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Abstract. In this paper, a half-symmetric affine connection is considered. Based on this connection,
the corresponding linearly independent curvature tensors are determined. Subsequently, a special half-
symmetric affine connection (K. Yano, 1965) is examined. First, the dual and symmetric connections of this
special half-symmetric connection are defined. Then, a necessary and sufficient condition for the torsion
vanishing of the special half-symmetric affine connection is determined. Linearly independent curvature
tensors of the special half-symmetric affine connection are then identified. Finally, necessary and sufficient

conditions under which the dual and symmetric connections of the special half-symmetric affine connection
are F-connections are established.

1. Introduction

In this research, we will continue the research about half-symmetric affine connection started by K. Yano
[18]. Yano's research is a special case of the study about non-symmetric affine connection space started by
L. P. Eisenhart [1], and continued by S. Min¢i¢ [4-9], M. Stankovi¢ [16], Lj. S. Velimirovi¢ [9, 11, 13, 16], and
many others.

In this article, we will recall basic definitions about symmetric and non-symmetric affine connection
spaces. After that, the curvature tensors of these spaces will be expressed. In the Section 2, we will present
definition of half-symmetric connection [18] and correlate it with the corresponding non-symmetric affine
connection. In the Section 3, we will obtain a family of curvature tensors with respect to half-symmetric

affine connection. The last result in this study are linearly independent curvature tensors obtained with
respect to the half-symmetric affine connection.
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1.1. Symmetric and non-symmetric affine connection space

0
A K-dimensional manifold Mk equipped with a symmetric metric affine connection V, whose coefficients

are L;k, Lj,k = L;(j, is the symmetric affine connection space Ag (see [2,3, 15]).

The covariant derivative of a tensor 4 of the type (1, 1), with respect to the symmetric affine connection
0
Vis[2,3,15]

a}lk a +L’ka —L]k - 1

where partial derivation is marked by comma.
The corresponding Ricci identity is

= @R, — iR’ 2)

i
ajlmln 61 jlnlm — pmn P jmn’

for the curvature tensor of the space Rx expressed as [15]

R. =r —[i [P LI —[PIF . (3)

jmn jmn jn,m jmpn jn ]m

A K-dimensional manifold Mk equiped with a non-symmetric affine connection V, whose coefficients
are Li,k, L;.k # L;'{]. for at least one pair of indices (j, k), is the non-symmetric affine connection space GAg (see
[1,4-9,11-13, 16, 19]).

The symmetric and anti-symmetric part of affine coefficients L;.k are

. 1, . . . . 1, . .
Lp= 3L+ L) The= L= 5( - L) @

The components Lj.k are components of coefficients of a symmetric affine connection. This symmetric
affine connection is the affine connection of associated space of the space GAg. The components L;.k are
components of a tensor of the type (1,2). The tensor Sj.k = ZL;k is the torsion tensor of the space GAk. It
holds the equality Ll = Ll + Li

S. M. Min¢i¢ founded four kinds of covariant derivatives of the tensor 4 of the type (1,1) with respect to
non-symmetric affine connection [4-9]

aj.lk = aj./k + L;k L?k " (5)
a]lk a +L;{pa] —LZ] ;, (6)
a]'lk = 11 L ka - LZ] ;, )
a]lk _a]k+L;(pa] —L’;k . (8)

N. O. Vesi¢ proved that three of these four kinds of covariant derivatives are linearly independent [17].
With respect to the four kinds of covariant derivatives (5, 6, 7, 8), S. M. Minci¢ obtained four curvature
tensors, eight derived curvature tensors and fifteen curvature pseudotensors of the space GAg.
Min¢i¢’s work have continued many scientiests. Some of them are M. Stankovi¢ [16], M. Zlatanovi¢
[16, 19], Lj. S. Velimirovi¢ [9, 11, 13, 16], and many others.
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N. O. Vesi¢ [14, 17] and D. J. Simjanovi¢ [14] completed the research realized in [17] where it is proved
that just curvature tensors may be obtained from the differencesa’, ~—a'  p,q,15€{1,2,3,4}.
]’Lmln jlnlm

The curvature tensors of the space GAk are elements of family

Ki =R. 4+yTi

jmn jmn jmln

+u' T +oT) T +o'T T+ wannT;j. )

jnlm jm=pn jn=pm
1.1.1. Linearly independent curvature tensors
In attempt to generalize initial research about curvature tensors of symmetric affine connection [2, 15], S.
M. Minc¢i¢ [4-8] concluded that from the difference aljlmln - a;’\nlm five linearly independent curvature tensors
P q r s
may be obtained:

o . b iy

Ilz;mn - L}m,n - L;n,m + ijl]zm - LjnL;Jm' (10)
o . . .

