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Abstract. In this paper, a half-symmetric affine connection is considered. Based on this connection,
the corresponding linearly independent curvature tensors are determined. Subsequently, a special half-
symmetric affine connection (K. Yano, 1965) is examined. First, the dual and symmetric connections of this
special half-symmetric connection are defined. Then, a necessary and sufficient condition for the torsion
vanishing of the special half-symmetric affine connection is determined. Linearly independent curvature
tensors of the special half-symmetric affine connection are then identified. Finally, necessary and sufficient
conditions under which the dual and symmetric connections of the special half-symmetric affine connection
are F-connections are established.

1. Introduction

In this research, we will continue the research about half-symmetric affine connection started by K. Yano
[18]. Yano’s research is a special case of the study about non-symmetric affine connection space started by
L. P. Eisenhart [1], and continued by S. Minčić [4–9], M. Stanković [16], Lj. S. Velimirović [9, 11, 13, 16], and
many others.

In this article, we will recall basic definitions about symmetric and non-symmetric affine connection
spaces. After that, the curvature tensors of these spaces will be expressed. In the Section 2, we will present
definition of half-symmetric connection [18] and correlate it with the corresponding non-symmetric affine
connection. In the Section 3, we will obtain a family of curvature tensors with respect to half-symmetric
affine connection. The last result in this study are linearly independent curvature tensors obtained with
respect to the half-symmetric affine connection.
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1.1. Symmetric and non-symmetric affine connection space

A K-dimensional manifoldMK equipped with a symmetric metric affine connection
0
∇, whose coefficients

are Li
jk, Li

jk = Li
k j, is the symmetric affine connection spaceAK

(
see [2, 3, 15]

)
.

The covariant derivative of a tensor â of the type (1, 1), with respect to the symmetric affine connection
0
∇ is [2, 3, 15]

ai
j|k = ai

j,k + Li
pkap

j − Lp
jkai

p, (1)

where partial derivation is marked by comma.
The corresponding Ricci identity is

ai
j|m|n − ai

j|n|m = ap
j R

i
pmn − ai

pRp
jmn, (2)

for the curvature tensor of the space RK expressed as [15]

Ri
jmn = Li

jm,n − Li
jn,m + Lp

jmLi
pn − Lp

jnLp
jm. (3)

A K-dimensional manifoldMK equiped with a non-symmetric affine connection ∇, whose coefficients
are Li

jk, Li
jk , Li

k j for at least one pair of indices ( j, k), is the non-symmetric affine connection space GAK

(
see

[1, 4–9, 11–13, 16, 19]
)
.

The symmetric and anti-symmetric part of affine coefficients Li
jk are

Li
jk =

1
2

(
Li

jk + Li
k j

)
, Ti

jk = Li
jk
∨

=
1
2

(
Li

jk − Li
k j

)
. (4)

The components Li
jk are components of coefficients of a symmetric affine connection. This symmetric

affine connection is the affine connection of associated space of the space GAK. The components Li
jk
∨

are

components of a tensor of the type (1, 2). The tensor Si
jk = 2Li

jk
∨

is the torsion tensor of the space GAK. It

holds the equality Li
jk = Li

jk + Li
jk
∨

.

S. M. Minčić founded four kinds of covariant derivatives of the tensor â of the type (1, 1) with respect to
non-symmetric affine connection [4–9]

ai
j |
1
k = ai

j,k + Li
pkap

j − Lp
jkai

p, (5)

ai
j |
2
k = ai

j,k + Li
kpap

j − Lp
kja

i
p, (6)

ai
j |
3
k = ai

j,k + Li
pkap

j − Lp
kja

i
p, (7)

ai
j |
4
k = ai

j,k + Li
kpap

j − Lp
jkai

p. (8)

N. O. Vesić proved that three of these four kinds of covariant derivatives are linearly independent [17].
With respect to the four kinds of covariant derivatives (5, 6, 7, 8), S. M. Minčić obtained four curvature

tensors, eight derived curvature tensors and fifteen curvature pseudotensors of the space GAK.
Minčić’s work have continued many scientiests. Some of them are M. Stanković [16], M. Zlatanović

[16, 19], Lj. S. Velimirović [9, 11, 13, 16], and many others.
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N. O. Vesić [14, 17] and D. J. Simjanović [14] completed the research realized in [17] where it is proved
that just curvature tensors may be obtained from the differences ai

j |
p
m|

q
n − ai

j|
r
n|

s
m, p, q, r, s ∈ {1, 2, 3, 4}.

