreover, as 6(Rx) < 6(W) <5 W and Rx is a direct summand of
W, 6(Rx) <s Rx by [1, Lemma 1.1(4)]. O

Lemma 2.39. Let W be a strongly 6-local module. In this case, W is ss-supplemented if and only if W = L ® P such
that L is strongly local and P is projective semisimple.

Proof. For the necessity, note that (W) < W is maximal, §-small and semisimple in W from the assumption.
As W is ss-supplemented a submodule L < W exists for 6(W) < W such that 5(W) + L = W and 6(L) =

O0(W) N L < Socs(L). Clearly, % = L;févv)v) = W is simple and 6(W) N L < L is maximal. Now we want to
show that L is hollow. Let X £ L. For the inclusion 6(W) < 0(W)+ X < W, (W) + X = 6(W) or 6(W)+ X =W
is got by the maximality of 6(W). As L is the minimal one of the submodules of W provided 6(W) +L =W,
then it is not possible 5(W) + X = W. It means that 6(W) + X is proper in W. Thus 6(W) + X = 6(W) is satisfied
and so X < 6(W) is obtained. It follows that X = XN L < 6(W) N L < L as required. On the other side, as
the submodule 6(L) < L is maximal and semisimple, L is strongly local. In addition to these, as (W) < W
and 6(W) + L = W, a projective semisimple submodule P of 6(W) exists satisfying P @ L = W. Also, the

sufficiency is clear by [11, Proposition 15 and Corollary 24]. [

Definition 2.40. A ring R is called a left As-ring if every finitely generated Oss-supplemented left R-module is
ss-supplemented.
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Proposition 2.41. The implications given below are equivalent for a ring R :

(1) Ris aleft Ass-ring.

(2) Each cyclic 6ss-supplemented R-module is ss-supplemented.

(3) Each cyclic strongly 6-local R-module is ss-supplemented.

(4) Each strongly 6-local R-module is ss-supplemented.

(56) Each cofinitely Os-supplemented R-module is cofinitely ss-supplemented.

Proof. (1) = (2) : Evident.

(2) = (3) : Clear from [22, Lemma 4.1].

(3) = (4) : Let W be a strongly 6-local module. In this case, W has a decomposition W = A @ B provided
that A is cyclic strongly 0-local and B is semisimple projective by Lemma 2.38. By (3), A is ss-supplemented
and clearly B is ss-supplemented. Thus, W is ss-supplemented by [11, Corollary 24].

(4) = (5) : Let W be a cofinitely 0s-supplemented module and P < W be maximal. A submodule S
of W exists such that P+ S = Wand PN S < Socs(S). It follows that PN S < 6(S). On the other side, as
ﬂ =L *5 = was is simple, PN S < S is maximal and so 6(S) = PN S or 6(S) = S. Additionally, for every
x € S (P N S) we have xS+ (PN S) = S. It follows that xS @ D = S for a projective semisimple submodule
D of PN Sbecause PN S < S by [28, Lemma 1.2].

Case 1 : Let 6(S) = PN S. Since P N S is maximal, semisimple and 6-small in S, S is strongly 6-local and
so it is ss-supplemented from (4). Thus, S is a direct sum of a strongly local submodule and a projective
semisimple submodule. Hence S is ss-supplemented and so cofinitely ss-supplemented by [23].

Case 2 : Let 5(S) = S. Then 6(xS) @ 6(D) = xS @ D by [28, Lemma 1.5(3)]. Clearly, 6(D) = D as D is
projective semisimple. Using [28, Lemma 1.5(4)] it must be true that 6(xS) = xS <5 xS since x5 is cyclic.
Thus, x5 is projective semisimple and so S = x5 ® D is semisimple by [10, Corollary 8.1.5]. Hence S is
cofinitely ss-supplemented.

Taking into account two cases handled above, since W = P + S has a trivial ss-supplement 0, P < W
is cofinite and S is cofinitely ss-supplemented, then P also has an ss-supplement in W by [23, Lemma 3].
Hence, W is cofinitely ss-supplemented by [23, Theorem 1].

(5) = (1) : Itis obvious. [

Remark 2.42. By [22, Corollary 5.10] and [23, Theorem 3] every left Os-perfect ring with finitely generated x(R)

Soc( RR)

where x(R) = S8

given in [4, Corollary 4.3] is a left Ass-ring.

In [14] a ring R is said to be ss-perfect if and only if R is semilocal and Rad(R) < Soc(R). Using this
concept we obtain another examples of left Ag-rings.