I;;mn - lej,n - L;]’,m + Lm]‘Llnp - LZ]‘lep/ (11)

1§}mn = Loy = Ly + L?lenp - LZ].L;,m + 2Lf,mT; i (12)
S . o -

If;mn - L}m,n - L;j,m + ijL;“P - LnjL;’m + ZL’””T;’]" (13)

Rin = L = L + 5 (L Lpn + Ly Lip = L5, Ly = L L ). (14)

~ These five linearly independent curvature tensors are expressed as functions of the curvature tensor
R’ of the associated space Anx

jmn
Rl = R + T = Tt + T o = T Ty (10A)
R = Rl = Tt + T + T Ton = T T (11A)
Rl = R + T * Tt = T Tpn + T, Ty = 2T T, (12A)
R = R + T * Tt = T Tpn + T, T + 2T1 T, (13A)
Rl = Ry + T T + T, T (14A)

In the research of N. O. Vesi¢ [14, 17] and D. J. Simjanovi¢ [14], the sixth linearly independent curvature
tensor of space GAy was obtained. Six linearly independent curvature tensor of this space are

zlz]mn = Riy + Ty = Ty + T Ty = T, T + 217, T, (15)
R = Riun + Tt = T+ T Tpn + T, Ty (16)
Rl = R + Ti = T = T Ty = T T 17)
R = R + Tt = Tian = T Ton = 3T, Ty (18)
R = R * T+ T+ T T + T Ty (19)
Igj'mn = R;mn - Tj')mm - T?mm - T?mT;n - T;;nT;’W' (20)
The linearly independent curvature tensors If;mn, e I;;.mn given by (10A-14A) and I;{j.mn given by (17)

are linearly independent. Hence, our study in this research will be based on these six linearly independent
curvature tensors. The above-mentioned Riemann curvature tensors can be subjected to decomposition
theorems, which were studied in [10].
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1.2. Research purposes

At the start of this research, in the Section 2, we will review the definitions of almost complex space and
terms necessary for further investigation.

In the Section 3, we will obtain curvature tensors with respect to the half-symmetric affine connection
such as the linearly independent curvature tensors with respect to this connection.

In the Subsection 3.1, we will define dual and symmetric connections of a half-symmetric affine connec-
tion. After that, the necessary and sufficient conditions that the special half-symmetric affine connection
be torsion-free are presented. After that, we obtained the corresponding six linearly independent curva-
ture tensors with respect to the special half-symmetric affine connection (curvature tensor with respect
to the torsion-free affine connection and five other linearly independent curvature tensors). At the end
of this research, necessary and sufficient conditions for the dual and symmetric connections to be the
F-connections.

2. Almost complex manifolds

The K = 2N-dimensional affine connection spaces were studied in Yano’s work [18]. A 2N-dimensional
manifold Moy = Mon(x!, ..., x™V) equipped with a structural affinor F/ which satisfies the equality

FFi = -5, (21)

is almost complex manifold [18].
The operators O};f and *O’r’f are defined as

1
hs _
Oris_i

0l = 3 (0157 + FIF;) @3

(oFo; - FIF), (22)

The affine connection of almost complex space, whose coefficients are Lj.k, is the F-connection if the

affinor F? is covariantly constant with respect to this connection, i.e. F{"I ; = 0. Because
1

] — jrl 7l
Fiy = Fy — TyFi + TyFy, (24)
1

the F-connection satisfies the equality

S
F T)F; + T} F). (25)

i _
ilk I

The F-connection Lj.k is the half-symmetric connection if its torsion tensor satisfies the equality
hs Akt cr _
0;0;;S¢ = 0. (26)

For the half-symmetric affine connection, the next equalences are satisfied:

Sy = FF\S}, + FiF;Sy, + F/FiS],, (27)
T}, = BFT] + FFT], + F/FT, (28)
FFi = -5, (29)

j _ _qirpl I o j
Fy = -TyFi + Ty F . (30)
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3. Curvature tensors