The curvature tensors of the space GAK are elements of family

Ki
jmn = Ri

jmn + uTi
jm|n + u′Ti

jn|m + vTp
jmTi

pn + v′Tp
jnTi

pm + wTp
mnTi

pj. (9)

1.1.1. Linearly independent curvature tensors
In attempt to generalize initial research about curvature tensors of symmetric affine connection [2, 15], S.

M. Minčić [4–8] concluded that from the difference ai
j |
p
m|

q
n − ai

j|
r
n|

s
m five linearly independent curvature tensors

may be obtained:

R
1

i
jmn = Li

jm,n − Li
jn,m + LP

jmlIpn − Lp
jnLi

pm, (10)

R
2

i
jmn = Li

mj,n − Li
nj,m + Lp

mjL
i
np − Lp

njL
i
mp, (11)

R
3

i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm + 2Lp

nmTi
pj, (12)

R
4

i
jmn = Li

jm,n − Li
nj,m + Lp

jmLi
np − Lp

njL
i
pm + 2Lp

mnTi
pj, (13)

R
5

i
jmn = Li

jm,n − Li
jn,m +

1
2

(
Lp

jmLi
pn + Lp

mjL
i
np − Lp

jnLi
mp − Lp

njL
i
pm

)
. (14)

These five linearly independent curvature tensors are expressed as functions of the curvature tensor
Ri

jmn of the associated spaceAN

R
1

i
jmn = Ri

jmn + Ti
jm|n − Ti

jn|m + Tp
jmTi

pn − Tp
jnTi

pm, (10A)

R
2

i
jmn = Ri

jmn − Ti
jm|n + Ti

jn|m + Tp
jmTi

pn − Tp
jnTi

pm, (11A)

R
3

i
jmn = Ri

jmn + Ti
jm|n + Ti

jn|m − Tp
jmTi

pn + Tp
jnTi

pm − 2Tp
mnTi

pj, (12A)

R
4

i
jmn = Ri

jmn + Ti
jm|n + Ti

jn|m − Tp
jmTi

pn + Tp
jnTi

pm + 2Tp
mnTi

pj, (13A)

R
5

i
jmn = Ri

jmn + Tp
jmTi

pn + Tp
jnTi

pm. (14A)

In the research of N. O. Vesić [14, 17] and D. J. Simjanović [14], the sixth linearly independent curvature
tensor of space GAN was obtained. Six linearly independent curvature tensor of this space are

R̃
1

i
jmn = Ri

jmn + Ti
jm|n − Ti

jn|m + Tp
jmTi

pn − Tp
jnTi

pm + 2Tp
mnTi

pj, (15)

R̃
2

i
jmn = Ri

jmn + Ti
jm|n − Ti

jn|m + Tp
jmTi

pn + Tp
jnTi

pm, (16)

R̃
3

i
jmn = Ri

jmn + Ti
jm|n − Ti

jn|m − Tp
jmTi

pn − Tp
jnTi

pm, (17)

R̃
4

i
jmn = Ri

jmn + Ti
jm|n − Ti

jn|m − Tp
jmTi

pn − 3Tp
jnTi

pm, (18)

R̃
5

i
jmn = Ri

jmn + Ti
jm|n + Ti

jn|m + Tp
jmTi

pn + Tp
jnTi

pm, (19)

R̃
6

i
jmn = Ri

jmn − Tp
jm|n − Tp

jn|m − Tp
jmTi

pn − Tp
jnTi

pm. (20)

The linearly independent curvature tensors R
1

i
jmn, . . . , R

5
i
jmn given by (10A–14A) and R̃

3
i
jmn given by (17)

are linearly independent. Hence, our study in this research will be based on these six linearly independent
curvature tensors. The above-mentioned Riemann curvature tensors can be subjected to decomposition
theorems, which were studied in [10].
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1.2. Research purposes

At the start of this research, in the Section 2, we will review the definitions of almost complex space and
terms necessary for further investigation.