Example 2.43. Every ss-perfect ring is a left Ay-ring: For an ss-perfect ring R, it is enough to show that every
cyclic strongly 6-local R-module is ss-supplemented by Proposition 2.41. Let W be cyclic strongly o-local. Thus,
W has finite hollow dimension by [5, 18.10, (a & b)]. It follows W satisfies ascending and descending chain
condition on coclosed submodules by [5, 5.3]. Thus, W = W1 @ W, & - - - ® W,, where each W; is an indecomposable
submodule of W. By [28, Lemma 1.5] we have 6(W) = 6(W1) ® 0(W2) @ --- ® 0(W,,). As W is strongly 6-local

there exists an index iy € {1,2,...,n} such that 6(W;,) < W, is maximal and 6(W;) = W; for every i # iy as
W@ @W;, &-OW, W, L S .y
TV&’V) = Mlé”eé(wfo)@uewn = 5(w?0) from the maximality of (W) < W. Clearly, every W; (i # ig) is projective

semisimple by [21, Lemma 2.9] since (W) <5 W & 0(W;) = W; (i # iy) and O(W;,) <s Wi,. In view of brevity
let us assume that K = Wi @ Wy @ ---®@ W, (W, # W;) and so W = W;, @ K. Note that K is semisimple by
[10, Corollary 8.1.5] and obviously it is ss-supplemented. In the remaining part of the solution we aim to show
that Wi, is also ss-supplemented. If we show that W is strongly local, then the problem will be completed by [11,
Proposition 15 and Corollary 24]. For any proper X < W;, we have 6(W;,) + X = Wy, as 6(Wy,)) < W, is maximal.
Since 5(W;,) <s Wi, a projective semisimple submodule Y < o0(W,) exists such that Y @ X = W As Wi, is
indecomposable we get the contradiction X = Wy, or Y = Wj,. So it must be true that X = W;,, that is, 6(W ) < W,
and so W, # Rad(Wj,) = 6(Wj,) < 6(W). Clearly, Rad(W, ) is semisimple as W is strongly 6-local. Moreover, since
Wi, is finitely generated, then each proper submodule of it is small and so Wj, is hollow. It follows that Wj, is local by
[5, 2.15(4)]. So we obtain that W, is strongly local. Hence, W = W, @ K is ss-supplemented as a direct sum of two
ss-supplemented modules.
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Example 2.44. Let R = Z4. Then R is a semilocal ring as it is local. Also, since Soc(R) = Rad(R) = 2Z4, R is
ss-perfect by [14, Theorem 2.15]. Hence, R is a left Ass-ring by Example 2.43.

Proposition 2.45. Let W be a projective, semilocal and cofinitely 6ss-supplemented module with Rad(W) << W. In
that case, W is cofinitely ss-supplemented.

Proof. Note that Soc;(W) is a direct summand of Soc(W) as Soc(W) is semisimple. Then Soc(W) = Socs(W)&T
for some T < Soc(W). Since W is semilocal, W =T+ Nand TN N <« W for some N < W. So it is clear
that TN N < Rad(W). From here TN N < T N Rad(W) = [T N Soc(W)] N Rad(W) = T N [Soc(W) N Rad(W)] =
T N Socs(W) = 0. Also it is obtained that Rad(W) = Rad(T) ® Rad(N) = Rad(N) as T is semisimple. Note that
N is projective as a direct summand of the projective module W. Now it will be shown that 6(N) = Rad(N).
With this aim it is necessary to verify that N has no simple projective direct summand by [20, Proposition
2.4]. Let us suppose that S is a simple projective direct summand of N. Thus N = S @ K for some
K < N. From here, S <5 S < N and so S < Socs(N) < Soc(N) as S is projective semisimple. We get,
Soc(N) = Soc(W) NN = [Socs(W)® T] NN = [{Soc(W) N Rad(W)} & T] N N = [{Soc(W) N Rad(N)}]® (TN N) =
Soc(W) N Rad(N) < Rad(N) from modularity and so S < Soc(N) < Rad(N) = Rad(W) <« W is got. Since Y is
a direct summand of W, S < N then the contradiction K = N is got. Thus, it requires that 6(N) = Rad(N).
Since W is cofinitely 6s-supplemented, then N is cofinitely 0s-supplemented from Corollary 2.4 . Thus, for
every cofinite submodule U of N, a submodule V of N exists such that U + V = N and UN V < Socs(N). It
follows that UNV < 6(N) = Rad(N) < Wand so UNV <« N as N <g W. Therefore, U NV < Socs(N), that
is, N is cofinitely ss-supplemented. So, W = T @ N is cofinitely ss-supplemented by [23, Proposition 2]. [

Corollary 2.46. The following statements are equivalent for a ring R :

(1) R is semiperfect and Rad(R) < Soc(rR).
(2) Ris left dss-perfect and semilocal.

(3) Ris left dss-perfect and %’ZRR)) is finitely generated.
Proof. (1) = (2) : From hypothesis gR is ss-supplemented from [11, Theorem 41] and so it is dss-supplemented.
Thus R is left 04-perfect from [22, Theorem 5.3]. And, R is semilocal as it is semiperfect by [27, 42.6].
(2) © (3) : It follows from [4, Lemma 4.1].
(3) = (1) : Since R is left 5-perfect, then R is 6-semiperfect and 6(R) = Soc(rR) by [22, Theorem 5.3]. So,
Rad(R) < Soc(rR). Moreover, R is semiperfect by [4, Corollary 4.3]. O

3. Conclusion

Owing to this article a middle module form (cofinitely os-supplemented module) takes place between
cofinitely ss-supplemented modules and cofinitely 6-supplemented modules as it can be seen from the
definitions. Many new generalizations of ss-supplemented modules have emerged in recent years ([8], [12],
[16], [24], [25]). And each of these with the interpretation of singularity can be handled again with respect
to cofinite submodules of a module. In this way, sustainability of our study is possible by establishing new
definitions.
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