With respect to the equations (27, 28, 29, 30), we will obtain the family of curvature tensors of a non-
symmetric affine connection space analogous to the family (9).
The following equalities are satisfied

T! Th = (B FLT), + FiF, Y + FUFTL )(FAFy Th + FyENTL, + FAFS T, ) = QUet 1Ty, (31)
for

Qi = FFLFIF.0} — Fy,F0.0.8, — Fy FLo,0,0% + F, FLFiFLO) + F FRFi o, + Fy, FiFCF)S,

mrncj

. ; . (32)
+ FF{FyFby, — FiF, 0703, — FiFL6,6;,0,.
We need to determine T;'.m‘n in terms of Fll
Tl = (FuFVTl + FiF, T + PiF;T;m)ln
= (= T3, Fyy + Tou B} )ELT), + By, (= T4, F) + TL,F)) T, + B, Fi T,
+ (= T, F) + T}, F)F Ty + F( = T3, F) + T F )T + FE, T,
+ (= T},F, + T}, F))F\Ty, + Fi( = T}, F + T4, F}) Ty, + BIFST,,
After some computing, we get
Tj'mln = Q;flrziitchZuTtys + y)siﬁro:sln' (33)
for
Pril = FyFi0) + FUF3, 00 + FiF'G3,, (34)
5;5’,”;;]. = —F},F,8:0,0} + FiF,0,,000% = Fy, FLoL6,0) + Fy,FL0/640% — FIF;,0,0000 + F;, FLo,840] 5)

— FiF, 8,000, + FiF:0,0,,0, — FIF(0},0000 + FLF(0},0,00, = FF8,,000, + FLF(8,,076.
In this way, we obtained that the next equation holds.

7(1" — Ri + u?)sit T + u/%sithr + (uashuit + u/ésbait ¥ UQShait + U/stait 4 wstait )TZHT{S' (36)

jmn jmn mrj~ tsln nrj = tslm mrncj nrmej mrncj nrmej nrjcm
The next theorem holds.

Theorem 3.1. Let GAjy be a generalized Riemannian space equipped with a half-symmetric affine connection. The
family of curvature tensors of this space is given as (36). ]

For different u, u’, v, v/, w, S. M. Minci¢ obtained five curvature tensors [4-9]. N. O. Vesi¢ [17] and D. J.
Simjanovi¢ [14, 17] obtained that there six linearly independent curvature tensors of a non-symmetric affine
connection space. The sixth linearly independent curvature tensor, which was not obtained in Min¢i¢’s
works and rest, is the curvature tensor of the associated space A,y. We will list five linearly independent
curvature tensors of the space with a half-symmetric affine connection analogues to the five ones which
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Min¢i¢ and his colleagues obtained. These curvature tensors are:

If;mn = R;'mn + ﬁsnitro:sln - 5Zirththlm (37)
+ (@t = Qo + Qe ~ Qo) T T

I;;mn = R;'mn - 5sni)‘ro:sln + ﬁiirth:slm (38)
— (@t — et — @l + @it 1% T,

I;j'mn = Rl]l‘mn + ?);itro:sln + ?)ili:jTtrslm (39)
+ (@bt Qe — @l @it — 2@l VT T,

Ifj'mn = Rj’mn + ?)Srrl;tro:sln + ’i)ili:jTtrslm (40)
+ (@bt Qi — @l @ttt 2@t VT T,

Igmn = R;mn + (anff;ltcj + Qill:’ﬁ;itcj)TZuT{s' (41)

The sixth linearly independent curvature tensor of semi-symmetric affine connection space GAyy is

Ri = Ri gt pr _gpsitr (ésbﬂit Y )TZaT:s' (42)

3 jmn jmn mrj~ tsln nrj~ tslm nrmcj nrjcm

Following the previous research, we proved that the next theorem holds.