In the Section 3, we will obtain curvature tensors with respect to the half-symmetric affine connection
such as the linearly independent curvature tensors with respect to this connection.

In the Subsection 3.1, we will define dual and symmetric connections of a half-symmetric affine connec-
tion. After that, the necessary and sufficient conditions that the special half-symmetric affine connection
be torsion-free are presented. After that, we obtained the corresponding six linearly independent curva-
ture tensors with respect to the special half-symmetric affine connection (curvature tensor with respect
to the torsion-free affine connection and five other linearly independent curvature tensors). At the end
of this research, necessary and sufficient conditions for the dual and symmetric connections to be the
F-connections.

2. Almost complex manifolds

The K = 2N-dimensional affine connection spaces were studied in Yano’s work [18]. A 2N-dimensional
manifoldM2N =M2N(x1, . . . , x2N) equipped with a structural affinor Fh

i which satisfies the equality

Fs
i F

i
t = −δ

s
t , (21)

is almost complex manifold [18].
The operators Ohs

ri and ∗Ohs
ri are defined as

Ohs
ri =

1
2

(
δh

rδ
s
i − Fh

r Fs
i

)
, (22)

∗Ohs
ri =

1
2

(
δh

rδ
s
i + Fh

r Fs
i

)
(23)

The affine connection of almost complex space, whose coefficients are Li
jk, is the F-connection if the

affinor Fh
i is covariantly constant with respect to this connection, i.e. F j

i |
1
k = 0. Because

F j
i|k = F j

i |
1
k − T j

lkFl
i + Tl

ikF j
l , (24)

the F-connection satisfies the equality

F j
i|k = −T j

lkFl
i + Tl

ikF j
l . (25)

The F-connection Li
jk is the half-symmetric connection if its torsion tensor satisfies the equality

Ohs
rkOkt

i j S
r
st = 0. (26)

For the half-symmetric affine connection, the next equalences are satisfied:

Sh
ij = Fs

jF
h
r Sr

is + Ft
iF

s
jS

h
ts + Fh

r Ft
iS

r
t j, (27)

Th
ij = Fs

jF
h
r Tr

is + Ft
iF

s
jT

h
ts + Fh

r Ft
iT

r
t j, (28)

Fs
i F

i
t = −δ

s
t , (29)

F j
i|k = −T j

lkFi
l + Tl

ikFl
j. (30)
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3. Curvature tensors

With respect to the equations (27, 28, 29, 30), we will obtain the family of curvature tensors of a non-
symmetric affine connection space analogous to the family (9).

The following equalities are satisfied

Tp
jmTi

pn =
(
Fs

mFp
r Tr

js + Ft
jF

s
mTp

ts + Fp
r Ft

jT
r
tm

)(
Fa

nFi
bTb

pa + Fa
pFb

nTi
ab + Fi

aFb
pTa

bn

)
= Qsbait

mrncjT
r
tsT

c
ba, (31)

for

Q
sbait
mrncj = Fs

mFa
nFb

rFi
cδ

t
j − Fs

mFa
nδ

b
rδ

i
cδ

t
j − Fs

mFi
cδ

b
rδ

a
nδ

t
j + Fs

mFa
nFt

jF
i
cδ

b
r + Fs

mFa
nFt

jF
b
rδ

i
c + Fs

mFt
jF

i
cF

b
rδ

a
n

+ Fb
rFt

jF
a
nFi

cδ
s
m − Ft

jF
a
nδ

b
rδ

s
mδ

i
c − Ft

jF
i
cδ

b
rδ

s
mδ

a
n.

(32)

We need to determine Ti
jm|n in terms of Fi

j.

Ti
jm|n =

(
Fs

mFi
rT

r
js + Ft

jF
s
mTi

ts + Fi
rF

t
jT

r
tm

)
|n

=
(
− Ts

lnFl
m + Tl

mnFs
l

)
Fi

rT
r
js + Fs

m

(
− Ti

lnFl
r + Tl

rnFi
l

)
Tr

js + Fs
mFi

rT
r
js|n

+
(
− Tt

lnFl
j + Tl

jnFt
l

)
Fs

mTi
ts + Ft

j

(
− Ts

lnFl
m + Tl

mnFs
l

)
Ti

ts + Ft
jF

s
mTi

ts|n

+
(
− Ti

lnFl
r + Tl

rnFi
l

)
Ft

jT
r
tm + Fi

r

(
− Tt

lnFl
j + Tl

jnFt
l

)
Tr

tm + Fi
rF

t
jT

r
tm|n

After some computing, we get

Ti
jm|n = Q̃

sbait
mrncjT

c
baTr

ts + P̃
sit
mrjT

r
ts|n, (33)

for

P̃
sit
mrj = Fs

mFi
rδ

t
j + Ft

jF
s
mδ

i
r + Fi

rF
t
jδ

s
m, (34)

Q̃
sbait
mrncj = −Fb

mFi
rδ

s
cδ

a
nδ

t
j + Fs

cF
i
rδ

b
mδ

a
nδ

t
j − Fs

mFb
rδ

i
cδ

a
nδ

t
j + Fs

mFi
cδ

b
rδ

a
nδ

t
j − Fb

j F
s
mδ

i
rδ

t
cδ

a
n + Fs

mFt
cδ

i
rδ

b
jδ

a
n

− Ft
jF

b
mδ

i
rδ

s
cδ

a
n + Ft

jF
s
cδ

i
rδ

b
mδ

a
n − Fb

rFt
jδ

s
mδ

i
cδ

a
n + Fi

cF
t
jδ

s
mδ

b
rδ

a
n − Fi

rF
b
jδ

s
mδ

c
tδ

a
n + Fi

rF
t
cδ

s
mδ

b
jδ

a
n.

(35)

In this way, we obtained that the next equation holds.

K
i
jmn = Ri

jmn + uP̃sit
mrjT

r
ts|n + u′P̃sit

nrjT
r
ts|m +

(
uQ̃sbait

mrncj + u′Q̃sbait
nrmcj + vQsbait

mrncj + v′Qsbait
nrmcj + wQsbait

nrjcm

)
Tc

baTr
ts. (36)

The next theorem holds.

Theorem 3.1. Let GA2N be a generalized Riemannian space equipped with a half-symmetric affine connection. The
family of curvature tensors of this space is given as (36). □

For different u, u′, v, v′, w, S. M. Minčić obtained five curvature tensors [4–9]. N. O. Vesić [17] and D. J.
Simjanović [14, 17] obtained that there six linearly independent curvature tensors of a non-symmetric affine
connection space. The sixth linearly independent curvature tensor, which was not obtained in Minčić’s
works and rest, is the curvature tensor of the associated space A2N. We will list five linearly independent
curvature tensors of the space with a half-symmetric affine connection analogues to the five ones which
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Minčić and his colleagues obtained. These curvature tensors are:

R
1

i
jmn = Ri

jmn + P̃
sit
mrjT

r
ts|n − P̃

sit
nrjT

r
ts|m

+
(
Q̃

sbait
mrncj − Q̃

sbait
nrmcj + Q

sbait
mrncj − Q

sbait
nrmcj

)
Tc

baTr
ts,

(37)

R
2

i
jmn = Ri

jmn − P̃
sit
mrjT

r
ts|n + P̃

sit
nrjT

r
ts|m

−

(
Q̃

sbait
mrncj − Q̃

sbait
nrmcj − Q

sbait
mrncj + Q

sbait
nrmcj

)
Tc

baTr
ts,

(38)

R
3

i
jmn = Ri

jmn + P̃
sit
mrjT

r
ts|n + P̃

sit
nrjT

r
ts|m

+
(
Q̃

sbait
mrncj + Q̃

sbait
nrmcj − Q

sbait
mrncj + Q

sbait
nrmcj − 2Qsbait

nrjcm

)
Tc

baTr
ts,

(39)

R
4

i
jmn = Ri

jmn + P̃
sit
mrjT

r
ts|n + P̃

sit
nrjT

r
ts|m

+
(
Q̃

sbait
mrncj + Q̃

sbait
nrmcj − Q

sbait
mrncj + Q

sbait
nrmcj + 2Qsbait

nrjcm

)
Tc

baTr
ts,

(40)