Theorem 3.2. The set of curvature tensors given by the equation (36), is completely generated by six linearly
independent curvature tensors. These six tensors are the curvature tensor of the associated space and the curvature
tensors given by (37-42). m|
3.1. Special half-symmetric connection

Let Lj.k be coefficients of a symmetric affine connection. Based on the Theorem 1.7 ([18], Chapter 12), we

conclude that

1, o1,
L;kZL;j_EF;Fj\k (43)

1.
are coefficients of a half-symmetric F connection. Hence, for the affine connection L;.k we obtain that is:

1, 1, 1.
- = P P
Sy = 2Ly = SF, (Fklj - Fﬂk), (44)
1, 1. 1 i (op »
T, =Ly = 3F(Fl = B ). (45)

Dual and symmetric connection of the connection (43) are respectively given below:
[i=[i =] —éi —L —Lpip (46)
e Y e

vz Mosn ) =p L (e s (47)
k= o\ "k ki] = kT 4T P\ K Kj)”
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The connection (43) may be expressed as

Vi dioo it i, L P
ijzLK+L]3<=L$+Tjk=Lﬁ+ ZFP(FkU_Fﬂk)' (48)
Theorem 3.3. Let in an almost complex space be defined a symmetric affine connection whose coeffcients are L, . For
s
this connection, the next equalites are satisfied

1

S;k =0 = Fl]'lk = F;d]., (49)

1 , ,

T\ =0 & F,=F, (50)
ie Ll =1 if and only if the tensor F', is symmetric by j and k m
€ Bk = ﬁ, y jlk Y y] :

Based on the equation (3), we obtain the curvature tensor with respect to the symmetric affine connection

1.
i
Lﬁ'

1. 1. 1. 1. 1. 1.1,
R =L [t 4Pl [P}
jm P

O iy
= iR;mn - }LF;FiREmn - 4111:; (an\jn - FZUm) 1)
- f—é (3F, + EFIFL,) (F;?Im +F u)
+ 11—6 (3F,, + EFLF) (F;n + FZI].),

where R;mn and (]) are curvature tensor and covariant derivative obtained by symmetric affine connection,
respectively. From the equation (37-42), (45) i (51) we obtain:

1. 1. 1 op 1, » 1.
Ilz;mn = ER;’mn - EF;JFiRsm” - ZF;JIVIFjlm + ZF;’\ijln’ (52)

_ P P P P
I;;mn - lemn - EF;’ (lejn - Fnl]'m) - EF;?lnlej + EF;lanlj

1 (53)

= 3 FuF (BB = FoyFn).

Il{;mn =R}, — %F; (F?Imn - FZI]'m) - %F;mFim + }IFLImFZIj + }LFZImF;IJ' 54)
- jIF s (FiFh = FopF5).

éj’mn = Rjy — %F; (F?Imn - FZUm) - %F;mp;\m + }]F;JWFZU + }LFZﬂnF;U (55)
- };FéquZ (FyFh = EoaF)).

B = 3R = PR~ 373 (P = i)~ 55 = PP -
+ lep%mpﬁn + %Ffa\mpiu - éF;szg (FhusFr = FiFn).

1

ngm = %Rj.mn - %F;Fijmn - %F;;IHF’;W + }LF;WF?'” - %F;MFZ ! -

1.
+ < Fi FIF,(F

S
g v jm = F

mu)'
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1, ,
Because L}k is the F-connection, we get P;.‘ , = 0, where | is covariant derivative with respect to the
1
1

1, .
connection L;.k. From the equality F;l ; = 0 and equation (46), we obtain

, 1 1.
i _ i _ i ~ri q P
Fiie = Fe = 3E0 + 3 EFii (58)

2
where | denotes covariant derivative with respect to the affine connection L

i
2 ik

2. 1.
Theorem 3.4. Dual connection L', of the connection L', is F-connection if and only if
ik ik

1. 1.,
i _ -pi _ i q P
Fiye = 2Pkli ZFP\qFij'
O
From the equality F;.I ; = 0 and the equation (47) we obtain the following relation
1
Ly 1,1 o
Fik=7 (F;.lk = 5Fu;*+ 5F) qF].Fk), (59)
1.
where | is covariant derivative with respect to the symmetric affine connection Lljk.
0 i
1. 1.
Theorem 3.5. Symmetric affine connection le of the connection L;,k is F-connection if and only if
1 1,
i _ ~pi _ —pi pipP
Fy = szIj 2Fp‘qF].Fk.
O

4. Conclusion

In Chapter 2, we reviewed the definition of almost complex manifolds and the operators necessary for
further considerations in this work, following the work of K. Yano [18].

In Chapter 3, we determined the curvature tensors of half-symmetric affine connection space. In Subec-
tion 3.1, we discussed a special half-symmetric affine connection. Firstly, we defined the dual connection of
this special half-symmetric affine connection. Then, we presented the necessary and sufficient condition for
the special half-symmetric connection to be symmetric. Subsequently, six linearly independent curvature
tensors were determined based on the special half-symmetric affine connection (one curvature tensor with
respect to the symmetric affine connection and five curvature tensors with respect to the non-symmetric
affine connection of the special half-symmetric connection). At the end of this research, the necessary
and sufficient conditions under which the dual and symmetric connections of the special half-symmetric
connection are F-connections were determined.