R
5

i
jmn = Ri

jmn +
(
Q

sbait
mrncj + Q

sbait
nrmcj

)
Tc

baTr
ts. (41)

The sixth linearly independent curvature tensor of semi-symmetric affine connection space GA2N is

R̃
3

i
jmn = Ri

jmn + P̃
sit
mrjT

r
ts|n − P̃

sit
nrjT

r
ts|m −

(
Q̃

sbait
nrmcj + Q̃

sbait
nrjcm

)
Tc

baTr
ts. (42)

Following the previous research, we proved that the next theorem holds.

Theorem 3.2. The set of curvature tensors given by the equation (36), is completely generated by six linearly
independent curvature tensors. These six tensors are the curvature tensor of the associated space and the curvature
tensors given by (37–42). □

3.1. Special half-symmetric connection

Let Li
jk be coefficients of a symmetric affine connection. Based on the Theorem 1.7

(
[18], Chapter 12

)
, we

conclude that

1
Li

jk = Li
jk −

1
2

Fi
pFp

j|k (43)

are coefficients of a half-symmetric F connection. Hence, for the affine connection
1
Li

jk we obtain that is:

1
Si

jk = 2
1
Li

jk
∨

=
1
2

Fi
p

(
Fp

k| j − Fp
j|k

)
, (44)

1
Ti

jk =
1
Li

jk
∨

=
1
4

Fi
p

(
Fp

k| j − Fp
j|k

)
. (45)

Dual and symmetric connection of the connection (43) are respectively given below:

2
Li

jk =
1
Li

k j =
1
Li

jk −
1
Si

jk = Li
jk −

1
2

Fi
pFp

k| j. (46)

1
Li

jk =
1
2

(
1
Li

jk +
1
Li

k j

)
= Li

jk −
1
4

Fi
p

(
Fp

j|k + Fp
k| j

)
, (47)
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The connection (43) may be expressed as

1
Li

jk =
1
Li

jk +
1
Li

jk
∨

=
1
Li

jk +
1
Ti

jk =
1
Li

jk +
1
4

Fi
p

(
Fp

k| j − Fp
j|k

)
. (48)

Theorem 3.3. Let in an almost complex space be defined a symmetric affine connection whose coeffcients are Li
jk. For

this connection, the next equalites are satisfied

1
Si

jk = 0 ⇐⇒ Fi
j|k = Fi

k| j, (49)
1
Ti

jk = 0 ⇐⇒ Fi
j|k = Fi

k| j, (50)

i.e.
1
Li

jk =
1
Li

jk, if and only if the tensor Fi
j|k is symmetric by j and k. □

Based on the equation (3), we obtain the curvature tensor with respect to the symmetric affine connection
1
Li

jk:

1
Ri

jmn =
1
Li

jm,n −
1
Li

jn,m +
1
Lp

jm

1
Li

pn −
1
Lp

jn

1
Li

pm

=
3
4

Ri
jmn −

1
4

Fi
pFs

jR
p
smn −

1
4

Fi
p

(
Fp

m| jn − Fp
n| jm

)
−

1
16

(
3Fi

p|n + Fs
pFq

nFi
q|s

) (
Fp

j|m + Fp
m| j

)
+

1
16

(
3Fi

p|m + Fs
pFq

mFi
q|s

) (
Fp

j|n + Fp
n| j

)
,

(51)

where Ri
jmn and (|) are curvature tensor and covariant derivative obtained by symmetric affine connection,

respectively. From the equation (37–42), (45) i (51) we obtain:

1
R
1

i
jmn =

1
2

Ri
jmn −

1
2

Fi
pFs

jR
p
smn −

1
4

Fi
p|nFp

j|m +
1
4

Fi
p|mFp

j|n, (52)

1
R
2

i
jmn = Ri

jmn −
1
2

Fi
p

(
Fp

m| jn − Fp
n| jm

)
−

1
2

Fi
p|nFp

m| j +
1
2

Fi
p|mFp

n| j

−
1
4

Fi
p|qFq

s

(
Fs

m| jF
p
n − Fs

n| jF
p
m

)
,

(53)