Acknowledgements

Nenad O. Vesi¢ wishes to thank the Ministry of Science, Technological Development, and Patents in the
Government of the Republic of Serbia, which, through the Mathematical Institute of the Serbian Academy
of Sciences and Arts, financially supported the realization of this research.



M. Stefanovic et al. / Filomat 39:22 (2025), 7749-7757 7757

References
[1] L.P. Eisenhart, Non-Riemannian geometry, Journal = Collog. Publ., Am. Math. Soc., Vol. 8, 1927.
[2] J. Mikes, E. Stepanova, A. Vanzurova, et al., Differential geometry of special mappings, 1st Ed., Palacky University, Olomouc, 2015.
[3] J. Mike$ E. Stepanova A. Vanzurova, et al., Differential geometry of special mappings., 2nd Ed., Palacky University, Olomouc, 2019.
[4] S. M. Min¢i¢, Ricci identities in the space of non-symmetric affine connexion, Mat. Vesn., Vol. 10 (1973), No. 25, 161-172.
[5] S. M. Min¢i¢, Curvature tensors of the sapce of non-symmetric affine connexion, obtained from the curvature pseudotensors, Mat. Vesn.,
Vol. 13 (1976), No. 28, 421-435.
[6] S.M.Minti¢, New commutation formulas in the non-symmetric affine connexion space, Publ. Inst. Math., Nouv. Sér., Vol. 22 (1977), No.
36, 189-199.
[7]1 S. M. Ming&i¢, Independent curvature tensors and pseudotensors of spaces with nonsymmetric affine connexion, Colloq. Math. Soc. Janos
Bolyai, Vol. 31, 445-460.
[8] S. M. Min&i¢, On ricci type identities in manifolds with non-symmetric affine connection, Publ. Inst. Math., Nouv. Sér., Vol. 94 (2013),
No. 108, 205-217.
[9] S. M. Min¢i¢, Ljubica S. Velimirovi¢, Spaces with non-symmetric affine connection, Novi Sad J. Math., Vol. 38 (2008), No. 3, 157-164.
[10] P.Peska, M. Jukl, J. Mikes, Tensor decompositions and their properties, Mathematics, Vol. 11 (2023), No. 17, 3638.
[11] M. Z. Petrovi¢, Generalized para-Kihler spaces in Eisenhart’s sense admitting a holomorphically projective mapping, Filomat, Vol. 33
(2019), No. 13, 4001-4012.
[12] M. Z.Petrovi¢, Lj. S. Velimirovié¢, Generalized Kiihler spaces in Eisenhart’s sense admitting a holomorphically projective mapping, Mediterr.
J. Math., Vol. 15 (2018), No. 4, 150.
[13] M. Z. Petrovi¢, Lj. S. Velimirovi¢, A new type of generalized para-Kihler spaces and holomorphically projective transformations, Bull.
Iran. Math. Soc., Vol. 45 (2019), No. 4, 1021-1043.
[14] D.]. Simjanovi¢, N. O. Vesi¢, Commutation formulae with respect to non-symmetric affine connection, Quaest. Math., Vol. 45 (2022),
No. 11, 1669-1682.
[15] N.S. Sinyukov, Geodesic mappings of Riemannian spaces, (in Russian), Nauka, Moscow, 1979.
[16] M. S. Stankovi¢, M. Lj. Zlatanovi¢, Lj. S. Velimirovi¢, Equitorsion holomorphically projective mappings of generalized Kihlerian space of
the first kind, Czech. Math. J., Vol. 60 (2010), No. 3, 635-653.
[17] N. O. Vesi¢, Eighty one Ricci-type identities, Facta Univ., Ser. Math. Inf., Vol. 35 (2020), No. 4, 1059-1078.
[18] K. Yano, Differential geometry on complex and almost complex spaces, Oxford, London-New York-Paris-Frankfurt, 1965.
[19] M. Lj. Zlatanovi¢ New projective tensors for equitorsion geodesic mappings, Appl. Math. Lett., Vol. 25 (2012), No. 5, 890-897.