1
R
3

i
jmn = Ri

jmn −
1
2

Fi
p

(
Fp

j|mn − Fp
n| jm

)
−

1
2

Fi
p|nFp

j|m +
1
4

Fi
p|mFp

n| j +
1
4

Fp
n|mFi

p| j

−
1
4

Fi
p|qFq

s

(
Fs

j|mFp
n − Fs

n|mFp
j

)
,

(54)

1
R
4

i
jmn = Ri

jmn −
1
2

Fi
p

(
Fp

j|mn − Fp
n| jm

)
−

1
2

Fi
p|nFp

j|m +
1
4

Fi
p|mFp

n| j +
1
4

Fp
m|nFi

p| j

−
1
4

Fi
p|qFq

s

(
Fs

j|mFp
n − Fs

m|nFp
j

)
,

(55)

1
R
5

i
jmn =

3
4

Ri
jmn −

1
4

Fi
pFs

jR
p
smn −

1
4

Fi
p

(
Fp

m| jn − Fp
n| jm

)
−

1
8

Fi
p|nFp

j|m −
1
4

Fi
p|nFp

m| j

+
1
4

Fi
p|mFp

j|n +
1
8

Fi
p|mFp

n| j −
1
8

Fi
p|qFq

s

(
Fs

m| jF
p
n − Fs

j|nFp
m

)
.

(56)

1

R̃
3

i
jmn =

1
2

Ri
jmn −

1
2

Fi
pFs

jR
p
smn −

1
8

Fi
p|nFp

j|m +
1
4

Fi
p|mFp

j|n −
1
8

Fi
p|nFp

m| j

+
1
8

Fi
p|qFq

sFp
n

(
Fs

j|m − Fs
m| j

)
.

(57)
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Because
1
Li

jk is the F-connection, we get Fi
j |
1
k = 0, where |

1
is covariant derivative with respect to the

connection
1
Li

jk. From the equality Fi
j |
1
k = 0 and equation (46), we obtain

Fi
j |
2
k = Fi

j|k −
1
2

Fi
k| j +

1
2

Fi
p|qFq

j F
p
k , (58)

where |
2

denotes covariant derivative with respect to the affine connection
2
Li

jk.

Theorem 3.4. Dual connection
2
Li

jk of the connection
1
Li

jk is F-connection if and only if

Fi
j|k =

1
2

Fi
k| j −

1
2

Fi
p|qFq

j F
p
k .

□

From the equality Fi
j |
1
k = 0 and the equation (47) we obtain the following relation

Fi
j |
0
k =

1
2

(
Fi

j|k −
1
2

Fi
k| j +

1
2

Fi
p|qFq

j F
p
k

)
, (59)

where |
0

is covariant derivative with respect to the symmetric affine connection
1
Li

jk.

Theorem 3.5. Symmetric affine connection
1
Li

jk of the connection
1
Li

jk is F-connection if and only if

Fi
j|k =

1
2

Fi
k| j −

1
2

Fi
p|qFq

j F
p
k .

□

4. Conclusion

In Chapter 2, we reviewed the definition of almost complex manifolds and the operators necessary for
further considerations in this work, following the work of K. Yano [18].

In Chapter 3, we determined the curvature tensors of half-symmetric affine connection space. In Subec-
tion 3.1, we discussed a special half-symmetric affine connection. Firstly, we defined the dual connection of
this special half-symmetric affine connection. Then, we presented the necessary and sufficient condition for
the special half-symmetric connection to be symmetric. Subsequently, six linearly independent curvature
tensors were determined based on the special half-symmetric affine connection (one curvature tensor with
respect to the symmetric affine connection and five curvature tensors with respect to the non-symmetric
affine connection of the special half-symmetric connection). At the end of this research, the necessary
and sufficient conditions under which the dual and symmetric connections of the special half-symmetric
connection are F-connections were determined.

Acknowledgements
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[10] P. Peška, M. Jukl, J. Mikeš, Tensor decompositions and their properties, Mathematics, Vol. 11 (2023), No. 17, 3638.
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